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A NULLSTELLENSATZ FOR SEQUENCES OVER F,

ERIC BALANDRAUD AND BENJAMIN GIRARD

ABSTRACT. Let p be a prime and let A = (a1, ...,a¢) be a sequence of nonzero
elements in Fp. In this paper, we study the set of all 0-1 solutions to the
equation

aix1 +---+apxy =0.

‘We prove that whenever £ > p, this set actually characterizes A up to a nonzero
multiplicative constant, which is no longer true for £ < p. The critical case
¢ = p is of particular interest. In this context, we prove that whenever £ = p
and A is nonconstant, the above equation has at least p — 1 minimal 0-1
solutions, thus refining a theorem of Olson. The subcritical case £ = p — 1 is
studied in detail also. Our approach is algebraic in nature and relies on the
Combinatorial Nullstellensatz as well as on a Vosper type theorem.

1. INTRODUCTION

The study of the existence and variety of 0-1 solutions to linear equations over
a finite Abelian group is a central topic in zero-sum combinatorics. Promoted by
applications in algebraic number theory, many results have been proved in this area
since the seminal paper of Erdds, Ginzburg and Ziv [6]. The interested reader is
referred to [7, 8] for an exposition and many references on this subject.

Let p be a prime and let A = (a1, ...,as) be a sequence of nonzero elements in
F,. In this paper, we study the set S4 of all 0-1 solutions to the equation

(1) a1x1 + - +agxe = 0.

Equivalently, one has

Sa=Atn{0,1}
where A+ = {z € Ffo : A-xz =0} and A -z denotes the usual inner product of A
and x over ng. This very definition readily makes of S4 an ambivalent object that
can be expressed as the intersection of an algebraic structure, namely a hyperplane
of ]Ff,, and the (-cube {0,1}¢, which has a more combinatorial flavor.

Seen as a set of vectors, S4 will be studied through the subspace (S4) of AL.
For this reason, we will set

dim(A) = dim({Sa)).

In particular, since dim(A+) = ¢ — 1, it can easily be noticed that dim(A4) <
£ — 1 always holds. Alternatively, every element of S4 can be seen as a subset of
[1,¢]. Therefore, it is not surprising that S4 also has set theoretic properties. For
instance, Sy is easily seen to be closed under disjoint union. It is also closed under
complement if and only if the sum o(A) of all elements in A is equal to zero. In
what follows, we will be particularly interested in the number of minimal elements
in S84 \ {0} ordered by inclusion.
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In this paper, we address three problems which appear to be closely related.
First, we determine the value of dim(A) for any sequence A of £ > p — 1 nonzero
elements in F,. Then, we apply our results to solve the reconstruction problem
of knowing whether S4 characterizes A up to a nonzero multiplicative constant.
Finally, we study the number of minimal elements in S4.

The main idea behind our results is the following. For every £ > p — 1, the
equality dim(A4) = ¢ — 1 holds true except for a very limited number of exceptional
sequences which can be fully determined. Our first theorem deals with large values
of £, namely ¢ > p.

Theorem 1.1. Let p be a prime and let A = (ay,...,ap) be a sequence of £ > p
nonzero elements in F,. Then

dim(A4) =¢—1.

Consequently, whenever A is a sequence of £ > p nonzero elements in I, the
hyperplane A' has a basis consisting solely of elements in S4, and is thus fully
characterized by its intersection with the ¢-cube. This solves the reconstruction
problem for large values of £.

Corollary 1.2. Let p be a prime. Let also A, B be two sequences of £ > p elements
in Fy, such that the elements of A are nonzero. Then S4 C S if and only if A and
B are collinear.

Theorem 1.1 also implies a lower bound on the number of minimal elements in
Sa. Indeed, one can notice that any basis of A consisting of elements in S can
be turned into a basis of A+ consisting exclusively of minimal elements in Sa (see
Proposition 3.3). This yields the following result.

Corollary 1.3. Let p be a prime and let A = (ay,...,a;) be a sequence of £ > p
nonzero elements in F,,. Then Sa contains at least £ — 1 minimal elements.

In the case £ = p, there are exceptional sequences A such that dim(A4) < ¢ — 1.
However, such exceptions are very rare, since they have to be highly structured.
The following analogue of Theorem 1.1 is our first result in this direction.

Theorem 1.4. Let p be a prime and let A = (a1, ..., ap) be a sequence of p nonzero
elements in F,. Then one of the following statements holds.

(i) dim(A) =1 and there exists r € I}, such that

(@1,...,ap) =(r,...,7).
(44) dim(A) = p — 2 and there exist t € [L,p — 3], 0 € &), r € F}, such that
(Ao(1)s -1 Oo(p)) = (oo, =ry o, =1, —=(t+ 1)r, —(t 4 1)7).
—_——— ————
t p—2—t

(i4i) dim(A) =p—1.

Therefore, in all cases where dim(A) = p — 1, the same argument as above
readily implies that A+ has a basis consisting of elements in S4. In addition, the
two exceptional cases (i) and (i7) correspond to highly structured sequences, for

which we can easily check by hand that S4 characterizes A' indeed. This answers
the reconstruction problem affirmatively in the case ¢ = p.

Corollary 1.5. Let p be a prime. Let also A, B be two sequences of p nonzero
elements in F,. Then Sa = Sp if and only if A and B are collinear.
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In his last paper [9], Olson proved a conjecture of Erdés stating that if A is a
nonconstant sequence of p nonzero elements in I, then S4 contains at least p — 1
nonzero elements. In this respect, Theorem 1.4 actually yields a strong version of
the original conjecture of Erd6s. More precisely, this conjecture still holds when we
restrict ourselves to counting minimal elements in S4 only. This gives the following
refinement of Olson’s theorem.

Corollary 1.6. Let p be a prime and let A = (a1, ..., ap) be a nonconstant sequence
of p nonzero elements in F,. Then Sa contains at least p — 1 minimal elements.

In the case £ = p — 1, the situation becomes a little more involved but similar
results can still be proved. On the one hand, all sequences A with o(A) # 0 can
easily be handled (see Lemma 5.1). On the other hand, the following theorem fully
describes the case of sequences A with o(A) = 0, which will be called zero-sum
sequences.

Theorem 1.7. Let p be a prime and let A = (aq, ..., ap—1) be a zero-sum sequence
of p — 1 nonzero elements in F,,. Then one of the following statements holds.

(i) dim(A) =1 and there evist 0 € &,_1, r € F}, such that

(Ao(1)s -+ s Qo(p—1)) = (). 7, 27).
(1) dim(A) = p —4 and there exist 0 € &1, r € F such that
Ag(1)s -+ 5 Qo(p—1)) = (7. r, =1, 20,27, 21).
(@ (1) -1) = ( )
p—>5
(#4i) dim(A) = p — 3 and there exist t € [0,p — 6], 0 € &1, r € F;; such that
(Ao(1)s -+ s Ao(p=1)) = (Ty e oy, =7y, =1, 20, —(t + 3)r, —(t + 3)7).
—_—— ————
t p—4—t
(iv) dim(A) =p — 3 and there evist t € [1,p — 4], 0 € &1, v € F such that
(Ag(1)s -+ s Qo(p=1)) = (1) ooy, =15y =1, —(t+ 1)1, —(t + 2)7).
—_—— —— ——
t p—3—t
(v) p=7, dim(A) = p — 3 =4 and there exists o € Sg such that
(ag(l), ey a0(6)) = (—1, 1, —2, 2, —3, 3)
(vi) dim(A) =p—2.
It turns out that £ = p actually is the critical case for our reconstruction problem,
since there are sequences A of p — 1 nonzero elements in F,, for which S4 does not

fully characterize A-. However, we can prove there are essentially two families of
such exceptions.

Corollary 1.8. Let p be a prime. Let also A, B be two sequences of p — 1 nonzero
elements in Fy,. Then Sa = Sp if and only if A and B are either collinear or have
one of the following forms.

(i) There exist 0 € &1, 7 € Fy, X € F}, such that

(Ag(1)s -+ s o(p—1)) = (T, .., 7,7, 27)
and
(ba(l)a ces aba(pfl)) = ()\7“, ce ,)\7‘, 2)\7‘, )\7‘)
(i) There existt € [1,p—4], 0 € &p_1, 7 € F;, X € F}; such that
(Ag(1)s 3 o(p—1)) = (T, ooy, =1y =1, —(t+ 1)1, —(t + 2)7)
-

——
t p—3—t
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and
(bo(1)s -2 bap—1)) = A1y AP, =Ar, oo = Ar, —(t + 2) M, —(t + 1) A7),
—_——— —— oo ——
t p—3—t

(151) p =7 and there exist o € Gg, A € F3 such that
(ag(l), ey ag(G)) = (—1, 1, —2, 2, —3, 3)

and
(bg(l), .. -750(6)) = (=X A, 30 =3),2), —2)).

As for the number of minimal elements in S4 when £ = p—1, the following result
easily follows from Theorem 1.7.

Corollary 1.9. Let p be a prime and let A = (a1,...,ap—1) be a sequence of p—1
nonzero elements in F,. Then Sa contains at least p — 3 minimal elements unless
A has one of the following forms.

(i) There exists r € Fy such that

(@1,...,ap—1) = (r,...,7).

(i) There exist 0 € &1 and r € F; such that
(Ag(1)s -+ 5 Qo(p—1)) = (1)o7, 27).

The outline of the paper is as follows. In Section 2, we recall some useful tools.
In Section 3, we introduce the notion of a ratio set, which makes it possible to
deduce our Theorem 1.1 from the Combinatorial Nullstellensatz. In Section 4, we
prove Theorem 1.4 and its corollaries. Our method is similar in nature to the one
used in Section 3, except that a Vosper type theorem comes into play. In Section
5, this approach is further refined to solve our three problems in the case £ = p — 1.
Finally, in Section 6, we extend our results to the affine setting.

2. SOME TOOLS

In this section, we present a series of results we will use throughout the paper.
As already mentioned, our method relies on the Combinatorial Nullstellensatz [1],
a useful algebraic tool having a wide range of applications in Combinatorics.

Theorem 2.1 (Alon [1]). Let F be an arbitrary field, and let P be a polynomial
in F[X1,...,Xq4]. Suppose that the degree of P is Zle t; and the coefficient of
Hle X} is nonzero. Then, for any subsets Sy,...,Sq of F with |S;| > t;, there
exists (S1,...,84) € S1 X -+ X Sq such that

P(s1,...,84) # 0.

In Additive Combinatorics, this theorem provides a unified way to estimate the
cardinality of all kinds of sumsets in IF,,. These objects often are restrictions of the
Minkowski sum

A+B ={a+b:acAbe B}

of two nonempty subsets A and B of F},. A collection of such estimates can be found
in [10, Chapter 9]. For instance, a first corollary of Theorem 2.1 is the well-known
Cauchy-Davenport Theorem.

Theorem 2.2 (Cauchy-Davenport [3, 4, 5]). Let p be a prime and let A, B be two
nonempty subsets of F,. Then

A+ Bl > min {p, || + |B| — 1}
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Let us mention that equality in Cauchy-Davenport Theorem only holds for highly
structured sets, which are characterized by Vosper’s Theorem [11, 12]. To be more
precise, the essential part of Vosper’s Theorem states that whenever |A|,|B| > 2,
the relation

A+ B|=|A|+|B|—-1<p—1

holds if and only if A and B are arithmetic progressions with the same difference.
Another central object of interest in Additive Combinatorics is the set of subsums

3
2(4) = 30,4}

of a sequence A = (a1, ...,ar) over F,. Thanks to the properties of some binomial
determinants, a sharp lower bound for the cardinality of the set of subsums has been
recently deduced from the Combinatorial Nullstellensatz [2, Theorem 8]. To state
this result, we require the following definition. For any element a € F, the total
number of appearances of a and —a in the sequence A will be called the multiplicity
of the pair {a, —a} in A.

Theorem 2.3. Let p be a prime and let A = (ay,...,ap) be a sequence of £ > 1
nonzero elements in IFy,. Let also {4 > ly > -+ - = {1 be all multiplicities of the pairs
{a,—a} in A listed in decreasing order. Then

k
%(A)| > min {p, 1+ Zw} .
1=1

In this paper, we will also need structural information on sequences whose set of
subsums is relatively small. For this purpose, the following two Vosper type results
can easily be obtained from Theorem 2.3.

Lemma 2.4. Let p be a prime and let A = (a1,...,a¢) be a sequence of £ > 1
nonzero elements in Iy, such that

S(A) = f+1<p.
Then there exists r € Fyy such that a; € {£r} for all i € [1,/].

Proof. Denoting by ¢1 > lo > - -+ > {; the multiplicities of the pairs {a, —a} in A,
we readily obtain Zle £; = /. Since £ + 1 < p, Theorem 2.3 yields

k
1+ il <e+1,
i=1

so that Zle(i —1)¢; = 0. Then ¢; = ¢, which is the desired result. O

Going one step further, we can also prove the following lemma.

Lemma 2.5. Let p be a prime and let A = (a1,...,a¢) be a sequence of £ > 2
nonzero elements in IFy, such that

IS(A) = £+2 < p.

Then one of the following two statements holds.
(i) There exist r € Fy and ig € [1,{] such that a;, € {£2r} and a; € {£r} for
(i) One has £ = 2.
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Proof. Denoting by ¢1 > lo > - -+ > {; the multiplicities of the pairs {a, —a} in A,
we readily obtain Zle £; = (. Since £ + 2 < p, Theorem 2.3 gives

k
1+ ili<e+2,
i=1

so that Zle(i —1)¢; < 1. Then either {1 = £ or (¢1,¢2) = ((—1,1). If £, = ¢, then
there exists r € I, such that a; € {#r} for all i € [1,£], which implies [¥(A)| = (+1,
a contradiction. Now, suppose that (¢1,¢3) = ({—1,1) and £ > 2. Then there exist
r € Fy and ig € [1, /] such that a; € {£r} for all i # ig. It follows that 3(A\ (aj,))
and a;, + Z(A \ (a;,)) both are arithmetic progressions of length ¢ > 2 with same
difference r. Thus, for the equality |X(A4)| = [{0,ai,} + T(A ~\ (as,))] = €+ 2 to
hold, we must have a;, € {+2r}. O

3. RATIO SETS AND LONG SEQUENCES

Let p be a prime and let A be a sequence of £ > 1 nonzero elements in F,,. In this
section, we describe first our general approach to proving dim(A) = £ — 1. Then,
we prove Theorem 1.1 and its corollaries.

3.1. Ratio sets. Let p be a prime. Let also A = (a1,...,a¢) and B = (by,...,by)
be two sequences of £ > 1 elements in F,, such that the elements of A are nonzero.
For every A € IF),, we consider the set

I)\ = {’LE [1,6]1)1/04:)\}

Any element X € F,, such that I, # () will be called a ratio associated with (A, B).
Now, let A1, ..., Aq be the pairwise distinct ratios associated with (A, B). For every
i € [1,d], we define the subsequence

S; = (a]— 1] € IA«;)'

In particular, one has

d
> ISi =
i=1
Finally, for every i € [1,d], we introduce the ratio set
¥ =2(5;).
It follows from Cauchy-Davenport Theorem that
@) 54 > minp, 8]+ 1).

In this paper, our main argument to prove that dim(4) = ¢ — 1 is as follows.
First, note that such an equality holds if and only if for every B € (Sa)*, A and
B are collinear, that is to say, for every sequence B of { elements in I, such that
Sa C Sp, one has d = 1. In order to prove that d = 1 indeed, properties of the
ratio sets 3; will be deduced from the Combinatorial Nullstellensatz. Before stating
our first result in this direction, we observe that the ratio sets X; associated with
(A, B) readily have the following interesting feature.

Lemma 3.1. Let p be a prime. Let A, B be two sequences of £ > 1 elements in IF,,
such that the elements of A are nonzero and S4 C Sp. Let also \y,...,\q be the
ratios associated with (A, B). Then ;N (=X;) = {0} for any two distinct elements
i,j€[l,d.
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Proof. By definition, we readily have 0 € X; for all ¢ € [1,d]. Now, assume there is
an element s € ¥; N (—X;) such that s # 0. By definition of ¥; and ¥;, there exist
Ji C I, and J; C Iy, such that ZkeJi ap =85 = — Zke]j ag. Since S4 C Sp, then

Zak—i—Zak:O

keJ; keJ;
yields
Z b + Z b, =0
keJ; keJ;
which is equivalent to
> Nak+ Y Ajar =0
keJ; keJ;
so that
(A —Aj)s =0,
which is a contradiction. ([

On the one hand, an immediate corollary of Lemma 3.1 is that whenever d > 2,
one has |¥;| < p and |%;| > |S;| + 1 for all ¢ € [1,d], so that
d

3) Z(|Ez| -1 =t

i=1
On the other hand, the ratio sets also have the following general property, which
will be useful throughout the paper.

Theorem 3.2. Let p be a prime. Let A, B be two sequences of £ > 1 elements in
F), such that the elements of A are nonzero and Sa4 C Sp. Let also \1,...,\q be
the ratios associated with (A, B). If d > 2, then

d

Z(|Ez| -1)<p.

i=1
In addition, Zf:1(|2i| — 1) = p implies 2?21 Ai(|Zi]—1)=0inTF,.

Proof. Let A1,...,\q be the ratios associated with (A4, B) and assume d > 2. We
shall consider the polynomial
-1

d d P
P(Xl,...,Xd)<Z>\iXi> <ZX> —1],

which has degree p. Since S4 C Sp, P is easily seen to vanish on Hle Y. In
addition, the monomials of degree p in P are the same as those of

1

d d p= d (p—1)! d
(o) (Bx) ()| & Ll
i=1 i=1 i=1 (t1,..ta) Hi:lti'izl
Zleti:pfl
d d d
—1)! _
= )\iXp L iti Xt
Z o [T, ! Z)\t .HZ
i=1 (t1,---sta) i=1" i=1 i=1
Z;‘i:lti:p
max{t; }<p

Assume Z?:1(|Zi| — 1) > p. Then there exists (;);e[1,4 such that Zle t; =p,
where 0 < ¢; < |X;|—1 for all ¢ € [1,d], and two distinct elements i, jo € [1,d] such
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that t;, > 0 and t;, < [¥;,| — 1. We define (t;)ic(1,q) by ti, = tiy — 1, tj, = tjo +1
and ¢} = t; otherwise.

Now, suppose that the coefficients of Hle X} and Hle X::" in P both vanish.
Then, both sums Zle Ait; and Zle Ait} are zero, so that

d d
D OAiti = > Aty =Xy — Ajy =0,
=1 =1

which is a contradiction. Thus, one of these coefficients is nonzero, and by Theorem
2.1, P cannot vanish on Hle ¥.;, a contradiction too. It follows that

d
Z(|Ez| -1)<p.
i=1
In addition, if one has Z?Zl(|2i| — 1) = p, then since P vanishes on H?Zl i,
Theorem 2.1 implies that the coefficient of H?Zl X!Ei‘_l in P is zero, that is to say
S (S| = 1) =0in F,. 0

3.2. The case of long sequences. Thanks to Theorem 3.2, it is now easy to
deduce our first theorem and its corollaries.

Proof of Theorem 1.1. Let A be a sequence of ¢ > p nonzero elements in F,. For
any given sequence B of £ > p elements in F, such that S4 C Sp, let Ai,..., g
be the ratios associated with (A, B) and assume d > 2. On the one hand, the
inequality (3) implies that Z?:1(|Ei| —1) > ¢ > p. On the other hand, it follows
from Theorem 3.2 that Z?:1(|Zi| — 1) < p, which is a contradiction. Therefore
d =1, and the desired result is proved. (I

Corollary 1.2 now is a straightforward consequence of Theorem 1.1. In addition,
one can easily notice that Corollary 1.3 follows directly from Theorem 1.1 and the
following general proposition.

Proposition 3.3. Let p be a prime and let A be a sequence of £ > 1 nonzero
elements in F,, such that diim(A) = £—1. Then there exists a basis of A+ consisting
of minimal elements of Sa.

Proof. Let (e1,...,e,_1) be a basis of A+ consisting of elements in S4. Let F' be the
set of all minimal elements in S, that are contained in at least one e;. Now, since
each e; is a disjoint union of minimal elements in S, we obtain (S4) C (F) C A*.
Since dim(A) = £ — 1, it follows that (F) = At and F contains a basis of A*. O

4. SEQUENCES OF LENGTH p

Let p be a prime and let ¢ < p. In this section, we introduce a special class of
sequences A of ¢ nonzero elements in F,, for which dim(A4) < ¢ — 1 readily holds.
In the case ¢ = p, we determine all sequences in this class. We then refine the
approach of Section 3 to prove that dim(A4) = p — 1 for all remaining sequences.

4.1. Exceptional and regular sequences. Let A be a sequence of £ < p nonzero
elements in F,,. Then, A will be called ezceptional whenever there exist two distinct
elements 4, j € [1,£] such that for all 2 € S4, one has

{e,5} Nl €{0,2}.
Any sequence which is not exceptional will be called regular. In others terms, A is

a regular sequence if and only if for any two distinct elements 4,5 € [1,¢], there is
x € S84 such that |{i,j} Nz| = 1.
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On the one hand, regular sequences have the following useful property.

Lemma 4.1. Let p be a prime. Let A be a regular sequence of £ elements in [y,
and B be a sequence of £ elements in F), such that S4 C Sp. Then

Vi, j € [1,6], (ai = aj) — (bl = b])

Proof. Let i,j be two distinct elements of [1,/] such that a; = a;. Since A is
regular, there exists © € S4 such that |{i,j}Nz| = 1, say ¢ € = and j ¢ z.
Therefore, 2’ = (x~ {i})U{j} € Sa. By assumption, it follows that z,z2’ € Sp and
B-x— B-2' =b; —b; =0, which is the desired result. il

On the other hand, one can notice that dim(A) < ¢ — 1 readily holds whenever
A is exceptional. However, it turns out that for large values of ¢, exceptional
sequences are highly structured and can easily be determined. For instance, the
following lemma fully characterizes all exceptional sequences in the case £ = p.

Proposition 4.2. Let p be a prime and let A = (a1,...,ap) be an exceptional
sequence. Then one of the following statements holds.

(i) dim(A) =1 and there exists r € F;, such that

(a1,...,ap) = (r,...,7).

(41) dim(A) = p — 2 and there exist t € [L,p — 3|, 0 € &), r € F}, such that

(Ao(1)s - Uo(p)) = (1o oy =1y, =1, —(t 4 1)r, —(t + 1)r).
—_—— ————
t p—2—t

Proof. Since A is exceptional, there exist two distinct elements i, j € [1, p] such that
for all z € Sa, one has |{3,j} Nz| € {0,2}. Now, let A’ be the sequence obtained
from A by deleting a; and a;. Then, Cauchy-Davenport Theorem gives

I2(A")| > min{p,(p—2)+1} =p—1.

By assumption, one has —a; ¢ X(A") and —a; ¢ X(A’), so that |[L(A")| =p—1
and a; = a;. Thus, by Lemma 2.4, there exists r € [, such that a, € {£r} for
all k ¢ {i,j}. If ap = r for all k ¢ {4,5}, then one has —a; = (p — 1)r, which
gives a; = a; = r. Therefore, A is of the form given in (i), and it can easily be
checked that dim(A) = p — 1. Note that the same conclusion holds if a; = —r for
all k ¢ {i,j}. Otherwise, there is t € [1,p — 3] such that A’ consists of ¢ copies of
r and p — 2 — t copies of —r. In this case, we obtain a;, = a; = —(t + 1)r, so that,
by relabelling if necessary, A is of the form given in (i7). The following table then
gives a basis of (Sa).

¢ p—2—t
roo...or|—r ... —r|—(t+l)r —@t+1)r
1 1 (0)
p—2—1 (0)
1 1 (0) (0)
t (0)
(0) 1 1
1 1] 1 1 1 1
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4.2. Another property of ratio sets. Before proving Theorem 1.4, we need the
following general result on ratio sets, which will not only be useful in the case ¢ = p,
but in subsequent sections also.

Proposition 4.3. Let p be a prime. Let A, B be two sequences of £ > 1 elements in
F), such that the elements of A are nonzero and Sa4 C Sp. Let also A1,..., g be the
ratios associated with (A, B) and assume d > 2. Given any two distinct elements
i0,Jo € [1,d] and r;, € S,y define

E;O = Z(Sio N (Tio))a Z;'U = Z(Sjo U (rio)) = Ejo + {O’Tio}

and X = X; otherwise. Then the polynomial

d d d p—1
Qio,jo(Xla"'7Xd) = (Z )\1X1> (Z )\le —X) <ZXZ> — 1 y
i=1 =1

i=1

where X = (Xj, — Aig )74, vanishes on H'ii:l L.
In addition, the coefficient of a monomial H?:1 Xfi in Qiy,j, With 2?21 t; =p+1
and max{t;} < p is

G- () (&
Ty ;)\Z—ti - ;)\iti

Proof. Since S4 C Sp, the polynomial

-1

d d p
P(Xl,...,Xd):<Z)\iXi> <ZXZ-> -1

. d . . d
vanishes on [[;_; ¥; and divides Q;, j,. Therefore, Q;, j, vanishes on [];_; ¥;.

Now, for any (x})icp,q € (H?Zl E;) ~ (H?Zl Ei), let us consider (2;);c[1,q)
defined by z;, = z} + ri,, Tj, = T
element of Hle 3;. Note that Zle x, = Zle z;. In addition, since S4 C Sp,

the equality Zle a2 = 0 implies Zle Xix; = 0, so that

, — T, and z; = x} otherwise, which is an

d d
D oM =iy (Tig = Tio) + Njo (i + i)+ Y Aimi
1=1 =1
i#i0, 1#jo
d
:()‘jo - )‘io)rio + Z )‘ixi
=1
:()‘jo - )‘io)rioa

which proves that @, j, vanishes on Hle Y. Finally, Qi j, clearly has degree
p+ 1 and the monomials of degree p+ 1 in @, j, are the same as those of
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d 2 d p—1
(2] (5)
=1 =1
d (p—1)! d .
= ZA2X2+2 S OANXX, S 2 Ik
1<i<j<d (t1,..,ta) Hi:l t! i=1
Ef 1ti=p—1
:ZAQX”H*ZZ A2 20 0) XPX;
i=1 j=1
J#i

d
ZA2 t—1+2 > Nty | [ X5
= =1

1<i<j<d

(t1,e.05ta) H =1

S ti=p+1
max{t-}<p

7ZA2XP+1+ZZA (2 — )

=1 j=1
J#i

d 2 d d
2 t;
Loy bn (D) (3o T
(vt Lliz1 ti i=1 i=1 i=1
E?:lti:p"'l
max{t; }<p

O

4.3. Proof of Theorem 1.4. We can now prove the main result of this section
and its corollaries.

Proof of Theorem 1.4. Let A be a sequence of p nonzero elements in F, not being
of the forms given in (i) or (i7). Thanks to Proposition 4.2, we can assume that A
is regular. For any given sequence B of p elements in F,, such that S4 C Sg, let
AL, .., Aq be the ratios associated with (A4, B) and assume d > 2. On the one hand,
(3) implies that Z?:1(|Zi| — 1) = p. On the other hand, it follows from Theorem
3.2 that 2% (2] — 1) < p, which yields
d d
SUSil-1)=p and Y N(%i]—1)=0inTF,.
i=1 i=1
Suppose that d = 2. Since 21| + |X2| = p + 2, we obtain |21 N (—32)| > 2, which
would contradict Lemma 3.1. From now on, we thus assume d > 3. Since A is
regular, Lemmas 3.1 and 4.1 give |%;| < p — 1 for all ¢ € [1,d]. It follows that
3] = |Si] + 1 for all i € [1,d], and Lemma 2.4 implies that there exists r; € I},
such that all elements of .S; are equal to r; or —r;.
For any two distinct elements ig, jo € [1,d] and any 7, € S;,, let us consider the
sets X} defined by

Zli[) = E(Slo N (rio))’ E;o = E(Sjo U (Tio)) = Zjo + {0’ rio}
and X, = 3; otherwise. Let also @, j, be as in Proposition 4.3.
Since ¥;, is an arithmetic progression with difference 7;,, one has [¥; | = [X;,[—1

In addition, since A is regular, Lemmas 3.1 and 4.1 imply that r;, # %£r;,. It follows
from Lemma 2.4 that [X7 | > [, ] + 2.
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We now define (t;)ic[1,q) by ti, = [Zio] — 2, tjo = [Zj,| + 1 and #; = [5;] — 1
otherwise. In particular, ¢; < |X;| — 1 < p for all ¢ € [1,d] and Z?Zl t; =p+ 1
Since Zle Ai(|Zi] = 1) = 0 in F,,, Proposition 4.3 implies that, up to a nonzero
multiplicative constant, the coefficient of H?Zl Xfi in Q. is

d 2 d d
<Z Mi) - <Z )\fti> =(2)\j, — Aip)2 — <2A§0 SR PP (AR 1))
=1 =1 =1

d
=(2X2 = AN hjy +207) = D AF(B] - 1)
1=1
d
=2(Njo — Xig)? — D AN(IZi| - 1).
=1

Note that 2?21 A2(]2;] — 1) is independent of iy and jo. In addition, the coefficient
of Hliizl X! in Qi j, is zero if and only if

d
Z A7(1%] - 1).
im1

Since d > 3, there is at least one pair (ig,jo) such that this equality does not
hold. It follows from Theorem 2.1 that for this actual pair, @, j, cannot vanish on

Hle 3%, which contradicts Proposition 4.3. O

()‘jo - )‘io)Q =

N~

Proof of Corollary 1.5. Let A, B be two sequences of p nonzero elements in IFp.
One direction of the implication is trivial. Thus, we shall prove that A and B are
collinear whenever S4 = Sp. By Theorem 1.4, there are three cases to consider. If
dim(A) = p—1, then S4 C Sp already implies the required result. If A is constant,
it is also easily seen that Sy = Sp holds if and only if B is constant. Otherwise,
A and B both are of the form given in Theorem 1.4 (ii). In particular, there exist
tel[l,p—3land r € [F} such that, by relabelling if necessary, one has

A=(r,...r,—r,...,—r,—(t+ 1)r,—(t + 1)r).
—_—— —————
t p—2—t
Since S4 C Sp, we deduce that
B=(\r,...;,Ar,=Ar,...,=Ar,—(t+ DAr +d,—(t + D) Ar — d),
— e ———
t p—2—t

for some A € I, and d € F,. Thus, B is of the form given in Theorem 1.4 (i) if
and only if d = 0, which completes the proof. O

Proof of Corollary 1.6. Let A be a nonconstant sequence of p nonzero elements in
F,. By Theorem 1.4, there are two cases to consider. If dim(A) = p—1, the required
result directly follows from Proposition 3.3. Otherwise, there exist ¢t € [1,p— 3] and
r € I} such that A consists of ¢ copies of r, p — 2 — ¢ copies of —r and two copies
of —(t+ 1)r. Denoting the minimum and maximum of ¢ and p — 2 — ¢ by m and M
respectively, it is easily seen that the number of minimal elements in S4 is

o+ (4)

Now, if t € [2,p — 4], then p > 7 and S4 contains at least 2(p —4) > p — 1 minimal
elements. If ¢t € {1,p — 3}, then p > 5 and Sa contains exactly 2(p —3) > p—1
minimal elements, which completes the proof. (I
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5. SEQUENCES OF LENGTH p — 1

Let p be prime and let A be a sequence of p — 1 nonzero elements in F,. In
this section, we start by showing that the dimension and structure of A can easily
be deduced from Theorem 1.4 whenever o(A) # 0. Then, we concentrate on the
case where o(A) = 0 and prove Theorem 1.7 as follows. On the one hand, we
determine all exceptional zero-sum sequences. On the other hand, we further refine
our general approach to handle the case of regular zero-sum sequences.

5.1. The case of nonzero-sum sequences. Given a sequence A = (a,...,a)
of £ > 1 nonzero elements in F, such that 0(A) # 0, we consider the sequence
A" = (a1,...,a¢,—0(A)). The aim of the following lemma is to show that the value

of dim(A) can easily be derived from dim(A’).

Lemma 5.1. Let p be a prime and let A be a sequence of £ > 1 nonzero elements
in Fp, such that o(A) # 0. Then A’ is a zero-sum sequence and

dim(A") = dim(A) + 1.
Proof. Let us set X = {(z1,...,2¢41) € Sar : k41 = 0}. We clearly have o(A") =
0, which implies that S4/ is closed under complement. Therefore,
(Sa)y =(XU{(,....,1)}.
In addition, it follows from the very definition of X that (1,...,1) € Sa/\ (X) and
dim(X) = dim(A). Thus,
dim(4’) = dim((Sa+)) = dim(X) + 1 = dim(A) + 1,
which completes the proof. (I

In particular, Lemma 5.1 implies that for every sequence A of p — 1 nonzero
elements in F,, such that o(A4) # 0, either dim(A) = p — 2, or dim(A4) = 0 and A is
constant, or dim(A) = p — 3 and A can be obtained by deleting any element in a
sequence of type (i¢) in Theorem 1.4.

The reconstruction problems on A and A’ are also closely related to each other.

Lemma 5.2. Let p be a prime and let A, B be two sequences of £ > 1 monzero
elements in Fy, such that 0(A) # 0. Then Sa = Sp if and only if Sa = Sp.

Proof. Since o(A’) = 0, the desired result is a straightforward consequence of the
fact that S4/ is closed under complement. (I

For instance, let A, B be two sequences of p — 1 nonzero elements in ), such
that 0(A) # 0 and S4 = Sp. Specifying £ = p — 1 in Lemma 5.2, we obtain that
Sa = Spr. Then, it easily follows from Corollary 1.5 that A’ and B’ are collinear,
and so are A and B. From now on, we thus consider zero-sum sequences only.

5.2. The case of exceptional zero-sum sequences. We now state and prove
the following lemma, which fully characterizes all exceptional zero-sum sequences
in the case £ =p — 1.

Proposition 5.3. Let p be a prime and let A = (a1,...,ap—1) be an exceptional
zero-sum sequence. Then one of the following statements holds.

(i) dim(A) =1 and there evist 0 € &1, r € Fy such that
(Ao(1)s -+ s Qo(p—1)) = (). .. 7, 27).
(4i) dim(A) =p —4 and there exist 0 € &1, r € Fy such that
(Ao(1)s -+ s Qo(p—1)) = (u, —r,2r, 27, 2r).

p—>5
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(¢ii) dim(A) =p — 3 and there exist t € [0,p — 6], 0 € &1, r € F, such that

(Ao(1)s -+ s Qop—1)) = (1yo ooy =1y, =7, 20, —(t + 3)r, —(t + 3)r).
4t
t p—4—

(iv) dim(A) = p — 3 and there exist t € [1,p —4], 0 € &1, r € Fyy such that

(Ao(1)s - Uop—1)) = (1y ooy, =7y, =1, =(t + 1)1, —(t + 2)7).
—— ———

t p—3—t
Proof. Since A is exceptional, there exist two distinct elements 4, j € [1,p — 1] such
that for all x € Sy, one has [{i,j} Nz| € {0,2}. Now, let A’ be the sequence
obtained from A by deleting a; and a;. Then, Cauchy-Davenport Theorem gives

[S(A)] > min{p, (p—3) +1} =p—2.

By assumption, one has —a; ¢ X(A’) and —a; ¢ £(A’). We now consider two cases.

o |[X(A")| = p—2. Then, by Lemma 2.4, there exist ¢ € [0, p—3] and r € IF;, such
that A’ consists of ¢ copies of r and p— 3 —t copies of —r. Therefore, we obtain that
{ai,a;} C {—=({t+1)r,—(t+2)r}. If a; = a;, then a;+a; € {=2(t+1)r, =2(t+2)r}.
Since o(A’) = (2t + 3)r, we would have o(A) # 0, which is a contradiction. Thus,
one has a; # a; and, by relabelling if necessary, it follows that either ¢ € {0,p — 3}
and A is of the form given in (i), or ¢ € [1,p — 4] and A is of the form given in (iv).

o |3X(A")] = p—1. Then, a; = a; and by Lemma 2.5, there exist ¢ € [0, p — 4] and
r € Iy such that A" consists of ¢ copies of r, p —4 — ¢ copies of —r and one copy
of 2r. If t = p—4, then ¥(A") =F, ~ {—r} and a; = a; =, so that A is of the
form given in (7). If t = p — 5, then X(A") = F, ~ {—2r}, a; = a; = 2r and A is of
the form given in (i¢). Otherwise, one has t € [0,p — 6], L(A4") = F, ~ {(t + 3)r},
a;, =aj = —(t +3)r, and A is of the form given in (#i7).

The following tables give a basis of (S4) for cases (ii) to (iv).
(i1) dim(A) =p—4.

p—>5

—_—~

rooo... r | —r|2r 2r 2r
1 0)| 1

p—>5
(0)

0) 1|1

1 1 1 1 1 1

t p—d—t
r|—r —r | 2r | —(t+3)r —({t+3)r

1 1 (0)
p—4—t (0)

1 11O (0 (0)

t )
(0) 1 1
(0) 1 (0 11 0 0
1 171 ... 1 1 1 1
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And whenever t = 0,

p—4
-r —r ... —r|2r|-=3r —=3r
1 1 0)] 1
p—95
0)  (0)
1 (0) 1|1
0 1 (0 11 0 0
1 1 1|1 1 1

t p—3—t
r r|—r —r | —(t+1r —@Ft+2)r
1 1 (0)
p—3—t (0)
| 1 0)
: 0
(0) 1 1
1 171 1 1 1

O

5.3. Preliminary results. In the proof of Theorem 1.7, we will need the following
two lemmas to deal with the cases where the number of distinct ratios is small. The
first one gives some nonvanishing properties of a particular quadratic polynomial.

Lemma 5.4. Let p > 5 be a prime. Given u,v € F,, let f be the quadratic
polynomial
f(z,y) = 22% — 6xy + 6y* + 2u(3y — 2) + v.

Then, for any three pairwise distinct elements o, sz, o3 € Iy, there exists o € B3
such that one of the following holds.

(i) flaoa), ao(2) flas), @) # 0,
(i) flao), ao()) f(ao), (1)) # 0,
(#1) flao), Qo) f(ao(2), @o(1)) # 0,
(1v) flaoay, Qo) flao@); Qo)) flass), aoy) # 0.

Proof. It is an easy exercise to show that, up to a nonzero multiplicative con-
stant, the only quadratic polynomial vanishing on the six points (a1, as), (a2, @1),
(04170[3), (04370[1), (0[2,043) and (043,042) is

$2 + y2 + Yy — (l’ + y)(a1 + oo + 043) + (041052 + ajas + 052053).

Thus, there exist two distinct elements ¢,j € {1,2,3} such that f(a;, ;) # 0.
Now, let k& be the remaining element of {1,2,3} and assume that for all o € &3,
none of the properties (i) to (iv) holds. Then one has f(«;, ;) =0, f(ay, ax) =0
and f(ak,a;) = 0. In addition, since f(ay, ;) f(ey,ax) flax, ;) = 0, we have
that either f(aj,ar) = 0 or f(ag,a;) = 0. Therefore, there exists ¢ € S5 such
that

F(0o1)s Qo)) = F(Qo2), o)) = f(Qo)s Qo)) = flQo@): Qo)) =0.



16 ERIC BALANDRAUD AND BENJAMIN GIRARD

Without loss of generality, we may assume that o is the identity, so that
flaa,a2) — flag,a1) =0 <= —4(a; — a2)(a1 + ag +2u) =0
f(Oél,OzQ) — f(ozl,ozg) =0 < 6(0&2 — 043)(7041 + a2 + a3 + u) =0
flag,az) — f(as,az) =0 <= 2(a1 — ag)(a; —3az +az —u) =0.

Since ay, as, a3 are pairwise distinct, they are solution to the linear system

oy + ao = —2u
—a1toagt+az = —u
ar —3as+a3 = u.

Since p > 5, the determinant of this system is 6 # 0 in IF,. Therefore, this system

has a unique solution, which is easily seen to be a; = as = a3 = —u. This
contradicts the fact that oy, as, ag are pairwise distinct, and the proof is complete.
O

Our second lemma gives the structure of a pair of arithmetic progressions cov-
ering almost all IF,, but intersecting in only one element.

Lemma 5.5. Let p be a prime. Let also P and P be two arithmetic progressions
in Fp, with distinct differences, such that min{|P1|,|P|} > 3 and P, N P, = {0}.

o If |P1| + |Ps| = p, then there exists r € ), such that P1 and P have one of the
following forms.

(1) {0,2 4}Tand{56 .,p—1,0,1}.r,
(){—;10 }rand{——,—ﬂ...,ﬁ E31 .

2 2
o If |P1| + [P2| = p— 1, then there exists r € F, such that P1 and P, have one
of the following forms.

(3) {0,2,4}.r and {5,6,...,p—1,0}.r,
{0,2,4}r and {6,7,...,p—1,0,1}.r,
0,2,4,6}.r and {7,8,...,p—1,0,1}.r,
0,3 6} r and {7,8,. ,0,1,2}.r,

X 0,5 e and{ pj’, p§7,...,

,p;Ql}.r and {—%7,—79,...,
,0, 73}.7“ and {—1’;—5,—1’i .

PR

s
8
s
&

IS
]
ot
IS
]
w
N

3505

)

f—Hf—Hf—Hf—H

P
8 _:D

)

\
EJ ‘
~
m\m‘
o

)

(4)
(5)
(6)
(7)
(8)
(9)
10)

1 and

{ 6,-3,0,3,6}.r and {— 2 —1,0,1,2}.r,
{—4,0,4,8}.r and {—2,-1,0,1,2,3}.r,

{-8, 4,048}rcmd{ 2,—-1,0 1, }7“,

13 and {-8,—4,0,4,8}.r and{ ,—2,-1,0,1,2,3}.r.

(

’Uf—H
—~ N
IR H
NN Na

(11) p

Proof. Without loss of generality, we can suppose that |P1| > |Ps|. Since |Pi| +
|P2| > p—1, one has |P1| = (p—1)/2. Up to a nonzero multiplicative constant, we
can also assume that P; has difference 1. Now, we set

Py ={-fd,...,—d,0,d,...,ad},

where o and 8 are two nonnegative integers. Note that replacing (d,a, 8) by
(—d, B,a) yields the same arithmetic progression, so we may assume that d €
[2,(p — 1)/2]. In addition, P; and P» satisfy the hypothesis of the lemma if and
only if —P; and — P, do so, which allows us to suppose that d € P, that is a > 1.
Since P, N P, = {0}, we obtain that

P={p—(|P|—(t+1)),...,p—1,0,1,...,t},
where 0 < ¢ < d.
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We consider first the case where 8 = 0. Then, P, = {0,d,...,ad} and a > 2.
Also, there exists a unique pair of integers (g, ) such that

p—(|P|—(t+1)=qgd+uv and 1<u<d

Since PN Py = {0}, we have ¢gd+u > ad+1. Now, counting separately the missing
elements of Py U P, in the three intervals [0,d], [d + 1,ad — 1] and [ad, p — 1], we
obtain that

Fo\(PAUP)|=((d=1)—t)+ (a—1)(d—1) + ((¢d + u) — (ad + 1)).

Since a,d > 2, one has (o — 1)(d — 1) > 1. We now distinguish two cases.

e In the case |Py|+|P2| = p, one has |[PLUP;| =p—1,s0that a =d = ¢ =2
and v = t = 1. This is the structure of case (1) in the statement of the
lemma.

e In the case |Pi|+ |P;| = p—1, one has [P, U Py| = p— 2, so that (gd+u) —
(ad 4+ 1) < 1, which implies a = q.

— If ¢ =2 and d = 2, one has either v = 1 and ¢ = 0, this is case (3), or
u=2and ¢t =1, this is case (4).

— If g=3 and d =2, one has u =1 and ¢t = 1, this is case (5).

— If g =2 and d = 3, one has u = 1 and ¢ = 2, this is case (6).

We now turn to the case where 8 > 1. Since P; C [-d + 1,d — 1], one has

1%1 <|P<2d—1.
o If |P;| = 3, then either |Pi| = p—3 and d = (p —1)/2, which is case (2), or
|Pi]=p—4andde {(p—3)/2,(p—1)/2}, which yields cases (7), (8), (9).
o If |Py] > 4, then @ > 2 or § > 2. Therefore, one of the two intervals
[d+1,2d — 1] and [-2d + 1, —d — 1] has to be disjoint from P;. Such an
interval can contain at most one element of P», and thus contains at least
d — 2 elements being neither in P; nor in Py. Since |Pi|+ |P2| 2 p—1 and
|Py N Py| =1, one has |Py U P2 > p—2 and then d — 2 < 2.
— If d = 2, then 4 < |P| < |P1] < 3, a contradiction.
— Ifd=3, then p < 11 and 4 < |Ps| < |Py| < 5. Since |Py| + || = 8, it
follows that p = 11 and |P;| = |Pz| = 5, which gives (10.a).
— Ifd =4, then p < 15 and 4 < |R,| < |Pi| < 7. Since |Py| + | P3| > 8,
it follows that either p = 11 and (10.b) or (10.c) holds, or p = 13 and
(11) holds.

O
5.4. Proof of Theorem 1.7. We can now prove the last of our main theorems.

Proof of Theorem 1.7. Let A = (a1,...,ap—1) be a zero-sum sequence of p — 1
nonzero elements in F, not being of the forms given in (i) to (iv). Thanks to
Proposition 5.3, we can assume that A is regular. For any given sequence B of
p — 1 elements in IF, such that Sy C Sp, let Ai,..., g be the ratios associated
with (A, B) and assume d > 2. On the one hand, the inequality (3) implies that
Zf:1(|§]i| — 1) > p—1. On the other hand, it follows from Theorem 3.2 that
S (1%4] = 1) < p, which yields

d

S(Si - 1) € {p- Lp}.

i=1

Case 1: d = 2.
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By Lemma 3.1, one has 0 ¢ (31 ~\ {0}) + X2 and Cauchy-Davenport Theorem
implies that

|(C1 A0} + Bo| = (1Z1] = 1) + (B2 = 1) = [Si] +[S2| =p - 1.

Therefore, one has |¥;| = |S;|+ 1 for each i € {1,2}. Since |¥;| < p by Lemma 3.1,
it follows from Lemma 2.4 that there exists r; € [} such that all elements of S; are
equal to r; or —r;. In addition, since A is a zero-sum sequence, Lemma 3.1 yields
o(S1) = 0(S2) = 0, so that r; occurs as many times as —r; in S;.
Now, for each i € {1,2}, consider the subsequence S} of S; which contains only
the occurrences of r;, and set X} = X(S]). We clearly have that
p—1 p+3

Sil+1si == and |z +Im) = 22

Suppose that there exist (x1,y1) € (37)? and (z2,y2) € (X5)? such that z1 + 22 =
y1 + y2. Then, one has 1 — y; = y2 — 2, where z1 —y; € 31 and x5 — yo € 3.
Thus, Lemma 3.1 implies that z; = y; and x2 = y2. This proves that all elements
of 3} 4+ X4 have a unique representation as a sum x1 + x2, where (z1, z2) € X} x Xb,
so that
p+3
1+ 531 = Imilies) = Iz (25 - 1)

If 2 < |2f| < 251, one has [2] + 25| > 2 (251) = p — 1. In addition, since p is
prime, one cannot have |2 + X5| = |X]]|X4| = p either. Therefore, one of the two
sets, say X/, has cardinality 2. Then |S{] = 1 and S; = (r1, —7r1). Now, since A
is regular, there is a subsequence Ty of Sy such that o(S7) + o(T2) = 0. It follows
from Lemma 3.1 that o(S]) = r1 = 0, which is a contradiction.

Case 2: d > 3 and Z?Zl(|§]i| —-1)=p.

On the one hand, since d > 3 and A is regular, Lemmas 3.1 and 4.1 imply that
|¥i] < p—1foralli € [l,d. On the other hand, there is k € [1,d] such that
|2;] = |Si|+1 for all i # k. Using Lemma 2.4, we obtain that for every ¢ # k, there
exists r; € F; such that all elements of S; are equal to r; or —r;.

Now, for any two distinct elements i, jo € [1,d] with iy # k, and any r;, € S,
let us consider the sets X} defined by

Zli[) = E(Slo N (rio))’ E;o = E(Sjo U (Tio)) = Zjo + {Oario}

and X = 3; otherwise. Let also @, j, be as in Proposition 4.3.

Then, one has |} | = |¥;,| — 1. In addition, since A is regular, Lemmas 3.1 and
4.1 imply that £r;, ¢ Sj,. It follows from Theorem 2.3 that |¥ | > |2, | + 2.

We now define (ti)ie[l,d] by ti[} = |Ezg| — 2, tjo = |Ejo| +1 and ti = |21| -1
otherwise. In particular, ¢; < |X;| —1 < p for all i € [1,d] and Z?Zl t;=p+ 1L
By Theorem 3.2, we have that Zle Ai(|2;] = 1) = 0 in F,. Thus, Proposition 4.3
implies that, up to a nonzero multiplicative constant, the coefficient of Hle X fl in
Qioﬁjo is

2
<i m—) - <i A?u) =(2Xj, = Aig)? — (%?—0 -+ i A (|15 - 1))
=1 =1 . =1
=(2)7, — g hjy +2X7) = D O AZ(I%] - 1)
. =1

:2()\j0 — )‘io)2 — Z)\?Gzzl - 1)'

i=1
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Note that Z?Zl A2(]3;] — 1) is independent of iy and jo. In addition, the coefficient
of Hliizl X! in Qi j, is zero if and only if

d
1
(o = Xia)? = 5 3222l - 1),
=1

Since d > 3, there is at least one pair (ig, jo) such that this equality does not hold.
Since i¢ and jo play symmetric roles, 79 can be chosen such that iy # k indeed. It
follows from Theorem 2.1 that for this actual pair, Q;,,j, cannot vanish on H'ii:l X
which contradicts Proposition 4.3.

Case 3: d > 3 and Z?:1(|Zi| -1)=p—-1.

Since A is regular, Lemmas 3.1 and 4.1 give |3;| < p—1 for all i € [1,d]. It
follows that |3;| = |S;|+1 for all ¢ € [1,d], and Lemma 2.4 implies that there exists
ri € Fj, such that all elements of S; are equal to 7; or —r;. Note, in particular, that
one has +r; # r; for any two distinct elements 4, j € [1,d].

In addition, if one of the ratio sets, say 31, has cardinality p — 2, then d = 3 and
|S2] = |S3] = 1. Since A is regular, there would be a subsequence T of Sy such
that o(T1) 4+ 0(S2) = 0. By Lemma 3.1, we would have ¢(S3) = 0, a contradiction.
This proves that |X;| < p — 2 for all i € [1,d].

Now, for any two distinct elements ig, jo € [1,d] and any r;, € S;, such that
|Sjo| > 1 and +1r;, & Sj,, let us consider the sets 3/ defined by

Zli[) = E(Slo N (rio))’ E;o = E(Sjo U (Tio)) = Zjo + {Oario}

and X = 3; otherwise. Let also @, j, be as in Proposition 4.3.

Then, one has [¥] | = [¥;,| — 1. In addition, since |Sj,| > 1 and neither £r;,
nor +1r;, are elements of Sj,, it follows from Lemma 2.5 that 1251 = %5 + 3.

We now define (t;)icp1,q) by tiy = 24| — 2, tjo = [Ej,| +2 and t; = [5;] — 1
otherwise. In particular, ¢; < |Xi| —1 < p for all ¢ € [1,d] and Z';:l t; =p+ 1
Proposition 4.3 implies that, up to a nonzero multiplicative constant, the coefficient

d ti s :

of [T, Xi" in Qi j, is

(-5

(Z (|1Zi] — 1) +3);, —Am> <Z)\§(|Zi| —1)+3X2 —A§0>
1

d
:(2)\120 — 6)‘1'0)\]’0 + 6)\2 + 2 (Z i |E | — 1 ) (3)\]‘0 — )‘lo)

i=1

d 2 d
+(Sonemi-n) - (remi-).

Since Zle Ai(|E;]—1) and 2?21 A2(|2;] —1) are independent of iy and jo, this last
expression is a quadratic polynomial f in A;, and Ajo- In addition, the coefficient
of Hl L X[ in Qyy j, is zero if and only if f(\i,,\j,) = 0.

Case 3.1: If d > 5, then choose any jp € [l,d] such that |Sj,| > 1. On the
one hand, there are at most two ratios A; such that f(\;, A;;) = 0. On the other
hand, there is at most one set S; such that =4r; € S;,. Since d > 5, the pigeonhole
principle implies that there is at least one pair (ig, jo) such that f(Ai,, Aj,) # 0 and
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:I:%rio ¢ Sj,. It follows from Theorem 2.1 that for this actual pair, @, j, cannot
vanish on Hle 3%, which contradicts Proposition 4.3.

Case 3.2: If d € {3,4} and there are at least three sets S;, such that |S;| > 1,
then without loss of generality, we may assume that |S;| > 1 for each ¢ € {1,2,3}.
In particular, p > 7. Now, by Lemma 5.4, one of the following holds.

o If f()\l,)\g)f(Al,Ag) 7& 0, then there is Jo € {2,3} such that :l:%?"l ¢ Sjo’
Therefore, setting i = 1, we have f(Xi,, Aj,) # 0 and £3r;, ¢ S, indeed.

o If f()\g,)\l)f(Ag,)\l) 7& 0, then there is iy € {2,3} such that :l:%?"io ¢ Si.
Therefore, setting jo = 1, we have f(X;,,Aj,) # 0 and £3r;, ¢ Sj, indeed.

o If f(A1,A2) f(A2, A1) # 0, then p > 7 implies that one cannot have both
r1 = +2ry and ro = £+2r;. Thus, there are two distinct elements ig, jo €
{1,2} such that f(Xi,, ;) # 0 and £1r;, ¢ S;, indeed.

o If f(A1, A2) f(A2, A3) f(A3, A1) # O, then p > 7 implies that the three equal-
ities 1 = £2ry and ro = +2r3 and r3 = +2r; can occur only when
r; = =£8r;, so that p = 7. Otherwise, there are two distinct elements
i0, jo € {1,2,3} such that f(X;,,\j,) # 0 and +3r;, ¢ Sj, indeed.

It follows that whenever p # 7, there is at least one pair (ig,jo) such that
f(Nigs Ajy) # 0 and +1r;, ¢ Sj,. Theorem 2.1 then implies that for this actual

pair, Q;,,j, cannot vanish on H?Zl 3%, which contradicts Proposition 4.3.

The only remaining case to consider is p = 7, d = 3 and |S;| = 2 for each
1 € {1,2,3}. Therefore, by relabelling if necessary, there are only two possible
cases.

e 3 = {0,1,2}, ¥y = {0,2,4}, X3 = {0,4,1}, which gives S; = (1,1),
Se = (2,2) and S3 = (—3,—3). It can easily be checked that such a
sequence A satisfies dim(A4) = p — 2, so that d = 1, a contradiction.

o 3 ={-1,0,1}, 85 = {-2,0,2}, ¥ = {—3,0, 3}, which gives S; = (~1,1),
Sy = (—2,2) and S3 = (—3,3). Therefore, by relabelling if necessary, one
has A = (—1,1,-2,2, -3, 3). The following table then gives a basis of (S4).

-1 1|{-2 2|-3 3
1 170 0] 0 O
0 0,1 110 O
0 00 O] 1 1
1 01 0] 0 1

Case 3.3: If d € {3,4} and there are exactly two sets S; such that |S;| > 1,
then without loss of generality, we can suppose that these two sets are S; and Ss,
where |S7| < |S2|. Therefore X7 and ¥y are two arithmetic progressions such that
[21] 4+ |22| = p+ 3 — d. In addition, it follows from Lemma 3.1 that ¥; and —9
satisfy the hypothesis of Lemma 5.5. We thus consider the following cases.

If d = 3, then p > 7 and since 0(S1)+0(S2) +0(S3) = 0, Lemma 3.1 implies that
o(51) and o(S2) are nonzero. Therefore, Lemma 5.5 implies there exists r € Fy
such that ¥ = {0,2,4}.r and X5 = {-1,0,1,...,p — 5}.r. On the one hand, this
gives 0(S1) + 0(S2) = —2r. On the other hand, the single element of S3 has to be
in {3,4}.r, so that (A4) # 0, a contradiction.

If d = 4, then p > 11 and since o(S1) + 0(S2) + 0(S3) + 0(S4) = 0, Lemma 3.1
implies that either o(Sy) or o(Sz2) is nonzero. Therefore, Lemma 5.5 implies there
exists r € F; such that one of the following cases holds.
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e ¥ ={0,2,4}.r and ¥y = {0,1,...,p — 5}.r. Then, o(S1) + o(S2) = —r
and the elements of S3 and Sy have to be in {3,4}.r. Therefore, one has
o(A) # 0, which is a contradiction.

e ¥ ={0,2,4}.rand X9 = {-1,0,1,...,p—6}.rr. Then, o(S1)+0(S2) = —3r
and the elements of S5 and Sy have to be in {3,4,5}.r. Therefore, one has
o(A) # 0, which is a contradiction.

e 3 ={0,2,4,6}.r and ¥y = {-1,0,1,...,p — 7T}.r. Then, o(S1) + o(S2) =
—2r and the elements of S3 and Sy have to be in {3,4,6}.r when p = 11,
and in {3,4,5,6}.r whenever p > 13. In all cases, one has o(A) # 0, which
is a contradiction.

e ¥, ={0,3,6}.r and 33 = {-2,—1,0,...,p — 7}.r. Then, (S1) + o(S2) =
—3r and the elements of S3 and Sy have to be in {4,6}.r when p = 11, and
in {4,5,6}.r whenever p > 13. In all cases, one has o(A) # 0, which is a
contradiction.

o ¥ = {-210,25 ) and B = {-252%,...,-1,0,1,..., 55T} .r Then,
0(S1)+0(S2) = —2r and the elements of S3 and S4 have to be in {pTH, %}.r.
Therefore, one has o(A) # 0, which is a contradiction.

ep =11, %, = {-4,0,4,8}.r and Xy = {-2,-1,0,1,2,3}.r. Then, the
elements of S3 and S4 have to be in {—5,5}.r, which would contradict
Lemma 3.1.

Case 3.4: If d € {3,4} and there is only one set S; such that |S;] > 1, then
without loss of generality, we can suppose that this set is S;. If d = 3, and since A
is regular, there is a subsequence T; of Sy such that o(T1) + o(S2) = 0. It follows
from Lemma 3.1 that o(S2) = 0, which is a contradiction. Thus, d = 4 and Lemma
3.1 implies that, by relabelling if necessary, there exist t € [0,p—4] and r € [ such
that

S1={-(p—-4-1),...,-1,0,1,...,t}.r,
Yo ={0,—(t+1)}.r, Bg={0,—(t+2)}.r, Ty ={0,—(t+3)}.r.
Since t € [0, p — 4], one has 0(A) = —(t + 2)r # 0, which contradicts the fact that
A is a zero-sum sequence. O

Proof of Corollary 1.8. Let A, B be two sequences of p — 1 nonzero elements in [Fp,.
It is easily checked that Sy = Sp whenever A and B are collinear, or have one of
the forms given in (i), (i7) and (ii4). Conversely, suppose that A, B are such that
Sa=S8p. If 0(A) # 0 then Lemma 5.2 and Corollary 1.5 imply that A and B are
collinear. If o(A) = 0 then, using Theorem 1.7, there are six cases to consider.

o If dim(A) = p — 2 then S4 C Sp already implies that A and B are collinear.
e If dim(A) = 1, then dim(B) = 1 and it is easily seen that there exist A, 7 € Fy,

such that A (resp. B) consists of p — 2 copies of r (resp. Ar) and one copy of 2r
(resp. 2Ar). Therefore, A and B either are collinear or have the form given in (7).

— —

e If p =7 and, by relabelling if necessary, one has
A=(-1,1,-2,2,-3,3),
then it can be checked by hand that S4 = Sp if and only there is A € IF;; such that
B = (=M =2\2X=3X,3\) or B =(=X\A\3\ =32\ -2)).
Therefore, A and B either are collinear or have the form given in (7).

e If dim(A) = p — 3 and there exist ¢ € [1,p —4],r € F, such that, by relabelling
if necessary, one has
A=(r,...r,—r, ..., —r,—(t+ 1)r,—(t + 2)r),

—_—— —— ——
t p—3—t
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then S4 C Sp implies that

B=(r..., r,=Ar, ..., =Ar,—(t+ DM +d,—(t+2)\r —d)
—_——— — o —
t p—3—t
for some A € I, and d € F,. By Theorem 1.7, the equality dim(B) = p — 3 holds
only when d = 0, that is A and B are collinear, or d = —\r, which gives case (ii).

o If dim(A) = p — 3 and there exist ¢ € [0,p — 6], 7 € F, such that, by relabelling
if necessary, one has

A=(r,...,r,—=r o, =1, 2r,—(t 4+ 3)r, —(t + 3)r),
—_—— ————
t p—4—t
then S4 C Sp implies that
B=(Ar,...;Ar,=Ar, ..., =Ar, 2 r, —(t + 3)Ar + d, —(t + 3)A\r — d)
—_——— T
t p—4—

for some A € Fy and d € F,. By Theorem 1.7, the equality dim(B) = p — 3 holds
only when d = 0, that is A and B are collinear.

o If dim(A) = p—4, then there exist r € F; such that, by relabelling if necessary,
one has
A= (r,...,r,—r2r 2r 2r).
——
p—>5
Now, either one has p = 5, which brings us back to the case dim(4) =1, orp > 7
and S4 C Sp implies that

B=(Ar,...,Ar,=Ar, 2 r + a, 2 r + b, 2 r — (a + b))
—_———
p—>5

for some A € Fy; and a,b € F,. Then, by Theorem 1.7, the equality dim(B) =p—4
holds only when a = b = 0, so that A and B are collinear. ([

Proof of Corollary 1.9. Let A be a sequence of p — 1 nonzero elements in [F), not
being of the forms given in (i) and (i4). If 0(A) # 0, then Lemma 5.1 and Theorem
1.4 readily imply that dim(A) > p — 3. Then, the desired result follows directly
from Proposition 3.3. If o(A) = 0 then, using Theorem 1.7, there are only two
cases to consider. If dim(A) > p — 3, then Proposition 3.3 implies that the number
of minimal elements in S4 is at least p — 3. If dim(A) = p — 4, then there exist
r € [, such that A consists of p — 5 copies of 7, one copy of —r and three copies of
2r. Now, either one has p = 5 and A has the form given in (i¢), or p > 7 and the
number of minimal elements in Sy is 2(p — 5) = p — 3. O

6. A CONCLUDING REMARK
Let p be a prime and let A = (ay,...,a) be a sequence of £ > 1 nonzero elements
in Fp,. In this paper, we proved that for every £ > p—1, the equality dim(A) =¢—1
holds except for a very limited number of exceptional sequences which can be fully
determined. However, our results can easily be extended to the affine setting.

Given any element o € I, let S§ be the set of all 0-1 solutions to the equation
a1T1 + -+ aply = Q,
and let
dim(A, a) = dim(aff(5%))
be the dimension of the affine hull of S§.

For any I C [1, 4], we consider the sequence A; = (a}, ..., a,) defined by a} = —a;
ifi € I and a} = a; otherwise. Whenever ¢ > p — 1, the following lemma shows that
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there is an affine transformation mapping S onto Sy, , for a particular I C [1,¢].
Therefore, our results provide a full description of the dimension and structure of
the sets S, for all o € Fy,.

Lemma 6.1. Let p be a prime and let A = (a1, ...,as) be a sequence of £ =2 p —1
nonzero elements in Fy,. Then, for every o € F,, there exists I C [1,£] such that

dim(A4, ) = dim(A4y).
Proof. By Cauchy-Davenport Theorem, one has [2(A)| > min{p, £+ 1} = p. Thus,

there exists I C [1,/] such that ), ; a; = a. Now, let A; = (ay,...,ay). Then, for
every J C [1,/], one has
Z a; =«
i€
if and only if
Z a; — Z a; = 0
i€J il
which is equivalent to
Z a; — Z a; = 0
ISPAN ielNJ
that is to say
Z a;, = 0.
i€IAT
Therefore, Sa, is the image of S by the affine transformation (z1,...,z¢)
(y1,...ye), where y; =1 —z; if ¢ € I and y; = x; otherwise. O
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