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Abstract—In an effort to extend the classical lagrangian
interpolation tools, new interpolating methods that use general
interpolating functions are explored. The Generalized Empirical
Interpolation Method (GEIM) belongs to this class of new
techniques. It generalizes the plain Empirical Interpolation
Method [1] by replacing the evaluation at interpolating points
by application of a class of interpolating linear functions. Since
its efficiency depends critically on the choice of the interpolating
functions (that are chosen by a Greedy selection procedure), the
purpose of this paper is therefore to provide a priori convergence
rates for the Greedy algorithm that is used to build the GEIM
interpolating spaces.

I. INTRODUCTION

The extension of the lagrangian interpolation process is an
old problem that is still currently subject to an active research
(see, e.g. [1] and also the activity concerning the kriging [2],
[3] in the stochastic community). While this classical method
approximates general functions by finite sums of well chosen,
linearly independent interpolating functions (e.g. polynomial
functions) and the optimal location of the interpolating points
is well documented (and completely solved in one dimension),
the question remains on how to approximate general functions
by finite expansions involving general interpolating functions
and how to optimally select the interpolation points in this
case.

One step in this direction is the Empirical Interpolation
Method (EIM, [4], [5], [1]) that has been developed in the
broad framework where the functions f to approximate belong
to a compact set F' of a Banach space X. The structure
of F' is supposed to make any f € F be approximable
by finite expansions of small size. In particular, this is the
case when the Kolmogorov n—width of F' in X is small.
Indeed, the Kolmogorov n—width of F' in X is defined by
dn(F, X) : df}chff:n 31611; ylen)g lx — y|lx (see [6]) and
measures the extent to which F' can be approximated by
some finite dimensional space X,, C A& of dimension n.
The Empirical Interpolation Method builds simultaneously the
set of interpolating functions and the associated interpolating
points by a greedy selection procedure (see [4]).
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A recent generalization of this interpolation process consists
in replacing the evaluation at interpolating points by appli-
cation of a class of interpolating continuous linear functions
chosen in a given dictionary ¥ C L(F') and this gives rise
to the so-called Generalized Empirical Interpolation Method
(GEIM, [7]). In this newly developed method, the particular
case where the space X = L?() is considered, with  being
a bounded spacial domain of R¢ and F being a compact set
of L2().

In the present work, we analyze the quality of the finite
dimensional subspaces X,, C F' built by the greedy se-
lection procedure of GEIM together with the properties of
the associated interpolation operator. For this purpose, the
accuracy of the approximation in X,, of the elements of F
will be compared to the best possible performance which is
the Kolmogorov n— width d,, (F, L?(£2)).

The proceeding is organized as follows: after a brief recall
of GEIM’s Greedy algorithm (section II), we will analyze
in sections III and IV some convergence decay rates of the
generalized empirical interpolation error as the dimension n
of X, increases and when d,, (F, L?(€2)) has a polynomial or
an exponential decreasing behavior.

II. THE GENERALIZED EMPIRICAL INTERPOLATION
METHOD

In a similar procedure as in the Empirical Interpolation
Method (EIM) [4], [5], [1], the Generalized EIM allows
to define simultaneously the set of interpolating functions
recursively chosen in F' together with the associated linear
functions selected from a dictionary of continuous linear forms
¥ C L(F), with norm 1 in L?*(Q). The dictionary has the
additional property that if ¢ € F' is such that o(¢) = 0 for any
o € X, then ¢ = 0. The selection of the interpolating functions
and linear forms is based on a greedy selection procedure as
outlined in [7].

The first interpolating function is, e.g.:

wo = arg SUP||99HL2(Q)7
pEF



the first interpolating linear form is:
oo = arg suplo(go)|.
oeX

%o
a0(o)

We then define the first basis function as: g = . The

second interpolating function is:
Y1 =arg SUPHSO - UO(@)QOHLZ(Qy
peF
The second interpolating linear form is:
o1 = arg suplo(pr — 00(41)q0)|,

oEY

and the second basis function is defined as:

1 —oo(e1)q
q1 = 9
o1(1 — oo(p1)qo)

we then proceed by induction : assuming that we have built the
set of interpolating functions {qo, ¢1,...,gn—1} and the set
of associated interpolating linear forms {og,01,...,0n-1},
for N > 1, we first solve the interpolation problem : find
{a ()} such that

N-1
Vi=0,...,N—1, oi(p) = Z ;' (p)oi(q;),
j=0
and then compute:
N-1
Inlel =D ol (9)g
j=0

We then evaluate

VoeF, en(p) =y —Inlelllr e,
and define:
on =arg sup en(p)
peF
and: oy = arg 5161127|0(¢N — JIn[pn])|- The next basis

function is then

N = onN — IN[en]
N — .
on(pn — In[en])
We finally set Xyy1 = span{q;, j € [0,N]} =

span {¢;, j € [0, N]}. It has been proven in [7]:

Lemma 1: Forany N, the set {q;, j € [0, N—1]} is linearly
independent and Xy is of dimension N. The generalized
empirical interpolation procedure is well-posed in L?(§2) and
Vo € F, the interpolation error satisfies:

le = INlelll L2 < (1 + AN)w m{( e — ¥l
NEXN

where Ay is the Lebesgue constant in the L? norm: Ay :=
||~7N[<P]HL2(Q)

per  ¢lle@)

III. PRELIMINARY NOTATIONS AND BASIC PROPERTIES

In what follows, we denote by (¢} ),>0 the orthonormal
system obtained from (¢,,)n>0 by Gram-Schmidt orthogonal-
ization.

For any n > 1, we define the orthogonal projector P,, from

n—1
X onto X,, which is given by P,(f) = Y. < f,¢] > ¢7,
j=0
Vf € F, where < .,. > is the L?(2) scalar product. In
n

particular: @, = Poyi(pn) = Y an @}, with a,; =<
§=0

Finally, let us denote as 7o(F)2(q) := do(F, L*(2)) and,
for any n > 1: 7 = () = marl T~ Pal(Pll )
and by 7, the constant v, = 1/(14A,,). With these notations
Lemma 1 states

Vo € F, 'YnHSD_jN[‘PmLZ(Q) < Tae (1)

We begin by proving the two following lemmas:
Lemma 2: For any n > 1, [on — Pu(en)llz2)
YT (F).

Proof: From (1) applied to ¢ = ¢, we have ||¢, —
Polen)llz = llon — Tn(en)llr2()- But ||‘Pn -
Tulon) 2@ = 9 — Tn(2)l 20 for any ¢ € F according
to the definition of ,,. Thus ||, — P (n)|l£2(0) = Ynlle —
Tn(@)l2(0) 2 Ml = Pul(@)llL2(0)- u

Lemma 3: Let A be the lower triangular matrix defined by
A = (aij)§5=0 (aij == 0, j > i). A has two important
properties:

Y

o Plivy,7, < |an,n| < T

m
o P2: For every m >n, > a2, ;, < 72
n

m,j = 'n-*
Proof:
n—1
o« PLLVfEF: Pu(f)= ). < [f,¢; > ;. In particular:
§=0

on—Pr(pn) = annpy, = lln _Pn(‘Pn)HQLZ(Q) = a?z,n'
The upper bound is thus obvious and Lemma 2 gives the
lower bound.

e P2: For every m > m: > lamil? = lom —

J
Pa(em)lieiq) < T]{teaﬁzcllf P2 =72

IV. A PRIORI CONVERGENCE RATES OF THE GEIM
GREEDY METHOD

In order to get convergence decay rates in the generalized
interpolation error of our method, we first note that lemma 2
shows that the GEIM’s Greedy algorithm is what is called in
[8] a "weak Greedy algorithm” of parameter v, = 1/(1+A,,)
that depends on the dimension of X,,.

Thanks to this observation, to get the desired result, conver-
gence decay rates in the sequence (7, ), >0 will first be derived.
This task consists in extending the proofs of [8] where the
constant case 7y, = 7 was addressed and where the following
two results were proven in Corollary 3.3:



i) If do(F) < Con=® for n > 1, then 7, <
Co2°Hy=2n=a for n > 1.
ii) If d,(F ) < C’oe*CO” for n > 1, then 7, <
1,

()C
for n > 1, where ¢; := 271 72%,.

V2Coy~

In order to extend ) and i) to the more general case where
v depends on the dimension n, the following preliminary
theorem is required:

Theorem 4: For any N > 0, let us consider the weak
Greedy algorithm with constant vy in L?(Q) associated with
the compact set F', we have the following inequalities between
v and dy = dn(F,L?(Q)) : forany K > 1, 1<m < K

HTN+Z ="K
i=1 H

Proof: This result is an extension of Theorem 3.2 of [8]
to the case where the parameter of the weak Greedy algorithm
(7n) depends on the dimension of the reduced space Xy. Its
proof is a slight modification to the one provided in [8] using
~vn and the properties P1 and P2 stated in Lemma 3. [ ]

Using theorem 4, convergence rates in the sequence (7,,)n>0
when (d,,),>0 has a polynomial or an exponential decay can
be inferred and lead to lemmas 5 and 6:

Lemma 5 (Polynomial decay of (dy,)n>0): For any n > 1,
let n = 4¢ + k (where ¢ € {0,1,...} and k € {0,1,2,3}).
Assume that there exists a constant Cjy > 0 such that Vn > 1,
dn(F, L*(2)) < Con™, then 7, < CoB,n~ %, where 5 = 2

1
and for n > 2: B, = Baetk = \/2521£7(2\/§)a

1

H Wl—( 14
and 0y = 20+ (2], 0y =2 (04 [£]).
Proof:
The proof is done by recurrence over n. We initialize the

reasoning by proving that 7 < 2Cy and then prove the general
statement for n > 2.

Case n = 1: We recall that gy = arg suplly|L2()
pEF

and that P, is the projector operator onto span{pg}. We
set: f1 = arg m = aryg T](Leagﬂf — Pi(f)|lr2(0) and let
it € F span the one dimensional subspace of F' for which

If — Pu(f)llL2() for any f € F (P, being the
projector operator onto span{u}). We have: 1 = ||f1 —
P(follz) = 1t = Pu(f) + Pu(fr) = Pu(fi)lleze) =
Pu(fillrz) <

fr=Pu(f1)=P1 (fr = Bu(f1)+Fu(fr) =P
di + |Pu(f1) — PrP.(f1)ll z2(0)-
< f17/'L >
We have: ”P}i(fl) - PlPH(fl)HLQ(Q) = H H H -
L2(Q)
(< fl»,u>ﬂa§00>990”L2(Q) | < fi,p> | [
HN||%2(Q)||‘P0||%2(Q) [ellzz@) llullz2e)
< ¥o, 1 > $o ||L2(Q)

||M||L2(Q)||<P0H%2(g)

Since for any z,y € F with norm 1 we have
lz— < 2,y > Yl = lly— < 2y > zlL2)
we deduce that | Pu(f1) PPz =

K m K K—m 2K —m)
m K—-m gt '

| < fi,p>| ®o < Qo, b > i
‘ - 2 ||L2(Q)«
lullez) " lvollza)  ullfzo) ol
< f1,p >
Hence: n; < dy + [<fion>| |
1l 2y llpoll L2 (@)

SPOUZ M e < dy <1+ < fip>| >_2d1.

1012 1l 2y loll 2 (o)

()

Remark 1: In the case where [|o|z2(0) > Y0l f|l£2(q) for
any f € F (0 < 7 < 1), we would have obtained 7 <

d (1+%).
Case n > 2 : Let n = N + K for any N > 0,
K > 2 If i < K, we have 7, = Tny+x < TN+i

from the monotonicity of (7,,)n>0. By combining this in-
equality and theorem 4, if 1 < m < K, we derive

m 11—
1 K\~X K K m 1 . m
that 7, < —— \/(E) <—K — m) T dm B <
H ,YN+2
\/_7' ,since x7%(1 —z)*1 < 2 for any =z,
N1 y
H ’YN+1

0 < x < 1. We now use that d,,, < Coym~ and the recurrence

hypothesis in N+ 1 < n : 7n41 < CoBn+1 (N +1)~% which
yield: 7y, ¢ < Cov/2— a ﬂNHf( n)*(N + K)~“ where
I

§n) = = (NLH)

Any n > 2 can be written as n = 4¢ + k with £ € {0,1,...}
and k € {0,1,2,3}. If K = 1,2 or 3, it can easily be proven
that £(n) < 2v/2 by setting N =2/ — 1, K =2(+2, m =
f+1ifk=1landl>1, N=2(, K=2(+2, m=/(+1
ifk=2and/>0and N =2(+1, K =2(+2, m=/+1
if £ = 3 and ¢ > 0. These choices of N, K and m combined
with the upper bound of £ yield the result 7,, < Co8,n~% in
the case k= 1,2 or 3.

In the case n = 4¢ (¢ > 1), using the fact that 7y 1 < 7n,
\/_T]{fd

we can derive that 7, < 5 . If we choose

K L
H YN+
N =K = 2¢ and m —:Z the previous inequality directly
yields 740 < Cov/Zhar——— (2V/3)(40) .
H %Hz
]
Lemma 6 (Exponential decay in (dy)n>0): Assume

that there exists a constant C; > 0 such that Vn > 1,
do(F, L)) < Coe ™", then 7, < Cpfne ",
where 3, := o Qﬁ“ forn > 2, /1 = 2 and
2 T

I:I L J+7,

Co 1= 271730‘

Proof: The proof is done by recurrence over n.
The case n = 1 is addressed by following the same lines as
in lemma 5.
In the case n = 2, we have: » < 71 < 2.



K : 1 ﬁTI?Jrld?l"_%
1:[ YNt

and treat the casesn = N+ K = 2/ alllaln =N+K=20+1

separately (£ > 1).

Ifn=N+ K =20, we choose N = K = { and m = | £|.

VIre 20"

For n > 3, we start from 7nx <

1
The inequality yields 79, < R

1
,Hl Viyi
i—
In a similar procedure, the desired result can be inferred for
n=N+K=2(+1if we choose N =¢, K =+ 1 and
m = L%J [ |
Remark 2: 1) In the case where =, is constant vy, = 7,
lemmas 5 and 6 yield results that are similar to the ones
obtained in [8] (see i) and i) of this proceeding).
2) In the case where (7y,,),>1 is @ monotonically decreasing
sequence, the following bounds can be derived for 7,,:
o If d,(F,L?(2) < Con=® for any n > 1,
then 7, < Coﬁn;“ for n > 1, with g :=
23a+1 - . — 23a+1 72.
(12@/&5”7]) IYn
o If d,(F,L?(Q)) < Cpoe ™" for any n €
{1,2,...}, then 7,, < CpBe=" " for n > 1, with
)
B =2 < min ’yj>

_ 92
1<j<n =2

Lemmas 5 and 6 are the keys to derive the decay rates of

the interpolation error of the GEIM Greedy algorithm. This is
the purpose of the following theorem:

Theorem 7: 1) Assume that d,,(F, L?(Q))) < Con~—® for
any n > 1, then the interpolation error of the GEIM
Greedy selection process satisfies for any ¢ € F the
inequality || — Jn[¢lll20) < Co(l + An)Bnn™?,
where the parameter 3,, is defined as in lemma 5.

2) Assume that d,,(F, L*>(R2)) < Coe=“™" for any n > 1,
then the interpolation error of the GEIM Greedy se-
lection process satisfies for any ¢ € F' the inequality
Hﬂp - jn[(p]”Lz(Q) < 00(1 + An)/Bne_cznﬂ5 where 3,
and cy are defined as in lemma 6.

Proof: Tt can be inferred from lemma 1 that, Vo €
Eofle = Tnlelllz) < (14 An)lle = Pa(@)llrz@) <
(1 + A,)7, according to the definition of 7,,. We conclude
the proof by bounding 7,, thanks to lemmas 5 and 6. [ ]

Remark 3: If (Ap)n>1 is a monotonically increasing se-

quence, then the sequence (7,)n,>1 in the GEIM procedure
is monotonically decreasing. Using remark 2, the following
decay rates in the generalized interpolation error can be
derived:

e For any ¢ € F, if d,(F,L*(Q)) < Con™® for any
n > 1, then the interpolation error of the GEIM Greedy
selection process can be bounded as ||¢ — T [0][| L2() <
0023a+1(1 + An)snia.

e Forany ¢ € F, if d,(F,L?(Q)) < Coe~"" for any
n > 1, then the interpolation error of the GEIM Greedy
selection process can be bounded as ||¢ — T [][| L2() <
Co2(1 4+ Ay,)3e—e=n",

Remark 4: The evolution of the Lebesgue constant Ay as a
function of IV is a subject of great interest. From the theoretical
point of view, crude estimates exist and provide an exponential
upper bound that is far from being what we get in the
applications. As is shown in ( [4], [5], [1]), the growth is lower
than linear in NV in the EIM situations. Our first experiments in
the GEIM provide cases where it is uniformly bounded when
evaluated in the £(L?) norm. We do not pretend that this is
universal, but only shows that the theoretical exponentially
increasing upper bound is far from being optimal in a class of
sets F' that have a small Kolmogorov n-width.

V. CONCLUSION

In this work, it has been proven that the approximation
properties of the generalized interpolating spaces X,, lead to
an error that has the same trend of the best possible choice and
that is distant by a factor (1 4+ A,,)g8, from it. This has been
proven in the case of a polynomial or exponential convergence
in the n—width and is a first step towards the explanation of
efficiency of this method in practice (as outlined in [7]).
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