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Bernoulli variational problem and beyond

Alexander Lorz* Peter Markowich T Benoit Perthame**
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Abstract

The question of ’cutting the tail’ of the solution of an elliptic equation arises naturally in
several contexts and leads to a singular perturbation problem under the form of a strong cut-off.
We consider both the PDE with a drift and the symmetric case where a variational problem can
be stated.

It is known that, in both cases, the same critical scale arises for the size of the singular pertur-
bation. More interesting is that in both cases another critical parameter (of order one) arises that
decides when the limiting behaviour is non-degenerate. We study both theoretically and numeri-
cally the values of this critical parameter and, in the symmetric case, ask if the variational solution
leads to the same value as for the maximal solution of the PDE. Finally we propose a weak formu-
lation of the limiting Bernoulli problem which incorporates both Dirichlet and Neumann boundary
condition.
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1 Introduction

The so-called ’tail problem’ arises in several aspects of physics and biology and leads to penalize
small population densities either in stochastic individual based models or in population models based
on PDEs which is our interest here. The ’tail problem’ is usually addressed by penalizing small
populations and leads to analyze singular perturbation problems where the limit has a bounded support
and thus a free boundary. There are several possible 'natural rescalings’ which penalize more or less
strongly the solution. Here we consider the following rescaling for an elliptic problem (the simplest
possible in order to address our issue)

— Aug + b(@). Ve + ue + gl{usgw} =f>0 zeRY (1.1)

with a homogenisation parameter . Examples where this equation arises are high activation energy
in combustion [9, 18] or the Bernoulli variational problem (when b = 0) [2, [[]. An alternative scaling

*UPMC Univ Paris 06, CNRS UMR, 7598, Laboratoire Jacques-Louis Lions, 4, pl. Jussieu F75252 Paris cedex 05.
INRIA-Rocquencourt, EPI BANG. Email: lorzQann.jussieu.fr

"King Abdullah University of Science and Technology (KAUST), CSMSE Division, Thuwal 23955-6900. Saudi Arabia.
Email: Peter.Markowich@kaust.edu.sa

tand Institut Universitaire de France. Email: benoit.perthame@upmec.fr



arises in ’adaptive dynamics’ [I6, 4] and leads to a parabolic equation with another rescaling

Ou,
ot

u
—eAu, + f][{us@wg} = ucg(x), (1.2)

which converges to a free boundary problem for Hamilton-Jacobi equations. Because these rescalings
are so different, we can expect other distinguished limits, e. g., a small diffusion limit in the limit
e — 0 in ().

This type of questions leads to study weak formulations in this limit while an important literature
has been devoted to strong solutions in order to study the regularity of the free boundary; for a = 1,
the limit is the well-known Bernoulli-problem [3 Bl [7, 6]. A two-phase version of the problem has
been investigated in [2] with variational techniques and in [I1] a forcing term has been included. A
related semilinear problem is studied in [I5] by a least supersolution approach. A parabolic version
motivated from flame propagation was studied in [9] and with forcing term in [T2, [13].

These papers establish that o = 1 is the critical scale; then in the limit ¢ — 0 the task is to find a
set () such that we can solve both Dirichlet and Neumann boundary value problems simultaneously

—Au+b(x)Vu+u=f x €,

u=0, %:—% on 0N.

(1.3)

In a seminal paper [I7], J. Serrin shows that the only possible domain {2 where one can solve the
Poisson equation Au = —1 with both zero Dirichlet condition and constant Neumann data is the
ball. With a geometric motivation, in [I0], the authors classify all flat surfaces with smooth boundary
on which there exist positive harmonic functions having zero Dirichlet data and constant (nonzero)
Neumann data.

For f with low regularity in (C3]), we will address the questions of existence of a nontrivial solution,
in particular in the non-variational case it is natural to consider the mazimal solution u*. Are there
always solutions or are size conditions needed on the parameter 7 We will also address the question
of uniqueness; when b = 0, is u* the limiting (in the sense of I'-convergence) variational solution?

This paper is structured as follows: in section Bl we review the variational solution of the equation
(1) without the drift term i.e. b =0 for the whole range of .. For the most interesting case, o = 1,
there is a threshold p_ such that below this value we have a nontrivial solution and above this value
only the trivial solution v = 0. In section B we consider the maximal solution for ([III) with the drift
term. We show that there is a nontrivial solution for y small and only the trivial solution for u large.
Finally in section Bl we show on different numerical examples that the maximal and variational solution
are in general different.

2 Variational approach

In this section we take b = 0 and f € L'(R%). N L?(R%). On H(R?) we consider the functional with
values in R U {oo}

2€2o¢

1 1 1
EE(U) = §/|Vu|2dx+§/u2dx—/fudl‘+@ uzl{uﬁea,u,} dl’+u2? /I{u>€a“}dl’. (21)



1
Notice that, because /fu dx < B /[f2 + u?] dx, we have

1
E.(0) =0, E.(u) > —§Hf\|§ for all uw € H'(RY). (2.2)
We recall in the Appendix [l a standard argument for the existence of a minimizer.

Proposition 2.1 (Elementary properties of the minimizers) Let u. be a minimizer of E.(u).
Then it follows that

@)

Eiz fug][{uggaau} dx + Eza_2N2 f ]I{ug>aau} dx < HfH% )

(2.3)
el o ety < 411 l2
b) ue solves the PDE
— Aue +ue + %I{usgwa} —f>0 zecRY (2.4)
c) for f € LP(RY) with p > d/2, we have with a constant independent of &
[telloo < C. (2.5)

1 1
Proof. a) Because of /fu dr < 3 /[f2 + %] dz and /fud:v < /f2 dr + 1 /u2 dx, the estimates

follows from E.(u.) < 0.
b) A simple way to see this, is to define

v2 for 0<ov < 1,
Gu(v) == (2.6)
u?  for v > .

N[—= N[

Then, we may write the last two terms in the functional ([Z1I) as

22(a=1) /G”(e%) da,

and notice that G/, (v) = v1j,<,y-
c¢) Applying elliptic regularity and embedding, gives this estimate.

We consider a family u. of minimizers and turn to the study of the behaviour as € — 0. For future

use, we define
Ue
Ve 1= ?I{UESEQN}'

/uedx—k/uedw:/fda: (2.7)

and thus there is a vy € M*(R?) such that v. — vy in w—M7T(R?) after extraction of a subsequence.
In the following subsections we will prove

Integrating the PDE (Z4]) we have



Theorem 2.2 (Characterisation of the limit) In the limit ¢ — 0, we have:
e for a < 1,
u: — 0 in w—HY(RY),

e for a > 1,
ue — u’ in w—HY(RY),

where u° is defined by
A+’ =f  inRY,

o for a =1, u. converges weakly in H' towards the minimizer of

2
El(u) = %/|Vu|2daz + % /u2 dx — /fud:v + %meas{u > 0}. (2.8)

Remark 2.3 At least, formally the Euler-Lagrange equations for the minimisers of El are
—Au+u=fin{u>0}
u=0,|Vul|? = p?/2 on 8{u > 0}.
See [1] for details.

The proof is given in the next three subsections. Before starting, let us recall useful facts about
I-convergence following [4]

Definition 2.4 (I'-convergence) Let (X,d) be a metric space and let F., F : X — [—o00,00|. Then
we define I'- convergence of F. to F at x if
(i) (liminf inequality) for every sequence (x.) converging to x

F(z) <lim i(I)lf F.(z.), (2.9)
£—

(ii) (limsup inequality) there exists a sequence (x.) converging to x such that

F(z) > limsup Fg(z¢). (2.10)

e—0

Definition 2.5 (Equi-coercivity) We will say that a sequence F., F : X — [—o00, 0] is equi-coercive
if for all t € R there exists a compact set Ky such that {F. <t} C K for all e.

Theorem 2.6 (Fundamental theorem of I'-convergence) Let (X,d) be a metric space, let (Fy)
be a equi-coercive sequence of functions on X, and F' =1 — lim._,q F; then

dmin F' = lim inf F.
X e—0 X
Moreover, if (x.) is a pre-compact sequence such that lim._.o F.(z.) = lim._,o inf x F;, then every limit

of a subsequence of (xc) is a minimum point for F.

According to (23] all minimisers of E. are in
X = {ue H' @] ullm < 4/ fl2}-

So we work in the space X with a metric d which induces the weak topology (X is a bounded subset
of a Sobolev space and thus X with the weak topology metrizable).
Note that E. is equi-coercive on X since X is bounded.



2.1 The case a <1
In order to identify the weak limit, whose existence follows from (Z3]), we decompose
Ue = ua][{usgaau} + UE][{ug>aau}'

Multiplying u. with a test function v (z), integrating and using (7)) again, we have
/ﬂ)usl{u<aau} dr = & / vepdr — 0
and, using (Z3)) again and (Z3),

/‘wu5l{u>€“u}‘ dz < [|ue oo |t lloo / Lyscapy do = O(e>72).

2.2 The case o > 1

Here we show that E. I'-converges toward

Enin(u) = %/|Vu|2 dm+%/u2 dx — /fudx (2.11)
and
ue — u° in w—H(RY). (2.12)

(i) (liminf inequality) We take u and a sequence u. in X such that u. — u in w — H'(R%). First,
by convexity it follows that
Es(us) > Emin(us) > Emin(u)-

Therefore, we have
Epin(u) < liminf Eypi, (ue) < liminf E. (u,).
g €

(ii) (limsup inequality) For each u € X, we consider a smooth cut-off function
1
1 forr<g,

o(r) = (2.13)
0 forr>1,

. l-a .
and, with R, :=e¢ @ — o0, we define a cut-off version of u as

Ue(z) := u(x)o(|x|/Re).

Clearly U. — v in H'(R?). Moreover, we comptute

1 1 1 c20,,2
Ee(Ue): 5/|VU€|2dl‘+§/Ugdl’—/ngdl‘—F@/UEI{UE<€aM}d5E+ 2;; /]I{Ug>8a/,b}d$'

=1

Since Ug(x) = 0 for |z| > R, we obtain
I} < Ce?7 2R = 0!

and thus,
Epin(u) = limsup E.(Uy).

e—0

Therefore minimisers of F. converge to the minimiser of Ey,;, in H 1(Rd) which is given by u.



2.3 The case a = 1. The I'-limit.

To show I'-convergence of E. toward Ef we define

F.(u) : L

2
1
=52 Wliyeey do,  He(u) = 5 / Lpusepy da.

(i) (liminf inequality) We take u. — u in w-H!(R%) and define

L= 1imi(1]1f meas{us > pe}.
E—

Then there is a sequence such that

L = kh—>Holo ][{usk >M5k}

and a further subsequence (denoted the same way) such that u., — u pointwise a.e. on RY. The
Fatou lemma implies
L> /lim inf Lgy, > pe,y doe > /]I{u>0} dz.

k—o00

In other words, Ho(u) < liminf H.(u:). Together with F.(u) > 0 and the lower semi-continuity of
[ |Vu|? + u? dz, this gives
Ef(u) < liminf E.(u.). (2.14)
£

(ii) (limsup inequality) For u € H'(R?) we define U, := u. We want to show

E}(u) > limsup E.(Us). (2.15)
e—0

If meas{u > 0} = oo, then (ZTIH) holds. Otherwise meas{u > 0} < oco: Then, we have {u > ue} C
{u > 0} and thus

H.(u) < %2meas{u > 0} = Ho(u).

Moreover, the family of functions
1

,_ 2
Ve 1= @’LL ][{USE,U,}

converges to 0 pointwise. Since also 0 < v, < %][{u>0},u2, by the Lebesgue theorem, F.(U.) — 0 for
e — 0. Again (ZTI3) holds.

2.4 The case a = 1. The minimizer.

We study the dependence of the minimizer on p. There is a threshold piy,y. If the parameter p is below
lhvar, Minimizers are non-trivial whereas above piy,; the minimizer is identically 0. This is formalised
in the next theorem.

Theorem 2.7 (Extinction/non-extinction depending on u) For f € L1 (R?) N L2(R%), we de-

fine
fQ fudx

meas(Q) t—Autu=f onQue H&(Q)} (2.16)

[y 7= SUD {

meas(Q)<oco



We obtain

e min EY <0 for i < fivar,
HA (R 0 Jor p < piyar

e min EY =0 for u> ,
Hl(Rd) 0 f W = Hvar

® Uy, = 0 is the unique minimiser for u > fyar,
® fiyar > 0 for f Z£0,

® tvar < |[flloo for f € L=(RY),

o tivar < C(d)||flla for f € LYRY) and d > 2.

To define (ZI6), we understand here that the value of the functional is —oo when HE(€2) is empty.
Proof.

. 9 fQ fuy dx 9 .
For i < ptvar. There is a sequence () s.t. py := ’“‘QT T psap- So there is a k such that py > p

and f
1 Q fuy dz
Eg(uk):_ <N2’Qk‘—/ fukdx> <M ,uz—gki —0
2 o 2 [

For i > piyar- Assume that we have a minimiser uyy, Z 0 with support Q.. Because uya also
minimizes the energy functional with 2, fixed, we can use that it solves the elliptic PDE in Qy,;.
Then since the energy of minimiser is non-positive, we have

1 Qvar Jora, [tivar d
Eg(uvar) = 5 <M2|Qvar| _/Q fuvar dl‘) = ‘ D) ’ <,u2 - QV?Q—‘ <0.

This is a contradiction with the definition of jiys,. Therefore, the unique minimiser is u4a, = 0.

Proof that minHl(Rd) Egva’ = 0. Moreover, assume there is a minimiser ubss" such that Etvar < 0

then also E*(utyar) < 0 for p close to fiyar and 1 > fiyar. So this leads to a contradiction with the case

1L > [yar above. Therefore min E*va = (.
HY(R4)

For f 20 We fix a bounded open set {2 such that f 2 0 on Q. Then, for a solution u € HE(Q) to
the equation in (ZI6) we have

/[\VUP +u?de = / Fudz > 0.
Q Q
This gives fiyar > 0.

For f ¢ L>*°(R%). With this equality and Holder we obtain

</ufda:>2 g/f2dm/u2dx§/f2dx/ufdx. (2.17)

/ufdﬂv/meas(ﬂ) < /f2 dz /meas(Q) < (|| fls0)? (2.18)

and therefore piyay < || fl|co-

So it follows that



For f € LYR%) and d > 2. We define p := 2d/(d + 2) and p* := 2d/(d — 2), and estimate

1/2
| u <1zl < CQ@ISITUlz < C@ oy ( / fu) .
Q Q

Using Hoélder with ¢ = (d 4+ 2)/d and ¢* = (d + 2)/2, we have

Jo fu _ C(d)? 2 ()2, 2/(pq)
< </Q|f|p> < =11 </ng;> |

Since 2 = pq and pg* = d, we obtain

tvar < C(A)]| fla-

Remark 2.8 The estimate
pvar < C(d)|| f1]a,

brings us closer to the L*-norm in d = 1 which appears in the exzamples of section [

3 The PDE approach

We now study the PDE problem given by equation ([LIl) with @ = 1. Our goal is to show that u.
converges to some ug € H'(R?), with support Q # R? and that it satisfies a weak formulation of the
Neumann boundary condition in ([L3).

We use several types of assumptions that we present together even though they are used separately
in this section

B = ||b|oo, divb < 1 —~, with v > 0, fel*nlL!, f>0, f#0. (3.1)

It is also convenient to assume better lower and upper controls as
R >0, f, >0, such that  f(z) > f, for [z|<R, (3.2)
flx) < F(lz]), F'<0, F(-])€L'(R). (3.3)

All integrals in this section are over R? unless stated otherwise.
A first observation is that solutions to equation ([[CII) are far from unique, a consequence of a non-
monotonic nonlinearity,

Theorem 3.1 (Maximal, minimal solutions) Assume [B1]). There is a mazimal solution ul and
we have

1
lulfl < ;Ilflll, IVullla < CAIFll2, 1111, )- (3-4)

With the additional assumptions B2), B3), for p small enough ut does not vanish as e — 0 and
for p large enough ut < pe. Moreover, assuming B1) and f € L®(R%), there is for ¢ small enough
a minimal solution uZ = O(e?).

In other words, and by monotonicity in p, there is a critical value p4 below which the limit € — 0
gives rise to a non-vanishing solution; we will discard later that it can be u, the solution to the linear
problem in the full space as defined in ([B8l).

In particular cases, it is easy to build other solutions than the minimal and maximal. For a multi-
bump data f it is possible to switch, on each bump, from one strategy to the other in the construction
below. Various examples are built in Sections Bl and B that show explicitly the processes at work. In
particular the question of the ’optimal norm’ on f to measure uy appears to be rather complex.



3.1 Minimal and maximal solutions

This section is devoted to the proof of the first statements in Theorem Bl

Proof. The minimal solution is simply defined by

_ _ _u

—Auz +b(2) Vug +us + 5 =f  we R%. (3.5)
By the maximum principle and for € small enough, we have
uz <& flloo < epre

To build the maximal solution, consider the construction by induction

— Au’ - b(z).Vul +u = f z e R4, (3.6)
E-+1 E-+1 e, uEt d
— Auf 4 b(2). Vud T w4 2—2][@%“6} =f xeR% (3.7)

Since we have

1

Lemma 3.2 (Comparison principle) Consider the solutions v',v? of the equations

—Av' 4 b(x). V' + c(z)v' = f reR? i=1, 2
If t < ¢ and f* > 2, then vy > vs.

Obviously ul < u® therefore Tiui<pey = Tgyo<yey- Then, applying again this comparison principle,
we have for all k, u**! < ¥ and

ul N, ul, for k — oo.
Again, by comparison principle, any solution is less that u", thus less than u!...etc therefore uZ is the

maximal solution of (ILCTl).

The uniform bounds are also standard. The L! bound is obtained by mere integration of ()

because
/uj[l — divb] dz < /fda:.

The H! bound follows then by integration against u}, writing 2 / ulb(z).Vul dz = — / divb (ul)? dx
and using
1 1
/ \Vul | da + 5 /[1 — divb](u)? dz + 3 /(u:)2dx < /fu: dz.
O

As a consequence, we may extract a subsequence such that

ul — ut w-H(RY).
e—0

Notice there is no monotonicity in €. The next question we address is to understand when u™ does
not vanish.



3.2 Non-extinction for p small enough

Next, we give a uniform lower bound on v} ensuring that it does not vanish with e. This is the case
for u small or, equivalently, f large. To present a precise version of the statement in Theorem Bl we
need additional ingredients. The first one is a size condition on f on some ball of radius R that we
center at 0 to simplify notations.

Then we need a radial auxiliary function up(r), r = |z|, defined by

_AQR + ﬁ|vﬂR| tugp= L, |$| <R, (3 8)
up =0 on {|z| = R}. .

Proposition 3.3 (Non-extinction for p small) Let us assume BIl), B2) and that p is small

enough such that

b Ly (), (39)

then for e small enough, ut is uniformly controlled from below as ul > iR@R'

Proof. Our aim is to prove that for each of the iterates u* converging to the maximal solution, we
have uf > f » ur under the condition [J). To do so, we define the (radially symmetric) solution of
the equation

w
— Aw, + B|Vwe| + we + 6_261[{|m|2R} = iR I\ /<Ry z € R (3.10)

Properties of w. are established in Appendix[Bl In particular, equation (BI0) is linear. Furthermore,
we is a decreasing function of |x| and thus, as ¢ — 0, w. \, up for |z| < R and 0 outside this ball.

This function w, is a subsolution of (LIl under the condition {|z| > R} D {w. < pe}, which is
satisfied, because w, is decreasing, if

we(R) < pe. (3.11)

In Appendix [Bl, we prove that

ws(R) d
Jwe(R) p—" Ir %@R(R)v PR ~fr ar LR

(R).
Therefore (BI0)) holds true for x4 small enough.

It remains to argue that, obviously, w. < u°, therefore {|z| > R} D {w. < pe} D {u® < ue}. Thus
w. < ul and iterating the argument gives w. < ulg . Since w; is a supersolution to ([B.J]) we conclude

gRéwaéu]S,

and our result is proved.

3.3 Extinction for i large enough

We continue the proof of Theorem Bl and prove extinction for p large. A precise statement is

10



Proposition 3.4 (Extinction for p large) Let us assume B1), B3) and that p be large enough
(depending on F'). Then for e small enough, we have

ul < pe.

Proof. We are going to build a radially symmetric supersolution at all steps of the iterative process.
We choose the function U7 (]z|) as the maximal solution of

U+
— AUF - BIVUS| +UF + E—glwgm} =F(z]), =x€RY, (3.12)

in radial coordinates this is

2 _ Ut

(3.13)
Ut (0)=0,  Uf(c0)=0,

and we prove that in fact U < ue in R? for p large. To do so, we argue by contradiction and suppose
it is wrong. Then, we may define R. > 0 as

d
U (R.) = pe, UX(r) < pe for r> R, %Uj(Ra) <0.

We first derive some information for r > R.. From the maximum principle on the equation on U7’
(differentiating [BI3)), we conclude that UX'(r) < 0 on [R.,c0). Then, we consider two cases:

d%Uj I{R.,»)} is uniformly bounded Integrating equation (E.T3) between R. and
R':=(d—1)/(8+ 1), we obtain that the integral

R _
| =g unar

r

is uniformly bounded. Also we have

x q o oy N
— < _— =
/RE (drUE ) dr < C/RE d?"UE dr = O(e),

and therefore the functions %Uj]l{ms,oo)} tend to 0 a.e. as € — 0. So together the two integrals

> d-1.d ., ~ q
/5 3 (LU dr and /R PEUF dr

r
tend to 0 as € — 0. Following the arguments in Appendix [Bl, using the equality

d_ .\ ° o d-1.d ., © o d o Lorione o 20 4 2
U w2 [ - RGN =2 [T LU e (4 U0 < 204 ),

we also conclude

o,
gl_)l%_%Ua (R:) = p.

For r < R, and ¢ small enough, we now have the boundary value problem d%Uj (R.) < —pu/2 and for
w large enough the solution is negative at r = R., thus a contradiction. To see this we write U <V
(see below) and we need to show the Lemma

11



%U;’ I{(Rr. )} is unbounded In this case, there is a sequence R. > R. such that d%Uj (RE) tends

to —oo. Integrating equation (BI3]) between R. and R, gives
Rs + Rs

d _, . U d . d-14d .,
[ﬁ%UE + UE + —862 ][{U;r<ua} —F| dr = %UE (Rg) +/R r %UE dr.

d +
%Ug (Ra) +/

R

Since the integral term on the right hand side is bounded and the integral term on the left hand side
is negative, the sequence %Uj (R:) tends to —oo. Also in this case applying Lemma leads to a
contradiction.

Lemma 3.5 The radial solution of
—AV = BIVV|4+V = F(|z|), |z| < R,
satisfies V(R) < 0 for u large enough depending on [ F but independently of R > 0.

Since d%V does not change sign thanks to arguments in Appendix [Bl it becomes a statement on a
linear ODE which is left to the reader.

3.4 Weak formulation of the Neumann boundary condition

We now consider a solution u. to the elliptic PDE ([1l) with assumption ([BI) and study its limit ug
as ¢ vanishes. From the arguments in Theorem B, and by a simple integration of the equation, we
have the uniform bounds

/[ Va2 + u] dz < Co, /{ } Ldr<Ch  wsul (3.14)
Ue <EW

We denote u
Q. = {u€ > s,u}, A = ][{Usﬁau}g_;‘

After extractions, we have
Us ——2 Uo in L2(RY), w— H'(RY),

E—

A 40 Ao weakly in bounded measures (3.15)
E—

Loy — Q) LP(RY —wx.
Passing to the limit we find, setting © = {up > 0}, that
Ligy Sws—lim gy =Qz) <1, Q€ LY(RY), (3.16)
and, thanks to (BI4), the nonnegative bounded measure A is such that
— Aug +ug + Ag = f. (3.17)

With the definition of the energy function G, in (), we can complete the a priori estimates in

BT4) with the

12



Theorem 3.6 (Bounds for G, and €.) Here we assume @) and that |z| |b| € L>, |z|f € L%
Then

/ G“(%)dzv and |Qc| are uniformly bounded. (3.18)
Rd

Proof. For a smooth test function ® € R, multiply equation (1] by ®(z).Vu. and integrate by
parts in the whole space. We find

| Vue? _u Ug
[—dlv@T +Vu..DP.Vu, —d1v<I>7 —div® G“(?)] dr = [ [f—=b.Vu]®(z)Vu.dzx. (3.19)
R4 R4

With the choice ® = z and thanks to the estimates in BI4), we find BI8). o

One can strengthen the above limits in assuming further regularity on u. to ensure continuity in
the limit. This follows for instance from the Lipschitz bounds in [I1] (see also [§]). Indeed we have

Lemma 3.7 Assume additionally that u. is uniformly equi-continuous, then

uQ AO = O, (320)
Vue — Vug  in L*(RY), (3.21)
e—
Q= ][{Q}, Q= {U() > O}, ‘Q’ < oQ. (3.22)

Proof. To simplify the notations, we take b = 0 in the first two steps of this proof. Thanks to the
second bound in (BI4),

ue ()
/Rd e Ao dx = /Rd ua(x)2—2][{us(w)gu€} dr < ue » Ae.

Because we assume uniform continuity, we conclude that in the limit € — 0

/ ug Ao dz = lim ue Aedx =0
Rd

e—0 R4
and the first statement is proved.
Now we multiply the equation ([BIZ) by wo and integrating by parts gives
/ [[Vuol? + fuol? + up Ao] dx = / f o de
Rd R

and thus
/ [[Vuol? +uf] da = / fupdx.
Rd Rd

We compare this result with the same manipulation at the € level. Multiplying the equation on u. by
ue and integrating by parts gives

u2
/ (IVuel? +u + =5 Ty, (2)<pe}] do = / fue da.
Rd E Rd

13



But we have %g][{us(x)gus} < pes Iy, (1)<pey and from the bound in [ET4) the integral vanishes.
Therefore we conclude that (after extraction)

/ fuodw:/ [[Vuo|* + u] dxgliminf/ \Vu€]2+/ u%dx:/ fuodz.
Rd Rd e—0 Rd Rd Rd

This proves that the L? norm of the gradient converges and thus there is strong convergence and

(BZ1) holds.

With this strong convergence, we may pass to the limit in ([I9) and find

2 2
/ [—div¢|v;0| +Vu0.D<I>.Vu0—diV<I>%—div<I> (G)] dm:/ [f—=b.Vug|®(z) dz.Vuyde. (3.23)
R4 Rd

with (G,) defined as the L> — wx limit of G,(*). Because we may write
2
u u
2Gu(2) = Fue@)zpey + 1 ey,

and arguing as before for the first term, we find

2
GMZ%QW) (3.24)

We compare again the result with what is obtained when we convolve the equation ([BI7) with a
smoothing kernel ws and integrate against ®.Vug * ws. We find

2
/ [—div<I>M—I—VUO.DCI).VuO—div(I)u%] dz+lim ®.Vugrws Aorws dz = / [f—b.Vug|®(z).Vug dz.
Rd 2 §—0 JRd Rd
Consequently, for all test functions P,
2

_& div® Q(z) dx = lim ® . Vug * ws Ao * ws d.
2 R4 0—0 Rd

When ® has support outside Q, the right hand side vanishes as § — 0, which proves also that Q is
supported in  and together with (BI6), this proves the last statement.

From this proof, and additionally to
12
(Gu) = 5 Liay, (3.25)

we infer

Proposition 3.8 (Weak formulation) Ase — 0, a uniformly equicontinuous limit of weak solutions
to (1)) satisfies the two equations

—Aug+ug=f m Hé(Q), (3.26)

2

- [Vugl? Looug pt
[ — dive 5 + Vug.D®.Vug — d1V<I>7 — 7d1v(1>] de = [ [f — b.Vugl®(x).Vugdz (3.27)
Q Q

for all C" test functions ® with compact support.

14



The equations [B208)—-B27) are indeed a weak formulation of the Neumann boundary condition

duwg _ 1
o 2

This is because if Q is C' and ug € H?, we may integrate ([B28) against ®.Vug over  and find

on 0N. (3.28)

2 2 2
/[—divcb’wo‘ +Viug. D®. Vg — divd 0] daz—l/ <%> <I>.yda:/[f—b.Vuo]CD(:E).Vuoda:.
Q 2 2 2 Joa Q

ov
(3.29)

In comparison to ([B21), using that —“72 Jo div® dx = —“72 Joq ®.vdo and again because we can use
arbitrary test functions ®, we find

W2 (Oug\’

2 \ov )’

This is equivalent to writing ([B25]).

Let us conclude this section by an observation. With enough regularity, we may also integrate over
Q. and find

2 2
/ [—div@%+VuE.D<I>.VuE—div<I>%] dw—/

:/ [f —b.Vu.]®(z).Vu, dz.

€

We examine the boundary integrals and because u. = pe on 0, Vu. is reduced to its normal
component. We find

Ou 1 1 ou.\ 2
_ o 8;¢(II}‘)VU5 dx + 5 /896 <I>1/[ug =+ |VU€|2] dr = 5 /896 [_ < aVE) + ,u252 d.vdo.
As e — 0 we find
2 9 5
/ [—dive [Vuol +Vuo.D2(I>.Vu0—div<I>@} dac—1 lim Oue d.vdo = / [f=b.Vug|®(x).Vug dz,
Q 2 2 2 e—0 0. ay Q
(3.30)

%“Ij on Jf).; as ¢ — 0.

a formula which in comparison to ([B29)) carries information on the limit of

4 Maximal solution with positive energy

In order to illustrate our theoretical results and gain some intuition, we consider several examples
in one dimension. We begin with a simplified version, dropping the absorbtion term, which allows
for very elementary calculations. Then we include the absorbtion term and show that the maximal
solution still has positive energy and thus does not coincide with the variational solution.

15



4.1 Explicit construction for a simplified model

In order to simplify the formula, we consider the slightly changed equation with a truncated right
hand side u
—u” + 6_2][{u§/m} = f(:E) ][{U>N5}' (41)

Notice that all the methods and results elaborated before hold true for this truncate right hand side.
Let us assume f > 0 and f(—z) = f(z). If we assume additionally that the the region {u > pe} is
an interval, then for symmetry reason it must be centered around 0 i.e. (—R,R).
In this framework, we would like to understand the range (p—, p4) of values for which the non-trivial
limit exists, if variational and maximal solutions agree and if there is one-to-one mapping R — u in
the ’fixed point’ algorithm

u
—u’+ = Uizry = f(z) Tpery, T ER, (4.2)
u(R
W= (6 ) (4.3)

The limit problem becomes
—d' = fa), <R uR)=0, J0)=0, —u(R)=p (4.4)

The shortcoming of dropping the absorption term is that we cannot define the maximal solution
of these problems as we did by iterating from the positive solution of —Au® = f; it does not exist.
However we can find solutions of the nonlinear problems at hand. Namely, we have

Lemma 4.1 For f € L}|r and p € (0, f|l1/2], define R by pu = fORfd$ (independently of €). Then
there is a solution u. to D), @) and it satisfies —u.(R) = p.
As € vanishes, it converges to a nontrivial solution of (E2).

The case of a Dirac mass at 0 is also included with the notational convention [ é(z) = 1/2.

Proof. For = > R, the solution u is given by u.(x) = be*/¢.
Now we match the derivative of the solution at R:

u.(R™) = u.(R") = —ge—R/é (4.5)

Also, since u.(0) = 0 for an even function, we have

R R
—ul(R™) = —/ u dov = / fdz.
0 0

Combining this with (X)), we obtain

R
b:&?eR/e/ fdx.
0

It remains to identify the values at x = R. For 0 < r < R, u is defined up to an additive constant
that we can adapt for continuity. Therefore, we only check on the right

_ Ua(R) — ée—R/E — /Rfd$
€ £ 0 '

Since R is fixed, the limit ¢ — 0 follows immediately. Note that u. and its limit only differ by a
small additive constant in the interval (0, R).

16



4.2 Computing the energy of these solutions
We can calculate that these solutions have positive energy. It is given by
1 72 1 2 L 9
E.(u) = 5 / |u'|*dx — /f]I{|x|<R}u dx + 5z | v Tpy<epy dov + I /I{u>au} dzx. (4.6)
We start with the part for z > R

b [P - b2 [ 2 b2 _2r
Ee,>R(U):E—2/Res dl’+6—2/R e dg;:?eg’

which gives, the expression for b,

R 2
E. >r(u) = Z (/_Rfda:) = ep’.

For x < R, the energy is reduced to

1
E€7<R(u) = 3 / |u/|2dl’ — /f]I{|m|<R}u dr + ,qu. (4.7)

To continue, we compute

R R R R
/ Sy <myude = —/ vw'udr = —(u'u)(R) +/ () dx = ep? —I—/ (u')? dx
0 0 0 0
and it follows that R
E. <p(u) = —/ (u')? dx — 2ep® + p*R.

0
Altogether we arrive at

R

E.(u) = —/ (u')? dx — ep® + p*R.
0

By concavity of u, |u/(r)| < p on [0,7) and thus E.-(u) is strictly positive for € small enough.

In the variational approach, one can compute that pya = fooo f. The positive energy calculation
rises an apparent contradiction with Theorem EZ7 because minimizers are solutions to the elliptic
equation. This is explained because min Eg = —oo (due to the lack of absorbtion term) for pu < piyar

and a minimizing sequence can be defined in the following way: there is N such that ' := fON f>up
and a uy with

—uy = f(lz), |@l<R, w(N)=0, (0)=0,  —u(N)=y"
To obtain a solution u,, on intervals (—n,n), we take the solution uy, lift it up, extend it down to 0
linearly and we have again a solution as illustrated in Figure [l On (N, n) the derivative u}, is equal to
1/, these solutions have negative energy for n large enough and their energy tends to —oo for n — oo.

4.3 An example with positive energy (with absorption term)

We now include the absorption term in the equation and we build another example where a solution
of the PDE has a positive energy and thus is not the variational solution.

17



Figure 1: The figure shows a solution uy (- - - -) as well as a lifted up and linearly extended solution

(—):
Explicit construction. We consider the equation for z € R
U
— ’LL/E, + ues + E_;][{Usﬁua} = a]I{us>u£} = fg(ﬂj‘) (48)
with a given constant a > p. For symmetry reasons we only build the decreasing solution for x > 0

age /0 x> R,

ue () = { (4.9)

a—ay(e” +e ") r < R,

and the conditions u.(R.) = pe and ul(R.) continuous, give the coefficients

5o __© J2F: _a—petpyVl4e?
V1+e? a—pe —py1+e2’
ay == i ge = eRE, ag 1= ,use%.

gt

In order to enforce positivity in the last line, we choose a > p and € small enough.

We define the energy functional corresponding to the nonlinear right hand side

Fow) = & [ [[VuP +?] d do+ — [ w21 PR dz. (4.10
() =5 ul® +u?] dz — | a(u — pe)s ZL'—I—@ uw Ty <cpn $—|—7 (usep} dz. (4.10)
To compute F.(uc), we first consider z < R. and use the equation to find

R

Re R
/ [Jul|* + u?] dz — us(R:)ul(R:) = / [—ucul +u?] do = / aue dz.
0 0 0

This gives us the first contribution to the energy

F _ L L v Pp s b (e
E(UE‘\HC\<RE)__§ ) aue+§ﬂf+7 5—|—§u5( < )Juc (Re).

We argue in the same way for z > R.. We compute
o] u2 o] u2
/ [|u;|2+ug+€—g] dz + us(R:)ul(R;) :/ [—uwé’—l—u?%—g—; dr =0

18



and find the second contribution

1
Fe(ue]jp)s ) = —Fue(Be)uc(Re).
Together we obtain
1 [ 1 2 a® aa _ 2 1
F.(u;) = —5/0 aue dr + §,uz-: + %Re = —?Re + 71(6R5 —e Rs) + %Re + §,us. (4.11)

With straightforward calculations, we may compute the limit ug of u. as ¢ — 0; the coefficients of
interest become

€2R0 = —a + o =: 927 a = ? 1’
a— [ g+g-
@) 0 for |z| > Ry, ( )
uo(x) = o 4.12
a [1 — e ] for || < Ro.

Therefore the limiting energy is

2_
2Fy(ug) = (u? —a®)Ro + a252+} = (u? —a®)Ro + ap

— (12— a?)In (Zﬂf) +ap. (4.13)

For ;1 < a but close enough to a, it follows that Fy(ug) > %4 > 0.

A maximal solution for fixed €. In order to exhibit a maximal solution with positive energy, we
rather consider the equation

U,
- U+ U + 6—25]1{[]595} = aly <r.y = [F, (4.14)

and its maximal solution U > wu. (because u. is a solution). Since (US) cannot have extrema in
[R.,0), there is a unique R. > R, such that UX (R.) = pe. By the maximum principle U > pue on
(Re, RL). Therefore this solution has the form
a—asz(e” +e ") z < R,
Ub(z) =Q ase® +ase™® R.<x<R., (4.15)

—x/5 /
age™™/ x> R..

At R. and R., we have the following conditions

a — az(efs + e 1) = agells + aze 1, (4.16)
—az(efte — e ) = qgelts — aze 1, (4.17)
age’ + ase™ e = pe, (4.18)
ase — aze T = —pe/s. (4.19)
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From (I])) and ([EI9), we obtain
2a4e’ = pe(1 —1/0), 2ase™ e = pe(141/6).

Inserting these expressions for a4 and a5 in ([EI0) and ([EIT), eliminating a3 and defining r := R. — R,
we obtain

2a+ (a — pe)d [(1—1/0)e™ — (1 +1/8)e"] = pe [(1 —1/8)e " + (1 +1/8)e"] .
This can be rewritten as p(e”) = 0 with

p(y) = (L+1/6)[(a — pe)d + pely® — 2ay + (1 — 1/6)[ne — (a — pe)d).

We have p(1) = 0, the coefficient of y? is positive and p/(1) = 2(1+1/8)[(a — pe)d+ pe] —2a > 0. So we
know that the second root of p is less than 1 and this corresponds to R. < R. which is a contradiction.
Therefore we have R. = R, and therefore U = ..

Maximal solution for limit ¢ — 0. For pu < a let us denote the corresponding solution of (ELF])
by u¥, the corresponding radius by RY. Now we consider the equation

U,
— Ave +ve + e_g]I{UsSHE} = a]I{‘xKRO} = fo, (4.20)

and construct its maximal solution v as in section Bl Let us define its limit as v™.

Let us take ' < p. We have Rg/ < R and so for € small enough, fo > f£ ", By maximum principle,
the construction algorithm in section Bl gives vi > ug,. So we obtain in the limit v* > ug, and
vt > ug as p/ — p since ug is continuous in u.

We have 2= =1 + ﬁ%, so R. > Rp and therefore fo < f.. By maximum principle, the

construction algorithm in section Bl gives v¥ < u¥ and therefore v} < u.. So we obtain in the limit
+
v < ug.

5 Numerical computations

Our goal here is to give numerical evidence that the variational and maximal solutions are not always
identical. For this reason we take b = 0.

We begin with 1D calculations. We illustrate the explicit solution obtained in section 3. We use
a finite difference scheme in MATLAB to implement the algorithm converging to the maximal solution
on a grid with 1600 points on the domain [—~10Ry, 10Ry]. We use u = 1, a = 1.2 and € = .05. The
algorithm runs for 80 iterations. The numerical value of Ry is approximately 1.1989. Figure B (a)
shows the maximal solution ul for f = Ij21<Rry} and we see a good agreement with the condition
u(£Ry) = pe. The energy of the solution in the limit ¢ — 0 is given in [@I3) as 0.0725 > 0. In Figure
(b) the maximal solution ul for f = Tjj,<1.5r,} is plotted.

In higher dimension, except for the radial case, analytical solutions to our problem are not avail-
able. Therefore numerical results help towards an intuition whether the maximal and the variational
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(a) u;r fOI‘ f = I{\r\SRo} (b) u;r fOI‘ f = I{‘xElﬁRo}
Figure 2: Maximal solution for two different right hand sides f. The maximal solution is plotted as
,fas ————and the liney =pc as —- — - —

solution are identical or not. We illustrate this issue thanks to computations done using the software
FreeFem++ [I9] based on P1 finite elements.

We consider the domain ©Q = [0,1] x [0,2] and a square grid with 400 points on the boundary
[0,1] x {0}, [0,1] x {2}, 800 points on {0} x [0,2], {1} x [0,2]. The parameters are chosen as ¢ = .01,
= 1. The right-hand side f is always taken as a indicator function of a set [.35,.65] x S where S is
either an interval or the union of two intervals and f is symmetric with respect to z = .5.

The error is estimated in the following way: Let u be the numerical solution and (v;)i=1,.. a the
hat function basis of the finite element space P1. We define respectively the bilinear and linear forms

a(v,w) = /Q [Vu.Vw +vw + ;—QI{uSM}w] dzx, (5.1)

l(w) ::/wadzn. (5.2)

The error is calculated as the {2>-norm of the vector (a(u,v;) —! (Ul))ml - In all calculations shown
the error is always less than 1078.

For the maximal solution we implement the iterative scheme described in section B with zero Dirich-
let boundary conditions. For the variational solution we take advantage of the nonlinear conjugate

gradient method.

Firstly, we choose f = 10 I35 ¢5)x[.7,1.3)} i-6. one single symmetric bump, we obtain ul as shown
in Figure Bl with energy 0.0268279 and .y, with energy —0.000860634. So the numerics indicates that
the maximal and variational solutions are different.

Secondly, we choose f = 10 1| 35 65)x[.65,.95]U[.35,.65x[1.05,1.35]} i-€. two symmetric bumps. We obtain
ut as shown in Figure B with energy —0.000843616 and wy,, with energy —0.000843724. Numerics
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(a) ul

Figure 3: Maximal and variational solution for f = 101y 35 ¢5)x[.7,1.3]} i-. one symmetric bump.
seems to indicate they are the same.

., A,

(a) uF (maximum is 1073). ) Uvar (Maximum is 1073

(maximum is .18). (b) Uyar (maximum is 1073).

Figure 4: Maximal and variational solution for f =10 ][{[.35,.65]><[.65,.95]U[.35,.65]><[1.05,1.35]} l.e. with two
symmetric bumps

Thirdly, for an asymmetric set-up with f = 135 65)x[.7,1.]U[.35,.65] x[1.05,1.35], humerically, the varia-
tional and maximal solutions are different as shown in Figure B

Acknowledgment. The authors wish to thank the Fondation Sciences Mathématiques de Paris for the
support of AL and PM. The authors also thank Frédéric Hecht for a decisive advice on the numerics
based on FreeFEM++-.

A Existence of minimisers of F.

For the sake of completeness we recall the argument for existence of a minimizer in the functionals of
section B with € > 0 fixed. Also, to increase readability, we only keep the index ¢ when convenient.
Let u; be a sequence, such that

E.(u) — inf FE.(u) as k— oo.
ueH(RF)
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(a) uZ (maximum is 0.023). (b) Uyar (maximum is 1073).

Figure 5: Maximal and variational solution for f = 10 1y 35 65]x[.7,1.]U[.35,.65]x[1.05,1.35]} 1-€. tWo asym-
metric bumps

With estimates [ZZ), there is a u € H'(R?) such that a subsequence u; converges to u strongly in
L% (R?%) and weakly in H'(RY). We have

loc

. . 1 2 1 2 1 2 1 2
h]ggéf/bWuﬂ +§uk—fuk} d:L"Z/[§|Vu| +5u — ful dz.

We write the remaining two terms in F, as

g2(a=1) /Gﬂ(e%) dz.

Let us assume that

lim inf e2(*—1) / Gu(2L) dy < 2(D) / Gu(—) da.
60&

k—o0

This means that there is a R and another subsequence such that

fim 20D [ G (M) dr <o) [ Gy (e
k—oo0 Br(0) 2 Br(0) <

But this contradicts the convergence in L2 _(R9).

B Study of w.
In Section we have introduced solution of the linear equation ([BI0) which reads
w
— Aw, + B|Vwe| + we + 6—;][{|x|2R} = iR ][{|x|<R} z € R% (B.1)

This section is devoted to prove some properties and asymptotic behaviour for this problem. A first
observation is the obvious bounds

0<u. </, /wa dz < f . |Brl, /|Vw5\2dx <C(R)f,?,

and w, is decreasing as € \ 0.
Then we take advantage of the writing in radial coordinates

—w! — Ll + Blwl| + we + % Njaizry = [ Yizl<rys
wL(0) =0, we(00) = 0.
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We notice that w, is decreasing because (i) w”(0) < 0, (ii) a local minima cannot occur for |z| < R
by the minimum principle and thus w. < 0 on [0, R], (iii) a local maxima cannot occur for |z| > R
still by he maximum principle.

Then, we prove that w. is uniformly bounded. Indeed, at a minimum point z,,, one as w”(z,,) =0
and the equation contradicts z,, > R . If x,, < R we conclude a bound from the equation again. For
the point z,, = R we conclude from the formula

R _
(R =2 [ (B Tl () = wE(0) = 2 gl (R) = (0]

obtained by multiplying the equation by w. and integrating from 0 to R. Notice that this implies that
we is uniformly smooth (C? at least) inside the ball) and thus has a uniform limit together with its
derivative.

Integrating this time between R and oo we find also
da—1,, , w?(R)

(Wl dr = “E5 + wR(R).

wl(R)* — 2/ (B+
R
From this we conclude that w?(R) = O(g?). Therefore we may write
|6+ S < Cllutlle [ (—ul)dr = Cllutllc O

and thus [5°(8+ <L) (wl)? dr — 0.
Therefore we conclude that w. \, ur (see section B2) and finally

2

w::(R) - u;%(R)7 ’LU::(R)2 - £2

These are the staements we need in section

C Variational and maximal solution

Consider two H}(£2)-solutions u and u™ (the maximal solution) of the boundary value problem for
the semilinear PDE
—Au+g(u) = fin Q.

Both solutions satisfy
/HVU\2 +ug(u) — fuldz = 0.
Q
The energy is defined by
1
B() = [ [5Vol’ + G foldo
Q
For solutions the energy is also written

1

Blu) = /Q 2G (1) — ug(u) — fu] da.

Therefore )
Ew") — BE(u) = 5 /Q H(u") — H(u) — f(u" — u)dx, (C.1)
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H(u) :=2G(u) — ug(u).

A way to enforce E(u™) — F(u) <0, is to ask that H is decreasing. Note that

H'(u) = g(u) — ug'(u).

In our case g(u) = 1<, and

H () = gé(u — pe).

Thus, there is no direct way to guarantee that the variational and maximal solutions are equal.
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