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Hydrodynamical form for the one-dimensional Gross-Pitaevskii

equation

Haidar Mohamad !

February 17, 2014

Abstract

We establish a well-posedness result for the hydrodynamical form (HGP) of the one dimen-
sional Gross-Pitaevskii equation (GP) via the classical form of this equation. The result estab-
lished in this way proves that (HGP) is locally well-posed since the solution of (GP) can be

vanished at some ¢ # 0.
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1 Introduction

In this paper, we focus on the equation

O = 20.((1 — ) 2
where (n,v) : (I CR) x R — R?, with the condition

maxn(t,z) <1, Vtel.
z€R

This equation forms some variant of the one-dimensional Gross-Pitaevskii equation
10U + 92V + (1 — |P]?)T = 0.
Indeed, any non-vanishing solution ¥ to (GP), can be written, at least formally, as

U = |U]exp(ip).

(HGP)

Then the two functions = 1 — |¥|? and v = 9,¢ are solutions to (HGP). Our goal is to establish

non-formal links between these two formulations.

We begin by defining the spaces of resolution for (GP) and (HGP), and by establishing a link

between these two spaces. Let k € N. We define the space E* by

EF ={ue L®(R,C), telque 1—[u>€ L*(R) et u € H*R)}.
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We endow the space E¥ with two distances

k+1

d* (uy, up) = |Jur — ua ooy + Ilua|® = |ual? 2y + D 11 — u2) 9| 22(r),
j=1

k+1

o1, u2) = [Jur — v oo (—1,0) + ua[* = a2y + Y [1(ur = u2) | L2z
j=1

We also define the space X*(R) = H**1(R) x H*(R), equipped with the norm
1, )5 = [l Fpses + ol
Consider the subset
NVER) = {(n,0) € XH(R), maxn(e) <1} € X*(R)
and

AP :={ue E* t.q. wu(x)#0VreR}cCE"

Then we establish the following result

Proposition 1.1 The application
&: NVFR) xR/(27Z) — AF
((n,v),0) —  u(x) = /1 —n(z)exp (1(9 + fox v(s) ds))
s a bijection whose inverse is given by
o1 AP — NVFR) x R/(27Z)
u o ((n(@),v(@)),0) = (1 = Ju(@)]?, (55 v'(2))c), arg(u(0))).

The application @ is continuous if we provide A with the metric dfoc, but it is not continuous if we

provide AF with the metric d*. The application &~ is locally Lipschitz-continuous if we provide A*
with the metric d*, but it is not so if we provide A* with the metric dfoc.

We define the Ginzburg-Landau energy for (HGP) by
1 (9m)? | 1 2, 1 2
H = — - 1— Z
m,v) 841—n+24( mv+44n7

1
P(n,v) = §/RTIU-

These two quantities are well defined on N'V°(R).

and the momentum

Our main result is the next theorem.

Theorem 1.2 Let k € N and (n9,v0) € NV*(R). There exist mazimal T,,T* > 0 and a unique
solution (n,v) € C(~=T., T*, NV*) to equation (HGP) such that (n(0,.),v(0,.)) = (10, v0). Moreover,
T, T* are characterized by

lim maxn(t,z) =1, when T* < o0,
t—T* zeR

lim maxn(t,x) =1, when — T, > —o0.
t——T, z€R

For all t €]T,,T*], the application (1o, vo) — (n(t,.),v(t,.)) is continuous from NV°(R) to itself. The
energy H and the momentum P are constant along the flow.



1.1 Motivation

1.1 Motivation

A stability result, in the energy space, for sums of solitons of equation (GP) was established in [1]
when their speeds are mutually distinct and distinct from zero. A soliton of speed ¢ is a solution to
(GP) of the form

U(t,z) = Usx — ct),

where U, is the solution to the ordinary differential equation
—icU! + U +U.(1 - |U|?*) = 0. (1.2)

The finite energy solutions of (1.2) can be explicitly calculated. If |¢| > /2, all of them are identically
constant. If || < v/2, there exists a family of non-constant solutions with finite energy. Such solutions

are given by the expression
pp—— 92— 2
Ue(z) = \/7tanh ( 26 :U> +i%.

Notice that for ¢ # 0, U. does not vanish on R, which is important since the stability analysis
established in [1] requires such solutions. In fact, we need in what follows a reformulation of (GP)
which only makes sense for such solutions.

1.2 Strategy of proof

Let k € N. We define the space E* by
EF ={ue L®(R,C), telque 1—|u]>€ L*(R) et u € H"*R)}.

We provide two distances on the space E*, namely:

k+1

d*(u1,uz) = JJur — wzll gy + N * = fualPll 2 + D I (ur = u2) ) 2y,
j=1

k41
dpe(ur, u2) = luy — vzl oo 1,1y + ua|® = Juz?l L2y + D I (ur = u2)9 | 12w

j=1
The space E* equipped with the distance d* is a complete space. The strategy of proof consists of
proving certain equivalence between (GP) and (HGP) which takes into account the spaces of resolution
C(I, E*) and C(I, NV¥(R)), respectively. For that purpose, it will be required to show that the Cauchy
problem for (GP) is well posed in E¥. Given any initial data (10, v0) € NV*(R) of (HGP), we construct
Uy € E* from (19,v9). Considering the solution ¥ of (GP) whose initial data is ¥, we construct
a solution (1,v) € C(I, NV*(R)) for (HGP) with ((0,.),v(0,.)) = (10, v0), and we define the time
interval I = [T, T3] in such a way that inf(; zyerxr [¥(¢, )| > 0. This gives the existence in the space
C(I, NV*(R)) . To prove the uniqueness, we show that every solution (1,v) € C(I, NV*(R)) of (HGP)
allows us to construct a solution ¥ € C(I, E¥) of (GP); hence the uniqueness of such solution yields
that of (n,v). The repetition of this procedure prove the existence of Ty, T* mentioned in Theorem
1.2. The continuity property will be proved according to the following diagram

1
(no,v9) ———— Vg

| |

(77(757 ')v U<t7 )) <T \I](ta )



where arrow (1) represents the continuity of the application (ng,vo) — o = /T — 1o exp(i f; vo)
from (NV®,||.||xx) to (E¥,dF ), arrow (2) represents the continuity of W(%,.) with respect to the initial

loc

data Wq in (E*,dF ) for all t €] — T\, T*[ and arrow (3) represents the continuity of the application
V= (n,0).

Concerning the equation (GP), we will show the following

Theorem 1.3 Let k € N. For all R > 0, there exists T = T(k, R) > 0 such that if ¥y € EF satisfies

k+1 )
ST g2 + 11— (W22 < R,

j=1

then there exists a unique solution W € C([-T,T], (E*,d*)) to the Cauchy problem
100 + 0V + (V2 =)W =0 on (-T,7T) x R,
U(0,-) = U,.

Moreover, the energy
1 1
S(U(L) ::f/ |\IJ’|2(t,x)dx+f/(1—\\Il(t,x)|2)2da:
2 Jr 4 Jr

is constant on [-T,T]. }
If Uy € E* satisfies the same bounds as Vg and if U denotes the corresponding solution of the Cauchy
problem, then we have the continuity estimate

sup dF(W(t), U(t)) < C(R,T)d"(¥g, Ty)
[t <T

where the constant C(R,T) > 0 depends only on R and T.
Finally, this unique solution is globally defined (T = +0o0).

We will complete the result of th previous theorem by establishing the continuity of the flow at a

fixed time ¢ with respect to the metric df, :

Proposition 1.4 Let (¥§),en be some sequence in E° such that ¥y — Vg in (E°,d) ) when n —

+o00. Then for all t € R, ¥™(t,) — V(¢t,-) in (EY,dY ), where U™ and ¥ denote the global solutions
of the corresponding Cauchy problems.

2 Cauchy problem for GP and continuity properties

The main purpose of this section is to present the proofs of Theorem 1.3 and Proposition 1.4. In [4],
we find many existence results of solutions to the nonlinear Schrédinger equation

i0pu + Au+ f(|ul*)u =0,

where u : R x RV — C and f : Rt — R is some smooth function. These results are established in
dimension N = 1 of space and for non-vanishing solutions when |z| — +oc with regularity Z*(R),
k € N, in space, where

Z¥(R) = {u € L>(R),such that ' € H* '(R)}

is equipped with the norm

k
lull zx = llullpeer) +Z [u | 2wy,  Vu € ZF(R).

j=1



Equation (GP) corresponds to the choice f(s) = 1—s, but the topology of space Z¥(R) is too weak for
our needs. In 2006, P. Gérard [2] established a well-posedness result for (GP) in dimension N = 2,3
in the space C(R, F) with

E={ucH. (RY) suchthat Vue L*RY) and 1- |u]*€ L*RYN)},
equipped with the distance
A, @) = lu— @l a1 + [ Juf2 = 222
Recall that for two Banach spaces X and Y, if we endow the space X 4+ Y with the norm
vl x+v = inf{]|v1||x + |Jv2|ly such that v=wv;+vy and (vi,v2) € X x Y},

then the space (X x Y,|.||x+y) is also a Banach space. We will follow a plan similar to the one
adopted in [2]. Remark first that for N = 1, we have E® = E, but d° > d. In fact, for some F, it is
possible to endow the space E* with the distance

di(u, @) = [Ju— @ g poss + [Juf® = |G| e,

which generalizes the distance d, but our choice for the distance d* or even dfoc seems more adapted to
describe the link with the solutions of (HGP). This specificity creates additional difficulties related to
possible slow windings of phase at infinity, By contrast, working in dimension one in space simplifies
greatly the treatment of the nonlinearity through the Sobolev embeddings.

We prove now some important properties of the space (E*, d*) and the Schrodinger operator
S; = et € R. We start by a property of S; on the Zhidkov space Z*(R).

Lemma 2.1 i) Let k € N. There exists C > 0 such that, for all f € Z¥(R) and t € R, we have
Sif — f € H*(R) and

1Sef = fllae < C+[t)E ]| fllz-

Furthermore,
lim S0 — flls = 0.
t—0

ii) There exists C' > 0 such that, for all f € E°, we have
[ fllLe®) < C(1+VE(f)). (2.1)

Proof. The operator S; : Z¥ — Z* is defined as the integral operator

S = [ K(t,x —y)o(y)dy, t#0,
{ Sot = o, (2:2)

'i:r2
with? K(t,z) = %/?‘g). We also have, for ¢ # 0,

St¢ = K(t, ) * ¢,
where * is the convolution product. Let F denote the Fourier transform. We have

FSi¢ = (FK(t,.).(Fo),

LK (t, ) is the fundamental solution for the operator L = id; + 92.




and, for almost every £ € R, we also have

FK(t,)(€) = \/ﬁ /Rexp (L(ﬁ - 4t§x)> dx
- QXM;\/%@ /Rexp <4it(ac - 2t§)2) dx
= exp(—it€?).

Let now x € D(R) be such that x(x) =1 when |z| < 1. Since
exp(—it€?) — 1 = g(t, )¢, (2.3)
with g(t,€) = —itx(t€2)¢ [y 7€ ds + SREIL(1 3 (62)), we have for all f € Z¥(R),
YF(Sef — f)
)

X
Yg(t,©)EFf)
= (Flg(t,€)xd.f € L*R).

Sif—=f = F~
= F-
=

If 1 < j <k, we have 3§j)(Stf — ) =(S — 1)3§j)f € L*(R), so that S;f — f € H¥(R). To prove the
inequality [|S;f — fllge < C(1+ |¢))2 || f]| z¢, notice that we have on the one hand

1Sef = fllzz = IF(Sef = Hllz < gt <102 f| 2 (2.4)
On the other hand,? there exists C; > 0 such that ||g(¢,.)||L=~ < C1+/]t], and, if 1 < j < k, we have
10 (Sef = Flllze = IFOL (Sef = Pz < 201FOP fllze = 21|08 £ 2
This proves the existence of C' > 0 such that

1
1St = fllee < CAA+ D2 f]l 20
The fact that lim; ¢ ||Stf — f||g= = 0 follows from (2.4) and from the continuity of the application
t— 5,09 f : R — L2(R) when j > 1.

To prove the inequality (2.1), let x € D(C,R) be such that 0 < x < 1, x(z) =1 when |z] <1 and
x(z) = 0 when |z] > 3. We set
f=h+f,

with f1 = x(f)f and fo = (1 — x(f))f. Clearly, we have
[fll Loy < filloee @) + [ f2ll Lo m)-

We also have
[ fill e ®) < 3. (2.5)

Let us now show that fo € H'(R). since
fo= (M =XUNa, (5@)2215

we have
ol SIAIL=x(F) < A+ [DAfI = 1) = [P = 1 € L*(R).

exp(—ite2)—1 ‘
- |-

2See the variations of the real function & —




On the other hand, we also have
f3= (1 =x(f) = opx(N))f € L*(R).
Hence, f3 € H'(R) and there exists C; > 0 and Cy = Ca(x) > 0 such that
[f2lle®) < Crllfollar@ et [ fallar @ < CavE(S) (2.6)
Combining (2.5) and (2.6), we deduce that there exists C' > 0 such that

£l @ < C(L+ VE(S)).

Lemma 2.2 For every k € N, we have
E* + H*Y(R) c E*. (2.7)
Moreover, there exists Cy,Cy > 0 such that, for every (v,w), (v,w) € EF x H*+1(R), we have

d*(v+w,5+w) < Cr(k+|[vlze + ] + wlre + @] z2+) |w — @ gess
+(1+ [[@l g2 + [lwllz2)d* (v, 9), (2.8)

and
d*v+w,5+w) < Oy (k + 14wl gz + 9] 2 + v/E(v) + \/%) [w — @ grsa
(L [|@]] 2 + [w]| z2)d* (v, D). (2.9)
Proof. Let (v,w) € E¥ x H¥*!. Since
lv+w|? —1=|v]* =1+ 2Re(wd) + |wl|?,

and since (v,w) € L®(R) x H'(R), we have Re(wv),|w|*> € L*(R). This proves (2.7). Let now
(v,w), (0,0) € E¥ x H**1(R). There exists C > 0 such that

d*(v+w, o+ @) < fo=7|re + Cllw =@l gre + ||l +wl* — [0+ @] 2
k+1 k+1

F 3w = DD g+ 3w = ) 2. (210)

Using the identity

v+ w|* — |5+ @ = |[v]* - |8]> + 2Re(wd — @D) + |w|? — @3,

and the relations

wd — wo = (w— W)+ w(v — D),
wd — o = (w — W)+ w(v — D),
w]? = [@]* = (jw]| + @) (|w] - [@]),

we get
o +w® =g+ @z < o = [0 ]ze + (Jwllzz + @] 22 + [[ollLe + [|0] <) w — @] 22
+(llwllgz + l@llz2)l[v — ol o~
The conclusion follows by combining this inequality with (2.10). =

The previous lemmas allow us to deduce that E¥ is kept invariant by S;. Moreover, we have the
following two continuity properties:



Lemma 2.3 Lett € R and k € N. Then S;(E¥) C E* and, for each ¥y € E¥, the application

t e R S0 € (EX, d*),

is continuous. Moreover, for each (Uy,¥y) € (E¥)2, there exists C = C (k, [t], v/2(Ty), \/E(\IIO)>

such that B B
d*(S,Wg, S, W) < CdF(Wg, Ty). (2.11)

Proof. Let t € R,k € N, and ¥y € EF ¢ ZF+1, Writing S, ¥ = ¥y + S, ¥y — Uy and using Lemmas
2.1 and 2.2, we find that S, ¥, € E*.
To show the continuity of the application ¢ € R +— S; ¥ € (E*, d*), we just need to show that

}gl’(l)d (St\lfo, \I’0> =0.
For this aim, we use Lemma 2.2 and deduce that
d*(SiWo, Wo) = d*(¥o + Sy — Yo, V)

< C (k 14 (|8 W0 — o[ g2 + 2\/2(\110)) 1S, @ — Wol| s

hence we conclude by using Lemma 2.1. 3 3
Let now (Ug, W) € (EF)2 c (ZF1)2. In view of Lemma 2.1, we have (S;¥g — Uy, S; ¥ — Uy) €
(H**1)2. Using Lemma 2.2, we can write

d¥(SyWo, SiWg) = d"(Wg + S ¥ — W, Ug + S; ¥y — Uy)
(1 + 1S To — Tol| 2 + || S To — ‘I’0||L2> d* (Wo, Uy)
+0 (K4 14 18180 — Bolls + 5o — Vol + VET) + /50 ) x

H(St - 1)(\110 - \i’o)”Hk-H.

IN

Furthermore, in view of Lemma 2.1, there exists C7 > 0 such that
a5(5020,580) < (14 Ca(1+ ) (1ol + 1ol ) ) d* (Wo, Fo)

OO (1 4+ [t} (k 14 o+ D ([l + o) + v/ET0) + \/z@o)) x
[Ty — \ilo||Zk+1.

Thus we conclude by using the inequality ||¥o — Wol| ze+1 < d¥(Ug, Tp). m
Let Uy € E*. The Duhamel formula for (GP) reads

t
U(t) =S¥y +z‘/ S [(1 = |3 ¥(r)]dr.
0
Thus it will be useful to study the application
t
- / St (1= [2)U(r)dr, W0 € C([~T, T, BY),
0

with T'> 0 and k € N.



Lemma 2.4 Let k € N and T > 0. Then the application

U G(W) = / Sirl(1— W)W (r)]dr

is defined from C([-T,T], E¥) to C([-T,T], H**'). Moreover, for every R > 0 there exists C = C(k, R)
such that, for all (¥, %) € (C([~T, T}, EF))* with

sup (||8 U(t)|| e + \/7) <R, and sup <||3 ()| gw + \/Z(\il(t))) <R,

[t|I<T [t|<
we have

sup 1G(¥) = G(¥)lgies < TCh, ) sup d(H(0), B(0) (2.12)

Proof. Let k € N. Let us first show that the application ¥ — ['(¥) = (1 — |[¥|*)¥ is locally
Lipschitz-continuous from (E¥, d*) to H**1. Let (U1, ¥y) € (E*)? and j < k + 1. We have

J
(D(¥1) = T(W2)D) = >~ ¢ (|02 — [W2 ) Dw ”+Zof Wy — W)U (| a2 =)D (2.13)
=0 =0

We now find an upper bound for the L?—norm of the first term of the right-hand of (2.13). If
(j #0) A (1l #£0), we have

l
(0,2 = [wa ) OwHD = ZC@@?‘S%(%f%><8>>cw‘”

+ch l 5) \P2)(s)>(c\llgj*l).

Hence there exists C' > 0 such that
1) (W) = W)WY V| < O W (12,0 db (B, W),
which implies that
(W12 = (o 2) DT o < O o (19 s + [ o ) (U, W),
If ( #0)A(l=0), we have
(@12 = (W)U 12 < (10100 + [V oo )[04 | rs-1d (01, W),
If ( =0) A (I =0), we have
(1212 = [Wa )Ty g2 < || W1 ]| peed® (T1, Us).

Thus, using (2.1) to estimate ||¥q ||z and ||¥s| re, we find that there exists

= Cu (3,194, 1 110, /S(0), /S(W2) ) such tha

J
1> CI (02 = (@) DB e < CLdb (0, Ty).
=0



2.1 Proof of Theorem 1.8

A similar argument allows us to obtain the same estimate for the L?—norm of the second term of the
right-hand side of (2.13). This allows to prove the existence of

€ = € (k. 19 e 193 v /SO0 /(T3)) stach hat
IT(01) = D(W2) ess < Cd* (01, Vo).
It follows that for all R > 0, there exists C(k, R) > 0 such that, for every (¥, ¥y) € (E*)? with

193l + VE(P1) S R, and [ Whlgs + /E(P2) < R,

we have

[IT(W1) = D(P2)l| e < Clk, R)A* (U1, W),
and the application T is locally Lipschitz. Thus the inequality (2.12) is a consequence of G(¥) =
3 81— T(W(7))dr and of

t
aggj)G(\p):/ Si_ OV (U(r))dr Vi <k+1.
0

2.1 Proof of Theorem 1.3

Let T > 0. We define the set Er by

k+1
Er =S U eC([-T,T],E*), sup | Y [[09¥| 2+ /E(¥) | <2R
<7 \ =

In what follows, we prove that for 7" small enough, the function
U — F(U) = S0y +iG(P),

is a contraction on Er. Let U € C([-T,T], E¥). Lemmas 2.4 and 2.2 imply that G(¥) € C([-T, T), H**1)
and F(¥) = S, Vg + iG(¥) € C([-T,T], E¥). On the other hand, for ® = F(¥) with ¥ € Er, and
t € [-T,T], we have

d*(®, W) = d"(S, T +iG(V), Vo)
(1 + 1G()[£2)d" (St W0, Wo) + C (k + [[S: ol + [[G(P)][z2) |G (W)]| rr+s
C1(R)d" (SyWo, W) + TCa(k, R),

IAINA

hence

sup d*(®,¥g) < C1(R) sup d*(S;¥g, ¥g) + TCy(k, R).
|tI<T t|<T

In view of Lemma 2.3, we have lim;_,o d*(S;¥¢, ¥() = 0. Hence there exists 77 > 0 such that

sup d*(®,Wo) < (2 - V2)R,

[t|<Ty
so that
k+1 ) k+1 )
sup [ Y [09@] 2 + VE@) | < sup dF (@, o) + D[22 + /25(T0)
[t|I<Th =2 [t|1<Th =2
< 2R,

10



2.1 Proof of Theorem 1.8

and F(Mr,) C Myg,. In view of Lemmas 2.4 and 2.2, there exists C' > 0 such that, for ¥, ¥ € My, we
have

d*(F(0), F(®)) = d*(S,¥o+iG(T), S, ¥y + iG(T))
+C (k +2[[Se¥ollL= + [|G(¥)]| 2 + I\G(@)I\Lz) IG(¥) = G(¥)| g

< TCy(k,R) sup d*(U, ).
t|<T

Thus proves the existence of T'= T'(k, R) with T3 > T > 0 such that F is contraction on Mp. Thus F
has a unique fixed point ¥ € C([-T,T], E¥,) which is the unique solution of (GP). The proof of the
Lipschitz estimate is similar.

Equation (GP) is invariant with respect to the change of variable ¢ — t + ¢ (c is some constant).
Then a similar result to that of Theorem 1.3 can be proved if we replace the initial condition at tg = 0
by an initial condition at ty; # 0. This proves the existence of maximal 7*,T, > 0 such that the
solution can be continued on the interval | — T, T*|.

2.1.1 Global well-posedness and conservation of energy in E* k> 1

We start with the case & = 1. We already proved that (GP) had a maximal solution in the space
C(|—=T., T*[, EY). In what follows, we will show that | =T, T*[= R. Since 8;¥ € L>(]-T,T*[, L*(R)),

we can write
%E(\P(t)) = / ((895\1/,81;8,5\11)@ + (\\I/|2 — 1)(¥, atq%) dr =0. (2.14)
R

Thus, we have X(U(t)) = X(¥g) on | — Ty, T*[. Next we prove the existence of T; > 0, depending only
on X(¥y), such that [Ty, T1] C] — T, T*[ and that 92V (¢, .) stays bounded in L?(R) for |¢| < T}. For
all t €] — Ty, T*[, we have

2 (12 = 1)0)| < (3] +1)[079| + 2|¥]|9, [,
which next implies that
102((12[* = 1) )|z < B[ |7~ + 1)[|03¥] 2 + 2( | 1o [0 P 24
On the other hand, using Lemma 2.1 and Gagliardo-Nirenberg inequality [3], we find that there exist
C4, Cy such that
1]~ < L0+ VEW),
102 Ls < C2l|0: || 1079 | £--

Then there exist Dy, Dy > 0 depending on X(¥g) such that for all 77 > 0 with [-7",7"] C] — To, T*],
we have

102((1W > = D)8 || oo (77 ,77),12) < D1llOZY|| poc (=17 77,1.2) + Do

Combined with Duhamel formula
w(o) = s~ | S (P — 1)U, (215)
this shows that
1029 || oo (=17 7,22) < [102%0ll 12 + 2T (D1|02% || oo (-7 7], 12) + D2) -
This proves the existence of Ty = T1(%(Wy)) such that [-T3,T1] C] — Ty, T*[ and that 92W(t,.) stays

bounded in L?(R) for |[t| < Tj. By iterating this argument, we find that ¥ can be extended into a
global solution with ¥ € C(R, E') and Z(¥(t)) = X(¥g) for all t € R.

11



2.1 Proof of Theorem 1.8

The general case k > 1 can be treated as above. Indeed, for 2 < 7 < k + 1, we have
J l
(22 = )W) =33 "I Clu®) wt=D) G 4 (J@f* - 1)T), (2.16)
=1 s=0

from which we get

7 l
(e = D)W D2 <3S TOTEDGID] 1 4 ([ 70 + 1) ED]| 2.
=1 s=0

Thus to upper-bound the term || W= TG ., we discuss essentially the following two cases:

1. The three indexes s,l—s, j—1 are mutually distinct. In this case we denote I3 = max(s,l—s, j—1)
and I,y the others two. Then max(l,ls) < l3 < j and we have

||\I;(S)\I;(l78)q,(jfl)”L2 < H\Ij(ll)\Ij(lz)HLoo||\I/(ls)||L2
< e e L
2. There are two indexes [; = ly. Let I3 be the other one, then
(a) Either l; =13 =0, then l3 = j and we have
[THTEDGO e < U7 [ED ] 2.
(b) Or Iy =1y # 0, then by using Gagliardo-Nirenberg inequality [3], there exists C such that

R P T P Tl
< GO e [0 0O
< T g (O + O 2)

Thus, there exist Dy, Dy > 0 depending on ||¥||z~ and the L?—norm of the derivatives of ¥ of order
< j, such that . ‘
(1% = 1)@) D L2 < Dy €D 12 + D

Then for every T” > 0 such that [-1",T'] C] —T,,T*[, we find using (2.15) that there exist Eq, Ey > 0
depending on ||¥|| 1~ and the L?—norm of the derivatives of ¥ of order < j such that

19D oo v r,02) < N9 22 + 2T (Bu |99 | oo v 1,2y + B )
This allows, by induction on j, to prove the existence of T > 0 depending only on (%) such that
[~T;,T;] €] — Ty, T*[ and WU (¢,.) stays bounded in L?(R) for |t| < T}. It follows that the quantity

Zf:ll NTG (¢, )] z2 + |1 — |®(t,.)|?||z2 is bounded in [~Thy1,Thy1] and, by iterating the previous
argument, it can not blow up on | — Ty, T™].

2.1.2 Global well-posedness and conservation of energy in E°

The idea is to use the energy conservation to move from local to global. To establish the latter, in view
of (2.14), we proceed by regularizing the initial datum so that it belongs to E'. More specifically, we
approximate Wy in the sens of the distance d° by a sequence ¥§ of elements from E!. By Proposition
1.3, we have

sup (W< (1), (1)) = 0,

t|<T
when € — 0, where U€ is the solution of (GP) with initial datum ¥§. Then for all ¢, we have

(W) = B(¥(1)),

when € — 0. Hence the energy conservation of W€ implies that of W.

12



2.2 Proof of Proposition 1.4

2.2 Proof of Proposition 1.4

We start by a weak convergence result for which the Gross-Pitaevskii flow is continuous.

Proposition 2.5 Let (¥,,0)nen € (EO)N and ¥y € E° such that

U, 0— ¥, dans L*(R), (2.17)
1—|U,0/> = 1—[%¥? dans L*R), ’
and, for all compact set K C R,
\I/nyo — Py dans L™ (K) (2.18)

We denote by ¥, and ¥ the global solutions for (GP) corresponding to initial datum ¥, o and Uy,
respectively. Then for allt € R and for all compact set K C R, we have

0.V, (t,.) = 0,Y(t,.) dans L?(R),
1—|W,(t )= 1—|¥(.)> dans L3(R), (2.19)
U, (t,.) = U(t,.) dans L>®(K).

Proof. We denote 7, = 1 —|¥,,|2. The weak convergence in (2.17) implies the existence of a constant
M > 0 such that
Y(¥n0) < M* VYneN.

Since the energy ¥ is conserved along the flow, we also have
1020 (t, )2y < V2M  and  |na(t, )| p2m) < 2M, (2.20)

for every n € N and ¢t € R. Then Lemma 2.1 implies the existence of a constant C' > 0 such that

||\Ijn(ta ')HLOC(]R) < 0(1 +v E(\I/n(tv ))) for all ¢ € R.
Since [|0pnn (t, )l 2®) < 20 Wn(t, )l Lo @) 102 ¥n(t, )| 2(r), there exists two constants K, Ly > 0
depending on M, such that

10xmn(t, M L2@®) < K and ([ ()| o) < Lo, (2.21)

for all t € R. In particular, for some T" > 0, we deduce that

T T
/0 A\aan(t,x)|2dmdth2T and /O /Rnfb(t,x)dedthQT. (2.22)

Inequalities (2.21) and (2.22) will allow us to construct weak limits for d,¥, and 7n,. In view of
(2.22), there exist two functions ®; € L2([0,T] x R) and N € L?([0,T] x R) such that up to a further
subsequence,

0, ¥, =&, in L*[0,T]xR) and n, =N in L*(0,7] x R), (2.23)

when n — +oc0. Similarly, (2.21) proves the existence of ® € L*>°([0,T] x R) such that, up to a further
subsequence,
U, 5@ in L>®([0,T] x R), (2.24)

when n — +o00. Combined with (2.23), this shows that ®; = 9,® in the sense of distributions.
Our goal now is to check that the function @ is a solution to (GP). This requires to improve the
convergences in (2.23) and (2.24). With this goal in mind, we define the function x, = x(./p) when
p € Nand x € D(R) with x =1 on [-1,1] and x = 0 on ] — 00,2] U [2, +00[. Inequalities (2.21) and
(2.22) prove that the sequence (x,V,)nen is bounded in C([0, T, H'(R)). By the Rellich-Kondrachov
theorem, the sets { x,¥,(t,.),n € N} are relatively compacts in H~(R) for any fixed ¢ € [0,7]. On

13



2.2 Proof of Proposition 1.4

the other hand, the function ¥, is solution to (GP), so that 9,¥,, € C([0,7], H *(R)), and we also
have

A

100 n(t, M1 < 10Ynlt, Lz + [[¥n(t, M ze@)llnn(t 2w
M(V2+ 2Ly).

IA

As a consequence, the functions x, ¥, are équicontinuous in C([0,7], H~*(R)). Applying the Arzela-
Ascoli theorem and using the Cantor diagonal argument, we can find a further sub-sequence (inde-
pendent of p) such that for any p € N*

Xp¥n = xp® in C([0,T], H'(R)), (2.25)

when n — +o0o. Recalling that the functions x,¥,, are uniformly bounded in C([0, 7], H'(R)), we
deduce that the convergence in (2.18) also holds in the spaces C([0,T], H*(R)) for any s < 1. In
particular, by the Sobolev embedding theorem, we obtain

XpUn = xp® in C([0,T],C(R)). (2.26)

Such convergences are enough to establish that ® is solution to (GP). Let h € D(R). Since the
functions x,¥,, are uniformly bounded in C([0,T],C(R)), for p € N such that supp(h) C [—p,p], we
get

hign(t, ) = h(1 = x| Wa(t, ))*) = h(1 = xp|@(t, ))") = h(1 - |@(t,.))]) in C(R),  (2.27)

when n — +o00. Since this convergence is uniform with respect to ¢t € [0,7T], (2.23) implies that
N =1 — |®]2. Similarly,

hU,L(t,.) = hxpUn(t,.) = hxp®(t,.) = h®(¢,.) in C(R). (2.28)
In view of (2.23), we deduce that
¥, — h(1 —|®]*)® in L?([0,T] x R).
Going back to (2.23) and (2.24), we recall that
i0;V, —i0;® in D'([0,T7] xR) and 02V, — 02® in D'([0,T] x R),
when n — 400, so that it remains to take the limit, when n — +o0 in the expression
(100V, + 92V + 1, Vs h)pr s,

where h € D(]0,T] x R), to deduce that ® is solution to (GP) in the sense of distributions. Moreover,
we infer from the convergence in any compact set K C R and from relation (2.28) that ®(0,.) = Uj.
We now prove that ® € C([0,7], Z*(R)) for any 3 < s < 1, with
Z* ={u e L™(R),u' € H'(R)}.
Let ¢ € [0,T]. Up to a subsequence (depending on t), we deduce from (2.20), (2.18) and (2.28) that
0xU,(t,.) = 0,®(t,.) in L*R) and n,(t.) = 1—|®(t.)> in L*(R), (2.29)

when n — +00. On the other hand, we know that

/ |0, ®(t,.)]> < M? and /(1 —|®(t,.)]*)* < M2 (2.30)
R R

14



2.2 Proof of Proposition 1.4

Arguing as in the proof of (2.22), we find that ®(¢,x) is uniformly bounded with respect to € R and
t € [0, 7). In particular, 9,® € L>°([0,T], L*(R)) et 1 — |®|> € L=([0, T], H*(R)). Since

i0;(0,®) = —02® — 0,(n®),

we have 9,® € Wh>([0,T], H %(R)) c C([0,T], H *(R)). Hence, 9, is continuous with values into
H?*(R) for any —2 < s < 0. Similarly, 7, is solution to the equation

O, = 205 ((10: ¥, ¥ ) ). (2.31)
In view of the convergence established in (2.28) and (2.23), we have
h(i0, ¥, W) — Wi, ®, ®)c in  L*([0,T] x R),
for any h € D(R). Using (2.27) and taking the limit when n — 400 in (2.31), we find that
B(1 — |9*) = 20, ((i0, @, ®)c),

in the sense of distributions. We deduce as above that 1—|®|*> € W ([0, T], H~*(R)) c C([0, T], H~1(R)).
Moreover, 1 — |®|? is continuous from [0,7] into H*(R) for all —1 < s < 1. It remains to apply the
Sobolev embedding theorem to guarantee that ® € C([0,T], L>(R)), so that ® € C([0,T], Z*(R)) for

1 < s < 1. The two functions ® and ¥ are two solutions to (GP) in C([0,7], Z*(R)) with the same
initial data ¥y. To conclude, we need the following result of Cauchy problem for (GP) in the space
Z*(R) 2 E°, equipped with the norm

¥llze = 19l Lo @) + 1] zo-1 (R,

with 1 < s < 1.

Proposition 2.6 Let % < s < 1etpy € Z°(R). There exists a unique mazimal solution i €
C(|Tomins Tmaz[, Z5(R)) to (GP) with ¥(0,.) = 1.
Proof. We refer to [1] for the proof. m

In view of Proposition 2.6, the two solutions ® and ¥ are equal. We have just proved that for any
t € [0,7] and up to a subsequence (independent of t),

0p U (t,) = 0,%(t,.) and n,(t,.) = 1—|¥(.)* in L*R), (2.32)
and that for any compact set K C R,
U, (t,.) > ¥(t,.) in L™(K),

when n — +o00. To complete the proof, we argue by contradiction. Assume that there exists T >
0,h € L*(R), and § > 0, such that for a further subsequence (V4 (n) )nen,

|/(3x‘11¢(n)(T, x) — 0, U(T, z))h(x)dz| > 0.
R

Up to the choice of a further subsequence (possibly depending on T'),this is in contradiction with
(2.32). A similar argument proves the weak convergence of {n,}nen and the uniform convergence of
(U, )nen on any compact set K C R. Since the proof extends with no change to the case where T is
negative, this concludes the proof. m

Proposition 2.5 together with the conservation of the energy ¥ along the flow ¥(¢,.) yield the
following result of strong convergence

15



Corollary 2.7 Let the sequence (¥, 0)nen € (E°)N and ¥y € E© satisfy
lim d) (.0, %) = 0. (2.33)

n—oo

Then the solutions ¥,, and U of (GP) with initial data ¥, o and Vg, respectively, satisfy
lim df (9, (t,.),¥(t.)=0 VtcR.

n—r oo

Proof. The condition (2.33) implies (2.17) and (2.18). Indeed, if K C R is a compact set, for any
x € K we have

Wno(2) = Wo(z) = Wn,0(0) = Wo(0) + /Ow(‘If’n,o(Z) = y(2))dz,

which implies in turn that

10,0 = Woll Lo (k) < |¥n0 — Yol poo(—1,1) + VK| + dist(0, K) |97, o — Yol L2(r)-

In view of Proposition 2.5, the weak convergence in L?(R) to 9,V¥(t,.) and of (0,¥,(t,.))nen to
1 — |¥(t,.)|* hold. Moreover, (U,,(t,.))nen tends to ¥(t,.) in L>(—1,1) for any ¢ € R. Thus for any
t € R, we have
{ liminf, oo [|[02Vn(t, )zz > |0 (, )|l L2,
liminf, oo [|[1 — [ (t, )2 > |1 — |9(¢,.)|?] 2-

Furthermore, since

lim S(T,(t,.) = lim S(,0) = 3(To) = S(T(L,.)),

n—oo n— 00

we have

IN

lim sup 2(¥,,)

n—00

1 1
5 i sup [|05 Wy |72 +  liminf [[1 — [, (|7,

n— oo

= lim X(7,)

n—oo

1 1
= S0 + 11— B2

IN

1. .
§hnni1£f 10,9, |72
L. .
+7 timinf [T — [0, 7|72
Thus, for any ¢ € R, the two sequences (||0,V,,(t,.)||12)nen and (|1 — |¥,,(¢,.)]?]| 12 )nen converge to

10:¥(t, )|z and |1 —|¥(t,.)|?||L2, respectively. The weak convergence together with the convergence
of the L?(R)—norm yield the strong convergence. This completes the proof. m

3 From the classical formulation to the hydrodynamical one
The main purpose of this section is to present the proofs of Proposition 1.1 and Theorem 1.2.

3.1 Proof of Proposition 1.1

Let £ € N. We define the application ¢, by

@ AP — NVFR) x R/(21Z) _
u o ((n(@),v(@)),0) = (1 - Ju(@)]?, (57, v'(2))c), arg(u(0))).
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8.1 Proof of Proposition 1.1

Let ((n,v),0) € NV¥(R) x R/(2rZ). Clearly, we have

P1(2(((n,v),0))) = ((n,v),0).
Let ¥ € A* and let w = |¥|~1W. Then w € E° and we have

W — z(%, U')cw =0 almost everywhere. (3.1)

This yields
[T _
w = w(0)exp ( / (lev‘I’/>c> — (OB (1)),
0
It follows that
P(D1(V)) =¥,

so that @ is a bijection whose inverse is #~! = @;. To establish the continuity properties, We begin
by proving the following lemmas

Lemma 3.1 Let (g,)nen and (fn)nen be two sequences with elements in L= (R) and L*(R) respec-
tively, the sequence (gn)nen being in addition bounded in L>°(R). Assume that there exists (g, f) €
L% (R) x L*(R) such that, for any compact set K C R, the sequence (gn)nen converges to g in L (K)

and the sequence (f,)nen converges to f in L?(R). Then the sequence (fngn)nen converges to fg in
L*(R).

Proof. We can easily see that for any compact set K C R, the sequence (f,gn)nen converges to fg
in L*(K). There exists M > 0 such that for every n € N we have gy || ®) < M. Let € > 0. There
exists 2o > 0 and (ng,n;) € (N)? (depending on zg) such that

2 &
fR\[*zo,mo] IfI? < ST +T9[ = )°
Je(=zo.w0) [ = f? Sz BYE Vn > ng,
S0 N fngn — fol? < 5 Yn > .

Then for every n > max(ng,ni), we have

xo
/ Fugn — Fol2 = / Fugn — Fol + / (Fa = g + (g0 — 9) P
R —x0 R\[—x0,20]
Zo
s/ |fngn—fg\2+2M2/ = fP
—xo R\[—z0,z0]
P00+ gl [ 1P
[—onzo]
< €

)

which completes the proof. m

Lemma 3.2 Let k € N and ¥ € A*. We set n = 1 — |¥|? and v = (%,\Il%;. Then the application
U ((n,v),arg(¥(0))) is continuous from (A*,d¥ ) into (NVF(R) x R/(27Z), ||-|xx + |-Ir/2nrz)) and

loc

Lipschitz-continuous from (A¥,d*) into (NVF¥(R) x R/(27Z), ||.||x» + |.|r/(2x7))-

Proof. Let ¥ € AF and let (U,,)nen be a sequence in A¥ such that dfoc(\lln, U) — 0 when n — 0. We

first prove that the sequence ((1,,v5))nen converges to (n,v) in X*¥(R). Let j < k. We have

; J o
) . . 1 )
o) = (G TP =Y (i) e
] T, .

n 1=0
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8.1 Proof of Proposition 1.1

Using the Faa di Bruno formula for the derivative of two composite functions, we obtain

()
(3:) = S oatogtmen T]wged, 121,

wely Ber

where T'; is the set of partitions of {1,...,{}. Then

. J
1 ; i . = (| = i

(- ¥ = > =1 l|ﬁ!<z\1un< 0 TT w420, vy l+1>>
n =1 wely C

Bem
+ <_Z, qug'+1>> : (3.2)
v, c
Since df (¥,,, ¥) — 0 and ¥ € A*, for any compact set K C R, there exists an integer Ny € N such
that the sequence (\I% converges to % in L>°(K). Moreover, there exists an integer ng > Nk
"/ n>Ng

and M > 0 such that, for any n > ng, we have ||\I%n||Loc(R) < M. For every 1 < j < k, the sequence
(HBE7T \IlgBl)> converges to [[ 5., P(IBD in L*(R), and the sequence (\1155”*1)) converges to
neN neN
YUY in L=(R), since (V,),,cy converges to ¥ in H*(R) and 3 5. |B| = I. In view of Lemma
3.1, the two sequences (<@L,\1/55“>>C) and (\i/;(lﬂlﬂ) [lsex \ifﬂB')) y converge in L2(R) to
n ne

neN .
(%, \I/(j+1)>(c and U—(m+D T, WUBD respectively. This proves the convergence of (vr(f))neN to v
in L?(R).
On the other hand, for 1 < j <k + 1, we have
. j . .
R S (L T Tt
1=0
j-1
= 23 O/, vy ) - 2T, UY)e. (3:3)
=1

The sequence ((Wg), W537I)>C) , converges to (TW WU-D)¢ in L2(R). In view of Lemma 2.1, there
ne
exists C' > 0 such that ||¥,[|zer) < C(1 + /3X(¥,)). Then the sequence (V,),en is bounded

from above in L*°(R) and Lemma 3.1 implies the convergence of the sequence ((‘I/n, oY )>(c> N to
ne

(U, U0 ¢ in L2(R), which proves the convergence of (775@) . to nU) in L?(R).

ne

Let Wy, ¥ € A*. The local Lipschitz continuity is obtained by applying formulas (3.2) and (3.3)
on ¥y t ¥, by taking the difference, and by estimating the L?(R)—norms of gy K) \IIB"QISK) with
(m, K) € Z* x N. In the case where m is negative, we just note that

K
S 7 P
= inf, (U (2) U " ()]
PR S
inf, U= (z)]|
m K —m —m
W0 7o gy S 2 ) 2 = W™ | o
K
HW P ) | €T — O 2y

[0 0w w2 gy

U7 — W5 ™| Loo ()

K
[T — ) 12

IN

Besides, the function arg : C* — R/(27Z) is of class C* (hence locally continuous Lipschitz). Then,
by fixing ¥y € A¥, we find that there exist two strictly nonnegative constants C' and § depending on
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8.1 Proof of Proposition 1.1

g such that, for all ¥ € A* with d*(¥,, ¥) < 4, we have
(0 = m,v0 = v) || xx + |arg(Lo(0)) — arg(¥(0))|r/(2rz) < Cd* (Yo, V),
with n= 1- ‘\II|2a o = 1- |\Ij0|2a v = <év \I//>(C and Vo = <@L0a \I//O>(C u
The following lemma proves the converse result to that of previous lemma.

Lemma 3.3 Let k € N and ((n,v),0) € NV¥(R) x R/(27Z). We set ¥ = /T —nu with u =
exp (i(0 + fom v(z)dz)). Then ¥ € A* and the application ((n,v),0) — ¥ is continuous from
(NVE(R) x R/(27Z)) into (A*,dE ).

loc

Proof. Let ((1,v),0) € NVF*(R) x R/(277Z) and let ((1,,vn),0n)nen be a sequence of elements in
NVE(R) x R/(27Z) such that

|7 =0, 0n —0)||xx + |00 — Olr/(272z) — 0 when n — 0. (3.4)

We have to show that (¥,, = /T — 7ty )nen converges to ¥ = /T — nu in (E*,df ). First, we clearly

have || W,, — || foo(—1,1) = 0 and [||¥,,|* — |¥|*|| .2 — 0 when n — 0. Let 1 < j < k4 1. We have

J
0 = (VT= )9 = 3 G (/T= ) Ould ),

=0

uld) = Z iy, H oUPI=D 1>,

'yEI‘]-,l De~y

and, by using the Faa di Bruno formula, we obtain

(VI=m)® = 57 ()@ =)~ T nlB0, 121,

el Bem

where T is the set of partitions for {1,...,1} and C(|x|) = (—1)I7! H‘::lal(% —5). In the first sum, we
- — (ID1=1) (1B])
have > p . [B| =land ) p. |D| = j—I, hence the sequence (HDE’Y,BETI' Uy M )neN converges

to [Tpey.pex vP17 DD in L2(R). Since ||(1, —n, vn —v)|| x+ — 0 when n — 0, then for any compact
set K C R, the sequence (up(1—1,)2 ™), e converges to u(1 — )2~ |7l in L>°(K). Moreover, there
exists ng € N and M > 0 such that, for every n > ng, we have ||u, (1 — nn)%*\WIHLm(R) < M. In view
of Lemma 3.1, it follows that the sequence (¥)), oy converges to ¥9) in L?(R) for any 1 < j < k+1,
which finally proves that df (¥,,,¥) - 0andn — 0. m

Conversely, the following result provide a counterexample to the continuity or the Lipschitz-

continuity, which shows the importance of our choice for the topology d* or df .

Lemma 3.4 The application ((n,v),0) — ¥ is not continuous from (NV*(R) x R/(2xZ)) in (A¥,d¥)
and the application ¥ — ((n,v),arg(¥(0))) is not locally continuous Lipschitz from (A* dF ) in
(NVE(R) x R/(277Z)).

Proof. We provide a counterexample in each of the two cases when k = 0; these counterexamples
can readily be adapted to the general cases. We define the sequence ((7,,vy))nen- With elements in

NV(R) by
(1 (2), 00 (2)), 60) = ((o M) ,o) |

ngrf_loo [ (s )|l x0 = 0.

We remark that
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8.1 Proof of Proposition 1.1

We set e g ]
7 z 2
U, (z) = 2 =)= 25(z) In(1 ,
e (5 [ i) —ow (ma )
with
1, x>0,
5(95)_{ -1, z<0.
Then
i
¥, 1) = exp(dln(1+|.|))—1 + [|onll L2 w)
" L>=(R)
i
= Jew (Zmaeiem-1) =1 e
n L*=(R)
> 2.

Hence d°(¥,,,1) - 0 and the application (n,v) + W is not continuous. The second counterexample
is as follows. Let € > 0 and let (¥, ¥) € (E°)? be defined by

U(z) = U(z) = 1, z€]—00,0]

U(z) =1 et V(z)=-exp(irex), = €0, 1
U (z) =V (z), z€l[t +ool.

Notice that ¥ and ¥ depend on € and that |¥| = [¥|. We set

(Ua”) = (1 - |\Ij‘25 <éa \IZI>C) s
(,) = (1= 192, (2, )c)

3
Then in view of equality |¥| = |¥|, we have on the one hand,
v+ b= i@'(qf + ), )¢ =0,
w2
and

1, 8) = (n,0)|[%0 = 7€ + 4/ v’
1
On the other hand, for € < 1, we have

0 (U, 0)

loc

1 — eXp(iﬂ-E.)”Loo(OJ) + /e

|1 — exp(ime)| + m\/e
sin(me)

= —————— +m/e

sin(zm(1 —€))

Assume now that there exists 0 < C' = C(U,¥) < M (M is independent of €) such that, for any
(U, ¥) € A° we have }
H(f]aﬁ) - (nvv)”XO < Cd?oc(\l” \Ij)

Then - e
A v2§4<M(S.m(§7T(1_€))+7rﬁ>_7r2€>’
and lim( / - v2) =0, (3.5)
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3.2 Proof of Theorem 1.2

Take for instance

U(r)=1+i(z—e Ve @),
U(z)=—1+i(x —e Ve ==

when 2 € [, +-00[. Then we easily verify that

e [C g [ @1
/1 v /i <\Il’ )c /0 (1 + 22e27)2c2e Z,

which is in contraction with (3.5). m

3.2 Proof of Theorem 1.2

We start by defining the function ¥q by
x
Uy =+/1—mnpexp (z(/ vo(z)dz)) .
0

Clearly Uy € E*. Then, in view of the study of the Cauchy problem for (GP) which we have done,
there exists ¥ € C(R, E¥) satisfying (GP) with ¥(0,.) = ¥y. The function ¥y does not vanish and
satisfies the property
lim |Po(x)| =1.
|z|—+o00
Then there exists § and T7,T5 > 0 such that

inf |W(t,x)| > 0.
te[~T1,Th],z€R

Proposition 3.5 Let
() =1— V()
v(t,.) = (ﬁ,@z\ﬂ(t, Ne, te[-T,Ts].

Then the function (n,v) € C([=Ty, Tz], NV*) is solution to (HGP) with (n,v)(0,.) = (0, v0).
Proof. We treat the more difficult case (kK = 0). We will show that (n,v) satisfies (HGP) in the
sense of distributions on [—T7, T x R. To this end, we use the following regularization argument: Let

p € D(R) with [ p =1 and let € > 0. We set p.(z) = Lp(z/e) and ¥ = g p.. Let ¥, be the
solution of (GP) such that ¥.(0,.) = ¥0. In view of Theorem (1.3), we have

sup  d°(U.(t,.),¥(t,.)) =0, (3.6)
te[—T1,T2]

when € — 0. Let £ € D([—T1,T2] x R). Then
M, 06 pxp = (V> = ||%, 0 pxpr + 2((0: ¥, Vo), E) s
and

<Z(3§‘I/€ + (1 - “116|2)\IJC)7 We)@ = (i@iklfﬁ, \I/5>(c
8z<z6:v\1167 \Il€>C
= —0;(i1¥.,0,¥)c.

Relation (3.6) shows that
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3.2 Proof of Theorem 1.2

[Cef> = |¥* =0 in C([~T1, T3], L*(R)),
(i, 0,V )e — (10,0, V) = (L —n)v in C([-T1,To], L*(R)),
when € — 0, which means that
O =20,((1—n)v) in D'([-T1,Ts] xR).

We treat similarly the equation in dyv. First, we set v, = (\I%',&,;\I/E)C, ne = 1 —|¥)? and .
2 Oz Ne + (8z77€)2

Then we get >

e = Ve = 3(1—n) T A(A-n)?"
D2 0, W)e = (B2, 0,0 )¢ + (==, 5,0,0.)
t@EaxeC— tq]é;xec \i’e’xtec
02U + 1. U i
= (LT T ET 5w, — 10, (020, + T,
{ (T2 >C+<\I’e i02(0; Ve +ne¥e))c
0, ¥ 1
= (=27 529 A —,0,(0%V, Ve
< (\116)27 x +77 >C+<\IIE’ ( x +77 )>(C
1
= am<@7uaque+ne\:[}e>(c-
On the other hand, we have 2(611777;() = _<@%’6qu5>@' Hence
(02me)? s DM DM
it—nyr " T -y ) aa—my T
i1—1 1471
= —(—=—,0.9. 77,815\116
( 7 ) 7. )c
1
= —{(0,(=),0:¥)c.
(0:(30). 0.0
Thus we obtain
(T e — (D), 00T+ Da (=, T
Ye = \Ilevne e/C I\Ileya:e(c zq}eame(c

1
T 0 62\116 E\IJE ’
(g0 ¥e tne¥oe
and
Oyve = OzVe.
Let now & € D([—T1,T»] x R). We have on the one hand,

(Ve, 08) pxpr = (U — Ve, 0&) DxD’ — (OnVes §) DD -

On the other hand, it follows from (3.6) that

Ne — 1N n C([_TlaT2]le(R))’

ve —v in C([-Ti, Ty, L*(R)),
1 1 . 0
p— N - in C([-T1,Ty], L (R)),

3In what follows we use the identity (a,b)c = (1,ab)¢ for any (a,b) € C2
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3.2 Proof of Theorem 1.2

when € — 0. Then
v = 0? in C([-Ty, Ty, L*(R)),

(02me)? _ (92n)*
(1=m)?  (1=mn)?
when € — 0. Finally, we deduce that

2
a:r:’Ye —n-— U2 - 87077 + (axn) in C([_Th TQ]a H_Q(R))a

2(L—mn)  4(1-n)?

in C([-T1,T»], L' (R)),

when ¢ — 0, and

2
6151} — aa: (77 _ U2 _ az77 + (8177)

2(1—n)  4(1- 77)2> in D'([-T1,T5] x R).

Let now (1,v) € C(I, NV*) be a solution of (HGP). We will show in the following proposition that
we can reconstruct a solution ¥ of (GP) from (7, v). Such solution will be given by

\IJ(tv .%') =v1- n(tv .’L‘) exp(i@(fa x))7

where ¢ is defined up to a constant ¢ = ¢(t) by d,¢ = v. It remains to determine ¢. More specifically,
we show that there exists a function ¢ : I — R (depending on (7,v)) such that the function ¢ defined

by
0

allows to reconstruct . The function ¢ represents the temporal evolution of the phase of ¥(¢,0) and
satisfies, for (n,v) smooth enough,

c(t) = /0/ Opo(r, z)dr + /Oz(v(&z) —(t, z))dz.

In this case ¥ will be solution of (GP) if
8,590 = S,

with

a:r:n ((:)xn)Q
21 —n)) T

This gives us the idea of the choice of ¢ in the following proposition.

S:n—v2—8x<

Proposition 3.6 Let I = [Ty, Ty], with T, Ty > 0, let k € N and let (n,v) € C(I, NV*) be a solution
of (HGP). We set pu(t,x) = [ v(t,z)dz. There exists a unique function ¢ € C'(I,R) satisfying
c(0) = 0 such that the function ¥ € C(I, E¥), defined by

U(t,x) = V1 —n(t, z) exp (i(po(t, z) + c(t))) ,
is a solution of (GP).

Proof. Note that ¥ € C(I, E¥) for all k € N. To show that the function ¥ defined above is solution
to (GP), we detail the more difficult case (k = 0). We define a,S € D'(I x R,R) by

= (o ) + 025 ) o
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3.2 Proof of Theorem 1.2

a(t,x) = /I(U(O,z) —o(t, 2))dz + /t S(r,z)dr
Then 0 0
da=S—0dp, in D(IxRR). (3.7)
Let x € D(R,R) be such that [, x(z)dz = 1. We set
c(t) = (a(t,.); X) > ®)xD(R)-

By construction, we have ¢(0) = 0 and, since (n,v) € C(I, NV°), we also have ¢ € C*(I,R). On the
other hand, since (n,v) is solution to (HGP), we have

GI (Ota) = —8t1} + 815
= 0.

Let £ € D(I x R,R). We set
at) = / &(t,z)dz € D(I).
R
Then

(Yo + ¢, 08)DrxD 100, E) D xD + (€, 0E) DrxD

DD + (010, ) prxp + (¢, Ol) D xD

—(Orpu

—(5,€)
= (8, ) xp + (0:a,a)pr (1ryxp(1) + (€, Oe) D (1yxD (1)

—(5, )/, (3.8)

which means that 9;(¢, + ¢) = S in D'(I x R,R). We shall prove that the function ¥, defined by

U(t,x) = V1 =n(t,z) exp (i(pu(t, 2) + c(t))) ,

is solution to (GP) on I x R. To this end, we need to compute the two derivatives 9, ¥ and 92V in the
sense of distributions. We use a regularization argument, where (7, v¢) is defined for each € > 0 by

ne(ta ) = 77(15’ ) * Pes
Ve(t,.) = v(t,.)xpe teI

D
D

)

with pe(z) = 1p(£), p € D(R), and [ p = 1. We denote

v =T (i( [ vt ).

The fact that || (ne—n, ve—v)(t,.)||xo — 0 when € — 0, together with Lemma 3.3, yield dY, (¥ (¢,.), ¥(t,.)) —
0 when € — 0. Let now £ € D(I x R, C). Then

<\Ilv 8t€>'D’><'D = <\Ij - \Ijeyat€>D'><D - <8tqjea€>'D/><D
— 8t776 . *
= <\I/—\I/€,at§>'pl><'p— <(2(1_776)+7,8t(/0 ’U6+C)) \I/€7£>,D,><,D.
(3.9)

Since ¥, — ¥ in D'(I x R, C) when € — 0, the first term of the right hand side of (3.9) converges to
zero. For the second term, we have 131—’77’7\1! € C(I, H1(R)), hence

Ome g, 9

. /
M —n) T in D'(I xR,C),
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3.2 Proof of Theorem 1.2

when € — 0. A similar argument 4 shows that 8t(f0z Ve + )V = Oi(py + )V in
D'(I x R,C). We have just shown that, in the sense of distributions,

0 = — <12(ft_77n) + 0 (00 + c)> v (3.10)

Similarly, we prove that, in the sense of distributions, we also have
T 1-
92U = (Sn+ia((1_:)v)> . (3.11)
Thus combining (3.10) and (3.11), we find that, in the sense of distributions,
10U + 02U + U(1 — |¥|?) =0,

since d¢(p, +¢) = S in D'(I x R,R) and (n,v) is solution to (HGP). Since the derivative of the
continuous function c in the sense of distributions is completely determined by S and d;¢,, and since
¢(0) = 0, the uniqueness of ¢ follows. m

Proposition 3.6 proves that the solution of (HGP) constructed by Proposition 3.5 is unique in the
space C([—T1, To], NV¥(R)). Indeed, let (71, v1), (02, v2) € C([=T1, To], NV¥(R)) denote two solutions
to the equation (HGP) that satisfy

(m(0,.),v1(0,.)) = (72(0,.),v2(0,.)) = (110, v0) € NV¥(R).

Then, in view of Proposition 3.6, there exist ¢1, co € CH([—T1, Tz],R) such that the two functions

\Ill_\/l—mexp(i(/omvl—!—cl)) et \I'Q—\/1—772exp(i(/0xv2+02)),

are solutions to (GP) in the space C([~T1, Ty], E¥) satisfying

U1(0,.) = U3(0,.) = /1 =m0 exp(i(/ox Vo))

Since the Cauchy problem for (GP) is well-posed in the space C([—T}, T3], E¥), we have in view of
Proposition (1.1) that
OHWy(t,.) =D 1 (Valt,.) Ve [Ty, Tl

Consequently, we obtain that
m=mn2 and v =vs.

This proves the well-posedness in C([—T1, T»], NV*(R) of the Cauchy problem of (HGP).

Equation (HGP) is invariant with respect to the change of variable t — ¢ 4 c. Then a similar result
to that of Proposition 3.5 can be proved for an initial data at time ¢t = ¢y # 0. By using iteratively
the two Propositions 3.5 and 3.6, this allows to prove the existence of maximal T,,T* > 0 such that
the solution (n,v) can be extended to the interval | — T}, T*[, with

lim maxn(t,z) =1, when T < 4o0,
t—T* zeR

lim maxn(t,z) =1, when —T,> —cc.
t——T, z€R

4We already found that 8; (¢, +¢) = S € C(I, H~1(R)).
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3.2 Proof of Theorem 1.2

3.2.1 Conservation of the quantities H and P

We show in this section that the energy

_1 (35577)2 } 2 l 9
H(mv)—S/R Ty +2/R(1—77)v +4/R77

is conserved along (7(t,.), v(t,.)) when (n,v) € C(] = T, T*[, NV¥). In view of Proposition 3.6, for any
[~T1,Tz) C] — Ty, T*[, there exists ¢ € C*([~T1,Tz]) such that the function

U= \/1—nexp(i(/ v+ ¢))

x
0

is solution to (GP) on [—T7,Ts] x R. We have shown that the Ginzburg-Landau energy

1
Sw) =5 [ vl [ jupy2
2 Jr R
is conserved along the flow U(¢,.). Moreover, we have
H(n(t,.),v(t,.)) = B(¥(t,.)) Vte [T, T

Thus H(n(t,.),v(t,.)) is constant on [Ty, T].

We now prove the conservation of the momentum P defined by

1
P(n,v) = §/an~

In the case where k > 1, it suffices to note that if (n,v) € C(] — Ty, T*[, NV*), then

d
%/an—/Ramv—i—/Rn@tv.

Replacing 9;n and 9;v by the right-hand side member of (HGP) gives the desired result. The case k =0
is more difficult. To treat this case, it is useful to show that the application (g, vo) — (n(¢,.),v(t,.))
is continuous from NV? to NV° in the following sense: For every sequence ((Mo,n, Yo,n))nen With
elements in NV that converges to (1o, v) in (NVY,]|.||x0), the sequence ((1,,,v))nen of the solution
of (HGP) with initial data (1o n,vo,,) satisfies, for each ¢ €] — T\, T*[,

|1 (2, ), vn(t, ) = (n(2, ), v(t, )l xo@) = 0.

n—-+oo

This result is a consequence of Lemmas 3.2 and 3.3, and of Corollary 2.7, via the following diagram

3.3
(10, v0) ————= Vg

Tk

(ﬁ(t» ')7 U(t7 )) (? (tv )

where Wo = /T — g exp(i(f; vo)) and W is the solution of (HGP) with initial data ¥o. Now, in order
to prove the conservation of the momentum P, we use the following regularization argument: Let
pe = +p(./€) with p € D(R) and € > 0 and let
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