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equation

Didier Smets ! Haidar Mohamad 2

February 17, 2014

Abstract

We establish some existence results for the modified binormal curvature flow equation from
(R or T' ) to R® where the velocity of the curve depends not only on the binormal vector but
the parametrization of the curve, the time and the position of the point in the space. We achieve
our objective via the Schrodinger map equation. A Local well-posedness result is proved for the
Schrédinger map equation in the space L*(0, Ty, HE .(R)).

1 Introduction

The modified binormal curvature flow equation for v : [0, T[xR — R3 is

By = g (8uy A7) (1.1)

where T' € R U {+o0}, z is the arc-length parameter of the curve (t,.) for all t € [0,7] and g is a
real function.
The first goal of this article will be to consider the case where g = g(t, z) and to prove the existence
of solution v € L>([0,T[, H? .(R)). Then, we prove a well-posedness result in more regular space
(y € L>=([0,T[, H: .(R))) via the Schrodinger map equation

O = 0z (U A gOzu) = u A Ag(u), (1.2)

where Ay(u) = 0, (9(x)0,u) and u = 0.

Finally, we consider the case where g = g(t,x,v) and we prove a local existence result of solution
v € L>([0, T [, H} .(R)), with T} > 0 depending on vy = (0, .) and g. The transition from results for
(1.2) to results for (1.1) occurs by Lemma 1.7.

Theorem 1.1 Let ug : R — S? be such that %2 € L2(R), T > 0 and let g € WH>°(R*, L>°(R)) be
such there exists a > 0 with g > . Then the equation (1.2) has a solution u € L>=(0,T, H. (R, S?))
with u(0,.) = ug. Moreover, if g = g(z), then u € L= (R*, H} (R, S5?%))

Theorem 1.2 Let | > 0 and T > 0. We denote T! ~ R/IZ. Let ug : T — S?, and let g €
Whee(RY, L°(TY)) such that there exists a > 0 with g > «. Then the equation (1.2) has a solution
w € L0, T, HY(T', S?)) with u(0,.) = ug. Moreover, if g = g(z), then u € L>=(R*, HL (T, S?)).
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Theorem 1.3 Let ug : R — S? be such that 2 belongs to H*(R), and let g € WH=(RT, W32 (R)).
Assume that there exists a > 0 with g > «. Then there exists Ty = T1(g,uo) > 0 such that equation
(1.2) has a unique solution w € L>(0,T1, H} .(R)) with u(0,.) = uo.

The uniqueness is deduced from the following quantitative theorem

Theorem 1.4 Let T > 0 and g : R — R be a function verifying the conditions of Theorem 1.3. Let u
and i be two solutions for (1.2) with initial datum ug, o : R — S? respectively. Assume that Opu, 0,1
belong to L°°(0,T, H*(R)). There exists two positive constants Cy,Cy depending on g, T and the H?
norm of % and % with

flu(t,.) —a(t, )l g @) < Chlluo — toll g1 (r),
flu(t,.) —a(t, )| z2@) < Callug — toll g2(r),
for almost every t €]0,T.

In what concerns the case g = g(t, z,v), we have

Theorem 1.5 Assume that g = g(t,x,v) and let g € WH°(RT W22 (R3 x R). We further assume
that there ewists o > 0 with g > «. Let vp : R — R3, be such that Ty € HY(R). There exists

dz?

Ty = T1(g,70) such that equation (1.1) has a solution v € L>(0,T, H3 .(R)) with 7(0,.) = 7.

Equation (1.1) (with ¢ = 1) forms a model of the motion of a very thin vortex with radius ¢ and
arc-length parameter = in an incompressible fluid by its own induction. The original equation for this
model is given by

Oy = GkB, (1.3)

where k is the curvature of v, B is the binormal vector of the Frenet-Serret formula

T 0 k 0 T
O N |=-x 0 7 N |, (1.4)
B 0 —7 0 B

and

G= % (log (%) +0(1)) ,

is the coefficient of local induction which is proportional to the circulation I' of the vortex and may
be regarded as constant if we neglect the slow variation of the logarithm with respect to e~!. In this
approximation, the local motion is approximated by that of a very thin circular ring with the same
curvature and the tangential motion due to stretching is neglected. This model is called Localized
Induction Approximation (LIA). It was developed in 1965 by Arms and Hama [1]. More analysis
concerning the limitation of this model was realized in [3, 6].

Our aim in this paper is to prove some existence results for Cauchy problem associated to some
generalization of (1.1). Namely, in the formula (1.1) the velocity is proportional to the curvature with
identical coefficient in every point of the curve. In our case, we assume that this coefficient can be
depending on the time ¢, the arc-length parameter  and eventually on the position of the point in
the space (¢, x) :

Oy = gk B, (1.5)
with (g = g(t,x,v(t,z))). Since we have 9,7 =T and B = N AT, (1.5) becomes

Oy = g0y N 857. (1.6)



1.1 Reconstruction of flow ~y

Figure 1: Approximation (LIA).

Equation (1.6) (with g = 1) was presented in 1906 by Da Rios [5]. We denote u = 0,7, then by
deriving (1.6) with respect to x, we obtain at least formally

By = u A By (gBu). (1.7)

When g = ¢(t,z) does not depend on =, we use the last formula together with Lemme 1.7 in the next
part to study the Cauchy problem of (1.6). The case g = 1 belongs to the Schrédinger map equation

Oru = u A O%u, (1.8)

whose Cauchy problem was first studied by Zhou and Guo [4] in 1984 when wu(t,.) is defined on an
interval I C R into S? = {v € R® s. t. |v| =1}, and by Sulem, Sulem and Bardos [2] in 1986 when
u(t,.) is defined on RY (N > 1) into S%. They proved that (1.8) has a weak solution in L>(H} ).
Namely,

Theorem 1.6 Let ug : RY — S2 to be such that Vug € (L*(RN))YN. Then there exists a weak solution
u:RY xRN — 82 for (1.8) such that V,u € L= (R*,RY) with u(0,.) = uo.

1.1 Reconstruction of flow ~

Let I C RT be an interval containing 0, and let u € L (I, H} .(R)) be a solution for (1.2). We define
the function I'y, € L>=(I, H? (R)) by

Tu(t,x) = / u(t, z)dz. (1.9)
0
We have, In the sense of distributions on I x R,
9 (0T — g0, AN O2T,) = 0. (1.10)

By construction, the curves T',(¢,.) all have the same base point T';(¢,0) fixed at the origin. If they
were smooth, equation (1.10) would directly imply the existence of a function ¢, = ¢,(t) such that
the function

Yu(t, ) = Ty (t, ) + ¢y (t)

is a solution for (1.1) (with g = g(¢,x)). In this case, we have
cu(t) = Fu(t,z) =Tyt x)

= 'yu(O,z)+/() g(T,z)u(T,x)A@zu(T,z)de/ u(t, z)dz

0

(0, 0) + /0z (u(0,2) —u(t,z))dz + /0 g(1, 2)u(r, ) A Opu(r, z)dr.



1.1 Reconstruction of flow ~y

In fact, the function ¢, represents the evolution in time of the actual base point of the curves.

The relation between the modified binormal curvature flow equation and the Schrodinger map
equation is specified in the following lemma.

Lemma 1.7 Let w € L>(I, H} (R, S')) be a solution for (1.2) such that dy,w € L*°(I, L*(R, S)).

Let T, be defined by (1.9). Then there exists a unique continuous function c, : I — R® satisfying
cw(0) = 0 such that the function v, € L>=(I, H .(R,R3)) defined by

loc
Yot ,x) =T (t, 7) + ¢y (t)

is a solution for equation (1.1) on I x R.

Proof. We define a € D'(I x R,R?) by
a(t,x) = /Oz (w(0,2) —w(t, 2))dz + /Ot g(1, 2)w(T,x) A Opw(r, x)dT.
Let x € D(R,R) be such that [, x(z)dz = 1. We set
cu(t) = /Rx(z)a(t, z)dz.

By construction, we have c,,(0) = 0, and since w € W1>°(I, H=1(R)), we have ¢, € C(I,R3). On the
other hand, we have

0. (0pa) = 0:0,T, — 0: (gw A Opw)
= Ow—wAAgw
= 0, (1.11)
since w is a solution to (1.2). Since d;a(t,z) does not depend on z, we have for all p € D(I,R?)

/1 cw(t) - ' (t)dt / / ' (t)dtdz
/ / Dralt, 2) - (t)dtd

f/ﬁta(t,z) - (t)dt, (1.12)
I
Relation (1.12) means that
c, =0wa= -0 +guwAdw in D(IR?. (1.13)

We show now that the function ~,,, defined on I x R by

Yolt,z) =Ty (t, x) + ¢y (t),
is a solution to (1.1) on I x R. For this aim, assume that ¢ € D(I x R, R?) and

t) = / Y(t,z)dz € D(I,R?).

R

Using (1.13), we finally find that

<at7w - gaﬂc'%d A 83'70.” w>1><R = <at — gw A\ azw w>1><R + <Cwa 'L/J>I><]R
<ataa 90>I + < wa(p>

= 0,

where (,)7xr is the duality pairing between D’(I x R, R?) and D(I x R,R?), and (, )7 is that between
D'(I,R3) and D(I,R?). This proves the existence of c,. Since ¢, is required to be continuous with
¢,(0) = 0 and since its distributional derivative ¢/, = 0;a, its uniqueness follows. ®



1.2 Approzimation by discretization of the Schridinger map equation

1.2 Approximation by discretization of the Schrodinger map equation

We present here the strategy of proof of theorems 1.1, 1.2 and 1.3. We discretise, in space, the
continuous system

(1.14)

O = 0y (A gOpu) =u N0y (90zu), t>0, x€R,
U(O, ) = Ug-

in the following sense:
For some h > 0, we consider the sequence uj, = {un(t, z;) }icz satisfying the semi-discrete system

{ dsth = D%t (up A gnD~up) = up A Dt (gnD~up), t>0, (1.15)

un(0,2;) = ud (x;), i€Z

where {x;}icz, is a uniform subdivision of R with step h, gn = {g(¢, ;) }icz, and DT, D~ are two
operators approximating the derivative operator d,. The sequence {ul)(z;)}icz is constructed such
that it converges to ug in certain sense (for example: since ug € H} (R), we can choose u}(z;) =
ug(z;) Vi € Z). We solve the problem (1.15) in some space discretising the space L>°(RT, H} .(R))
where our research for solving the continuous problem (1.14) takes a place. Then, we prove the
boundedness properties for discrete derivatives (DTuy in the case of Theorems 1.1 and 1.2; and
D~D%uyp,, DTD™ DTy, in the case of Theorem 1.3) which allows us, using the compactness properties
in spaces L?(R) and H (R), to extract a subsequence {uy}; ! converging to a solution of (1.14). The
proof of Theorem 1.4 is standard. It consists of considering two solutions v and @ with initial datum
uo and g respectively and then proving Gronwall-type inequalities for ||u — @/ g1 and ||u — @]/ g2. For
Theorem 1.5, we follow the same strategy followed in the proof of Theorem 1.3.

In what follows, we define the elements of the discrete problem (1.15). Then, we prove some
convergence properties before we skip to the proofs of previous theorems.

Definition 1.8 Let h > 0. Let
Zh:{.TiER, xi+1—xi:h V’LEZ}

We define the two spaces L and L3° by

L2 = {vp, = {vp(x:)}i € (R3)%n, Z lon (2:)]* < 400},

L = {vp, = {vp(2:)}i € (R3)Zn, sup |vp ()| < +o0}.
We define the scalar product (,), on L3 by

(wh, vp)n = thh(:ci) cup(xzi),  wp,vp € Li.

2

Its associated norm |.| is defined by
[onli = h ) on ().
i

Letl >0, NeNand h = % We define the space of N -periodic sequences

Py =A{v, € (R3)Zh, vp(x;) = vp(xign), @€ 7Z}.

I To give sense to the notation {uy }5, we can consider h : N — R¥ to be a strictly decreasing function which goes to
zero when n — 4o00. We have made this choice for its simplicity.



1.2 Approzimation by discretization of the Schridinger map equation

We define the scalar product (, )i n by

N

(un,vn)i,n = hZUh(xi) - up ().

i=1

Its associated norm |.|; N is defined by
1=N
Jonlf = h Y lon (o).
i=1

Let v, € (R3)%r. We define the left and the right approzimations of the derivatives in z; by the form

_ _ vp(m)—vp(®i—1)
D up(x;) = 7’”( . 51_’” ) 1.),
Dty (x;) = BTl

It is clear that for two sequences up, = {up(x;)}i and vy, = {vn ()} we have
Di(uhvh) = 7w, D¥ v, + DY upop,
with
T un (2:) = up(vie1).
The two spaces L? and P, y verify the following property

Lemma 1.9 1) If vy, € L}, then we have DV vy, € L}, and
. 2
| DT op|n < E|'Uh|h-
2) If vy, € P N, then we have also

2 l
DT <= h=—.
|IDT ol < h|vh|l,N7 N

Proof. It follows directly from the inequality

2
| Dy on (i) < ﬁ(lvh(fﬂi)l2 + o (ig1) ).

Definition 1.10 We define the norm
onlzy = lonlh + [DFonls,  on € L,

and the space
Uh, U
H = o e ®)%,  sup S un)n L
uner2  |unlm
(Vh,un)

2 -1 : — -1
Its clear that Ly C H, ~ and the function v, — |vh|H;1 = SUDy, er2 WH}L’” define a norm on H; ~.

Similarly, we define the norms
Ivhlﬁ% = |vnli n + |DF o]y,

Uk, UR)L,
|on| -1 = sup M, vy € P N.
LN un €PN |Uh|Hll,N
The two norms |.|H;1 and ||Hf11v are the dual norms of .| and |'|H11,N with respect to scalar product

(,)n et (,),N respectively.



1.2 Approzimation by discretization of the Schridinger map equation

Lemma 1.11 For each (vp,up) € L§°x € L2, we have (discrete integration by parts formula)

th(aci) D up(x;) = — Zuh(xl) - D™ op(x4). (1.16)
Similarly, for all vy, up, € Py, we have

N N

> wn(i) - DYup(i) = =Y un(wi) - D7 on (). (1.17)

i=1 i=1

Proof. Let v, € L, up, € L? and K € N. We develop the sum Zfiq{ vp(z;) - DT up(x;) and
we make a change in index, then (1.16) holds by using the property lim;j_ o [un(z;)| = 0 and the

assemption (v, € L7°). In the second case, we simply develop the sum vazl vp(z;) - DT up(x;) and
make a change in index, then we use the periodicity of vy and up. ®

Definition 1.12 Let h > 0. We set C; = [x;,xi41[,i € Z. Let Py, and Qy, be the two interpolation
operators defined, for all vy, = {v,(z;)}; € (R*)%r, by the functions

Quun: R—=R3  z Quup(z) = vn(xy), Vo€ CVieZ,

Pon: R—R3 2+ Py (z) = vp () + DT op () (2 — 23), Vo € Cy,Vi € Z.
In all that follows we keep the notation of this definition. We have the following important lemma

Lemma 1.13 1) Let {vp}n be a sequence satisfying

vy € Hy', Yh >0,
3C > 0, |vh|H;1 <C

Then the sequence { Pyvp}p is bounded in H~1(R).
2) Let 1l > 0 and {v,}1n be a sequence satisfying

h=+,
Up, ePl,N, VN € N,
3C >0, |vh|Hf§; <C, VNeN

Then the sequence { Pyvy}p is bounded in H~*(T?).

Proof. 1) We have

(Pron, ) L2 (w)

||thhHH*1(]R) = sup
pep®  lellme
Pyop, P Pyop, o — P,
< swp (Phon, Pron) 2 (r) + sup (Prhon, ¢ hSDh>L2(]R), (1.18)
pED(R) el 1 (r) »€D(R) H@HHI(]R)

with ¢p = {©(x;)};. Since
o = Papnllrzm) < hll(¢ = Pugn) [l L2y (Poincaré),

we have

112 = 1Peonlre + ke — PagnlZ gy +2 / (Pagn)-(¢ — Pupr)da + 2 / (Pugn)-(o — Pagn)'da
R R

Y

1 Pun gy + 0 = Prnllin )y — 220 Paonll 2@l (@ = Paon)' Il L2 m)-
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Then there exists hg > 0 such that for all A < hg, we have

1
loldng = 5 (IPaenlfnm + e = Pagnlfm)

1
> max (| Pagnlifs ), e — Pasnlife ) -

We obtain by substituting in (1.18)

(Prvn, Prn) 2 (w)

| Povp|lr-1ry < sup + V2| Pyon]| 2 w).- (1.19)

Next, we have

||Ph90h|@11(11@)

©ED(R) %thwhHHl(R)

T; — X xr — X;

dx—i—Zh‘_—w dr

/Ii+1
i Ti

> g (lp(@a))? + lp(@ir)|* + p(@ir1) (i) + DT o7

%

h
> 5 U@ +le(@i)l®) + 1Dl

%

from which we can write

1 1
| Pronllin ey = 5lenli + 1D onlh > <lonlF- (1.20)
(R) 3 3 h

‘We have on the one hand

(Pron, Pron) 2 (r)

= Z /%i+l(vh(zi) + DT (2:)(z — 23))-(p(2:) + DT o () (& — ;) )da

2

h h h
= (vn,n)n + §(Uh; Dt op)n + §(D+Uha ©n)n + ?(DJFU}” Dt op)n
h,ooL h,ooo W2,
= (vn,n)n + §(Uh;D Oh)h — §(Uh;D ©n)n + ?(D Vhy DT on)n
h2
< (vn,on)n + hlon|n| DV opln + ?|D+'Uh|h|D+<Ph|ha (1.21)
and on the other hand
Tiq1
IPunlioe = 3 / [on(@:) + D¥on(a:)(z — o) Pda
i+1
< 22/ (Jon(z:)? + | DT o (2)|* (z — 24)%)dx

2h2
2lvn|2 + T|D+vh|i. (1.22)
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Then by combining (1.19), (1.20), (1.21) and (1.22) we get

| Pron | 51 (w)

since

<

IN

IN

IN

IN

(0hs @) + hlon|n| D nln + B[ DVop|n| D onn

2h?
+ 2h|vp|n + ==|DTvp|n

sup
¢ED(R) zlenlm V3
h2
\/6(|'Uh|H;1 + hlvp|n + §|D+’Uh|h) + 2h|vp|n + 7 |D+’Uh|h
NG
V6lon| 1+ (V6 + 2)hlonln + 25+ —3)h|vh|h2
24+/2
\/_|'Uh|H L4+ (V62422 7 Yh|vn|n
CV|’U}74|H;17
B (Vn, un)n
|/Uh|H;1 - Sup |’Uzh|H}11
s
w (lunli + pzlunlz]?

h sup (Vh,un)n
VEZ+4 w,  |unln
|'Uh|ha Yh > hy.

hi +4

The proof of 2) is similar to that of 1). m

The following lemma shows that the space L%, equipped with the norm |.| m1, s continuously
embedded in Ly°.

Lemma 1.14 There exist two constants Cv,Cy > 0 such that for all h > 0 and vy, € Li we have

Proof. Since

7

and

3 1 5
Z|Uh($i)|2+1|uh(zi+l)|2 < g|uh(zi)|2*

we have

Corollary 1.15 Ifv, € L? C L{®

on h) such that

Colvn|n < || Pronlz2my < Chlvnla.

wit1 1 1
/ lun (z5) + D up (z) (2 — zi)|2d:c = h|uh(zi)|2 + §h2uh(xi)D+uh(xi) + §h3|D+uh(xi)|2

5 1 1
= 6h|uh(aci)|2 — Ehuh(xi)DJruh(xi) + §h|uh(aci+1)|2,

1 11 5
E“h(zi)D+Uh($i)+§|Uh($z'+1)| < 75 lun (z:) +15 |Uh($z+1)|2,

4
lonli < 1PhvnllF2) < §|vh|}2r

, then Pyvp, € H(R) and there exists C > 0 (which does not depend

lvnlLge < Cloalp; -



Proof. Since ¥ = @, DFv), € L*(R), we have Pyv, € H(R) (Lemma 1.9). On the other hand,
we have

[Prvnllzoe®y = sup  sup  |un(zi) + DT up(w)(z — 25)
€L E€[xi,Tit1

sup max(|up (2;)], [un(ziy1)])
1€

|'Uh|LfL° .
The space L°(R) is continuously embedded in the space H(R) (Sobolev) and there exists C' > 0

such that ~
[v|pee@®) < Cllvlm @), Vo€ H'(R).

Consequently,
onlFee = (| Pavnll] o )
< CVQ”thhH%Il(]R)
< C*(CPlonli, + 1QuD T vn 72 (s))
< C2|vh|fqi.
[

2 Proofs of principal theorems

Let us first show some important properties.

2.1 Convergence properties

Lemma 2.1 1) Let {vy}r be a sequence satisfying
vp € L3, Vh,

and

iC' > 0, |'Uh|h <C. (2.1)

Then the sequence { Phvy, — Qnun}n converges weakly to zero in L*(R).
2) Let 1 > 0 and {vp}p be a sequence satisfying

e L.
’UhGPl,N7 VNEN,

and
C >0, |uoplin <C. (2.2)

Then { P,vn, — Qnon}n converges weakly to zero in L2(T'). Moreover, if {Qnuvn 1 converges to v in L?
(L*(R) or L?(TY)), then {Pyvn}n converges to the same limit in L.

10



2.1 Convergence properties

Proof. 1) We write
2 Titt 2 2
1Paon = Quonlfay = 3 [ IDTwn(mf e - mods
< LS IDt @)l
- 3 1/ 3

1

4
< = 2
> 3|Uh|h
4
< =C2
- 3

Furthermore, for all ¢ € D(R), we have

[(Phon — Qnon, @) 2wy < [(Phvn — Quon, Qne) L2(w)|
| Prvn — Quonll 2wy lle — Qrenll 2wy,

where @y, = {¢;)}i. We have on the one hand
2 s 2
o= Quenliam = X[ lola) ~ plaldo

Ti41 xT
= Z/ |/ ©'(s)ds|*dx

Ti+41 €T
< 3 [ WP - ads
h2 * / 2
< 52 [ WP
h2
= 7”@'”%2@@)-
On the other hand, we can write
b+
|{Pron — Quon, Que) 2| = 5D o, on)nl
h _
= §|<Uh,D ©n)nl
h _
< §|'Uh|h|D ©nln
1
1 i :
/ 2
< 50 hzi]/m@(s)dﬂ]

1
< §Ch|\<ﬁ/|\L2(R)-

Then combining (2.3), (2.4), (2.5) and (2.6), we obtain

1
[{(Pron — Quon, ©) 2wyl < (—= + §)C||50/”L2(]R)h-

%w

(2.3)

(2.4)

(2.6)

11



2.1 Convergence properties

Thus the proof of 1) is completed. The proof of 2) is similar to that of 1). To prove the strong
convergence property, let v € L2, then it suffices to note that

Ti+41
Z/ | Db ()2 (& — 2:)%da

1
= 5“’2 Do ()|

| Prvn — Qron|7-

1
= §|\T—thvh — Qnopll3s,

with 7w = w(- — h), and

| T—nQnvn — vl 12 + [|@nvn — v]| L2
[Thv — vl L2 + 2[|Qnvn — v| 2.

|7 Qrvr — Qronl L2

IAINA

Thus the convergence limy, ¢ || 7,v — v|| 2 = 0 completes the proof. m

Lemma 2.2 1) Let v € H-Y(R), and {v,}n be a sequence such that the sequence {Qnvp}n converges
to v in H=*(R) weak star. Then the sequence { Pyvp}n converges to v in H=*(R) weak star.
2) Let1 >0, v' € H-X(T!) and {vn}n be a sequence satisfying

h=+
N
vp €ly, VN €N,
Quop, — vt in HYTY)  weak star.

Then {Plvp} converges to v' in H=1(T') weak star.
Proof. 1) First, we prove that P,v, € H~1(R),Vh. To this end, we first write

Ppop, = Quop + (Pr — Qn)up.

Then it suffices to prove that (P, — Qn)vn, € H™1(R),Vh. Let ¢ € D(R), and ), = {¢(x;)}i. We have

[(Pron — Quon, ©) 2wyl < [(Provn — Quon, Qne) 2@yl + [(Prvn — Quon, © — Qrp) L2(r)]
h Ti41 x
< §|(D+vh,gph)h|+|2/ (DJrvh(:ci)./ ' (5)ds) (@ — a:)dal
h _ Ti41
< §|(UhaD @h)h|+|h2\/7LZ|D+Uh($i)|-/ | () [*dz|
h _
< glonlnlD enln + B2 DY on|all¢ [ 2w

h

< §|Uh|h||90'|\L2(R>+2h|vh|h||90'|\L2(R>
5

< §h|vh|h||80/|\L2(R),

where the sequence {h|vy|s}s is bounded. Indeed, the sequence {Qpuvy}n converges to v in H~1(R)
weak star. Then there exists C' > 0 such that ||Qnvp||g-1(r) < C for all h, hence we have

(Qnvn, RY vp) 2

(R)
<C, Vh,VN eN, 2.7
RN ol ) 2.7)

12



2.1 Convergence properties

where R} vy, is a piecwise function with compact support (hence R} v, € H'(R)) such that

(Qnon, RY vp) 2wy = hNZJjN |vi]?, (2.8)
IRy onll 3 gy < b7 30y il

For example, we can take
Ry vp = Qnion + ZD+17hX(SC - ),

3

; | <
where 0y, = {0, (x;) }; with 0y (z;) = { Sh(xz)’ ||ZZ||>_]]VV and x is given by

x(x) =

§$_%, = Q’%
(z 3)7 1'6[37 [
hb—=—=-—-—-—-—-—-
|
|
|
|
h |
3 ()
|
h
Dz
_h| __N
2

Figure 2: The function x.

Since

RN vil?
2 vl <C, Vh,YN €N,
[ 2y 2
we get h|vp|n < C,Vh. Finally, we have ||(P, — Qh)vhHHq(R) < C,Vh, then
| Pronll -1y < C,Vh.

To show that {P,vp, }5 converges to v in H~1(R) weak star, we need to prove that

Nf=

Pyup, — v, in D'(R).

13



2.1 Convergence properties

To this end, let ¢ € D(R). We denote 7,0 = 3(¢ + ¢(. — h)). Then we have
Tit1
e = 3 / (on(22) + D¥on ()@ — 1)) - p(w)da
Fit1 7 [ h
— Z/ ( T; +2’Uh(1' +1) +D+'Uh(1'i)(1' — oz — 5)) - p(z)dx
Ti4+1 h xT
= (Qnvv; ) r2w) + Z/ <D+'Uh (w3)(x — w5 — 5) : /IZ @(t)dt) dx
= (QnVy, ThP) L2(R) +/ / (s — 5) (Z Dty (z;) - ' (2 + p)) dpds
o Jo -
= (Qnvv, ) L2(r) + 7 / / 55— 5 (th zi) - (@' (wic1 + p) — &' (2 +p))> dpds

= (Qnvo, Thp)L2(r) + %/0 /o (s — 5) (; vp () - /I.i+1 o (z +p)d:c> dpds,

i

where

-1
{thh%v, dans H'(R) weak star, (2.9)

e =@, i H'(R);
hence (Qnvy, Th) 12(r) = (v, @) 12(R)- On the other hand, we have

Ti41
D e e E

It follows that

%/ [e-3 (Z(:c)/ so”(z+p>d:c> dpds

i

< RPonlnlle”| L2y

IN

Chlle" |l L2y,

and thus the proof of 1) is completed. The proof of 2) is similar to that of 1). m

We establish now a compactness result which will be useful in the proofs of principal theorems.

Lemma 2.3 LetT > 0 and {up} be a sequence whose elements belong to the space L>=(0,T, H. (R)).
Assume that {up}n is bounded in L>(0,T, H. (R)) and further the sequence {Oyun}p is bounded in

loc

L>(0,T, H Y(R)). Then we can extract from {up}n a subsequence converging in C(0,T, L} (R)).
Proof. The proof is a consequence of the following proposition

Proposition 2.4 ([7]) Let X,B and Y be three Banach spaces such that X C B C Y. Assume that
the embedding X C B is compact. Let F' be some bounded subset in L>(0,T, X) such that the subset
G = {0cf, f € F} is bounded in L"(0,T,Y), with 1 < r < oo. Then F is relatively compact in
(0, T, B).

We denote by I, =] — k, k[ with k¥ € N. We consider the three spaces X = H'(I), B = L*(I;) and
Y = H~!(I}). The embedding H'(I;) C L?(I;) is compact, hence using previous proposition, we
can extract from {uy}, a subsequence (depending on k) which converges in C(0,T, L?(I;)). Thus the
diagonal subsequence of Cantor converges in C(0,7T, L%(I)) for all k € N. m

14



2.2 Proof of Theorem 1.1

2.2 Proof of Theorem 1.1

We construct a weak solution for the system

0w = 0y (u A g(x)0pu) = u A0y (gOu), t>0, x€eR, (2.10)
u(0, ) = uo(x), '

as a limit, when h — 0, of a sequence {up}, of solutions for the semi-discrete system
dsth = D+O(uh A gD~ up) = up A Dt (gnD~up), t>0, (2.11)
“h(o) = Up,

where u9 = {u (2;)}; € (R3)%n with [u9 (z;)| =1 and g5, = {g(t, ;) }s

Proposition 2.5 Let u) = {u)(z;)}; € (R®)%" be such that |ul)(z;)| = 1, and D*ul € L. Let
g € Wh(RT, L>(R)) such that there exists o > 0 with g > «. Then equation (2.11) has a global
solution up, = {up(x;)}; € CLRT, (R*)Zr) with |up(t,z;)| = 1 and DTy, € CHRY, L2).

Proof. Let h > 0. We endow the space
Ep = {vp € R¥® v, €Ly and DTy, € L3},

with the norm
lonlln = [vnlLge + 1D vpln,  Vun € By,

for which the space (Ep, ||.||n) is a Banach space. Let R > 0 and Q = Bg, (u}, R). We define the
function

{F:Q—)Eh: Uh'—>F(’Uh),
(F(vn))(2i) = DF (vn A (gnD~vn)) (i) = 7 (g(ai)vn (i) A vn(zio1) — gn(i + Don(@iga) A va(2:)) .

In what follows we denote 8 = ||g|| (). Let un,vn, € Q. We have on the one hand

F(up)(zi) — F(up)(zi) = ghgi) [un (i) A (un(zi-1) — vn(@i-1)) + (un (@) — vnlzi)) A vn(zi)]
D) (o s41) — n(os2)) A (o) + (i) (o) — )]
then 48
[ (vn) = F(un)loge < 55 (R + [uplln)lon — un|Lse, (2.12)
On the other hand, using Lemma 1.9 we get
|DF(F(vn) = F(un))|ln = |DT[D*(gn(va A D~ v — up A D™ up))]|n

4
< h—§|vh/\D7vh7uh/\D7uh|h

4
< h—§(|vh|Lz° |D™ (vn — up)|n + [D”un|n| D™ (v — un)|n
4
< h—g(RJr luplln) (1D~ (vp = un)|n + 1D~ (vn — up)]a-
It follows that 45
|F'(vn) — F(up)|n < E(RJrHU;OzH)HU—UHha (2.13)

15



2.2 Proof of Theorem 1.1

where, combining (2.12) et (2.13), we deduce that

8
£ (vn) — F(un)|[n < hg(RJr luplln)l[on — wnlln.

Thus F is locally Lipschitz-continuous and Cauchy-Lipschitz theorem holds. Hence there exists T* €
RS U {+oo} and uy : [0,T*[— (En,||||n) satisfying (2.11). Taking the usual R3—scalar product in
(2.11) with wup, we find that %|uh(t,zi)| =0, hence |up(t, ;)| = |uf (x;)| = 1 on [0, T*[. Then we have
llunlln = 1+ |DVuplp which gives T* the following characterisation

limsup |[DFup(t)]p = +oo  if T* < +oo.
t—T*

Taking the L? —scalar product in (2.11) with D (gD~ uy), we get

d

i ; gn| D" up () P (t, ;) = ; g (t,z;)| D" up (z:)|* (t, ),
from which and by using the Gronwall lemma, we obtain

t
|D+uh(t)|h = |D7uh(t)|h < \/g|D+u2|h exp <§—1a> Vt € [O,T*[

up||n # 400, hence we finally get T* = +oco0. B

This means that lim;_ 7~

In what follows, we consider T > 0 fixed. For each sequence {vj} of elements in L?, we have
(d;thﬂvh)h — (un A gnD~up, D™ vy),, , hence

< ﬁf D) exp (W) (2.14)
th

duh

Let {ul}}, be a sequence satisfying

Qpuy —ug in L} _(R), (2.15)
QhD"'u?L% % in L?*(R). )

Then we have

Lemma 2.6 The sequence of solutions {un}n satisfying (2.11), with initial data {u)}y satisfying

(2.15), has the properties

i) {0y Prup}n is bounded in L°°(0, T, H—1(R)).
ii) { Pnup }p, is bounded in L>°(0,T, Hlloc(R))

Proof. Property i) is an immediate result of (2.14) and Lemma 1.13.
ii) Let I = [a,b] C R. Then we have

Ti+1 2
1Panling = X [ dz 30

h
> 3 (lun (@) * + Jun(zis1)|* + un(@i)un(@is1)) + DTl

%

Ti—T T — T up (i) — up(Tit1) 2

up(z;) + - up(Tit1) dx

IN

< b—a+2h+|D+uhh,

where the sequence {|DFu)|5}; is bounded, since Q, D uf) — 42 in L*(R). m
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2.3 Proof of Theorem 1.2

Since {Pnup}tn and {0 Pyup}p are bounded in L>(0,T, H. (R)) and L>°(0,7, H *(R)) respec-
tively and in view of Lemma 2.3, there exists a subsequence {up}p and u such that {Ppup}p con-
verges to w in L?(0,7,L? (R)) and almost everywhere. Moreover, {0;Pruy}y converges to dyu in
L*(0,T, H~Y(R)) weak star. The sequence {Qpnup} converges also to u almost everywhere. To show
that the second member {P, DT (up A gD~ up)}n converges to 9, (u A g(x)d,u), we note first that by
Lemma 2.1, the two sequences { Py (up A gn D~ up)}p and {Qp(un A gn D~ up)}n converge to the same

limit in L>°(0,7, L*(R)) weak star. Since

Qn(un A gnD~up) = Qrup A (QrgnQrD ™ up),

and
Qrgn — g almost everywhere,
Qpup — v  almost everywhere, (2.16)
QnD~up — dyu in L>®(0,T,L*(R)) weak star,
we have
Qn(un AgnD~up) = u A (gdzu) in  L¥(0,T,L*(R)) weak star,
and

{ Py(un A gnD~up) — u A (gyu) in L>*(0,T,L*(R)) weak star, (2.17)

O Pr(un A gnD~up) — 0 (u A (g0zu)) in  L°°(0, T, H}(R)) weak star.
It is clear that
QnDT (un A gD~ up) = 0 Py(un A gn D™ up),

then using lemma 2.2, the sequence { P, DT (up, A gn D~ up) }, converges to 9, (u A (90,u)) in L>(0,T, H~1(R))
weak star.

When g = g(z) does not depend on time, we have

d

pn Rg($)|8mu(t,x)|2dac =0,
then gl p
gllLe=(R) || QU0
Opu(t)]|2 0y < 2B |1 270 ,
o 2 P

and u € L= (R*, H} .(R)). Thus the proof of Theorem 1.1 is completed.

2.3 Proof of Theorem 1.2

In this proof we use, without details, the same techniques of previous proof. Let [ > 0. We construct
a solution u € L>®(R*, H(T!, $?)) for the system

{(’%U@I(u/\g@zu)u/\@i(gamu), t>0, zeT, (2.18)

u(0,x) = up(z).

) of solutions for the

as a limit, when h — 0, of a sequence {u, = {up(z;)}i € Piy}n (with b = £

semi-discrete system
n — DF (up A gnD~un) = un A DT (gnD~up), t>0,

n(0) = uf, (2.19)
up(t,xo) = up(t,zy), t>0,

with |up(2;)°] = 1, and g, = {g(x;)}; such that g(t,z0) = g(t,zn).

17



2.4  Proof of Theorem 1.8

Proposition 2.7 Let u) € P,y (with h = %) be such that |u)(z;)| = 1, and g € WH>=(R*, L>(T"))
be such that there exists a > 0 with g > «. Then there exists a solution up, = {up(x;)}; € CL(RY, P, n)
for (2.19) with |up(t,z;)| = 1 for every i.

Proof. Let [ > 0 and N € N. We denote h = % We endow the space Py by the norm

|vn|Lee = sup v (xi)],  Vun € PN,
i€Z

which makes (P, n,|.[) a Banach space. Let R >0 and Q = Bp, , (uj, R). We define the function
F:Q— P n by

(F(on))(xi) = D" (vn A (gD~ vn))(x:)
1

= 73 (gn(@i)vn(zi) Aon(zi-1) = gn(@it1)vn(@ir1) Avn(@:)).

Then we follow the same steps followed to demonstrate Proposition 2.5. m

The rest of proof is similar to that of Theorem 1.1 and requires property (1.17) and results of
Lemmas 1.13, 2.1 and 2.2.

2.4 Proof of Theorem 1.3

We denote
Ag,vp =D (gnDvy) = D™ (T gD vy), D?*=DTD™ =D"D™,D*=DtD D*,

and ¢! = {0:g(t,x;)};. Since g is given in WH(R*, W3(R,R)), then there exist 3, 81, 8, 81, 8", B4
and (" such that

lgn|rse < B, gl < B

|D:9h|L;° =D gnlre < By |DVg)lLe = D7 gjloe < B
|D39h|Lh°° <p", |D%gjlLe < By

|Dgnlpe < B

Our proof consists of several steps

2.4.1 Step 1

In this step, we establish two a priori estimates in %ﬂ, D*%ﬂ, Ag,up and D™ Ay, up.
We start by proving that

d 2
— + Ay, unl? | <Oy
dt ( N 9h h

where C; and Cy are two positive constants independent of h. For any two sequences up = {up(z;)};
and vy, = {up(x;)}:, we have

duh

duh

dt

9 2
+ IAghuhli> + Cy, (2.20)
h

Ay, (upvn) = DY (gt~ v D~ uh + grup D~ vp)
= 7T oAy un + g DT (77 vR) D up + 7 (g D" on) D up + unl g, vn
= wpAg,uh + gn D" v D" up + 7 gn D o D up + upAg, vp. (2.21)
We derive (2.11) with respect to ¢

d2uh
dt?

= (Uh A Aghuh) ANAg, up +up ANAg, (uh A Aghuh) + up A Ag;ﬁ“h- (2.22)

18



2.4  Proof of Theorem 1.8

Using (2.21) and |up (¢, z;)| = 1, we deduce from equation (2.22) that
% = (un - Ag,un)Ag,un — |Ag, un*un

tup A (gnD " up A D™ Ay, up + 719D up A DAY, up + up A A;huh)
= upA Agﬁuh + (un - Ag, un)Ag, up, — |Aghuh|2uh + (up - Aghuh)uh - A;huh

+E, (2.23)
where

E = gpupn A(D7up AD™ Ay, up) + 7 grup A (DYup A DAY, up)
= gn(up - D™ Ag,up)D " up + 74 gn(up - DT Ay, up) DT uy,
—gn(un - D™up) D™ Ay, up, — 7T gn(up - DTup) DA, up.

Furthermore, we have

h
Up - Diuh = $§(Diuh)2,

hence
h
T+gh(uh~D+uh)D+Aghuh = —§T+gh(D+uh)2D+Aghuh
h _ _
= -3 {D (DY un)*r (gndg,un)l — D™ (7 gn(D un)?) Ay, un }
h _ _
= -3 {DT[gn(D~un)*Ag,un) — D¥ (gn(D~ur)*)Ag,un},
and
_ _ h 9
gh(uh-D uh)D Aghuh = §gh(D uh) D Aghuh

h _ _ _
= 3 {D¥[gn(D~un)*1~ Ay, un] — DT (gn (D~ un)*) Ag,un} ,
which together give
_ _ h? _ _
—7‘+gh(uh . D+uh)D+Aghuh — gh(uh -D uh)D Aghuh = ?D-"_[gh(D uh)2D Aghuh]- (2.24)

On the other hand, we have

up - Dg,up, = up - (Dt gD~ up, + 7 g DT D™ up)
h _ 1 _
= §D+gh(D uh)Q — §T+gh((D uh)2 + (D+uh)2)
1 _
= —5(n(D un)® + 7 gn (DY un)?),
hence
up, - DiAghuh = Di(uh - Ag, up) — D*uy, - Ti(Aghuh)

1 _
= —§DjE (gh(D uh)2 + T+gh(D+uh)2) — D%y, - Ti(Aghuh). (2.25)
Combining (2.24) and (2.25) we find that
W2,
E = ?D [gh(D uh) D Aghuh]
1
—ighD_ (gh(D_uh)2 + T+gh(D+uh)2) D7 up — gn(D™up - 77 Ag, un) D up,
1
—§T+ghD+ (gh(D_uh)2 + T+gh(D+uh)2) DYy, — 7T gn (DT up - 77 Ay, up) DY uy,.
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2.4  Proof of Theorem 1.8

Taking the L? —scalar product in (2.23) with d;th and using up, - d“—h =0, Ay, up - %o =0 and
duh d
gh(ﬂ) = EA% (un) — Agguhv

we obtain by integration by parts

1d
2dt

duh

dt

2
+|Aghuh|i> =h+ DL+ L+1+1; +1I5 +15,
h

where
Jl = (AgfluhaAghuh)h)

Jo = (uh A\ Agfluh,uh A\ Aghuh)h,

h? du
n =5 (D¥ (DD 8w, )

1 du
I = ~3 <T+9hDJr (gn(D~up)? + 77 gn (D up)?) D uy, dth)

_ _ _ du
Iy =—5 (%D (9n(D~un)? + 75 gn(D*un)?) D up, dth)

1 du
Igr:—5 (T+9h(D up, - 7 A g, up) D up,, dth)

_ 1 du
I3 =-3 (gh(D up - T Ag,up) D up, dth)

To bound from above these terms we apply essentially the Holder inequality and Lemmas 1.9 and
1.15. We start by

Ji+Jr < 2Ag upla|Ag, unln
< 2(B1 DT unln + Br|D?*un|n)|Ag, unln- (2.26)
Then, we have on the one hand
+ duh
Il S |D gh(D uh) D~ Aghuh|h dﬁ
duh
< hlgn(D™un)*D™ Ay, unln a
h
duh
< hBIDup7|D” Ay, unln r
duh
< 20ﬂ|D uh|H1|Aghuh|h dt (2.27)

and on the other hand I} = I, + L5, with
1 _ du 1 du
I = -3 (T*ghDJr(gh(D up)?) Dy, dth) I, = -3 <T+ghD+(T+gh(D+Uh)2)D+Uh, d_th> .
h

Moreover,

1 _ _ _ _ du
IQJE =—3 (T"'gh (D+gh(D uh)2 +7 g (D™ + 7D )uy - DTD uh) Dy, dth)
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2.4  Proof of Theorem 1.8

hence
" 1 P I _ 9 |dup
Iy < 5B(B1D unln+28DT D unln) D™ unlpee | —=
1 1y — ﬁ — 2 dup,
< 508 (ﬁ |D Uh|h+25|AghUh|h) [D™unlyy |
Similarly, we find that
1 _ I} _ dup,
I3, < 508 (5'|D uh|h+25|Aghuh|h) D unlyy | =]
then J
I <CB ﬂ’|D*uh|h+2ﬁ|Aghuh|h 1D w2 |52 (2.28)
o} r|odt o,
For I; we easily note that
I < teppwpa dun
3 55 A Uh|H}1L| anUnln I (2.29)

The two terms I3 and I, can be treated in the same way followed to bound I3~ and 1. Since

| D™ un 3 |D™unlj + D D7 upl;

IN

B 1
| D™ unlj + §|Aghuh|ia (2.30)

we get by combining (2.26), (2.27), (2.28), (2.29), (2.30) and (2.14)

d 2
— —+ |A uh|,% <
dt ( A 9n

where C1,Cy > 0 are two constants depending on «, 3, 81, ', B and |DFu?|,. Then we establish an
a priori estimate in D’%ﬁ and D™ Ay, up. Let

duh

duh

dt

9 2
+ IAghwzli> +Cs, (2.31)
h

1
Aghuh = E(gh(DiuhV + T+g(D+uh)2).

We have found that

d2uh
dt?

+ A;huh = (uh . Aghuh)Aghuh — |Aghuh|2uh + (Uh . A;huh)uh + up A Agfzuh + FE, (2.32)
where

h2
E = 7D+[gh(th)QD*Aghuh]

—ghDi(Aghuh)Diuh — gh(Diuh . TiAghuh)Diuh
—1t DT (Ag, un) D up, — 75 gn (DY uy - 7T Ay, upn) D uy,. (2.33)

Moreover, we deduce from (2.21) that

up, - Aih (un) = Ay, (un-Ag,un) — |Aghuh|2 —gnD" Ay, u- D7 up — T+ghD+Aghu - DVuy,
= _Agh(Aghuh) - |Aghuh|2 _ghD_Aghu'D_uh
—7Tgn DT Ay, u- D uy,. (2.34)
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2.4  Proof of Theorem 1.8

Thus Combining (2.32), (2.33) and (2.34), we get

d;% + Af]huh = —Ay, (Ag, un)up — Ag, upAg, up — 719, DT (Ag, un) DT up — gD~ (Ag, un)D " uy,
—gn(D™up - 7" Ay, up)D"u — gn DT Ay, u - D7 up — | Ay, up|?
—7 g (DY up, - 71 Ay, un) D up — 7T gn DY A, - DT uy — |A,, un |
Jr}gDJF[gh(D*uh)QD*Aghuh] + un A Ayt up, (2.35)
where

—gn(D™up - 7" Ay, up)DTu — g DT Ay, u - D7 uy, — |Aghuh|2 =D (T gn(DTuy, - Ag, up)up),
—1 g (DT up - 7 Ay, up) D up — 79 DT Ay, u - DTy, — |Aghuh|2 = —DH(gn(D"up - Ay, up)up).
We have

D"'uh . Aghuh = D+gh|D+uh|2 + %ghD+(|D_uh|2) + %gh|D+D_uh|2,
D~up, - Ay, up, = D™ gp| D~ up|* + %T*ghD7(|D+uh|2) + %T*gh|D+D’uh|2,

and
gn DT (ID~up|?)un = DF (gn| D~ up*un) — 77 (1D~ unl*) DT (gnun),
gD~ (|DVup|*)un, = D™ (7 gn| DV upPun) — 77 (|D unl?) D™ (ghun),
then
_ 1 _ 1 _
D™ (" gn(DTup - Ag,un)un) = 389, (94|D un*un) + 3D (rFgn| D~ un*[DF ghun — 7+ gDV up))
h
+§D_(T+ghgh|D+D_uh|2),
and
_ 1 1 _
D*(gn(D™up - g, un)un) = gﬁgh(7+gh|D+uh|2uh)+ 5D+(gh|D+Uh|2[D+ghUh — gnD"up))

h
+§D+(T+ghgh|D+D7uh|2).
Thus equation (2.35) can be rewritten as

d2uh
dt?

+ A;huh = —2Agh((Aghuh)uh) —+ up N Ag;zuh

1 _ _ _
+§D+ (gn|DFun|?29n D~ up — D grup, — D™ gnm " up))

h h?
75(D+ + D7) (7" gngn| DT D unl?) + ?DJF (gn(D~up)*D™ Ay, up) (2.36)

duh

a7, we get, after

Applying operator D~ on (2.36) and taking the L?—scalar product with g, D~
integration by parts,

h d _duyp,
2t 29 (‘D o @)

2
+ |D_Aghuh(:ci)|2> =h+L+L+1+J+Jo+ Js,

with
du h

Il =-2 (D_Agh((Aghuh)uh),ghD_E) ,
h
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2.4  Proof of Theorem 1.8

1 _ _ _ _ _du
I = 3 (D Dt (gn| Dt un|* 29D~ up, — D grup — D™ gnm " un)), gn D dth>

1 d
I3 = 75 (hD(l)Jr + Df)(T+ghgh|D+D7uh| ) gn D™ CZh>

_du
=5 (1D DD D Al D G )

d
J1 = ( (uh/\A ¢ Uh,s gn D™ ;Lth))

Jo = (ghDiAghuh, DiAg;Luh)h,

duh
Ja = thzgh <’ o )

We start by bounding Ji, Jo and Js3. We have

= |D-Aghuh<xi>|2> .

Al < BID unl g (Brl DPunl + B4 1D unly) Df%
+B(281|D%unln + 8D unln + BID>unln) D*% . (2.37)
| Ja| < B(2B1D*unln + BY|D un|n + B1D%unln) | D~ Ay, unl,, , (2.38)
| T3] < %& <|D_Aghuh|i + ’D‘% h) : (2.39)

For the term Iy, we have

1 _
o] < —5{2|D2(9ﬁ|D+uh|2D un)|n + | D*(gn DT gn| Dt un*un)|n

_du
+|D?(gn D™ gn| D up [*r 7 up) |} ’D —= (2.40)
h
and
|D*(gi| DY un2D™up) - < C{((B + BB")|DF unlfee + 82D un| 2o )| D unln
+BB'|DF up G e | D*unln + B%| D un|Foo| D2upn}- (2.41)

We also have

|D*(gn D gn| D unPun)ln - < CL((BB" +26"8")|DF un|rze + (87 + BB") D unli) D  unln
+(BB' D  unli~ + (87 + BB") | DT un| g ) [ D>unln
+B6'| D up|Lze | D un|n}- (2.42)

The term | D? (g, D~ gn| D up|?>7~up)|n can be bounded from above by the same term of the right-hand
side of (2.42). To find a suitable bound for I, we write first

D™ Ay, (gn| D~ unlPun) = D*(gn D~ (gn| D" unl*un))
= D*(gi7 |D " up>D up + gD~ gn7 " | D up >t up + g2 D (1D un)?un).
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2.4  Proof of Theorem 1.8

Thus the two terms |D?(g27~ |D~up|*D~up)|p and |D? (gD~ gnm | D~ up|?*7 " up)|sn can be bounded
from above by the members of right-hand side of (2.41) and (2.42) respectively. For the term
D*(g2D~(|D~up|*)up), we have

duh

dt

(26D~ (1D"unf? . 90D~ i

du
) 121+< 31D un2)un, i D~ L4 ) (2.43)
with

Iy < CB{B%ID*un|toe [DFup b+ ((BB" + )| DY uprse + BB'|D*un|rge + BB/ | DY up|] o ) D> upln
duh

! (2.44)

+(BB' DT un| e + B2 D*up|Loe )| Dun |} D™ —+

Integrating by parts the second term of the right-hand side member of (2.43), we obtain

_du B du
(D00 Pyt Gt ) = (D0, DD )

du
—th DDX(ID ™ unl*) (i) D (up - D™ ) (x:).

Moreover, since uy, - d“h = 0, we have

dun

duh duh
+ ‘D2 X
)

o 2
@) h di el

l) (uh D™ —

Consequently, we get
(P2UD Py gD %) < CLPFDA D unls + B8 0 Dl
h

_du
+(B ﬁ2|D+uh|Loc + ﬁ3|D+uh|Lm)|D3uh|h} ’D h

+B*{|DF un|Le | D?un| Lo | D unn

duh
+|D?up| o | D*un|n}

(2.45)
According to the definition of I3 and I, we have

\I3| < hB|D*(gn7" gn|D*un|?)|n |D™ —

and )
4] < §h2ﬂ|D2(gh|D7Uh|2D7Aghuh)|h D~

|,
where, applying Lemma 1.9, we get
hD* (gt gn|D*unl?)|n < 2|DF (gnt gl D*unl?)[n,

and
h?|D?(gn|D*un|*D~ Ag, un)ln < 4lgn| D™ un|* D™ Ag, unn,
which gives together with previous estimates of I3 and Iy

duh

[Is| < CB*|D*up| e (8’| D*unln + B|D%up|n)|D™—+ o s

(2.46)
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2.4  Proof of Theorem 1.8

and p
- _ _du
14| < 28%|D” un[f| D Ay, unln| D™= |n.
Since
D™ Ay, up = D*g5, D™ up + gnD*up, + D gnD*up, + D™ g D™ D™ uy, (2.47)
we obtain p
U
|I4| < 2ﬁ2|D_Uh|%hoc (ﬁ”lD_’uth + 2ﬁ’|D2uh|h + ﬁ|D3uh|h) D_d—th . (248)
h
Combining (2.37 - 2.46) and (2.48), we finally get
lihz () D*dﬂ( -)2+|D*A (z))? ] <CA A (2.49)
2 dt - gn\Tq dt Zq gn U\ Tq >~ 142, .

with A; = |D+uh|Lzo + |D+uh|%ﬁ.o + |D2Uh|Lg° + |D2’uh|%hx, Ay = |d;—th ?LI}L + |D2uh|§1i + |D+uh|,2l and
C > 0 is some constant depending on 3, 51 5', 81, 8", 8 and "

2.4.2 Step 2

We construct the sequence {ul}; such that

Qurul = uy in LI _(R),

QD u) — dg% in  L%*(R),
QnD*u) — T4 in L*(R),
QnD?u) — LM in  L2(R),

=
dx3

(2.50)

then

Lemma 2.8 There exists T1 > 0 such that the sequences {0y Pnup tn, {0:PnD ™ up}n, {PnD*up}pn and
{P,D3up}y, are bounded in L>°(0,T, L*(R)).

Proof. Let T > —L_. For t € [0, T] we denote

VC1Cy"
2
duh 2 2 ¢ duh 2 2
G(t) = CoT + |22 )] +185,un(O)F +Cr [ (| ZE@)| + 18w | dr.
h 0 h

where C; and C are the constants of inequality (2.31), hence & € W*°(0,T) and in view of (2.31)
we have

1 !
(W) < (4, for almost everywhere on 10, 77.

then we have

Cht + % 2 57 vt € [0, 7],
and
Glt) < g ¥ € 0.(CGO) L
Since
G(0) = o + | GEO)| 418,10

2|8, un (0[5 + CoT
48| D up|y + 48%| DY D™ [f + CoT,

IA A
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2.4  Proof of Theorem 1.8

the sequences {|D*ul |}, and {|DTD~u)|,}) are bounded. Thus there exists M > 0 such that

48" D Y |2 4+ 4% DT DUl |7 + CoT < M,

GOy *>M1t>o.
Let T = 1(C1M)~'. Then, for all ¢ € [0, 7], we have
2 M

A 2 G < ——— < 92M. 2.51
h+| ghuhlh— ()— 17%M71G(0) — ( )

duh

dt

According to Corollary 1.15, there exists C' > 0 such that
|D+uh|Lzo S C’|D+uh|H}11, |D2uh|Lh°° S CV|D2’LL}1|H’11

Thus combining (2.49) and (2.51), we have for all ¢t € [0, 7]

1d Cduy,, |
= E . D28 (s
sai’ i 9n(wi) (’ ar i)

where C1,Cy > 0 depend on 3, 81, ', B, B, B, B, a, and M. Following the same argument in the
previous part of this step, we find that there exists K > 0 and 0 < T3 < T such that, for all t € [0, T1],
we have

du
- |D-Aghuh<wi>|2> < CUID SRR + DA w)? + G, (252)

pr + |D_Aghuh|h <K. (253)

}D_ duh
h

Since
Ay, up, = D g, DT uy + g, D?up,,

Dnghuh = DQgthuh + ghDguh + DJrghDQuh + D gn D™ D™ uy,

we deduce from (2.51) and (2.53) that sequences {|D“Z‘—t’1 |h}h’ { ‘Z‘—t’l |h}h’ {|D?>up|pn }n, and {|D3up|p}n
are bounded in L>°(0,7}). The result then yields from Lemma 1.14. m

2.4.3 Etape 3

We already proved, by Lemma (2.6), that there exists u € L*>°(0,T, H. (R)) and a subsequence {u},
such that

Py,D up — 0,u in L>®(0,T,L*(R)) weak star,

for all T' > 0. According to lemma 2.8, there exist v, w € L>(0, T}, L?(R)) and a subsequence {up }n
such that

5 . oo 2
{ P,D?up, v in L*(0,T1, L*(R)) weak star, (2.54)

PyD3up —w in L*(0,Ty,L*(R)) weak star.

Consequently, the sequence {9, P, D~ uy, }1, converges to 92u in the sense of distributions. On the other
hand, 9, P,D~up = QnD?up, and the two sequences {QpD?up}y and {P,D?uy}y converge to the
same limit in L>°(0, T, L?(R)) weak star (Lemma 2.1). It follows that 92u = v € L>(0, T3, L*(R)),
hence {P,D?up} converges to 2u in L°°(0, T}, L*(R)) weak star. A similar argument shows that
92u € L>(0,Ty, L*(R)) and thus the proof is completed.
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2.5 Proof of Theorem 1.4

2.5 Proof of Theorem 1.4

First, we establishing the following two lemmas

Lemma 2.9 Let g € WL (RT,R) be such that there exists o > 0 with g > a. Let T > 0 and
w: [0,7] x R — 5% be some solution for (1.2) such that d,u € L*(0,T, H'(R)). Then there exist
C1,Co > 0 depending on g and ||0;u(0, .)|| g1 (ry such that for almost every t € [0,T] we have

t
10032z + 18 ullF 22y < 1+ Co / (10() 322 + 18gu() 3oy ) dr. (255)

Proof. Taking the L?—scalar product in (1.2) with Aju and integrating by parts, we obtain

d
G [a@lo.utis = [ ooz,
which gives
. 9vq|| oo
10sult, )| 2@y < %H&CU(O, )l z2my exp (%) Vit e [0,T). (2.56)

Since 2u - 9,u = dz|u|? = 0, and by deriving (1.2) with respect to ¢, we obtain

Ru = (WAAu)AAu+unDg(un Agu) +uA Ap,gu
= (u-Agu)Agu — [AgulPu+u A (Agu A Agu + 290,u A Oz Agu+u A AZu) +u A Ag,g
= (u-Agu)Agu— [Agul*u + 2g(u- 9 Agu)Opu + (u- AZu)u — A2u+uAAg,gu.  (2.57)

It is clear that d;u - u = 0, then we get by taking the L?—scalar product in (2.57) with d;u
d
— [ (10> + |Aul?)de = 4/ g(u - 0 Agu)(Opu - Opu)dx
+2 / (u A Ap,gu) - (u A Agu)de
R
+2/ Ap,qu - Agudz.
R
Furthermore, we have

u-0zAgu = Oyp(u-Agu) — dgu- Agu

= = 20u(010.u?) — 500100l (258)
and
(uNDp,qu) - (UANAGu) = Apgu- Agu— (u-Ag,gu)(u- Agu)
= Apgu-Agu— %8tg2|8mu|4. (2.59)
Then, integrating by parts, we get
%% R(|8tu|2 + 1A, P dr = Z% R92|61u|4dx - /Rg@zg|61u|2(amu-8tu)dac

)
1 / 019°|0pul*dx + 2/ Np,qu - Agudz (2.60)
R R
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2.5 Proof of Theorem 1.4

Let 3
1) = ol oo + I18gulae — 5 [ o7l0.ul'de,

J(u) =— / 90:.9|0,u|? Oy - Opu)dx — g/ 0:g°|0pu| dx + 2/ Ap,qu - Agudz.
R R R

Relation (2.60) can be rewritten as

3 t
ol + 180l = 10(0.0)+ 5 [ gPoltde+2 [ Suoyar. @60

Then applying Gagliardo-Nirenberg inequalities on d,u, we get

[10sull Lo(r) < KollOzull P2 1030 72 gy
3 1

L - (2.62)
100l oy < KallOwull g 1020l 3a ey
with Kg, K4 > 0. On the other hand, we have
||93£U||2L2(R) < 2||AQUH%2(]R) + 2H3m93mu||2L2(R)- (2.63)
To find a suitable uper bound for I(u(0,.)), we use the relation
Ovul® = u A Agul* = Agul* — g|0sul*,
which implies that
)
I(w(0,.) = 2[Agu(0,)|Zm — 3 /}RQQWM(O, Ntz
)
< 201800, )12y + 5 Kil102u(0, )2 10700, ) L2 (2.64)

Thus, inequalities (2.56), (2.62), (2.63) and (2.64) together with g € W1°°(R* R) allow, by using
Holder inequality, to upper-bound the second member of (2.61) by

t
Ci+Co [ (10 e + 180007 e ) .

where the two constants above depend on g and [|0,u(0,.)|| g1 (r)-

Corollary 2.10 Under the assumptions of lemma 2.9, we have for all t €]0,T[
10Zu(t, )22z < Die™,
where Dy and Dy are two positive constants depending on g and ||0zu(0, )| g1 (r)-

Proof. Let
P(t) = 10u(t) || F2my + 1070172 (R)-

Inequality (2.55) implies that
t
ult) <1+ G [ wir)ar,
0

then conclusion follows from Gronwall lemma. =
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2.5 Proof of Theorem 1.4

Lemma 2.11 Let g € WH(RT, W3 (R)) be such that there exists o > 0 with g > . Let T > 0
and u : [0,T] x R — S? be a solution for (1.2) such that O,u € L>=(0,T, H*(R)). Then there exist
C1,Co > 0 depending on g and ||0;u(0,.)|| g2(r) such that for almost every t €]0,T[ we have

t
0z ullz gy + 192ullag) < C1+ Co / (10012 gy + 10307 32y )

Proof. Since

w- AZu=Ag(u- Agu) — 290,u - O Agu — |Agul?, (2.65)
we get by combining (2.57), (2.58) and (2.65)
8t2u + Aiu = uAApgu— Ag(g|8mu|2) — g|8mu|2Agu —20,(9|0u|?)0pu

—29(0zu - Agu)dpu — 2g(0pu - Ox A gu)u — 2| A jul?
= uA sy — Ay(g0sul*u) — 20,(9(0ru - Ayu)u)
= uA Do,y — 204 (|0ul*u) + 0, (|05ul?*(90:u — Dzgu)) . (2.66)

Deriving (2.66) with respect to x and taking the L?—scalar product with gd;0,u, we get by integrating
by parts

1d

—— [ g (|8taxu|2 + |(91Agu|2) de = 72/ g0z (|8Iu|2u) - 0y0zudx
2 dt R R

+/ 902 (10zul?*(90:u — g'u)) - 0,0 udz
R
+/ g0z (u A Ag,gu) - 00z udx

R

+/gazAatgu~&EatAguder/8tg|8zAgu|2dz.(2.67)
R R

We upper-bound the L? norm of the right-hand side member of (2.66) by applying the chain rule on
operators 9, A, and §2. All the terms of the right hand side member of (2.67) except for

J = —2/938§(|3Iu|2)u - Oy 0y udz,
R

can be upper-bounded by C (Hatazu(T)H%z(R) + ||8§’u(7)||%2(R)) . To upper-bound Ji, we integrate by
parts hence we get

J1 = 2/ 02(|0,u|?)0x (gu - 04 0pu)de,
R
then we develop
Oz (u- 04 0,u) = Opuu- 0y 0pu+1u - 010U = Opu - 0p0pu + - 010U — 02 (u - Opu) = —0pu - OpOpu — 02w - Dyu.
Thus we get
Ji=6 / g g*02(|0,ul®)u - ;0 udx — 2 / g202(|10xu|?) (0pu - 0p0yu + O2u - Dpu)dz,
R R
and the conclusion holds from Hélder inequality and Sobolev embedding. =

Corollary 2.12 Under the assumptions of Lemma 2.11, we have for all t €]0,T|
103u(t, )22z < Die”,
where Dy and Dy are two positive constants depending on g and ||0zu(0, )| g2 (wr)-

Proof. The proof is an immediate result of Gronwall lemma. =
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2.5.1 Proof of Theorem 1.4

Let u and @ be two regular solutions for (1.2) with initial data uy and @y respectively such that

ddiz", % € H? (R). We denote w = u — @ and wg = up — @o. In what follows, we prove that there exist

Cr >0, k=1,.,5, depending on g and the H? norm of % and dd%, such that for almost every
t €]0,T1[ we have

t
li3rs gy < Callwollfys gy + Ca / () 3 gy (2.68)
and
J0oll3aqmy + 102032y < Csllwolis ) + Ca (10wlimollfaqey + 1020 Fr))

t
+C5/0 (”a‘f“(””%%m + ||3§W(T)II%2(R>) dr. (2.69)

Applying (2.10) and (2.66) on w and @ and subtracting, we get

Ow =2 NAgw +wA Ayz, (2.70)
and
02w + Agw = 2ANApgw+wAApgz—204(9Qw) + 0 (Q(g0rw — Dpgw))
—4A (g(Opz - Opw)z) 4 204 ((0z2 - Opw) (902 — 0zg2)), (2.71)

with z = (u+ @) and Q = 1 (|9,ul* + |9,a[*) . Multiplying (2.70) by w, we find that |w|?> = 2(z A
A,w) - w, which means that w € L?(R). Then, integrating by parts and using Holder’s inequality, we

get
d
& [t
dt Jy

-2 / g(w A 0y2) - Opw
R

2(|90z2|| oo ) |lwl| L2(R) | Oz || L2 (m)

19022l Lo m) || 11 - (2.72)

IN A

Next, we take the L?—scalar product in (2.70) with A w. Integrating by parts and using Holder’s
inequality, we get
d

- O, 2
o Rgl w|

/8t|3mw|2—2/g8z(w/\Agz)~8mw
R R

/8t|3mw|2—2/g(w/\8mAgz)~8mw
R R

< (19l Ly + 1902892 Lo @) w71 () - (2.73)

A

Thus, (2.68) holds from Corollaries 2.10 and 2.12 and from Sobolev’s embedding 3 after summing
(2.72) and (2.73).

Finally, taking the L?—scalar product in (2.71) with d;w and integrating by parts, we get

1d

5@/(|5tw|2 +[Agw|?) = [ + I + Is — 2By — 4E5 + E3 + 2E,,
R

3There exists C' > 0 such that
llull oo (&) < Cllullgr vy, Yo € H' (R).
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2.6 Proof of Theorem 1.5

with
I = / Ap,gw - Agw,
R

I :/z/\Aatgw-atw, I3 :/ wAAp,gz - O,
R R
Bi= [ 8(000) 0, Ea= [ 0,(Qlodw - g)) -0,
R R

Ey, = / Ay (g(0y2 - Opw)z) - Ow, FEy= / Op (02 - Opw)(g0sz — g'2)) - Opw.
R R

The terms Iy, Is, I3, F1, Es and E; can be treated by applying Holder’s inequality and Sobolev’s
embedding H*(R) C L>(R). Applying the chain rule on Ay, the term Fs can be written

Ey = / 92(6352 . 6§’w)(z - Oww) + Eoq,
R

where Fo1 can be treated by Holder’s inequality and Sobolev’s embedding. Finally, we have z - yw =
—w - Oz (since |ul? — |a|?> = 0) and

/ g2(8zz . agw)(z cOw) = —2 / g'9(0x2 - 6§w)(z - Oww) + / 925§w <Oy ((w - 0¢2)0p2)
R R R

which is now in a suitable form to be upper-bounded as above. This yields the desired claim at the
H? level.

2.6 Proof of Theorem 1.5

We construct a solution v € L*(0, Ty, H? .(R)) for the system

loc

Oy = g(t,x,7)0xy A 02,
z 2.74

as a limit, when h — 0 , of a sequence {~;,} of solutions for the semi-discrete system

dt

D = g, Dy, A D%y, >0, (2.75)
Y1 (0) =7, '

where 70 = {¥2(x;)};i € (R3)%n is such that |[DT4?(x;)| = 1, and g5 = {g(t, z:,7}(z:))}i. We denote
up = DYy, gl = 0ig(t, i, y(2;)) and Ay, up, = D (gD~ up). Then, applying DT on (2.75), we get

duh

E = Up, A AghUh. (276)
‘We have
d - 2 dyn () - 2
> anIDTu ) = YT Vgt @, n(@)| D un ()

duh
t - 2 - -
+Zgh($z‘)|D un ()| +Z (ghD up - D W) (%3)-
Then, using Lemma 1.16, we obtain
du du
hZ(gthuh . Df—h)(zi) =— <Aghuh, —h) =0.
i h

dt
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2.6 Proof of Theorem 1.5

Thus, using ddith = gpup N D™ up, we can write

d _ _ _
%Z(gth unl?) (@) < ([Vagllee D unlrg Y (gn| D™ unl?) ()

[ [

10wl Y 1D un(z) . (2.77)

To get another estimate in |Ay, |, we derive (2.76) with respect to ¢t. This yields

dzuh duh d
W = ﬂ /\Aghuh+Uh/\%AghUh
= (uh AN Aghuh) VAN Aghuh
d d
Ty A <D+ (% : Vg(’yh)Duh> +A,, <%) + Agguh) . (2.78)

Next, we denote ~
Ay, up = Dt (gh(uh AD uy, - Vg(Vh))Dfuh) ,
then (2.78) becomes
d2uh ~
T2 = (Uh A Aghuh) A Ag, up +up AN Ag, (uh A Aghuh) + up A (Aghuh + Agiuh). (2.79)

Repeating the same calculus as in (2.32), we get
d2uh
dt?

where

+A§huh = (uh'Aghuh)Aghuh*|Aghuh|2uh+(uh'A?]huh)uh+uh/\(Aghuh+Agfbuh)+Ev (280)

h2
E = 7D+[gh(th)QD*Aghuh]

—gn D™ (Ag,un)D " up — gn(D™up - 77 Ag, up)D " uy,
—1t DT (Ag, un) D up, — 75 gn (DY uy - 7T Ay, upn) D up,.

Taking the L? —scalar product in (2.80) with %% and using both uy, - 24 = 0 and Ay, up, - L =0,
we get by integration by parts

2
duh ~ duh

A A — =17 AN A — ] .

h+ ( gnth Son ( dt ))h " (Uh gttt dt )h

where I = (E d“—h)h. We have

’odt
du d <
Agh( h) = =Dy, un — Dg,un — Ay up,

1d
2dt

dun
dt

at ) T ate
Consequently,
Ld (|dun|” A A Ayeup, A A A A
sat \ | ar + | ghuhlh :I+( gnUh + gt Whs gh“h)h"’(uh/\( gnWh + gﬁuh)’“h/\ ghuh)h
h

We know that g, and D¥gy, are upper-bounded in norm L*>(0,T, L3°) by f = |glle(0,1,) and
B = [|0z9ll Lo (0,1,0) + IV~ Lo 0,1,y respectively. Thus by following the same calculus in the
proof Theorem 1.3, we find that there exists Cy = Cy(«, 8, 8") > 0 such that

2
duh

— h). (2.81)

I < Ci|DYup|tee (1Ag, unli, + DT unlj, +
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2.6 Proof of Theorem 1.5

To find a suitable upper bound for the term (Agh up, Ag, uh) , we first rewrite
h

Aghuh = Dt (gh(uh AD uy, - va(%))D_uh)

(un A D™ un.Vyg(vn))Ag, un + 7T gn DT (up, A Dfuh.V.Yg('yh))DJruh

= (un A D7 un.Vyg(vn))Ag, un + 7 gn(un A D2uh.V,Yg('yh))D+uh
+7%gn (wn A D™ w,. DT (Vo g(11))) D up.

The term D*(V,g(yn)) is upper-bounded in norm L>(0,T,Lp°) by B” = [|0:V~gllLe(0,1,0) +
V29l Lo (0,7,5)- Tt follows that

(Aghu]“ Aghuh)h < BID 7 un| | Ag,unliy + B'|D T un| L |7 D un|n| Ag, unln
+Bﬁ”|D+uh|Lhao|D+uh|h. (2.82)
Furthermore, we have Ay up = D¥gj D™up, + 77 gj, D?up, then the two terms 7+g} and Dtgj, are

upper-bounded in norm L*(0,T,Ls°) by /1 = ||atg||Loo(01TﬁLoo) and ] = Hata$g|‘Loc(07T7Loc) +
10:V 19l Loe (0,1, o) Tespectively. Then we have

(Agiuh, Aghuh)h < (B{ID~unln + Br|D?un )| Ag, unn- (2.83)

Using inequality |7+ D?up|n < |Ay, un|n + 8| D up|n together with (2.77), (2.81), (2.83) and (2.82),
we find that there exists C' = C(a, 8, 81,8, 81, 8") such that

4
dt

In view of Lemma 1.15, there exist C' > 0 and C' = C(a, #') > 0 such that

dup |?
d—th + Ay, unln + hZ[gh|D+Uh|2]($i)> < C (|D+uh|%;>bc + |D+uh|Lg°)
h i

duh

x (mghuui 1Dt + 1D+ |

)

|D*upltee < CID unlzyy < CO(|Ag, unli, + D unl).

This implies the existence of two constants Cy, Cy > 0 depending on «, 8, f1, 5’ f1, and 5" such that

2
d (|duy |’ duy, |
o |+ 18gunln + 0D lanl DY un () | < Co ([Aguunlf + 1D unli + | Z5F| ) +Co.
dat \| dt |, - at |,
(2.84)
We construct now the sequence {79} such that
Qh7]9, — 7 din L?OC(R>)
DA 5w iy 2 (R,
Qh Th gm loc( ) (285)

dee
QhD?"y,?—>C;J3“ in L%

QuD* - &% i I2(R),
)

Thus we have
Lemma 2.13 There exists T7 > 0 such that

i) The two sequences {Ppyn}n and {Pyup}n are upper-bounded in L>(0,T1, H} (R)).
ii) The sequences {0y Phun }n, {0: Puyn y i, {PaD T up '}y and { Py D*up}p, are upper-bounded in L>°(0, Ty, L*(R)).
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2.6 Proof of Theorem 1.5

Proof. Following the same steps in the proof of Lemma 2.8, we find that there exists 73 > 0 and
M > 0 such that for almost every ¢ €]0, T3], we have

duh

| D upf, + | D*unlj + i

2
< M. (2.86)
h

To prove i), let L > 0. For some 1 > h > 0, we denote N = E(%) + 1. Since

1P Ol (2,19 < VELIPR( 0] + L+ D0 Pron Ol 21,0, (2.87)
and
Pn0) = ha(t,0)
< OO+ 71 | Sn(.0)
L>(0,T4)

< (0,0 + TaBl[ D un(, 0) | L~ (0.1)
<

[7(0,0)| + T8 sup [D7un(7,.)|Lse,
T€[0,T]

inequality (2.86) together with Lemma 1.15 imply the existence of a constant C' > 0 such that
|[Payn(t,0)] < [07(0)| + CT1BVM, (2.88)
for almost every t €]0,T1]. To treat the second term of the right-hand side of (2.87), we write

N-1 o,
10 Prml2e ) = 3 / |D* () [P < 2L+ , (2.80)
2 ),

1=—

hence we find that for almost every t €]0, 7], 4

I Piyn ()| 1 (~2,2) < V2L(170(0)| + CTy BV M) + (2L 4 1)%.
On the other hand, we have

dx

5 Nl e Ti— T —x; 2 up () — up(Tit1) 2
| Prunllgn—r,) = i;zv 5 - up () + - up(ziv1)| dz+ zi:h W
No1
< ) 3 (lun(@)|* + lun(zir)]? + un(@i)un(@isr)) + DV unl;
i=—N
< 2L+1+ M.
This completes the proof of i).
Property ii) is an immediate result of (2.88) and Lemma 1.14. m
Lemma 2.13 together with Lemma 2.3 imply the existence of u,y € L>(0,7%,L? (R)), w,v €
L*(0,T1, L*(R)), and two subsequences {~;}» and {uy} such that
Pyyn = in  L*(0,T1, L% .(R)) and almost everywhere,
O Ppyn, — Oy in L*(0,T7, L*(R)) weak star,
Pyup, —w in L*(0,Ty, L} (R)) and almost everywhere, (2.90)

PyD~up — v in L*(0,T1, L*(R)) weak star,
PyD?up —w in  L%°(0,Ty,L*(R)) weak star.

41t is possible to define {42}, by
(i) = v0(ws), Vi € Z,
hence 2 (0) = 0(0).
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It follows that {9, Pyup }n converges to 9, u in the sense of distributions and, since 8, Prup, = QpD T up,
we also have d,u = v € L>(0, Ty, L*(R)).

We now prove that { Py (grun A D™ up)}n converges to g(y)u A dyu in L>(0, Ty, L?(R)) weak star.

We first note that
Qn(gnun AN D™ up) = g(Qnyn)Qnun A QnD ™ up,.
This implies that the sequence {Qn(gnun A D~ up)}n converges to g(y)u A dzu in L>(0, Ty, L*(R))
weak star. In view of Lemma 2.1, the two sequences {Qp(grhun A D™ up)}p and {Pr(gnun A D™ up)}n
converge to the same limit. Since {0, Py, }» converges to 9;y in L> (0,71, L?(R)) weak star, we finally
get
Oy = g(y)u A Oz u. (2.91)

Thus to complete this proof, it suffices to show that 9,7 = u and that d2u € L*(0,T1, L*(R)). The
sequence {0, Pnyn}n converges to 9,7 in the sense of distributions. On the other hand, we have
02 Pryi, = Qn DYy, = Qpup, and the sequence {Qpup b, converges to u in L>(0, Ty, L7 (R)). Indeed,
for L >0 and N = E(£) + 1, we have

N1 i
> [ e - s

|Qrun — PhuhH%Z(—L,L) <
i=—N
2 + 2 33
< §N|D Uh|Lg°h
2
2 T2 12
< SO+ R)ID unly h
2
< §CM(L+h)h2,
hence
02y = u.

The sequence {9, P, D~ up}n converges to 92u in the sense of distributions. We have 9, P, D~ uy, =
QnD?uy, and in view of Lemma 2.1, the two sequences {QpD?up}p, and { P, D?up};, converge to the
same limit in L°°(0, Ty, L?(R)) weak star. Thus 02u = w € L*(0,T1, L?(R)).
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