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Finite element discretization

of the Stokes and Navier—Stokes equations

with boundary conditions on the pressure

by Christine Bernardi', Tomas Chacén Rebollo!'? and Driss Yakoubi®

Abstract: We consider the Stokes and Navier—Stokes equations with boundary conditions
of Dirichlet type on the velocity on one part of the boundary and involving the pressure on
the rest of the boundary. We write the variational formulations of such problems. Next we
propose a finite element discretization of them and perform the a priori and a posteriori
analysis of the discrete problem. Some numerical experiments confirm the interest of this
discretization.

Résumé: Nous considérons les équations de Stokes et de Navier—Stokes munies de con-
ditions aux limites de Dirichlet sur la vitesse sur une partie de la frontiere et faisant appel
a la pression sur le reste. Nous écrivons la formulation variationnelle de ces problemes.
Puis nous en proposons une discrétisation par éléments finis et effectuons ’analyse a priori
et a posteriori du probleme discret. Quelques expériences numériques confirment 'intérét
de la discrétisation.
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1. Introduction.

Most works concerning the Stokes or Navier—Stokes equations deal with Dirichlet
boundary conditions on the velocity (also called no-slip conditions), see for instance [20]
or [33]. However, other types of boundary conditions were suggested in the pioneering
paper [4], which was followed by a large number of works on this subject. Among them,
the conditions on the normal component of the velocity and the vorticity were thoroughly
studied and led to the so-called vorticity—velocity—pressure formulation, introduced in [31]
and studied in several other papers, see [17], [18] and [7] for instance. Their extension to
mixed boundary conditions was performed in [8]. However it seems that the conditions
on the tangential components of the velocity and the pressure have less been studied, we
refer to [29] and [15] for first works on these topics and also to [5] in the case of a simple
geometry and of the linear Stokes problem. Recent papers deal either with the analysis
of the equations [3] [26] or with their discretization [23] [24] [28] [32]. Unfortunately this
discretization most often relies on finite difference schemes.

We wish here to propose a discretization in the case of mixed boundary conditions,
Dirichlet conditions on the velocity in part of the boundary, conditions on the tangential
components of the velocity and on the pressure on another part, both for the Stokes and
Navier—Stokes equations. We first write the variational formulation of these problems
and recall their main properties. It can be noted that all conditions on the velocity are
prescribed in an essential way while the boundary condition on the pressure is treated in
a natural way. Next, we consider a finite element discretization: In view of the variational
formulation, we decide to use the same finite elements as for standard boundary conditions,
more precisely the Taylor—Hood element [22]. We perform the numerical analysis of the
discrete problem: Optimal a priori estimates and quasi optimal a posteriori error estimates
are derived, both in the linear and nonlinear cases. The arguments are similar to those
for standard boundary conditions but require small extensions. In a final step, we present
numerical experiments that confirm the interest of our discretization.

The outline of this article is as follows.
e In Section 2, we present the variational formulation of the full system and investigate
its well-posedness.
e Section 3 is devoted to the description and a priori and a posteriori error analysis of the
discretization of the Stokes problem.
e The a priori and a posteriori analysis of the discretization applied to the Navier-Stokes
equations are the object of Section 4.
e In Section 5, we present some numerical experiments.
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Spanish Ministerio de Economia e Innovacién and FEDER EU grant MTM2012-36124-
C02-01. The authors are very grateful to Samuele Rubino for interesting discussions and
comparison of their computations.



2. The continuous problem and its well-posedness.

Let  be a bounded connected domain in R¢, d = 2 or 3, with a Lipschitz-continuous
and connected boundary 02. We assume that this boundary admits a partition without
overlap into two parts

0N =T,UTly,, Ny =0,

where both I'y and I'y have a finite number of connected components. From now on, we
also assume that both I'; and I'y have a positive measure in 9€2. We denote by n the unit
vector normal to 92 and exterior to ).

From now on, we use the notation of the three-dimensional case and sometimes explain
the modification in dimension d = 2. Thus, we consider the problems, fore =0 and ¢ = 1,

—vAu+e(u - V)u+gradp=f in €,

divu =0 in €,

u=up on I'y, (2.1)
UXTT=Uy XN onlI'y,

P+ 5 [ul® = pa on I's,

(in dimension d = 2, the third component of n is zero, so that u X n and us X n mean
the tangential component of uw and ws, respectively, which is scalar). Indeed, the first two
lines correspond to the standard Stokes model for € = 0, to the Navier—Stokes equations
for ¢ = 1. The unknowns are the velocity u and the pressure p of the fluid, while the
quantity p + % |u|? represents the dynamical pressure. The data are a density of forces
f on the whole domain and the boundary data w;, us and po, while the viscosity v is a
positive constant.

We write a variational formulation of problem (2.1), next prove the existence of a
solution first for ¢ = 0, second for ¢ = 1.

2.1. The variational formulation.

With standard notation for the Sobolev spaces H*(€2) and Hy(2) (see [1, chap. 3] for
details), we introduce the domains of the divergence and curl operators

H(div; Q) = {v € L*(Q)% divw € L*(Q)},
H(curl; ) = {v e L2(Q)¢; curlv € L*(Q)

d(d—1)
2

}.

We recall from [20, chap. I, sections 2.2 & 2.3] that the normal trace operator: v — v-n is
continuous from H (div; Q) into H % (92) and that the tangential trace operator: v — vxn
: . : (d-1) : L

is continuous from H (curl; Q) into H~2 (9) T So, we introduce our variational space

X= {'v € H(div;Q) N H(curl;Q); v-n=0o0onT; and v xn =0 on 89}. (2.2)
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Obviously, the trace operator: v +— v - m is continuous from X onto the dual space of
1
3

1
Hg,(T'3) (see [25, Chap. 1, Section 11.3] for the definition of the space Hgz (I'2)). So, we
denote by H,,?(I'2) its dual space. and by (-, -)r, the corresponding duality pairing.

Remark 2.1. Let Q* be any domain included in €2 such that 0Q2* N9 is contained in I';.
The restrictions of functions of X to Q* belong to H(2*)¢, see [2, thm 2.5] for instance.
On the other hand, when I's is of class C1'! or convex (where “convex” means that there
exists a convex neighbourhood of I'; in ), it can be proven [2, thms 2.12 & 2.17] that X
is imbedded in H'(Q2)¢. Unfortunately, when I'y has re-entrant corners or edges, it is only
imbedded in Hz(Q)4, see [16].

The aim of the space X is of course to take into account the boundary conditions on
the velocity (we recall that, in dimension d = 2, v x n = 0 means that the tangential
component of v vanishes). Next we define the bilinear forms

a(u,v) = V/Q(curlu)(a:) - (curlw)(z) dx, b(v,q) = —/Q(divv)(:c)q(zc) de, (2.3)

together with the trilinear form

N(w,u,v) = /Q(curlu X w)(x) - v(x)dr — % /Q(u cw)(x)(divo)(x) de. (2.4)

Note that, in dimension d = 2, curlwu is a scalar function, so that curlu x w means the
vector function with components (curlu)w, and —(curlu)w,. With this notation, we
consider the problem

Find (u,p) in (H(div; Q) N H(curl;Q)) x L?(2) such that
u=wu;only and uXmn=1uyXnonly, (2.5)

and

Vo e X, a(u,v)+eN(u,u,v)+b(v,p) = /Qf(a:) -v(x) de — (p2,v - n)r,, (2.6)

Vg e L*(2), b(u,q) =0.

Indeed, we have the following result.

Proposition 2.2. Any solution (u,p) of the variational problem (2.5) — (2.6) such that p
belongs to H'(Q) is a solution of problem (2.1) (in the distribution sense). Conversely, any
solution (u, p) of problem (2.1) which belongs to C?(Q)%x C1(£2) and also to C°(Q)%¢x C° ()
is a solution of the variational problem (2.5) — (2.6).

Proof: The third and fourth lines in (2.1) are obviously equivalent to (2.5). On the other
han, taking ¢ equal to divw in (2.6) yields the second line in (2.1). Finally, we recall that,
by integration by parts and for a function v in D(2)¢ N X (note that such a function has
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its trace v X n equal to zero on all the boundary 02 and that a weak regularity of p is
needed for the last line)

a(u,v) = V/chrl(curl u)(x) - v(x)dex,

N o) = [ (- V(@) -v@)de— 5 [ )@ n)m)dn

b(v,p) = /Qv(az) - grad p(x) dx — (p,v - n)r,,

where 7 stands for the tangential coordinate(s) on 9€2. Then, thanks to the identity
—Awu = curl(curlu) — grad (div u), (2.7)

taking v in .@(_Q)d gives the first equation in (2.1). The fifth equation then follows by
taking v in D(Q)? N X and looking at the terms on I'y issued from (2.6).

The converse property is proved by the same arguments, together with the regularity of
(u, p).

We now prove the existence of a solution for problem (2.5) — (2.6).

2.2. The Stokes problem.

In the case ¢ = 0 of the Stokes problem, problem (2.5) — (2.6) is of standard saddle-
point type. So, its well-posedness requires two inf-sup conditions. The first one is an
extension of the usual inf-sup condition for the Stokes problem to our boundary conditions,
its proof can be found in [5, proof of thm 2.1] or in [6, lemma 3.1]. The space X is now
provided with the graph norm of H(div; ) N H(curl; ), i.e.

S

ol = (1013 oy + iV I3y + lowrlol?, un)®, (28)

which is smaller than || - || g1 (q)e-

Lemma 2.3. There exists a constant 3 > 0 such that the following inf-sup condition holds

b(v,
vae 22(), sup 229 > 3lalla. (2.9)
veX ||’U||X

The next lemma requires the kernel
V={veX; Vqge L*(Q), b(v,q) =0},
which is obviously characterized by
V= {v eX; dive = OinQ}.
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Lemma 2.4. There exists a constant o > 0 such that the following ellipticity property
holds
Vo eV, a(v,v)>alv|:. (2.10)

Proof: Due to the definition of V, we have for all v in V,

CL(’U,’U) = V( ||CllI'1’U||iZ(Q) d(d2—1) + ||le’U||%2(Q))

Since the boundary of Q is connected, this last quantity is bounded from below by ¢ ||v||Z,
see [2, cor. 3.19], whence the desired ellipticity properry.

We are now in a position to prove the first existence result. For any data w; on I'y
and uy on I's, we denote by C(u1,us) the function equal to u; on I'; and to ug on T's.

Theorem 2.5. Assume that the data f, w1, uo and py satisfy
FeL2(%  Clu,uy) € HF (00,  po e HE(Ty). (2.11)

Then, problem (2.5) — (2.6) for ¢ = 0 has a unique solution (u,p). Moreover, this solution
satisfies

Jalle + Ipllzo) < ¢ (1 z2gos + 1€ w) g g+ 02l ) (2:12)
00

Proof: Let w be a function in H'(2)¢ such that its trace on 9 coincides with C(u1,us)
and which moreover satisfies
ool s e < € 1ot )3y

Then, the pair (ug,p), with ug = u — w, must be found in X x L?(Q) and satisfy

Vv e X, a(up,v)+b(v,p) = /Q f(x)-v(x)dx — (p2,v-n)r, — a(w,v),

Vg € L*(Q), b(uo,q) = —b(w, q).

(2.13)

The well-posedness of this last problem follows from Lemmas 2.3 and 2.4, see [20, chap. I,
cor. 4.1]. This yields the existence and uniqueness of a solution to problem (2.5) — (2.6),
together with estimate (2.12).

Remark 2.6. All this study makes use of data ps in H(I'2) for generality. However,
it follows from [16] that it can often be less regular, for instance in L?(I'y) when € is a
polygon or a polyhedron.

2.3. The Navier—Stokes equations.



In the case € = 1 of the Navier-Stokes equations, we decide to work with homogeneous
boundary conditions on the velocity, namely

u=0onTy and uxn=0onTs, (2.14)

in order to avoid the technical difficulties due to the Hopf lemma, see [20, chap. IV,
lemma 2.3] for instance. Proving the existence of a solution relies on Brouwer’s fixed point
theorem and requires the next lemma.

Lemma 2.7. The spaces X and V are separable.

Proof: The space 2(Q)¢ is dense in H(div; Q) N H(curl; ), see [2, prop. 2.3], so that
this space is separable. Since it is a Banach space and X is a closed subspace of it (this is
due to the continuity of the trace), X is also separable, see [11, prop. 3.22] for instance.
Finally, since V is a closed subspace of X, it is once more separable.

The main result of this section requires a further assumption.
Assumption 2.8. The space X is compactly imbedded in L*(2)<.

It follows from Remark 2.1 that this assumption always holds when I is of class C'+!
or convex and also from [16] that it holds when (2 is a two-dimensional polygon. However,
it seems weaker.

Theorem 2.9. Assume that the data f and po satisfy

FeL2(Q),  pye HE(T,). (2.15)

Then, if Assumption 2.8 holds, problem (2.6) — (2.14) for ¢ = 1 has at least a solution
(u,p). Moreover, this solution satisfies

)

c

< — 2 1
lullx < (N llzz@ye + Hp2HH(?O(F2)
(2.16)

/
2
1Pz < e (I FllL2)e + szﬂ )+ —Q(HfHLZ(Q 4+ HP2H )7

(Fz) (Fz)

where both constants ¢ and ¢’ are independent of v.

Proof: We proceed in several steps.
1) We first note that, if (u, p) is a solution of problem (2.6) — (2.14), its part u belongs to
V and satisfies

Yo eV, a(u,v)+ N(u,u,v) / flx x)dx — (p2,v - N)r,, (2.17)
where the new trilinear form N(-,-,-) is defined by
N(w,u,v) = /(curlu X w)(x) - v(x)d.
Q
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We first investigate the existence of a solution for this problem.
2) Let us introduce the mapping ®, defined from V into its dual space by

(®(u),v) = a(u,v) + N(u,u,v) / flx x)dx + (p2,v - N)r,.

By noting that N (u,u,u) is zero, we derive by the same arguments as in Lemma 2.4

(®(u),u) > aluli — c(f,p2) |ullx,

where the constant c(f,p2) = | f|r2()e + ||p2|| 3oy only depends on the data. Thus,
Hgo (T2

(P(u), u) is nonnegative on the sphere with radius (f(;p 2) (note that « is equal to cv).

3) It follows from Lemma 2.7 that there exists an increasing sequence of finite-dimensional

subspaces V,, of V such that U, V,, is dense in V. For any fixed n, the function ® satisfies

the same properties as previously on V,,. So applying Brouwer’s fixed point theorem (see

[20, chap. IV, cor. 1.1] for instance) yields that there exists a u,, in V,, which satisfies :
Vo, € V,, (®(uy),v,) =0.

Moreover this u,, belongs to the ball with radius %.

4) Since the sequence (u,,), is bounded in X, Assumption 2.8 implies that there exists a
subsequence, still denoted by (u,,), for simplicity, which converges to a function u of V
weakly in X and strongly in L*(Q)?¢. Moreover, due to the weak lower semi-continuity of

C(f,pg)
o

the norm, the limit u still belongs to the ball with radius , hence satisfies the first

part of estimate (2.16).
5) For a fixed m < n, since the sequence (V,,), is increasing, each function w,, satisfies

Vo, € Vi, (®(uy),v,) =0.

Then, passing to the limit on n follows from the previous convergence properties. Due to
the density of U,,V,, into V, it is thus readily checked that the function u satisfies

YoeV, (P(u),v)=0,

hence is a solution of problem (2.17).
6) From the previous lines and thanks to the definition of V, the quantity

/ f(x x)dx — (p2,v - n)r, — a(u,v) — N(u,u,v)

vanishes for all v in V. So, it follows from Lemma 2.3, see [20, chap. I, lemma 4.1], that
there exists a p in L?(Q) such that

Vo e X, b(v,p) / f(x x)dx — (p2,v - n)r, — a(u,v) — N(u,u,v).



Thus, the pair (u,p) is a solution of problem (2.6) — (2.14).
7) It also follows from Lemma 2.3 that

Jo £ ( x)dx — (p2,v - n)r, — a(u,v) — N(u,u,v).

[v]lx

Ipllr2) < B~ SUP

Thanks to the estimate on wu, the quantity p satisfies the second part of (2.16).

It is readily checked that any solution (u,p) of problem (2.6) — (2.14) satisfies esti-
mate (2.16). This yields the uniqueness of the solution, but unfortunately with a rather
restrictive condition on the data.

Theorem 2.10. Assume that the data f and ps satisfy (2.15) and moreover

| Fll 220y + |lp2]]

) <ec (2.18)

b

2
for an appropriate constant c. Then, if Assumption 2.8 holds, problem (2.6) — (2.14) for

e = 1 has at most a solution (u,p).

Proof: Let (u1,p1) and (ug, p2) be two solutions of (2.6) —(2.14). Then, u; and us belong
to V and their difference satisfies

Vo €V, a(ur —uz,v) = N(uz,uz,v) — N(ui, u1,).
Next, taking v equal to u; — us and noting that N(w, v, v) vanishes for all v, we obtain

v ||curl (uy — ug)H2 dd_1) = N(uz — U, U, U — U).
L2(Q)” 2

We recall that

VweV, Jwllx <clleurlwl® - uuy,
L2(Q)” 2

so that using estimate (2.16) for us yields

1 curl (u; — us)|/? .
el =)

— w2 ¢
v ||curl (u; u2>y|L2(md<d1 < = (Ifllz2 @ + llpa

Thus, when (2.18) is satisfied with a small enough constant ¢, curl (u; — us) vanishes.
It thus follows from [2, cor. 3.19] that, since both u; and wus are divergence-free, they
coincide.

In this case, the functions p; and po satisfy

Vv € X? b(v7p1 _p2) = 07

so that, owing to Lemma 2.3, they coincide. This concludes the proof.

2.4. A final remark.



We consider once more problem (2.5) — (2.6) or (2.6) — (2.14) but now with the form
a(-,-) replaced by

ay(u,v) = V/Q((curl u)(z) - curlv(z) + Adivu(z)divo(z)) do.

It is easy to check that, for a positive parameter A, this modification does not change at all
the problems and that all the previous results are still valid with the modified problems.

The main difference between the forms a(-,-) and a,(-, -) is that this new form satisfies
the next stronger ellipticity property. The interest of this new property for the discretiza-
tion is obvious: It leads to the stabilization of the divergence term.

Lemma 2.11. For any positive parameter A, there exists a constant o > 0 such that the
following ellipticity property holds

Vo € X, ax(v,v) > a min{l,\} |jv|3. (2.19)



3. Discretization of the Stokes problem.

From now on, we assume that € is a polygon or a polyhedron. We introduce a regular
family of triangulations of Q (by triangles or tetrahedra), in the usual sense that, for each
h7
e () is the union of all elements of Tj;

e The intersection of two different elements of 7y, if not empty, is a vertex or a whole
edge or a whole face of both of them:;

e The ratio of the diameter hx of any element K of 7 to the diameter of its inscribed
circle or sphere is smaller than a constant independent of h.

As usual, h stands for the maximum of the diameters hx. We make the further and non
restrictive assumption that I'; and Ty are the union of whole edges (d = 2) or faces (d = 3)
of elements of 7;,. From now on, ¢, ¢, ... stand for generic constants that can vary from
line to line but are always independent of h.

3.1. The discrete problem and its well-posedness.

Setting
Y, = {vn € H'(Q); VK € Th, vl € %(K)},

we define the space of discrete velocities
X, =Y¢NX,
and the space of discrete pressures

My, = {qn € H'(Q); VK € Th, aalx € PI(K)}'

Even if the following analysis is valid for general mixed finite elements, we have chosen
this one, called Taylor—-Hood element, see [22], which is highly used in the case of standard
boundary conditions, we refer to [20, chap. II, section 4.2] for its main properties. We
denote by Zj, the standard Lagrange interpolation operator with values in Y.

In view of Lemma 2.11, we have decided to work with A = 1, i.e. with the form a4 (-, ).
The discrete problem is then constructed by the Galerkin method, it reads:

Find (up,pp) in Y;il x M}, such that
up = Zpuy on I’y and up X n =7Ipus X nonls, (3.1)

and

Vop € Xp,  ar(un, vn) + b(vn, pr) :/Qf(iv)-vh(fv) dx — (p2, vn - M1y, (3.2)

Van, € My,  b(un,qn) = 0.
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Proving its well-posedness relies on the same arguments as for the continuous problem,
however a further assumption is required for the first inf-sup condition.

Assumption 3.1. At least an edge (d = 2) or a face (d = 3) of an element of 7}, is
contained in I's.

This assumption is not restrictive at all since it is always true for A small enough and
leads to the following lemma.

Lemma 3.2. If Assumption 3.1 holds, there exists a constant (3, > 0 such that the
following inf-sup condition holds

b
Vi, € My, sup ('vh;Qh)

> B llanllz(e)- 3.3)
S Tl = Pl (

Proof: For any g in My, we use the expansion

gn = q+1q, with @ = m /Qqh(a:)da:.
Next, we proceed in three steps.
1) Since ¢ has a null integral on €2, the standard inf-sup condition, see [20, chap. II, thm
4.2] for instance, implies that there exists a function @ in Y¢ N H} ()4, hence in X}, such
that
divo = —(j and ||'l~)HX <c ||6||L2(Q) (34)

2) Since ¢ is a constant, we observe that, for any v in X
o1 = <1 [ (0-m)(s)ds
I

We introduce a function ¢ in 2(2 UT'3) such that fr2 ©(s)ds is a positive constant cg.
And we note that

/ Tho(s)ds > / ©(s)ds — || — Tno| L1 (ry) > co — ch?,
FQ F2

so that it is larger than % for h small enough (this requires Assumption 3.1). Now, we

consider a regular extension n* of n to 2 and we take v equal to —qZ, (¢ n*), which gives

Co

o)
o
[\

= omeas (@) 19122 and [[Tlx < ¢ 7]z, (3.5)

3) We conclude by using the argument due to Boland and Nicolaides [10]. We take vy,
equal to v + p v for a positive constant p and, noting that b(v,q) is zero, we derive from
(3.4) and (3.5) that

b(’Uh, qh) = b<'l~’7 Cj) + /Lb(ﬁ, q) + Hb(67 Q)

- HCo —_ ~ _
= HQHQL2(Q) + m”fﬂ\%%m —cp|lgll 2ol 22 () -

11



Using a Young’s inequality thus yields

1, 9 €o iy o
b(vn, qn) > _Hq”L2(Q) +M(2meas Q) D) )HqHLQ(Q)’

whence, by taking p equal to 5 and using the orthogonality of ¢ and g in L?(Q),

co
meas (2)
b(vn, qn) > ¢ llqnl172(q)-
On the other hand, we have

lonllx < [1Bllx + 1 l@llx < ¢“llgnllr2@)-

This yields the desired inf-sup condition.

From now on, we suppose that Assumption 3.1 holds. On the other hand, since X}, is
imbedded in X, the ellipticity of the form aq(-,-) is a direct consequence of Lemma 2.11.
So, we now state the well-posedness result.

Theorem 3.3. Assume that the data f, uwy, us and py satisfy, for a real number o > %,
1

fe ()9  Clup,uy) € H (0N,  py € HE(T,). (3.6)

Then, problem (3.1) — (3.2) has a unique solution (wup, py). Moreover, this solution satisfies

)- (3.7)

lunllx + llpnllz) < ¢ (1Flln2)e + 1C(ws, w2)l o a0ye + Hp2|| 3y

Proof: The lifting w of the trace C(u1,u2) introduced in the proof of Theorem 2.5 can
now be chosen in Hot2 (), at least for o small enough, hence is continuous on Q. Thus
standard arguments yield

[Zhw|| ()¢ < cl|Cur, wa)ll o o0)2-

Writing the problem satisfied by (up — Zpw, pp) and combining [20, chap. I, cor. 4.1]
with Lemmas 2.11 and 3.2 imply that problem (3.1) — (3.2) has a unique solution. Then
estimate (3.7) obviously follows.

2. A priori analysis.

Using the same lifting w as previously, we observe that the pair (won, pp), with ugp =
up, — Ipw, is a solution in X; x M, of

Vo, € Xp,  ai(won, vn) + b(vs, pn)
/ flx x)dx — (p2, v, - n)r, — a1 (Zpw,vy), (3.8)
Van € My,  b(uon, qn) = —b(Zrw, qn).

12



On the other hand, the pair (ug,pp), with ug = u — w, is a solution of the analogous
continuous problem (2.13) with a(-, -) replaced by a;(-,-). So standard arguments, see [20,
chap. II, thm 1.1], relying once more on Lemmas 2.11 and 3.2, yield the following version
of the Strang lemma.

Lemma 3.4. The following error estimate holds between the pairs (ug,p) and (uop, pr)

|luo — wonllx + I[P — PrllL2()

<c (wjggh |wo — vnllx + qhiglgﬂh P = anllr2)) + ¢ |w — Zhw|x.

(3.9)

By using the triangle inequality
lu —unllx < [luo — wonllx + lw — Zhwllx,

and the approximation properties of the spaces X; and My, together with that of Zj (see
[9, chap. IX] for instance), we can now state the a priori estimate.

Theorem 3.5. Assume that the data f, wi, us and ps satisfy (3.6) for a real number
o, dgl <o< g, and that the solution (u,p) of problem (2.5) — (2.6) for ¢ = 0 belongs
to H5T1(Q)? x H*(Q) for a real number s, 0 < s < 2. Then, the following a priori error
estimate holds between this solution and the solution (wp,py) of problem (3.1) — (3.2)

|u —wnllx + [P — pullz2o
“ (3.10)

< ch® ([l gosr e + ol @) + ¢ B2 [|C(ur, w2) || o (a0ya-

Clearly, this estimate is fully optimal and, when combined with (3.7), proves the
convergence of the discretization for all solutions (u,p). On the other hand, for a smooth
solution (u,p), the error behaves like h?, so that the method is of order 2.

3.3. A posteriori analysis.

This analysis requires some further notation: For each element K of Tp,
e Ex stands for the set of edges (d = 2) or faces (d = 3) of K which are not contained in
o09;
e &% stands for the set of edges (d = 2) or faces (d = 3) of K which are contained in T'y;
e wy denotes the union of elements of 7, that share at least an edge (d = 2) or a face
(d = 3) with K
e for each e in £k, []. denotes the jump through e (making its sign precise is not necessary
in what follows);
e for each e in i or €%, h, stands for the length (d = 2) or diameter (d = 3) of e.

We now intend to prove an a posteriori error estimate between the pairs (u,p) and
(up, pr) solutions of problems (2.5) —(2.6) and (3.1) —(3.2), respectively. The first residual
equation now reads, for all v in X and vy, in X,

(= wn ) + 4w~ i) = [ (@) (0= vn)(@)do ~ (pa. (0 = v0) -,
—ay(up,v —vp) — b(v — v, pp)-

13



When integrating by parts on each element K of 7, this gives
a1(u — up,v) +b(v,p — p)

Z / — veurl(curluy,) + vgrad(divuy,) — grad pp ) (z) - (v — vp,)(x) do

KeTn
+ = Z / ([curlup]e(7) - (v — vp) x n(7) — [divup]e(T)(v — vi) - n(7)) dr
eESK
+ 5 [ - vdiva — pi)(r) (0~ v0) - mlr)dr ).
ecg2 V€

(3.11)

Fortunately, the second residual equation is much simpler. It reads, for any ¢ in L?(2) ,
b(u — up,q) = —b(up, q). (3.12)

To go further, we introduce an approximation fj, of f in M¢ for instance and an
approximation pyj, of py which is continuous and affine on each edge (d = 2) or face
(d = 3) contained in I's. Thanks to equations (3.11) and (3.12), we are now in a position
to define the error indicators. They read, for each K in Tj,

nix = hx ||fn — veurl(curluy,) — grad pp |12 x)e + [|div w22k

+ 3 né llewrlunle] , aun + S i lpen — palliaey.  B13)

e€fk ecfZ

These indicators are very easy to compute since they only involve polynomials of low
degree.

Remark 3.6. The term due to the jump of curluy, in the indicator nx defined by (3.13)

may be simplified to
Z hl/ || 8 uht|| d(d d(d—1) ,
e€fk

where 0,, denotes the normal derivative and wuj; are the tangential components of the
velocity wp on e. This occurs because in (3.11) we have

[curluy X n). = [(curluy X n)ile = [Opups]e on e,

where the second equality holds because the tangential derivatives do not jump across e.
Similarly the term f;, —vcurl(curluy)—grad p;, can be replaced by fj, +vAuy, —grad py,.
With these modifications, it is may be easier to see that these indicators are of residual type
(which means that, when suppressing the indices h, they vanish). However the expression
for the curl term in (3.13) leads to an easier computation in practice.

We are now in a position to state the a posteriori error estimate. For this, we introduce
a neighbourhood V of the reentrant comers and edges in I's and set

1 if K CV
Sg =14 2 ! > 3.14
K { 0 otherwise. ( )
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Theorem 3.7. The following a posteriori error estimate holds between the solution (u, p)
of problem (2.5) — (2.6) for € = 0 and the solution (up,pp) of problem (3.1) — (3.2)

1
low = nll+ 10 = pnllizcey < e (3o hi*nic)” +en, (3.15)
KeTy,

where the quantity ey, is defined by

=

e = ( > (R )~ FullZexya + > T p _thHQH(e)))
K€7-h 668?{ (3.16)

+ [[C(u1, uz) — ZnC(us, “Q)HH%(aQ)d’

Proof: We observe from (3.11) and (3.12) that the pair (w — up,p — pp) is a solution
of problem (2.5) — (2.6) with data equal to the right-hand side R of (3.11), the quantity
C(u1,u2) —ZpC(u1, uz) and the right-hand side of (3.12). Thus, estimate (3.15) will follow
by applying estimate (2.12) to this new problem . The quantity C(u;, us)—Z,C(u1,u2) and
the right-hand side of (3.12) are obviously bounded. To evaluate R, we apply a Cauchy—
Schwartz inequality, take v; equal to the image of v by a Clément type regularization
operator Ry with values in Xj, and recall from [9, section IX.3] or [34, prop. 3.33] that,
for any s > % and for any e in Ex or in £2

s 1
lo = Ruoll 2o < chic [ollmonys 10 = Ruvlzzor < ehi* ol o)

To conclude, we note from Remark 2.1 that functions v in X belongs to H!(Q2\ V) but

only to H 3 (V) and we get rid of the further terms involving div u; by using the inverse
inequalities [9, chap. VII, prop. 4.1] [34, prop. 3.37]

l . .
hK ngad(div ’U/h)HLQ(K)d <c ||d1V ’uhHL2(K), he ||d1V ’uhHL2(e) <c Hle uh||L2(K).
(3.17)
All this yields the desired estimate.

Estimate (3.15) is optimal when the domain (2 is convex in a neighbourhood of I's.
Moreover the lack of optimality in the general case is local, limited to V), and exactly the
same was noted in [8, prop. 5.3] for another type of mixed boundary conditions. We now
prove a local upper bound for the indicators. For each K in 7y, we denote by || - [|x(k) the
restriction of the norm || - [|x to K, with obvious extension to wgk.

Proposition 3.8. Each indicator ng, K € Ty, defined in (3.13) satisfies
Nk < c(llu = unllxwy) + 1P = Prllzwy) +€x), (3.18)

where the quantity g is defined by

1
ex = hllf = Fall2iyr + Y hé [p2 — panllz2ce)- (3.19)

e€E%
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Proof: Since the arguments are fully standard, we only give an abridged version of the

proof. We bound successively the four terms in ngk.
1) We set:

or — (fh — veurl(curluy) + vgrad(divuy) — gradph)wK on K,
K 0 elsewhere,

where 1 is the bubble function on K (equal to the product of the barycentric coordinates
associated with the vertices of K). Next, we take v equal to vx and v, equal to zero in
(3.11). Standard inverse inequalities (see [34, prop. 3.37]) lead to

hi || frn — veurl(curluy) + vgrad(div uy,) — grad pp || 2 (x)e

<c(llu —unllxx) + lp = pullezxy + hxllf — Frll2(x)a),
or, equivalently, by using (3.17),

hi || fn — veurl(curluy) — grad pp || 2 (k)

] (3.20)
<c (Hu - uhHX(K) + Hp _thL2(K) + hKH,f - thLQ(K)d) + Cl Hle’u,hHL2(K).
2) We set:
| (divug)xk on K,
=90 elsewhere,
where xx is the characteristic function of K. Taking ¢ equal to qx in (3.12) gives

Combining (3.20) and (3.21) gives the estimate for the first two terms in 7.

3) For each edge (d = 2) or face (d = 3) e of K, we consider a lifting operator L. x that
maps polynomials of fixed degree on e vanishing on de into polynomials vanishing on 0K \ e
and is constructed from a fixed lifting operator on the reference triangle or tetrahedron. If
an element e of £k is shared by two elements K and K’ we set:

v, = {Ee’,{([curluh]ewe) on k € {K,K'},

0 elsewhere,

where 1. is now the bubble function on e. We take v equal to v, and vj equal to zero in
(3.11), where v, is such that

VoXnmn=v.,xm and v.-n=0 on e.

Standard arguments [34, prop. 3.37], combined with (3.20) and (3.21), yield

1
hé H [Curl uh]e HLZ(e) d(d;l)

(3.22)
<c(lu —unlxxuky + lp = pullrz(kurry + b llf — full L2 (kuirye)-

16



4) For each e in £%-, we set:

Ve = {ﬁe,K((pzh —ph)nwe) on K,
0 elsewhere.

We finally take v equal to v, and v, equal to zero in (3.11), which gives

hé [|pan — phllL2(e) (3.23)

< c(llu—unllxx) + 1P — prllzz ) + hllf — Frllee(gye +hé llp2 — panllzzce))-

Owing to the definition (3.19) of £k, estimate (3.18) follows from (3.20) to (3.23).

Estimate (3.18) is fully optimal. Moreover it is local, which proves the efficiency of
our indicators for mesh adaptivity.
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4. Discretization of the Navier—Stokes equations.

We use here all the notation of Secion 3. We write the nonlinear discrete problem.
Next, we prove simultaneously the existence of a solution and the a priori error estimate by
following the approach due to Brezzi, Rappaz and Raviart [12]. We conclude by extending
the results of a posteriori analysis to the nonlinear case.

4.1. The discrete problem.

As previously, the discrete problem associated with problem (2.6) — (2.14) (for e = 1)
is constructed by the Galerkin method. It reads

Find (up, pp) in X x My, such that
Vo, € Xy,  a1(un,vn) + N(up, up,vp) + b(vn, pr)
/ flx x)dx — (p2, v - M), (4.1)
Van € Mp,  b(un,qn) =

The existence of a solution for this problem can be proved by the same arguments as in
Section 2.3. However, we prefer to perform directly its numerical analysis.

4.2. A priori analysis.

We now introduce a different notation. Let & denote the operator which associates
1
with (f,p2) in L?2(Q)? x HZ(T3), the solution (u,p) of problem (2.6) — (2.14) with ¢ =
0, namely of the Stokes problem with zero boundary conditions on the velocity. Then,
problem (2.6) — (2.14) with € = 1, can equivalently be written

F(u,p) = (u,p) = S(g(u), p2) = 0, (4.2)

where the function g is defined by duality

/ flx x)dr — N(u,u,v). (4.3)

1
Similarly, let S}, denote the operator which associates with (£, p2) in L2(Q)?x H3,(T2),
the solution (wp,pp) of problem (3.1) — (3.2) with zero boundary conditions u; = uy =0
on the velocity, more precisely of

Find (uh,ph) in Xh X Mh such that

Vo, € Xy, ai(up,vn) +b(vn,pr) = / f(x) - vp(x) de — (p2,vn - N)r,,
Q

Vg, € My,  b(un,qn) = 0.

(4.4)
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Then, problem (4.1) can equivalently be written
Fn(un,pn) = (un,pn) — Sn(g(un), p2) = 0. (4.5)

Denoting by Z the space X x L2(Q), we recall from Theorems 3.3 and 3.5 the main
properties of the operators Sy: its stability

ISk (£ p2)llz < e ([ Fll2@ya + Hp2||H% ), (4.6)

(T'2)

and the error estimate, for a smooth enough solution S(f,p2) and s < 2,
(S = Sn)(fsp2)llz < ch” |S(F,p2) | o1 (yax e (02)- (4.7)

All this gives the convergence property, for any (f,p2) in L2(Q)? x HZ (T2),

Lim [|(S = Sp)(f, p2)llz = 0. (4.8)

1
Due to Lemma 3.4, this convergence easily extends to data (f,p2) in X’ x Hg)(I'2), where
X’ stands for the dual space of X.

We are thus in a position to prove some preliminary lemmas. As usual, they require
a further assumption.

Assumption 4.1. We consider a solution (u,p) of problem (2.6) — (2.14) with e =1

(i) which belongs to H5*1(Q)? x H*(Q) for a real number s, 0 < s < 2,

(ii) is such that DF(u,p) is an isomorphism of Z (where D denotes the differential oper-
ator).

This assumption is much weaker than the uniqueness of the solution established in
Theorem 2.10, since part (ii) of it only implies the local uniqueness of the solution. We
denote by L(Z) the space of endomorphisms of Z.

Lemma 4.2. If Assumptions 2.8 and 4.1 hold, there exists a hg > 0 such that, for h < hyg,
DFp(u,p) is an isomorphism of Z and the norm of its inverse is bounded independently
of h.

Proof: We use the expansion
D]:h(u,p) = D]-"(u,p) + (S - Sh)(Dg('u,), 0).

Indeed, thanks to part (ii) of Assumption 4.1, it suffices to check that the quantity
(S — Sn)(Dg(u),0)| z(z) tends to zero when h tends to zero. Next, we observe that, for
any v and w in X,

(Dg(u)w,v) = —N(u,w,v) — N(w,u,v).

So, owing to Assumption 2.8, this convergence is an obvious consequence of (4.8).
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Lemma 4.3. If Assumption 2.8 holds, there exist a neighbourhood V of (u,p) in Z and
a constant A > 0 such that the mapping DJF}, satisfies the following Lipschitz property

V(w,q) €V, [IDFn(u,p) = DFn(v,9)llzz) < All(w, p) = (v,9)] = (4.9)
Proof: Since the nonlinearity that we consider is quadratic, choosing V bounded and using
(4.6) give the desired result.

We now set:
Ep = || Fn(u,p) z.

Due to equation (4.2), bounding E}, is a direct consequence of (4.7).

Lemma 4.4. If Assumption 4.1 holds, the quantity Ej satisfies the following bound
En < C(U,p) hs? (410)
for a constant c¢(u,p) only depending on the regularity of (u,p).

Owing to Lemmas 4.2 to 4.4, all the assumptions needed for [12, thm 1] (see also [20,
chap. IV, thm 3.1]) are satisfied. So applying this theorem leads to the main result of this
section.

Theorem 4.5. If Assumptions 2.8 and 4.1 hold, there exist a h, > 0 and a neighbourhood
V. of (u,p) in Z such that, for h < h,, problem (4.1) has a unique solution (wp,pp) in V.
Moreover, the following a priori error estimate is satisfied

lw = unlx + [[p = prllr2) < c(u,p) h®, (4.11)

for a constant ¢(u,p) only depending on (u,p).

4.3. A posteriori analysis.

The second residual equation (3.12) is the same as in the linear case but unfortunately
the first residual equation is a little more complex. After integration by parts on each K,
it reads for all v in X and v, in X,

a1 (u — up,v) + N(u,u,v) — N(up, up,v) + b(v,p —pr) = R1 + Rz + Rs, (4.12)
where

R = Z </ (f — veurl(curluy,) + vgrad(divuy)
KeTy K

— (up - V)uy, — gradpy)(z) - (v — vp)(x) dz
Ry = % > Y [ vlleurlugle(r) - (v —vp) x n(r) = [divuy]e(7)(v — v4) - n(7)) dr

KeTh ee€k €

Rs= Y > /(p2 — vdivuy, — pp — %|uh|2)(7)(v —vy) - n(r)dr.
KeTy, eeé‘?( e
(4.13)
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This leads to the definition of the error indicators: For each K in 7j,, with the same
notation as previously,

Nk = hi || frn — veurl(curluy) — (up, - V)up — grad pal| 2y + [[divus || L2 (x)

3 3 Lo e 4.14
+ 3 héllewrlulell |, s + 32 Al lpan —pn— gl 41
eclk 665%

Even if the nonlinear terms add polynomials of higher degree, these indicators are still
easy to compute.

In order to apply the theorem due to Pousin and Rappaz [30], we need a further
notation: Let S* denote the operator which associates with (f, x, p2) in L2(Q)% x L2(Q) x

1
2

HE)(T3), the solution (u,p) in X x L?(Q) of the problem

Vo eX, a(u,v)+b(v,p) = /Qf(:l:) -v(x) dx — (p2,v - N1y,
(4.15)

Vg e L3(Q), blu.g) = / ©(@)qg(x) dz.

(the introduction of this more complex operator is due to the fact that the right-hand side
of (3.12) is not zero). Then, problem (2.6) — (2.14) with € = 1, can equivalently be written

F*(u,p) = (u,p) — S*(g(u),0,p2) = 0, (4.16)

We are now in a position to prove the a posteriori error estimate.

Theorem 4.6. For any solution (u,p) of problem (2.6) — (2.14) with € = 1 such that
DF*(u,p) is an isomorphism of Z, there exists a neighbourhood V.. of (u,p) in Z such

that the following a posteriori error estimate is satisfied for any solution (up, pp,) of problem
(4.1) in V.

1
lu —up|x + [|p — thL2(Q) <c ( Z h;sz?ﬁ() ° + e, (4.17)
KeTy,

where the parameter sy is defined in (3.14) and the quantity €, in (3.16).

Proof: The same arguments as for Lemma 4.3 imply that DF* is Lipschitz-continuous in
a neighbourhood of (u,p). So we apply the theorem due to Pousin and Rappaz [30] (see
also [34, prop. 5.1]): Any solution of problem (4.1) in this neighbourhood satisfies

lw —wnl[x + [[p = prllL2@) < [IF (un, pa)ll 2
whence, due to (4.16),

lu —unllx + [P — pullz2 @) < [[F*(w,p) — F*(un,pr)l =

21



Due to the stability property of §*, estimating the right-hand side of this equation relies
on equations (4.12) and (3.12) and is performed by the same arguments as for Theorem
3.7.

To prove the converse estimate, we observe that
N(u,u,v) — N(up,up,v) = N(u— up,u,v) + N(up, u — up,v).

So, when working with bounded w and wuj, proving the next proposition relies on exactly
the same arguments as for Proposition 3.8, now applied to equations (4.12) and (3.12).

Proposition 4.7. For any solution (uy, py) of problem (4.1) in a neighbourhood of (u, p),
each indicator ng, K € Ty, defined in (4.14) satisfies

i < c(llu —unlxwy) + 1P = Prllezwe) +€x); (4.18)

where the quantity €k is defined in (3.19).

There also, this estimate is fully optimal.
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5. Numerical experiments.

The next computations are performed on the code FreeFem++ due to F. Hecht and
O.Pironneau, see [21]. We start from a coarse initial mech and perform adaptivity following
the next criterion: The diameter of each new triangle containing an element K or contained
in an element K of the old triangulation is proportional to hg niK, where 7 is the mean
value of the ng.

We work with the Navier-Stokes equations for the data f = 0. So we use the following
iterative algorithm to treat the nonlinear term: Assuming that the solution of the time-
dependent problem with time-independent data converges to the solution (up,pp) of our
problem, we solve the time-dependent problem via an implicit Euler’s scheme where the
nonlinear term is treated in a semi-explicit way. On each mesh, we iterate this algorithm till
its convergence, i.e. till the difference between two consecutive solutions becomes smaller
than a fixed tolerance.

First, we consider the two-dimensional domain made of two pipes, see Figure 1. Let
P; be the horizontal pipe and P, the vertical one. The boundary I's is made of the VertiEal
edge of P; (on the left) and of the two horizontal edges of P, while I'; is equal to 9\ I's.
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Figure 1. The domain €2 and its initial mesh.

We take the viscosity v equal to 0.025. The geometry and the data are similar to
those suggested in [4, Section 3.4.1], in particular the data on the velocity are zero as in
(2.14) and the data on the pressure are a constant on each connected component of I'y
(see Remark 2.6 for the justification of that).

In the first test case, the constants on the two edges of P, are equal, so that, since the
viscosity v is large enough, the flow remains symmetric. More precisely and with obvious
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Co_ = Coy = —2.

C1 = O,
Figure 2 presents a zoom of the final adapted mesh near the re-entrant corners. Figure 3

illistrates the velocity w;, and the pressure p, on this last mesh.

notation, these constants are given by
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Figure 2. Zoom of the adapted mesh.

left part) and pressure py (right part).
Cot
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the data are the same but the constants on the two edges of
Co— = _47

)
6120,

Figure 3. The discrete velocity uy, (

In the second test case
P, are rather different, given by



Figure 4 presents a zoom of the final adapted mesh. Figure 5 illistrates the velocity uy

and the pressure p;, for these new values. All these results are in good coherence with [4,
Figures 3.2 & 3.3].

%

- j

Figure 4. Zoom of the adapted mesh.

Figure 5. The discrete velocity uj, (left part) and pressure pj (right part).

Next, we study the case of a flow behind a spherical obstacle, as illustrated in the
left part of Figure 6. The viscosity is taken equal to %, and, with I's equal to the union
of the two vertical edges of 02, the pressure is given equal to 5 in the left edge, to 3 on
the right edge. The final adapted mesh is presented in the right part of Figure 6 and

the corresponding velocity in Figure 7. The existence of the Von Karman vortex street is
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undeniable. There also, these results are very similar to those in [4, Figure 3.4].
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Figure 6. The initial and adapted meshes.

Figure 7. The discrete velocity wy,.

We conclude with the case of a three-dimensional channel flow which is one of the
most popular test problems for the investigation of wall bounded turbulent flows. This is
a well fitted flow to test our pressure boundary conditions for the Navier-Stokes equations,
as it is driven by a pressure jump between the inflow and outflow boundaries. In the usual
formulation of Navier-Stokes equations this pressure jump is modeled by means of a forcing
term.

The characteristic parameter of the turbulent channel flow is the friction Reynolds

number 5
Uy
Re, = ,
v
where u, = /v |0 u| is the turbulent wall-shear velocity (u; denotes the tangential
velocity at the wall), and ¢ is the channel half-width. We consider the computational

domain

Q= (0,Ly) x (=4,8) x (0, Ls),
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with 6 = 1 (wall-normal direction), L1 = 27 (stream-wise direction), and Lg = (4/3)7
(span-wise direction). The boundary conditions are periodic in both the stream-wise and
span-wise directions. The viscosity is ¥ = 1/180. The Reynolds number based on a unit
friction velocity reachable at a steady state is then Re, = 180.

In the standard formulation of Navier-Stokes equations, the flow is driven by a constant
forcing f = (f»,0,0) = (1,0,0), that models an imposed pressure gradient in the stream-
wise direction. The specific choice of a unit value for f, aims at obtaining a unit value
for u. in the statistically steady state, subject to the relation u, = \/fph (cf. [19]). This
corresponds to a pressure jump pout — Pin = L1.

We use the projection-based VMS (Variational Multi-Scale) turbulence model de-
scribed in [14, Chapter 11], that we not detail here for brevity. In this model the sub-
grid flow is modeled by means of Smagorkinsky-like eddy diffusion term with projection
structure. To impose the boundary conditions on the pressure we just reformulate the
Navier-Stokes equations as in (2.6) and keep the same sub-grid modeling terms as in the
VMS model. We impose no-slip boundary conditions on the upper and lower walls.

We compare second-order statistics as measure of turbulence intensities, for three
models: The original VMS method (Method 1) with forcing term, the present method
with Dirichlet pressure boundary conditions (Method 2), both with 32 x 32 x 32 degrees
of freedom, and a Direct Numerical Simulation (DNS) of Moser, Kim and Mansour [27]
with forcing term, obtained with 128 x 128 x 128 degrees of freedom. Figures 8, 9 and 10
display the normalized (by w,) root-mean-square (r.m.s.) values of velocity fluctuations in
wall coordinates

+ _ Ur

Yy =Y
v

at the upper half-width of the channel. The errors with respect to the DNS simulation
of Methods 1 and 2 are comparable for all three fluctuations. The errors for the stream
wise velocity fluctuations are smaller for Method 1, while those for the cross-wise velocities
fluctuations are smaller for Method 2. All these results are in good coherence with the
computations performed by Rubino, see [13]. We thus obtain similar results with our
formulation imposing pressure jump conditions, as we could expect.
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Figure 8. Normalized r.m.s. U, velocity fluctuations profiles in wall coordinates 3.
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Figure 9. Normalized r.m.s. U, velocity fluctuations profiles in wall coordinates y*.
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Figure 10/ Normalized r.m.s. U, velocity fluctuations profiles in wall coordinates y™.
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