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The origin of both weak temperature dependence and packing fraction dependence of T1/4η3/2 in the
thermal conductivity of the simple Lennard-Jones (LJ) liquid is explored. In order to discuss the
relative contributions from attractive or repulsive part of the interaction potential separately, the ther-
mal conductivity of a series of Weeks-Chandler-Anderson (WCA) fluids is calculated by molecular
dynamics simulations. The results show that the repulsive part plays the main role in the heat con-
duction, while the attractive part has no direct effect on the thermal conductivity for a given packing
fraction. By investigating WCA fluids with potentials of varying softness, we explain the difference
observed between the LJ liquids such as argon and Coulombic liquids such as NaCl. © 2014 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4868438]

I. INTRODUCTION

In studies of transport properties of liquids, molecular dy-
namics (MD) simulations are widely used as computational
experiments. Not only are they able to predict the relevant
physical properties, but they also provide useful reference
data for testing theoretical approaches. Here we focus on
the thermal conductivity, a quantity for which there is an in-
creasing demand for reliable data in the framework of energy
production and storage applications. For example, in concen-
trating solar power plants1 or in prospective Generation IV
nuclear reactors,2 the heat transfer fluids are molten salts. In
these liquid materials, experiments are often very difficult to
perform, and MD has appeared as a viable way for filling the
gap in the databases.3, 4 It would nevertheless be very valuable
to develop some reliable analytical expressions.

The most important efforts made in this direction are
those of Heyes et al.5–7 These authors have extensively inves-
tigated fluids with repulsive interaction potentials of different
softness5–7 (but close to the hard sphere limit) and focused
on several transport properties, including thermal conduc-
tivity. They have also studied carefully the packing fraction
dependence.

Here we will focus on fluids where the interaction po-
tentials have a somewhat softer character. On the one hand,
we have recently shown that the thermal conductivities of
simple liquids described with the Lennard-Jones (LJ) inter-
action potentials follow a linear scaling law as a function
of m−1/2(N/V )2/3η3/2T 1/4, where m is the atomic mass, V

is the volume of the system, N is the number of atoms in-
cluded in V , η is the packing fraction, and T is the absolute
temperature.8 This result was extracted from a series of MD
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simulations where we performed a systematic scaling of the
particle sizes and/or of the volume of the simulation cell. On
the other hand, in the case of simple molten salts such as
alkali halides, the temperature and packing fraction depen-
dence is much weaker than that of the LJ liquids and the ther-
mal conductivity can simply be expressed as a function of
m−1/2(N/V )2/3η2/3T 0.8, 9 It is worth noting that in both cases
the calculations’ results agree very well with the available ex-
perimental data. In the two proposed functions, the packing
fraction plays the most significant role, and there is small or
null explicit temperature dependence.

The objective of this work is to explore the microscopic
origin of these observations. To this end, we have under-
taken a series of MD simulations using Weeks-Chandler-
Andersen (WCA) interaction potentials10 of varying softness,
from which we calculated the thermal conductivity. The pa-
rameters of the interaction potentials were chosen in order to
allow straightforward comparisons with the corresponding LJ
fluid. We then interpret the thermal conductivity data avail-
able for liquid NaCl in light of these results.

II. SIMULATIONS

MD simulations were carried out with the WCA poten-
tial, in which the interaction between two atoms i and j, with
positions ri and rj and separated by a distance rij = |ri − rj|,
is defined as

φ(rij ) =


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

4ε

[(
σ/a

rij

)2n

−
(

σ/a

rij

)n
]

+ ε, rij ≤ n
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2σ/a

0, rij >
n
√

2σ/a

. (1)

In this potential, the intermolecular forces are entirely re-
pulsive, and when n equals 6 they are identical to the
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repulsive forces in a LJ fluid using the same ε and σ pa-
rameters. The latter were taken from the potential given by
Maitland11 (ε/kB = 119.8 K and σ = 0.3405 nm) to repro-
duce thermodynamic properties of liquid argon.12 It yields
the correct phase diagram including the liquid-vapor coexis-
tence curve.12, 13 Finally, a is a coefficient introduced in or-
der to scale particle size σ . It allows us to vary the packing
fraction η = π (σ/a)3N/6V at constant number density.8 The
effect of the softness of the interaction potential was exam-
ined by using n = 2, 3, 4, 6, 9, and 12: a smaller value cor-
responds to a softer potential. All the MD simulations were
performed in the NV E ensemble after careful equilibration
(the initial configuration was a fcc crystalline structure). The
number of particles was fixed to 864 and the density was set at
1124.9 kg m−3, which is the experimental density of liquid
argon14 at a temperature of 124 K and a pressure of 2 MPa.
We obtained an average pressure of 0.2 MPa (with a standard
deviation of 4 MPa) for the simulation where the scaling coef-
ficient a was set to 1. Note that when we perform a NPT sim-
ulation at the corresponding T and P conditions, the density
is overestimated by 5%. In our previous work we have shown
that a quantitative agreement with the experimental thermal
conductivity was obtained when using the correct density, so
that we have chosen to follow a similar setup here.8 A time
step of 10 fs was used to integrate the equations of motion us-
ing the velocity Verlet algorithm.15 During the equilibration,
the kinetic energy was kept constant at each temperature by
scaling the velocities of all atoms during the initial 10 ps, and
then the calculation was carried out for another 190 ps with-
out further scaling. Production runs of 2.5 ns were performed
for the calculation of the thermal conductivity. The velocities
of all the atoms were corrected every 5000 steps in order to
keep the total momentum of the system negligible.

For LJ liquids, the thermal conductivity is given by the
Green-Kubo formula16 as

λ = 1
3kBV T 2

∫ ∞

0
〈Je(t)Je(0)〉dt, (2)

where kB is the Boltzmann constant and Je is the energy
current,

Je(t) =
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In this expression vi is the velocity of atom i and Fij is the
force deriving from the potential φ(rij).

III. RESULTS AND DISCUSSION

As a first step, we have focused on the case of the
system simulated with a WCA interaction potential using
n = 6, in order to compare it to the corresponding LJ liq-
uid. Figure 1 shows a plot of the thermal conductivities calcu-
lated using the WCA potential vs. those using the LJ poten-
tial for a series temperatures and packing fraction spanning
a wide range, i.e., from 100 K to 150 K and from 0.240 to

FIG. 1. Comparison of the thermal conductivity calculated with the WCA
potential and the LJ potential for liquid Ar. The experimental results (open
squares) are taken from Ref. 17.

0.427, respectively. It is immediately seen that both the WCA
thermal conductivities are identical (within the error bar of
the calculation) to the LJ ones for the whole range of condi-
tions explored. This shows that the attractive part of the LJ
potential does not play a direct role in the thermal conduc-
tion in such simple fluids. Its impact is indirect only since
it fixes the density of the system at a given thermodynamic
point. It is worth noting from Figure 1 that the experimental
thermal conductivities17 are also very well reproduced under
corresponding conditions (i.e., the temperature variation at
fixed η).

Figure 2 shows the temperature dependence of the ther-
mal conductivity with WCA interaction potentials of various
softness (n = 2, 3, 4, 6, 9, and 12), where T ranges from 100 K
to 250 K (at fixed η = 0.351). The results are also compared
to the case of the hard sphere limit, which is provided by the
Enskog equation5

λE = 4ηHS

[
1.02513

y
+ 1.23016 + 0.776483y

]
λB, (4)

FIG. 2. Log-log plot of the temperature dependence of the thermal conduc-
tivity of WCA fluids of varying softness n = 2, 3, 4, 6, 9, and 12, compared
to the Enskog equation for hard spheres. The linear fits indicate a temperature
dependence in Tx, where x is given by the slope of the line.
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y ≡ PV

NkBT
− 1 ≈ 4ηHS

(
1 − 1

2
ηHS

) /
(1 − ηHS)3 , (5)

where λB is the Boltzmann equation for a dilute gas,

λB =
(

75kB

64σHS
2

) (
kBT

mπ

)1/2

, (6)

and the second term in Eq. (5) is the Carnahan-Starling
approximation for pressure, P.5, 18 In a hard sphere fluid, fol-
lowing the Enskog equation, the thermal conductivity shows
a temperature dependence of T1/2. In the case of the WCA
fluids, a temperature dependence of Tx is also observed, in
which the value of x decreases when the potential becomes
softer. This progressive decoupling of the thermal conduc-
tivity with temperature indicates that the main mechanism at
the origin of heat conduction in a fluid of soft spheres is no
longer due to the transport of heat (energy) via the displace-
ment of particles, as is the case for hard spheres, but rather
to the “collisional” transport via interparticle forces derived
from the potential.16 This interpretation also leads to the sim-
ple idea that a soft repulsion will damp the impact of colli-
sion between particles, thus resulting in a relative decrease of
the thermal conductivity. In the case of LJ liquids like argon,
the relative softness of the repulsive part of the potential is
therefore the origin of the T1/4 dependence.

A similar approach is used for studying the packing frac-
tion dependence, where η is progressively switched from
0.263 to 0.450 (at fixed T = 124 K) by varying the scaling
parameter a from 1.10 to 0.92 (a = 1 corresponds to liquid ar-
gon). As shown in Figure 3, the packing fraction dependence
also becomes weaker in descending order of n. The variation
is less marked than for the temperature case, but again we can
conclude that the η3/2 dependence which is observed in the
simulations of LJ fluids is due to the relative softness of the
repulsive part of the potential.

It is then tempting, in the light of these findings, to try to
assess the case of more complex fluids, such as molten salts.
Here we will focus on the case of NaCl, which is well repre-
sented by the pair potential from Fumi and Tosi.19, 20 Indeed,

FIG. 3. Log-log plot of the packing fraction dependence of the thermal
conductivity of WCA fluids of varying softness n = 2, 4, 6, and 12, com-
pared to the Enskog equation for diluted hard spheres. The linear fits indicate
a packing fraction dependence in ηy, where y is given by the slope of the
line.

FIG. 4. Comparison of potential profile between the LJ potentials with var-
ious power, n, and the Fumi-Tosi potential for NaCl. Each potential is nor-
malized by minimum of φLJ or φNa+−Cl− , respectively.

most of the transport properties of this salt, including the ther-
mal conductivity, are fairly well reproduced with this poten-
tial even though polarization effects are not included.21 Such
a liquid now includes two components, and three different
interaction potentials (Na-Cl, Na-Na, and Cl-Cl) should in
principle be considered. Nevertheless, due to the strong
Coulomb ordering, contact occurs only between cations and
anions, so that we can restrict our attention to the Na-Cl
one. Figure 4 compares the Na-Cl Fumi-Tosi potential shape
with that of a series of LJ-type fluids (i.e., with varying n)
for which ε is set to the value of the minimum (located at
r = rmin) of the Fumi-Tosi potential and σ = rmin/21/n. It is
immediately seen that the softness of the Fumi-Tosi poten-
tial is very close to that of a LJ potential for which n = 2
(by allowing non-integer values for n and fitting the Na-Cl
potential, we obtain a perfect matching for n = 1.7). If the
situation described before is still accurate, i.e., if the softness
of the potential entirely determines the temperature and frac-
tion dependence of the potential, we can thus expect an almost
null temperature dependence (at constant densities and pack-
ing fraction) and a packing fraction dependence lower than
0.91 based on Figures 2 and 3. This is indeed the case, since a
scaling law in m−1/2(N/V )2/3η2/3T 0 has been established in
our previous study, based on simulations across a wide range
of thermodynamic states.8, 9

IV. CONCLUSIONS

Many properties of a liquid, including its structure and
thermodynamics, depend on a subtle balance between the re-
pulsive and attractive forces due to the interactions between
the atoms. In particular, its density will largely depend on the
attractive ones. By comparing the thermal conductivities ob-
tained from molecular dynamics simulations using Lennard-
Jones potentials with those obtained with the repulsive-only
Weeks-Chandler-Andersen potential, we have shown that, as
soon as the density is fixed, the repulsion plays the main role
in the heat conduction mechanism of simple fluids such as
argon. By investigating WCA fluids with potentials of vary-
ing softness, we have then been able to explain the origin of
the different packing fraction and temperature dependence of
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these liquids with the one of molten salts. These new find-
ings will allow us to rationalize and propose predictions of
the thermal conductivities of many fluids, which is of high
interest in many technical applications in which they are used
for heat transfer purposes.
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