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Abstract

This paper deals with the estimation of a probability measure on the real line from
data observed with an additive noise. We are interested in rates of convergence for
the Wasserstein metric of order p > 1. The distribution of the errors is assumed to be
known and to belong to a class of supersmooth or ordinary smooth distributions. We
obtain in the univariate situation an improved upper bound in the ordinary smooth
case and less restrictive conditions for the existing bound in the supersmooth one. In
the ordinary smooth case, a lower bound is also provided, and numerical experiments
illustrating the rates of convergence are presented.

1 Introduction

Consider the following convolution model: we observe n real-valued random variables
Y1,...,Y, such that

where the X;’s are independent and identically distributed according to an unknown proba-
bility p, which we want to estimate. The random variables €;, 7 = 1, ..., n, are independent
and identically distributed according to a known probability measure pu., not necessarily
symmetric. Moreover we assume that (Xi,..., X)) is independent of (e1,...,&p).

The purpose of the paper is to investigate rates of convergence for the estimation of
the measure p under Wasserstein metrics. For p € [1,00), the Wasserstein distance W),
between p and v is given by

1
Wy(uv) = inf ( [ - y\wdz,dy)) "
mell(p,v) R2
where II(u, v) is the set of probability measures on R x R with marginal distributions p and
v (see Rachev and Riischendorf (1998) or Villani (2008)). The distances W), are natural
metrics for comparing measures, which makes the Wasserstein deconvolution problem in-
teresting in itself. In addition, as pointed out in Caillerie et al. (2011), they are also related
to the results of Chazal et al. (2011) in geometric inference, where a distance function to
measures is introduced to solve geometric inference problems in a probabilistic setting : if
a known measure v is close enough with respect to Wy to a measure p concentrated on
a given shape, then the topological properties of the shape can be recovered by using the



distance to v. In practice, the data can be observed with noise, which motivates in this
framework the study of the Wasserstein deconvolution problem.

Rates of convergence in deconvolution have mostly been considered in density estima-
tion, for pointwise or global convergence. Minimax rates can be found for instance in
Fan (1991a), Butucea and Tsybakov (2008a), Butucea and Tsybakov (2008b) and in the
monograph of Meister (2009). In this paper, however, we shall not assume that u has a
density with respect to the Lebesgue measure. In this context, rates of convergence for
the Wy Wasserstein distance have first been studied for several noise distributions by Cail-
lerie et al. (2011). Recently, Dedecker and Michel (2013) have obtained optimal rates of
convergence in the minimax sense for a class of supersmooth error distributions, in any
dimension, under any Wasserstein metric W,. The result relies on the fact that lower
bounds in any dimension can be deduced in this case from the lower bounds in dimension
1. Such a method cannot be used in the ordinary smooth case, where the rate of conver-
gence depends on the dimension. As noticed by Fan (1991a), establishing optimal rates
of convergence in the ordinary smooth case is more difficult than in the supersmooth one,
even for pointwise estimation.

A key fact in the univariate context is that Wasserstein metrics are linked to integrated
risks between cumulative distribution functions (cdf), see the upper bound (5) below. In
dimension 1, when estimating the density of u, optimal rates of convergence for integrated
risks can be found in Fan (1991b, 1993). When estimating the cdf F' of u, optimal rates for
the pointwise and integrated quadratic risks are given in Hall and Lahiri (2008), where it is
shown in particular that the rate \/n can be reached when the error distribution is ordinary
smooth with a smoothness index less than 1/2. Concerning the pointwise estimation of
F(zg), optimal rates for the quadratic risk are also given in Dattner et al. (2011), when
the density of u belongs to a Sobolev class.

The case = 0 in the upper bound (3.9) of Hall and Lahiri (2008) corresponds to the
case where no assumption (except a moment assumption) is made on the measure p (in
particular p is not assumed to be absolutely continuous with respect to the Lebesgue mea-
sure). This is precisely the case which we want to consider in the present paper. However
the results by Hall and Lahiri (2008) cannot be applied to the Wasserstein deconvolution
problems for two reasons: firstly, the integrated quadratic risk for estimating a cdf is not
linked to Wasserstein distances, and secondly, the estimator of the cdf of  proposed in Hall
and Lahiri (2008) is the cdf of a signed measure, and is not well defined as an estimator of
i for the Wasserstein metric.

In the present contribution, we propose in the univariate situation an improved upper
bound for deconvolving ; under W), and a lower bound when the error is ordinary smooth.
We recover the optimal rate of convergence in the supersmooth case with slightly weaker
regularity conditions than in Dedecker and Michel (2013). The estimator of the cdf F' of
is built in two steps: firstly, as in Hall and Lahiri (2008), we define a preliminary estimator
through a classical kernel deconvolution method, and secondly we take an appropriate
isotone approximation of this estimator.

The paper is organized as follows. In Section 2, some facts about the case without
error are recalled and discussed. The upper bounds for Wasserstein deconvolution with
supersmooth or ordinary smooth errors are given in Section 3, and Section 4 is about lower
bounds. Section 5 presents the implementation of the method and some experimental
results. In particular, observed rates of convergence are compared with the theoretical
bounds for the Wasserstein metrics W1 and Wy, and we study as an illustrative example
the deconvolution of the uniform measure on the Cantor set.



2 On the case without error

We begin by considering the simple case when one observes directly X7, ..., X, with values
in R without error. Let us recall some results for the quantities W, (i, ), where g, is the

empirical measure, given by
1 n
i=1

Let F be the cdf of X1, F, the cdf of p,, and let F~! and F, ! be their usual cadlag
inverses. Recall that, for any p > 1,

D (1, / T L (u)Pdu, 2)

1 (s 11 /IF (t)|dt.

The case p = 1 is well understood since the paper by del Barrio et al. (1999). The
random variable \/nWi(pu,, 1) converges in distribution to [ |B(F'(t))|dt, where B is a
standard Brownian bridge, if and only if

/oo\/P(|X| > t)dt < oo. (3)
0

For p > 1, the situation is not so clear. For instance, if the random variables take
their values in a compact interval [a,b] and if the cdf F' is continuously differentiable on
[a,b] with strictly positive derivative f, then n?/2W}, (i, 1) converges in distribution to
fol |B(u)|P/|f o F~1(u)[Pdu (see Lemma 3.9.23 in van der Vaart and Wellner (1996)). But
in general, the rate can be much slower.

The case p = 2 has been studied in detail by del Barrio et al. (2005). Under additional
conditions on F' (see condition (2.7) in del Barrio et al. (2005), which requires in particular
that F is twice differentiable), the rate of convergence depends on the behavior of F~! in
a neighborhood of 0 and 1. For instance, if

1
F(t) = (1 proee 1) 11y

where o > 3, it follows from Theorem 4.7 in del Barrio et al. (2005) that

and if p=1

n( @™ ODWE (11, 1) (4)

converges in distribution. The limiting distribution is explicitly given in del Barrio et al.
(2005).

An alternative approach to obtain convergence rates is to use the following inequality,
due to Ebralidze (1971): for any p > 1,

W2 (u,v) < 5y / 2P| F, — F|(2)de, (5)

where k), = or—1p,
Starting from (5) and arguing as in del Barrio et al. (1999), it follows that

EWE (i 1) < On~ '/



as soon as

/Ooo 2P~ /P(IX] > 2)da < 0o (6)

For instance, taking p = 2, a tail satisfying P(|X| > x) = O(W) gives the rate \/n.
Hence, we obtain the same rate as in (4) for a = 5, with a slightly stronger tail condition
(due to the fact that we control the expectation), but without additional assumptions on
the cdf F.

Since we want to estimate singular measures, we shall follow this approach in the sequel.

3 Upper bounds for W), in deconvolution

3.1 Definitions and notation

Let us start with some notation. For u a probability measure and v another probability
measure, with density g, we denote by u x g the density of p* v, given by

pxg(r) = /Rg(w —y)u(dy).

We further denote by u* (respectively f*) the Fourier transform of the probability measure
i (respectively of the integrable function f), that is

w(z) = / e u(du) and f*(z) = / " f (u)du.
R R
Thanks to Ebralidze’s inequality (5) recalled in Section 2, an upper bound on the rate
of convergence of an estimator fi,, of the distribution p may be derived by studying the
quantity

/ 2P| — F(z)de,

where F), is the cdf of -

Let [p] be the least integer greater than or equal to p. We first introduce a kernel k such
that its Fourier transform k* is [p] times differentiable with Lipschitz [p]|—th derivative
and is supported on [—1,1]. An example of such a kernel is given by

(2[p/2] + 2) sin 2“0/5%“2] 2[p/2]+2
x

k(z) = C, [ : (7)

where C), is such that [ k(z)dx = 1.
We define now a preliminary estimator E, of F:

Fut) = nih /_;;:ifh (“ _hY’“> du (8)

where

on () = Re [;T/mdu]

This estimator F},, based on the standard deconvolution kernel density estimator first in-
troduced by Carroll and Hall (1988), is not a distribution function since it is not necessarily
non-decreasing.



For this reason, we choose the estimator F, as an approximate minimizer over all
distribution functions of the quantity [, |z[P~!F, — G|(z)dz. Given p > 0, let F, be such
that, for every distribution function G,

[ el 1B = Ful(w)da < [ [al~11B, = Gl(w)da + p. )

and let i, be the probability measure with distribution function F),. Here, p may be chosen
equal to n~—1/2 (or any other sequence converging faster to 0 as n tends to co). Denoting
by K}, the function h~1k(-/h), we have that

EWP (fin, p1) < 2P W2 (1 x Ky, 1) + 20 EWP (i, o+ K. (10)
In order to control the first term of the right-hand side, let V3 be a random variable

with distribution K} and independent of X, in such a way that the distribution of X7+ V},
is px Kj,. By definition of W),, we have

WP (kKo t) < E|Xy + Vi — Xa P = E|Vi]? = hp/ 2 Ph(z)dz. (11)
Besides, since E[F),(t)] = ffoo p* Kp(x)dx is the cdf of px K}, using inequality (5),
W s e Kin) < sy [ 2P, = BIE, | )
< rp ( [l 1B~ Bul(@)da + [ Ja 1 - E[an(x)dx)
< o+ 2, / P | By — B[] (2)da, (12)
by the definition of F,. To get explicit rates of convergence, it remains to control the term
/ |2|P7 ), — E[F,]|(v)dx .
3.2 Main results

Let r. = 1/pf, and let rg) be the /-th derivative of r.. Let mg denote the least integer
strictly greater than p + %, and mj be the least integer strictly greater than p — %

Our first result is a general proposition which gives an upper bound for EWY (fin, 1)
involving a tail condition on Y and the regularity of r..

Proposition 3.1. Let p < n~'/2, and let fi, be the estimator defined in (9). Assume that
re is mo times differentiable. For any h < 1, we have

C
(A1 + Ay + As + Ay)

_ 1 1



where

1

A= (s SO0 [l VPOV 2
el— )

=0
mo
Ay = sup Y |rl9(t)]
te[—2,2];; :
' V() v
Az = IEY2P_%/ £ 1_qqe(x)dz
3 i ’ | —l/h |$|2 [ 171] ( )

[ my 1/h ‘Tée)(ZC)F 1/2
A4: g/l/h Wl[fl’l}c(:ﬁ)dm .

We are now in a position to give the rates of convergence for the Wasserstein deconvo-
lution, for a class of supersmooth error distributions, and for a class of ordinary smooth
error distributions.

Theorem 3.1. Let p < n~Y2, and let fi, be the estimator defined in (9). Assume that

oo
/ 2P /P([Y] > z)dz < 0o and  sup |r{™0)(1)] < oco. (13)
0 t

€[-2,2]

1. Assume that there exist § > 0, ﬁN >0, v > 0 and ¢ > 0, such that for every
0e€{0,1,...,m1} and every t € R,

rO(@)] < e+ [8)? exp(|t7 /). (14)
Then, taking h = (4/(ylogn))Y/?, there exists a positive constant C such that
EW? (fin, 1) < C(logn) #/P.

2. Assume that there exist 5 > 0 and ¢ > 0, such that for every £ € {0,1,...,m1} and
every t € R,

P9 (8)] < e(1+ Jt)°. (15)

S S
Then, taking h =n *+@7=Y+ there exists a positive constant C such that

where ,
n”WEBETif B> 1
=y =)
ﬁ ifB<i.

This result requires several comments.

Remark 3.1. In the ordinary smooth case, when 3 < 1/2, any bandwidth h = O(n~1/2P)
leads to the rate n=Y/2. The fact that there are three different situations according as
B >1/2,=1/2 or f < 1/2 has already been pointed out in Theorem 3.2 of Hall and
Lahiri (2008) and in Theorem 2.1 of Dattner et al. (2011) for the estimation of the cdf
F. Note that the estimator F, of Hall and Lahiri (2008) is exactly the estimator defined



in (8) (with possibly a slightly different kernel). Hence it is not always non-decreasing and
cannot be used directly to estimate p with respect to Wasserstein metrics.
For instance, for a Laplace error distribution, the estimator F,, of Hall and Lahiri

(2008) is such that
/|F (t)] dtD V2 o,

while the rate of convergence of our estimator for W1 is
EW; (fin, 1) = /|F |dt] < ConVs,

Let us give another application of Theorem 3.2 of Hall and Lahiri (2008). For a Laplace
error distribution and p such that |p*(x)] < C(1 + |z|)~Y2, the estimator Fy, of Hall and
Lahiri (2008) is such that

. 1/2
(supE|Fn(w) - F(x)|2> <Cn~V8,
TzeR

Dattner et al. (2011) focused on the pointwise estimation of F(xg). In this paper, the
authors always assume that p is absolutely continuous with respect to the Lebesque measure,
with a density f belonging to a Sobolev space of order a« > —1/2. For instance, for a density
belonging to L2 and a Laplace error distribution, their estimator F, is such that

= 1/2 _
(B| Fy(20) — F(z0)2)* < Cn~1/8.
In any cases these rates are minimaz (see Section 4 for our estimator).

Remark 3.2. The tail condition
o
/ 2P L PV > 2)de < oo
0

in Assumption (13) is the same as the tail condition (6) obtained in Section 2 to get the
rate BWY (pin, p) < Cn='% in the case without noise. Recall that, in the case without
noise when p = 1, this condition is necessary and sufficient for the weak convergence of

VWi (fms 1)

Remark 3.3. The rate EW} (fin, 1) < C(log n)~P/B in the supersmooth case has already
been given in Theorem 4 of Dedecker and Michel (2013) and is valid in any dimen-
sion. However the condition on the regularity of r. is more restrictive in the paper by
Dedecker and Michel (2013), since it is assumed there that Condition (14) is true for
¢e€{0,1,...,[p] +1}. Note that this rate is minimaz, as stated in Theorem 2 of Dedecker
and Michel (2013).

Remark 3.4. Applying Proposition 1 in Dedecker and Michel (2013), if Condition (15) is
true for £ € {0,1,..., [p]+1}, one can build an explicit estimator ji,, such that EWE (fin, u) <
Cn~P/ P28+ which is worse than (16). However, the procedure given in Dedecker and
Michel (2013) works also when the observations Y; are R¥-valued, whereas the estimator
fin, defined in (9) is well defined for d = 1 only. Hence, a reasonable question is: can we
improve on Proposition 1 of Dedecker and Michel (2013) in any dimension?



Proof. We first prove Item 1. From Proposition 3.1 and Assumptions (13) and (14), we
obtain the upper bound

_ 11 5
EWP (fin, 1) < C [ h? + —=—e'/""7 ).
P (fins p) < ( +\/ﬁhﬁe
Taking h = (4/(vylog(n)))'/? gives the result.
We now prove Item 2. From Proposition 3.1 and Assumptions (13) and (15), we obtain

C(huﬁhﬂflw) if g > 1
EWE in, ) < § O (0 + L\ flog(h)) i =3
C(nw+ ) if 8 < 1.

S
Taking h =n 8-+ gives the result.

3.3 Proof of Proposition 3.1

Throughout, C' will denote a positive constant depending on p which may change from line
to line.
We start from the basic inequality (10). Inequality (11) yields the bias term

hpop=1 / o Ph(z)da

and it remains to control the term EW} (fin, px Kp).
By (12), we have

EWp(in, i 10) < C [ [al BIF, ~ B[F,)|(2)d + 5

<C / |z[P~1\/ Var(E},) (z)dz + p. (17)

Now, let ¢ denote a symmetric function, [p]+1 times continuously differentiable, equal
to 1 on the interval [—1, 1] and to 0 outside [—2,2]. Our preliminary estimator F,, may be
written

N 1 t - (u—-Y]
Fn(t):nh/ Zkh< hk>du
k=

1

oo
1 — t—Y, - t—Y;
:ZGM< h’“>+ ZGM( h’“)
k=1 k=1

= Fl,n + Fz,n,

where . .
Gyp(x) = / kip(u)du and  Goplz) = / ko () du.

Here,
- _ 1 [ e™E*(t)o(t/h) - -~ 1 [ e™k*(t)(1 — ¢(t/h))
i) = [ [ ]t = g [



From (17), we infer that

where

I:/]m|p_1\/Var(F1’n)(m)d:E and J:/|z]p_1\/Var(F27n)(x)dx.

To prove Proposition 3.1, we shall give some upper bounds for the terms I and J.

Control of I. We first split the integral into two parts:

0 )
I / 2P~/ Var(Fy ) (@)dz + / 2P~ /Var(Fy ) (@)dz = T~ + T*
[e) 0

Now,

Im = /O lz|P~1/ Var(Fy ) (z)dzx

—0o0

e ()

< \% /_(; \x,pl\/E U zél,h(u)l{u@}f}durdx.

Then, letting z = uh and applying Cauchy-Schwarz Inequality we obtain, for any a €]0, 1],

- 2
__c _ k1,n(2/h)
I~ < \/ﬁ/_oo |z |? 1\ E / Tl{yﬂggg}dz dx

B ~ 2
c [ _ kin(z/h
S L I CREED (’l;/)) Ly socapdz| do.

Noticing that 1y .<,) < 1{y§%} + 1{ZS§}’ we obtain that I~ < I + I, where

- 2
z;wcﬁ/ooompl E| [+l (W) Yregyde) o

N 2
I{z\fﬁ/iompl /(1+]2\1+“) (klh(hz/h)> 1{z§g}d'z dz .

To control the term I;, note that

I < \%J /(1 +122) (W)de/; ety /B (¥ < 3)de.

Here we shall use the following lemma.




Lemma 3.1. For any nonnegative integer k and any h < 1 we have

- 2 k
k1n(2/h) 0
|2)?F | =222 ) dz <O sup IrOw)) .
/ h <te[—2,2] gz; : )

Proof. By definition of ];71,117

kyn(z/h) ek (uh)(u) . |2
/sz( (/ ) /sz/ U)Udu .
Now, by Plancherel’s identity,
otz 2 * (k) 2
EEC U) pz(—t)
It can be checked that, for h <1,
k*(th)o(t)\ P u
(EESO) < Y 10y o)
which concludes the proof of the Lemma. O

Applying Lemma 3.1 with k = 1, we obtain that

Iy <7< sup ZW) )/ [P ]P’(Yg%)dx. (19)

22]6 0

We now control the term I, . Let b €]0, 1. Applying Cauchy-Schwarz Inequality

0 z P (s 2
Iy < &%J [ tele2 e apen) [* e (W) dz da.

Consequently, by Fubini’s Theorem

~ 2
/0 (14 |z|**9) (kl’h(hz/h)) /20 |z|2P=2(1 + |21 *P)dx dz

—00

- 2
/(1 + |z[2p+1Hatd) (klvh(hz/h)> dz

Let mg be the least integer strictly greater than p 4+ 1/2. Taking a and b close enough to

0, it follows that
~ 2
_ C kl h(z/h)
I, < — 1 2m. —_
2\/5J/(+Z o>( ) a

Applying Lemma 3.1 with k = my, it follows that

-

IN

sl

IN

5o

mo

I, < —( su rO@)]) . 20
f( 2| (t)) (20)

10



In the same way, we have

= /OOO 2P~y Var(1 — £y ) (@)
Lo
< \%/OOO yx|p1\/u-z [/l;:ljh(u)l{uzz_hy}du} de.

Using the same arguments as for I~ we obtain,

1 mo

I+ < T< sup Z|rg)(t)|> /Ooo|x|p—1 P(YE;)d:H—fﬁ(tsup Z|T§£)(t)|>.

-2,2 725 €l-2,21 5,

Consequently, gathering (19), (20) and (21) we obtain that

r=( s ) | e VP TE e+ (s S 0]).

—22l=o te[-2.2) 1=

Control of J. Leta €]0,1/2[. By definition of the term J, and applying Cauchy-Schwarz

Inequality,
J < 70 / ‘$|1 1 E |G z dx
o \/ﬁ 2k h

< %\// |2[2P=2(1 + [z|1T2)E [Gzh <x Y)Fdl‘-

Since f k:2 n(u)du = 0 and Gy, is continuous, using the same arguments as Gurland (1948),

we get that '
_ 1 [e k()1 — ¢(t/h))
o) = e |~ [ G ]

Consequently,

= 2
c o 1ta L[ e Tk (1)(1 - o(t/h)
J < 7 E (/(1 + |x|?p—1Ha) [éRe (—27”/ ) dt)] dx).

Setting u = t/h and using the fact that |z|? < 297z — Y9 + 2971 |Y|? for any ¢ > 1, we

obtain that
prtea | (L1 [ R@h)1— o) \]T
/ [z =Y ¢ 2m/ upE () ! !

9 1/2
[ e uh)(1 - g(w)
Re (— 5 / w2 () du)] d;v)] .

11

C
< —
J '\/ﬁ

) ((1 + yY|2p—%)/




Thus,

[t e fao (- [ OO0, )],

~—Vn 2mi upt(u)
. 5 71/2
1 —iux 1% 1—
+E]Y|2p_;/ Re —,/ ek (uh)( ¢(u))du dx .
27 upt(u)
Let mq be the least integer strictly greater than p — 5. Taking a close enough to zero, it
follows that
; 2
1 TR (uh) (1 —
1< & /(1+yx\2ml) /6 wh)(1 = (W) 1" 4y
n 27 upt(u)
—UT ] o 2 1/2
e | [t ]
2r upit (u)

By Plancherel’s identity,

2 2

k*(th)(1 = (1))

/‘/ —zuzk* uh)( qb(u))du dm—27r/ "
upg (u 12 (—1) ’
and
. .
[1am /e-ka*mh)u—au» de 4z = on / (k*(th><1—¢<t>>)< o
upz(u) tuz(—t)
Now, for h <1,
B (th) (1 = ¢(1)) | "™ (-
‘( iz () : Cyg;a W i SIRA0
< CZ ’t’ [—1 1]C(t)‘
Finally,
/2
C 1/h Ir (x)‘Q mi - 1/h |7”(é)(x)‘2 1
= EY2P_/ . 1 qe(z)dx + / 1 () da
SN Y] L R b () EZ:; o P ()
(23)

Starting from (10) and gathering the upper bounds (11), (18), (22) and (23), the proof
of Proposition 3.1 is complete.

4 Lower bound

For some M > 0 and ¢ > 1, we denote by D(M, q) the set of measures p on R such that
[ laltdp(z) < M.

12



Theorem 4.1. Let M > 0 and g > 1. Assume that there exist § > 0 and ¢ > 0, such that
for every £ € {0,1,2} and every t € R,

QO] < e+ 1) ~". (24)
Then, there exists a constant C' > 0 such that, for any estimator fi,

liminf n®7  sup  EWZ(f,p) > C.
oo neED(M,q)

Remark 4.1. For Wy, this lower bound matches the upper bound given in Theorem 3.1
for B > 1/2. For Wy, we conjecture that the upper bounds given by Theorem 3.1 are
appropriate under the assumed moment conditions. Getting better rates of convergence for
Wy (or more generally for W, with p > 1) under stronger moment conditions is an open
question.

Proof. Let M > 0 and ¢ > 1. The proof is similar to the proof of Theorem 3 in Dedecker
and Michel (2013) and thus we only give here a sketch of the proof. We first define a finite
family in D(M, q) using the densities

for(t) == Cr(1+13)7" (25)

with some r > (1 + ¢)/2. Next, let b, be the sequence
by, == [nTlﬂ] V1, (26)

where [-] is the integer part. For any 6 € {0,1}%», let

brn
fo(t) = for (1) + CZQSH (bn(t —tsm)), tER, (27)
s=1

where C'is a positive constant and ¢s, = (s—1)/b,. The function H is a bounded function
whose integral on the line is 0. Moreover, we may choose a function H such that (see for
instance Fan (1991a) or Fan (1993)):

(A1) [T H(t)dt =0 and [, [HED(1)]dt > 0,
(A2) |H(t)| < c(1+t2)7" where rg > max(3/2, (1+ q)/2),
(A3) H*(z) = 0 outside [1, 2],

where H=D(t) := fioo H(u) du is a primitive of H. Note that by replacing H by H/C' in
the following, we finally can take C' =1 in (27). Let py be the measure of density fp with
respect to the Lebesgue measure. Then we can find some M large enough such that for all
6 € {0,1}%, ug € D(M,q). Moreover, under these assumptions the first two derivatives of
H* are continuous and bounded.

For § € {0,1}%" and s € {1,...,b,}, let us define the probability measures pg ;o and
Ho,s,1 With densities

fo.50 = F(01,0001,0.0051,0000,) AN f0,50 7= F(01,00,-1,1,0051,00,)
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We also consider the densities hg s, = fg,s,u * g for u =0 or 1. Since W7 is dominated by
W, and using Jensen’s inequality, it follows that

sSup E(M*u5)®”W (,U, :un) Z sup ]E(u*u )®"W1 (Mﬂun)
u€D(M,q) rED(M,q)

P
2( sup  Eupen W (1, un)> . (28)
HED(M,q)

Using a standard randomization argument (see for the instance the proof of Theorem 3 in
Dedecker and Michel (2013) for the multivariate case), it can be shown that there exists a
constant C' > 0 such that

sup  Eupyen Wa (1, fin) b / ‘H (29)
w€D(M,q)

as soon as there exists a constant ¢ > 0 such that, for any 6 € {0, 1},
2 c
X (he,s,()a hQ,S,l) < Ea (30)

where the y? distance between two densities h; and hg on R is defined by

[ {(ha(z) = ha(2)}?
X2(h1,h2) —/ ! hl(x)2 dx.

If (30) is satisfied, we take b,, as in (26) and the theorem is thus proved according to (28),
(29) and (A1).

It remains to prove (30). Using (A2), we can find a constant C' > 0 such that for any
teRandany s € {1,...,b,},

)9(y/bn) dy/ba}?
*g(v/bn)

The right side of (31) is typically the kind of x? divergence that is upper bounded in the
proofs of Theorems 4 and 5 in Fan (1991a) for computing pointwise rates of convergence:
under Assumption (24), it gives that there exists a constant C' such that

{[ H(v—y)g(y/bn) dy/b,}’ _
/ fOr*g(U/b) dv < O,

and (30) is proved. O

X (hg,s0, hos1) < Cb, /{fH T dv. (31)

5 Numerical experiments

This section is devoted to the implementation of the deconvolution estimators. We continue
the experiments of Caillerie et al. (2011) about Wasserstein deconvolution in the ordinary
smooth case. In particular, we study the W; and W5 univariate deconvolution problems and
we compare our numerical results with the upper and lower bounds given in the previous
sections. We also apply our procedure to the deconvolution of the uniform measure on the
Cantor set. The deconvolution method is implemented in R.
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5.1 Implementation of the deconvolution estimators

For all the experiments we use the kernel

k) 3 <8$in(x/8)>4

" 16w x

which corresponds to the kernel given by (7) with p = 2 and a support over [—1/2,1/2].
Computing the deconvolution estimators requires to evaluate many times the function

%h:m%%e[;//mdu].

In this section we consider symmetric distributions for p.. Since k* and p} are even
functions, kj, is the real part of the Fourier transform of

_ 1 k*(u)
(/R
2iwku

The Fourier decomposition of v is given by vp(u) = > .z arne
f1/2 U (u)e= 2k dy, Thus,

where ayj, =

—1/2
- 1/2 .
kn(xz) = Y, (w)e 2R dy
—1/2
1/2
_ Zak,h/ ez(27rk—x)udu
keZ —1/2
. 2k — x
= Z G;k-’h S1mc <2> .
keZ

For large N, the coefficient ay j, can be approximated by the k-th coefficient of a discrete
Fourier transform taken at (¢, (0),¥n(1/N),...,¥s(1 —1/N)), denoted ayp n in the se-
quel. Of course we use the Fast Fourier Transform algorithm to compute these quantities.
For some large K, we evaluate kj, at some point x by

2 2 —
k‘h(.’L‘) ~ Z CALk,h,N sinc <7I'I<Jl‘> . (32)

2
[k|<K
For intensive simulation, it may be relevant to compute preliminary kj, on a grid of high

resolution rather than calling this function each time.
We first define a discrete approximation of the function

~ . 1 . U—Yk
Mn,h'UHm;kh< h >

Let t; < --- < t4 be a finite regular grid of points in R with resolution 1. A discrete
approximation ,&g,h of fin p, is defined on P by

q
ﬂz,h =" Z /ln,h(tj)(stﬁ
Jj=1

15



where ¢, is the Dirac distribution at x. Since fi, j(t;) Can be negative, the first method
for estimating F' consists in taking the positive part of un B

~Amnaive ,

n,h T

+
S0 (Al att)) o,
—
S (A (0))
This first estimator is called the “naive” deconvolution estimator henceforth. Note that it
was studied in Caillerie et al. (2011) and Dedecker and Michel (2013). For implementing

the alternative estimator i, ;, proposed in this paper, we first need to find some probability
distribution F;, ; on R such that

1P B = B}
R
~ inf {/ 2P~ Fy — G|(z)dz |, G probability distribution on R} . (33)
R

In practice, this corresponds to finding a distribution function close to the step function

q

fd ~d

Byt =) ()1, <g-
j=1

Since th may take its values outside [0, 1], we can also look for a distribution function

close to t — th(t)l In other terms, we compute the isotone regression of

e (tel0,1]
id ; : -1
t— Fn,h(t)lﬁgyh(t)e[o,l] with weights t? :

P
Flsonp .= argmin Z‘t P~ 1‘ (tj) — Fd Rt P4, €] G non-decreasing
j=1

150t

We compute F P thanks to the function gpava from the R package isotonic (Mair et al.,

2009). The measure p is finally estimated by the absolutely continuous measure u‘sm’p

lso“p We call this estimator the isotone deconvolution

whose distribution function is F
estimator for the metric W),.

The construction of fi ”wt’p depends on many parameters. Tuning all these paramaters
is a tricky issue. For thls paper we only tune K, N and n by hand. Note that one crucial
point is the length N of the vector we use for computing the the ay ; n’s with the FFT.
For ordinary smooth distributions, we observe that l;:h decreases slowly for small g for the
range of bandwidths h giving minimum Wasserstein risks. Consequently, a small 3 requires
many terms in the expansion (32), and hence a large N. For  smaller than 0.5, it was

necessary to take N ~ 10%.

5.2 Computation of Wasserstein risks for simulated experiments

For fixed distributions p and p., we simulate Y1, ...,Y, according to the convolution model
(1). For a given bandwidth h and p > 1, we can compute WP (izeve, ) and WY ([L’;O;L’p )
using the quantile functions of the measures, thanks to the relation (2). The Wasserstein
risks R™¢(n,h) := EWP(,LL’;L&;:e, w) and R**(n, h) := EW}( AZO;L’p, p) can be estimated by
an elementary Monte Carlo method by repeating the simulation of the Y;’s and averaging
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Figure 1: Estimated Wasserstein risks for the Dirac experiment. The noise distribution
is the symmetrized Gamma distribution with 8 = 2. The twenty curves correspond to
samples of length n taken between 100 and 2000.
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Distribution T B
Symmetrized Gamma | ¢+ (14+t2)75/2 [0.3,0.5,1.2,2 3, 4

Laplace t— (1+ t2)—1 92

Symmetrized x> ts (14 4t2)(51/2) 1

Table 1: Ordinary smooth distributions used for the error.

the Wasserstein distances. Let 7;°(n, h) and 7,*"*(n, h) be the estimated risks obtained
this way (see Figure 1 for an illustration of such curves for the Dirac experiment). For
each n, an approximation of the minimal risks over the bandwidths is proposed by

—isot

7

oo (1) 1= minpey 7, (n, h)

and

F;f‘,i"e(n) = minheHFZai"e (n,h)

where H is a grid of bandwidth values.

5.3 [Estimation of the rates of convergence

In this experiment we study the rates of convergence of the estimators for the deconvolution
of three distributions:

e Dirac distribution at 0,
e Uniform distribution on [—0.5,0.5],
e Mixture of the Dirac distribution at 0 and the uniform distribution on [—0.5,0].

We take for p. the ordinary smooth distributions summarized in Table 1. Recall that
the coefficient 8 of a symmetrized Gamma distribution is twice the shape parameter of
the distribution. For each error distribution and for n chosen between 100 and 2000, we
simulate 200 times a sample of length n from which we compute the estimated minimal
risks 75/ (n) and 7% (n). We study the Wasserstein risks W7 and Ws. We obtain some
estimation of the exponent of the rate of convergence for each deconvolution problem by
computing the linear regression of log 7, «(n) by logn. See Figure 2 for an illustration and
Figures 7 and 8 at the end of the paper for the complete outputs of the Dirac case. A
linear trend can be observed in all cases. As expected, the risks are smaller for the isotone
estimators than for the naive ones.

The estimated exponents of the convergences rates are plotted in Figure 3 as functions
of 8. These estimated rates can be compared with the upper and lower bounds obtained
in the paper. Of course the rates of convergence of the isotone estimator have no reason
to match exactly the lower bounds. However it can be checked that the estimated rates
we obtain are consistent with the theoretic bounds proved before. In particular we see
that the parametric rate is reached for values of 3 close to 0, at least in the Dirac case.
These results also suggest that the correct minimax rate for Wy probably corresponds to
the upper bound given in Theorem 3.1 (that is, when no further assumption is made on
the unknown distribution u).
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Figure 2: Estimated rates of convergence to zero of the Wi-risk for the naive method and
the isotone method for p being a Dirac distribution at 0. The noise distribution is the
symmetrized Gamma distribution with g = 2.
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Figure 3: Estimated exponents of the convergence rates of the naive and the isotone
deconvolution estimator for three distributions u. The exponents are given as functions
of the ordinary smooth coefficient 3. Regarding the noise distribution, the y? and the
Laplace distributions are indicated directly on the graph, the others experiments have
been done with the symmetrized Gamma distribution. The top graph corresponds to the
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Figure 4: Deconvolution of the uniform measure on the Cantor set.

5.4 Cantor set experiment

We now illustrate the deconvolution method with a more original experiment. We take
for p the uniform distribution on the Cantor set €. Remember that the Cantor set can be
defined by repeatedly deleting the open middle thirds of a set of line segments:

@:ﬂFn

m>1

where Fy = [0, ] 1] and Fj,,+1 is obtained by cutting out the middle thirds of all the intervals
of Fip: Fy = [0,3]U[2,1] and F; = [0, §]U[2, $]U[2, Z]U[3, 1], etc... The uniform measure
pg on € can be deﬁned as the distribution of the random variable X = 23",.,37%B,
where (Bj)r>1 is a sequence of independent random variables with Bernoulli distribution
of parameter 1/2. Note that the Lebesgue measure of € is zero and thus the Lebesgue mea-
sure and pg are singular. The deconvolution estimators being densities for the Lebesgue
measure, the Wasserstein distances are relevant metrics for comparing these with yug-.

Let pug 4 be the distribution of the random variable defined by the partial sum X =

2 fo:l 3"“Bk where the Bj’s are defined as before. The distribution I is an approx-
imation of ug which can be computed in practice. We simulate a sample of n = 104
observations from He g with K = 100. These observations are contaminated by random
variables with symmetrlzed Gamma distribution (the shape parameter is equal to 1/4 (so
that 8 = 0.5) and the scale parameter is equal to 1/2).

In Figure 4, the isotone estimators for W7 and W5 and the naive estimator are plotted
on the first four levels F,, of the Cantor set. The bandwidth are chosen by minimizing the
Wasserstein risks as explained before. This requires to approximate the quantile functions
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Figure 6: Comparison of the locations of the minimums of the Wa-risks for five distribu-
tion measures p. The noise distribution p. is the symmetrized Gamma distribution with
B = 0.75. Each risk curve has been normalized by its minimum value for facilitating the
comparison.

for the isotone deconvolution estimator and for the pg. Regarding the quantile function
of ug, we simulate a large sample according to I 100 and we compute the corresponding
empirical distribution function. This last cdf is an approximation of the so called “Devil’s
staircase” (see Figure 5). For the naive deconvolution estimator we find A = 0.011 for W;
and h = 0.018 for W5. For the Wj-isotone deconvolution estimator we find A = 0.002 and
h = 0.01 for the Ws-isotone estimator. Note that these values are consistent with the fact
that the bandwidth increases with the parameter p of the Wasserstein metric, as shown
by Theorem 3.1. On Figure 4, the Wj-isotone deconvolution estimator is able to “see” the
three first levels of the Cantor set and the three others deconvolution methods recover the
two first levels. A kernel density estimator (with no deconvolution) only recovers the first
level.

5.5 About the bandwidth choice

In practice, we need to choose a bandwidth h for the deconvolution estimators. As was
explained in Caillerie et al. (2011) (see Remark 3 in this paper), it seems that the influence
of the measure p is weak. We now propose a simple experiment to check this principle.
We choose for p. the symmetrized gamma distribution with a shape parameter equal to
0.375 (8 = 0.75) and we simulate contaminated observations from the following various
distributions:

e Truncated standard Gaussian distribution on [—1,1],
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Uniform distribution on [—0.5,0.5],

Uniform distribution on the Cantor set,

Mixture of the Dirac distribution at 0 and the uniform distribution on [—0.5, 0],

Mixture of Dirac distributions at —0.5, —0.2 and 0.3 with proportions 1/4, 1/4 and
1/2,

e Dirac distribution at 0.

We focus here on the study of the Ws-isotone deconvolution estimator. Figure 6 compares
the locations of the minimums of the five risk curves h — 75% by averaging over 200
samples of 1000 contaminated observations. For this experimejnt, the sensitivity of the
minimum risk location to the distribution pu is not very large.

On another hand, from Figure 3, it seems that the rates for the mixture Dirac Uniform
are quite slow (in particular, they are close to the minimax rates for W7).

From these remarks, it seems that the bandwidth minimizing the risk computed for the
mixture Dirac Uniform should be a reasonable choice for deconvolving other distributions.
Of course, this is in some sense a “minimax choice”, and it will not give the appropriate rate
for measures which are easier to estimate (for instance measures with smooth densities).

A bootstrap method in the spirit of Delaigle and Gijbels (2004) may give a more
satisfactory answer to this problem. However, note that the use of the Wasserstein metric
makes difficult the asymptotical analysis of the risk. This interesting problem is out of the
scope of this paper, we intend to investigate it in a future work.

Acknowledgements

The authors were supported by the ANR project TopData ANR-13-BS01-0008.

References

C. Butucea and B Tsybakov. Sharp optimality in density deconvolution with dominating
bias. I. Theory Probab. Appl., 52:24-39, 2008a.

C. Butucea and B Tsybakov. Sharp optimality in density deconvolution with dominating
bias. II. Theory Probab. Appl., 52:237-249, 2008b.

C. Calillerie, F. Chazal, J. Dedecker, and B. Michel. Deconvolution for the Wasserstein
metric and geometric inference. FElectron. J. Stat., 5:1394-1423, 2011.

R.J. Carroll and P. Hall. Optimal rates of convergence for deconvolving a density. J. Amer.
Statist. Assoc., 83:1184-1186, 1988.

F. Chazal, D. Cohen-Steiner, and Q. Mérigot. Geometric inference for probability measures.
Found. Comput. Math., 11:733-751, 2011.

I. Dattner, A. Goldenshluger, and A. Juditsky. On deconvolution of distribution functions.
Ann. Statist., 39:2477-2501, 2011.

J. Dedecker and B. Michel. Minimax rates of convergence for Wasserstein deconvolution
with supersmooth errors in any dimension. J. Multivar. Anal., 122:278-291, 2013.

24



log(71,+(n))

log(71,4(n))

log(71,+(n))

log(71,4(n))

-4.5

1.0

-1.5

-2.0

-2.5

-3.0

-0.4

-0.8

-1.2

-1.6

-0.4

-0.8

-1.2

-1.6

Symmetrized Gamma distribution with g = 0.3

A NN
~a A
A~
o~ A
LAl
- A A
—6— Naive method B~ 5aap
_|—2— Isotone method R
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)

Symmetrized Gamma distribution with § = 0.75

W

\A\QA\
bea o,
PR AN

Aa

AT A
. D A
—6— Naive method Al NN
—A— Isotone method T A
T T T T T T
5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Symmetrized Gamma distribution with g =2

\A\A\A
LAA\
SN

& oA
—o— Naive method EanrSUN
A
—A—  Isotone method SN
T T T T T —
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)
Laplace distribution 8 = 2
A
A
A
YA
JASAN ‘A\A\ N
B .
—o— Naive method ~4 A A
—A— Isotone method VN A
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

log(71,+(n))

log(71,4(n))

log(71,+(n))

log(71,4(n))

-04 -02 00 02

-0.6

Symmetrized Gamma distribution with g = 0.5

M

A-AL
A A
vASS

Bpop

—o— Naive method B A<

—A— Isotone method DDA A

T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Symmetrized Gamma distribution with g = 1.2

A
AN -
A=A A
AN
5SoA A
—6— Naive method TA A -
— y ~A
—A— Isotone method oo
T T T T T T
5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Symmetrized Gamma distribution with =4

o
AN
A,
A
D A~ N
A -
D~p A
—6— Naive method A N
—A— -
Isotone method A\A\ a
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Chi2 distribution 8 =1

A
NNy N
PAY
\A\& N
I
~A_ A -
—6— Naive method RSN
A
—A— Tsotone method TN~ A a
T T T T T T

4.5 5.0 5.5 6.0 6.5 7.0 7.5

Figure 7: Deconvolution of the Dirac distribution at zero observed with one of the noise
distributions listed in Table 1: log-log plots of the estimated W7-risks for the naive method
and the isotone method.

25



log(72,+(n))

log(72,4(n))

log(72,+(n))

log(72,4(n))

-1.5

-2.0

-2.5

-3.0

Symmetrized Gamma distribution with g = 0.3

\EAAA

A Do
ATNA A
NN
~ A N
—6— Naive method DA
_|—&— TIsotone method a A
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)

Symmetrized Gamma distribution with § = 0.75

N N
e
~A A
A~
JASS
BN
N

—6— Naive method AL

VN A A
. Isotone method A -

T T T T T T

4.5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Symmetrized Gamma distribution with g =2

—e— Naive method A A AL
N
Isotone method A A -2
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5

Laplace distribution 8 = 2

~A
aAD~ A
i A A_A
=~ A4
A~A
pay ’A\A\
——©— Naive method & A \A\A
—A— Isotone method A .
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)

log(72,+(n))

log(72,(n))

log(72,«(n))

log(72,4(n))

1.0

00 02 04 06 08

Symmetrized Gamma distribution with g = 0.5

~ a N
SN R
Al
4
T&a
A\A\ a
—6— Naive method ‘A\A\
_|—2— Isotone method & A
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)

A
—o— Naive method a RN
_|—A— TIsotone method N A
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5

log(n)

Symmetrized Gamma distribution with =4

. n
—o— Naive method A
_|~A— Isotone method A=A PN
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)
Chi2 distribution 8 =1
)
A
T3l
A~
~ A\A\
5 A
A
N
o VSN
—o— Naive method \A\k
—A— Isotone method [N AL
T T T T T T
4.5 5.0 5.5 6.0 6.5 7.0 7.5
log(n)

Figure 8: Deconvolution of the Dirac distribution at zero observed with one of the noise
distributions listed in Table 1: log-log plots of the estimated Wa-risks for the naive method
and the isotone method.
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