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Spectral discretization of the time-dependent Navier—Stokes

problem coupled with the heat equation

Rahma Agroum', Christine Bernardi?, and Jamil Satouri®

Abstract

The aim of this work is to present the unsteady Navier—Stokes equations coupled with the heat
equation where the viscosity depends on the temperature. We propose a discretization of theses equa-
tions that combines Euler’s implicit scheme in time and spectral methods in space. We prove optimal
error estimates between the continuous and discrete solutions. Some numerical experiments confirm
the interest of this approach.

Résumé

On présente dans ce travail les équations de Navier-Stokes instationnaires couplées avec celle de
la chaleur lorsque la viscosité dépend de la température. On utilise un shéma d’Euler implicite en
temps et on discrétise le probleme en espace par méthodes spectrales. On démontre des estimations
d’erreur optimales entre la solution continue et la solution discrete. Quelques expériences numériques
confirment I'intérét de cette approche.

Key words: Navier-Stokes equations, heat equation, spectral method, Euler’s scheme, a priori anal-
ysis.
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1 Introduction.

Let Q be a connected bounded open set in R;d, d =2 or 3, with a Lipschitz-continuous boundary 052,
and let [0, 7] denote an interval in R where T is a positive real number. The following system models
the unsteady flow of a viscous incompressible fluid, in the case where the viscosity of the fluid depends
on the temperature.

dyu(,t) — div(v(T(z, 1)) Vu(z, 1) + (u(z,t) . V)u(z,t) + Vp(z,t) = fz,t)  in Qx]0,T],

divu(e,t) =0 in 0x]0, 77,
T (x,t) — a AT (x,t) + (u(x,t) . V)T (x,t) = g(x,t) in 0x]0, 77,
T(x,t) =T, on d0x]0,T7, -y
w(z,t) =up on 900,77,
u(x,0) =ug, T(x,0)=1T, in Q.

The unknowns are the velocity u, the pressure p, and the temperature T of the fluid, while the body
data are the distributions f and g, the boundary data are the Dirichlet condition up, and the tem-
perature on the boundary T}, the initial data are ug and the initial value of the temperature Ty in €.
The function v is positive and bounded, while the coefficient « is a positive constant.

A similar model but for the stationary case has been analyzed in [8] and recently in [1] for a spectral
discretization and also in [4] for a finite element discretization (see also [3] for a very similar coupling
of the Navier-Stokes equations with a turbulence model). Another related model has been analyzed
in [2]: it consists of the heat equation with a nonlinear source term describing heat production due to
an exothermic chemical reaction coupled with the Darcy law.

Problem (1.1) is discretized in time by Euler’s implicit scheme. We use this scheme for its simplic-
ity, however we have decided to treat the nonlinear term in an implicit way; we combine this scheme
with a spectral method in space. The numerical analysis of the nonlinear discrete problem makes use
of the approach of Brezzi, Rappaz and Raviart [7], we establish a priori error estimates that turn out
to be fully optimal. We conclude with some numerical experiments where the viscosity of the fluid v
is either a constant, or a function dependent of the space variable, or a function that depends on the
temperature 7. All of them confirm the optimality of the discretization and justify the choice of this
formulation.

An outline of the paper is as follows.

e In Section 2, we recall the variational formulation of the problem and prove the existence of a
solution, the uniqueness result being presented in dimension d = 2.

e Section 3 is devoted to the description of the time semi-discrete problem, we recall the existence
of the solution. We also write the fully discrete problem.

e In Section 4, we perform the a priori error analysis of the discretization.

e Some numerical experiments are presented in Section 5.



2 Analysis of the continuous problem.

We first write down a variational formulation of problem (1.1). Next, we prove the existence of the
solution. The uniqueness is only proved in dimension d = 2.

2.1 Variational formulation

We intend to write a variational formulation of system (1.1). We first make precise the assumptions
on the function v : It belongs to L*°(R) and satisfies, for two positive constants v; and vs,

for a.e. 0 € R, v <v(d) < 1o (2.1)

For simplicity, we work with zero bondary condition up = 0 in order to avoid the technical results
linked to the Hopf lemma, see [11, Chap. IV, Thm 2.3].

In what follows, the scalar product defined on L%(2) or L?(2) is denoted by (.,.). We use the whole
scale of Sobolev spaces H*(€2), s > 0, equipped with the norm |||z () and seminorm |.|zs(q), and
their subspaces H§(§2). For each s > 0, H*(Q) stands for the dual space of H§({2). We also recall
from [11, Chap. I, Thm 1.1] for instance the following Poincaré-Friedrichs inequality:

Vo € HY(Q), el < clelm e, (2.2)
which yields the equivalence of ||.||g1 (o) and |.|g1 (o) on Hg ().

For any separable Banach space E equipped with the norm |||z, we denote by €°(0,T; E) the
space of continuous functions from [0, T] with values in E. For each s > 0, we also introduce the space
H*(0,T; E) in the following way: When s is an integer, it is the space of measurable functions on ]0, T[
with values in E such that the mappings: v — ||0fv|g, 0 < £ < s, are square-integrable on ]0,T'[;
otherwise, it is defined by interpolation between H¥1*(0,T; E) and H*1(0,T; E), where [s] stands for

the integer part of s.
We also introduce the space

L2(Q) = {q € L*(); / q(z) de = 0}. (2.3)
Q

Assume that the data (f, g, T,) belong to
L0, T HH()") x L2(0,T; H-1(Q)) x L2(0, T; H? (99)),
that the datum Ty belongs to H!(Q), the datum wo belongs to H} () and satisfies the following

compatibility condition
divug =0 infd. (2.4)

The last condition is not necessary for all the results in this section. Since it is not restrictive, we
prefer to assume it from now on.
We now consider the following variational formulation for problem (1.1):

Find (u,p,T) in L2(0,T; HY(Q)?) x L2(0,T; L2(R)) x L*(0,T; H(R)) such that
u(.,0)=uo and T(,0)=T, inQ, (2.5)
such that, for a.e. £, 0 <t < f,

T(.,t)=Ty(.,t) on L, (2.6)



and such that, for a.e. ¢, 0 <t <
Yo € HO /(% u(x, t)v da:—|—/ v(T)(x,t)(grad u)(x,t) : (gradv)(x)dx
" /Q (. Vyw)(at) - (@) da — [ ([divo)(@)pla.t) do = (F.v)a.
Vg € L3(Q), /(div u)(z,t) ¢(z)dz = 0, (2.7)
VS € HY(Q / 0,T(x,1)S(z) dz + /Q (grad T)(z,{) . (grad S)(z) de
/Q (u . V)T)(@.t) S(z) dz = (9. S)a.

where (.,.)q denotes the duality pairing between H—1(€2) and HE(€) and also between H~(Q)* and
H&(Q)d. The following result is an obvious consequence of the density of Z(Q) in L?(Q) or Hg ().

Proposition 2.1 Problem (1.1) with up =0 and (2.5)—(2.6)—(2.7) are equivalent, in the sense that
any pair (w,p,T) in L*(0,T; H&(Q)d) x L2(0,T; L2(2)) x L?(0,T; HY(Q)) is a solution of system (1.1)
in the distribution sense if and only if it is a solution of problem (2.5)—(2.6)—(2.7).

The spaces L2(Q) and HE(Q)? verify the inf-sup condition (see for instance [11, Chap. I, Cor. 2.4]):
There exist a constant 5 > 0 such that

(divo)(x)q(x)de
vger2), sup L@@ g (28)
vEHE ()4 Hv”Hl(Q)d

We introduce the kernel

V(@) = (v e HY@ Vg€ 12(9), [ (divo)(@)(e)de = 0),

which is a closed subspace of Hg(£2)? and coincides with
V(Q) = {v e H} (D)% dive =0in Q}.

Let R denote a lifting operator, i.c., an operator from Hz(9Q) into H'(€2) which is continuous from
Hs+2(8Q) into Ht1(Q) for all s > 0 (the existence of such an operator is established in [9] for
instance). Since T}, belongs to L2(0,T; Hz (92)) we denote by T, the function defined for a.c. t,
0<t<T, by

Ty(t) = RTy(t).

Clearly this function belongs to L2(0,T; H'()) and satisfies
IToll 20,710y < C’HTZ’”L’Z 0,T;HZ (99)) (2.9)

where the positive constant ce only depends on €2 and R. When setting T* = T — T}, we observe that
(u,p,T™*) is a solution of the variational problem:

Find (u,p, T*) in L2(0,T; HE (2)%) x L2(0,T; L2(Q)) x L*(0,T; H(Q)) such that

w(.,0)=uy and T*(,0)=Ty—Tp(.,0) inQ, (2.10)



and such that, for a.e. £,0 <t < f,
Vv € H&(Q)da (815“’ 'U) + (V(T* +Tb)vu7 V'U) + ((u . V)'LL,’U) - (diV’U,p) = <fa U>Q7
Vg € L2(Q), —(divu,q) =0, (2.11)
VS € Hy(Q), (0:T*,S)+a(VT*,VS) + ((u . V)T*,S)
Moreover, the pair (u, T*Z is a solution of jcvhe variational problem: N
Find (u,T*) in L2(0,T;V(Q)) x L*(0,T; Ha(£2)) satisfying (2.10) and, for a.e. t, 0 <t < T,
Vo e V(Q), (Bu,v)+ (T +T,)Vu, Vo) + ((u . V)u,v) = (f,v)q,
VS € Hy(Q), (0:,T*,S)+a(VT*,VS)+ ((u.V)T*,S) (2.12)
={(9,8)q — (0T, S) — a(VTy,VS) — ((u . V)T, S).

2.2 Existence result

Let us start with the following a priori estimate for the velocity.

Lemma 2.2 Assume that the data f belong to LQ(O,TV;H_l(Q)d)7 and that the initial velocity ug
belongs to L2(2)%. Then the following a priori estimate holds for the velocity w of any solution (w,T*)
of problem (2.10)—(2.12) and for any t €]0,T|:

||u||L2(0,t;H1(Q)d) < ||U0||L2(Q)d + HfHL?(o,t;Hfl(Q)d)% (2.13)
with a constant ¢ that only depends on 2 and T.

Proof: Taking v equal to w in the first equation of (2.12) and noting that ((u . V)u,u) = 0 gives

1d
5 g 1ulZ2 @0 + vl Vel e gyaxa < ell il @pallullm @),

whence
d 2 2 d 2
g 1ullz2(@)e +viclull g < ZHfHH*l(Q)d'

Integrating this equation between 0 and ¢ yields in particular

t / t
c
ot e + 0 [ T s) i qyods < a0l aqoys + = [ 15t (214)

Owing to (2.10), this gives the desired estimate.

Theorem 2.3 Assume that the data (f,g,Tpy) belong to LQ(O,T;H’l(Q)d) x L2(0,T; H-1(Q)) x
Hl(O,T;H%(BQ)), that the initial velocity ug belongs to L?(Q)¢, the initial temperature Ty belongs
to L*(Q)) and that the initial temperature on the boundary T belongs to Hz2(8Q). Then problem
(2.5)—(2.6)—(2.7) has a solution (u,p,T) in the space

L3(0,T; HA(Q)") x L*(0,T5 L3(Q)) x L*(0,T; H'(€2)).
Proof: 1) We recall from [11, Chap. I, Cor 2.5] that 2(Q2)? N V(Q) is dense in V(£2). Thus, there

exist an increasing sequence (V,,),, of finite-dimensional subspaces of V(Q2) and an increasing sequence
(W,,),, of finite-dimensional subspaces of H{(£2) such that UN (V,, x W,,) is dense in V() x H}(Q).
ne



Thus, an approx1mat10n of problem (2 12) can be written
Find (u,,T?) in L2(0,T;V,,) x L*(0,T;W,,) such that

an S Vru (atuna’vn> + (V(T:{ +Tb>vun; V'Un) + ((un . V)Un,’lln) = <f7Un>97
VS, € Wa, (0T, Sn) + a(VTE, VSn) + ((wn . V)T, Sp) (2.15)

Considering existence, note that the mapping:

f+diviw(z + Tp)Vw) — (w . V)w
(w,z) = (g — 0Ty + aAT, — (wb. VT, — (w . V)z + aAz)

is Lipschitz-continuous on H(Q)? x H' (). Therefore it follows from the Cauchy-Lipschitz theorem,
see [12, Section 21], that (2.15) has a unique solution (uy,,T) in €°(0,T;V,) x €°(0,T;W,,). Since
the norm of u, in L2(0,T; HL(Q)?) and of T in L2(0,T; H}()) are bounded by a constant ¢ (due
to the Poincaré-Friedrichs inequality on ), there exists a subsequence, still denoted by (wn, T;¥)y, for
simplicity, which converges to a pair (u, T*) weakly in L2(0,T; H (Q)4)) x L2(0,T; H*(Q))).

We observe that, for m < n, (un,T)) is a solution of the variational problem:

n

Find (un,T?) in L2(0,T;V,,) x L*(0,T;W,,) such that

v'UWL € Vﬂu (atunavm) + (V(T»;: +Tb)vun7 V'Um) + ((un . V)Un,’llm) = <favm>ﬂa
VS € Wony (8,1, Sm) + (VT VSm) + (. V)T, Spa) (2.16)
= <g7 Sm>ﬂ - (ath, Sm) - OL(VTb, vsm) - ((un . V)Tba Sm)

We now study the convergence on n:

e The convergence of the linear terms is obvious.

e By taking Sy, equal to 0,7} in (2.16), we easily derive that 9,T); is bounded in L*(0, T; L2(£2)). Due
to the compactness of the imbedding of H'(0,T; L%(Q)) N L2(0, T; H'(2)) into L2(0,T; L2(1)), there
exists another subsequence (T7),, such that the sequence (v(T +Tp) Vv, )n converges to I/(T* +Tp) Vo,
a.e. in Q. Since the norm of (v(T}; + 1) Vs, )y is bounded by s ||V, || 12(q)ixe, using the Lebesgue
dominated convergence theorem yields the convergence of (v(T) + Ty,)Vv,,)n to v(T* + Ty,)Vo,, in
L2 (Q)dxd.

e The convergence of the convection terms (u, . V)u, and (u, . V)T, is more complex. So, for
brevity we refer to [13, Chap. III, Lemma 3.2] for its proof (see also [10, Chap. V, Thm 1.4]).

Thus, passing to the limit on n, problem (2.16) leads to :

Find (u, T*) in L2(0,T; V() x L*(0,T; H}(Q)) such that
YV, € Vi, (O, v,) + W(T* + Tp)Vu, Vo) + (u . VIu,v,) = (£, vm)a,
VSm € Wy, (8tT*7 S’m) + Q(VT*7 vsm) + ((u . V)T*, Sm)
={g,Sm)a — 0Ty, Sm) — a(VTy, VSn) — (uw . V)Ty, Sm), (2.17)

passing to the limit on m is now easy and by density of UN Vi x W, in V() x HE (), this yields
me

that the couple (u, T = T* +T},) satisfies the second and third equation of (2.7), which gives (2.6) and
(2.5).

2) By integrating the first equation of (2.12) between 0 and ¢, apply (2.10), and define the functional
for all v € H (Q)?

Li(v) = /O ((£(29)0) = (@ + T) () V(). T0) — (u(es) . V)ul..5),0) )ds

— (u(.,t),v) + (ug,v).



For all t € [0, 7], this is a continuous linear functional on H'(Q)? and, according to (2.10)—(2.12), it

vanishes on V(). Hence, see [11, Chap. I, Lemme 2.1], for each ¢ € [0,T], there exists a function P(¢)
in L2(Q) such that:

Yo € HY ()Y, Li(v) = —(divw, P(t)), (2.18)
Li(v)

[P(O)lrz) < sup W —— (2.19)
vEHE ()4 HUHHI(Q)d

Now, differentiating (2.18) with respect to ¢, and setting
p =0, P(t),

we obtain the first equation of (2.7) with T' = T*+T,. Thus, the variational problems (2.5)—(2.6)—(2.7)
and (2.10)—(2.12) are equivalent and have a solution. It is interesting to read in [13, Chap. III, §1.5]
analoguous results for the Stokes problem.

Corollary 2.4 If all the assumptions of Theorem 2.3 hold, the solution exhibited in this theorem
satisfies,
||u||L2(()’T;H1(Q)d) + ||T||L2(07T;H1(Q)) < C(||T0||L2 @ + ||T0HH%(3Q) + ||U0HL2(Q)d + ||f||Lz 0,7;H-1(Q)d)

2
T2 o 700 oy T 190220, 701 0))- (2.20)

Proof: The estimate on u being proved in Lemma 2.2, we only consider the estimate on T. We take
S equal to T™ in (2.12), this gives

(O0,T*, T*) + «(VT*,VT*) = (9, T")a — (0: T, T*) — a(VTy, VT*) — ((u . V)Ty,, T*).

It follows from the imbedding of H'() into L*(€2) and the Cauchy-Schwarz inequality, that

1d, . . ) — .
37T 1720 + e T* 3 ) < gl @ |1 T | @) + 10 Toll L2 @) 1T [l 2w
+ | Tyl g o) 1T 12 ) + ellwll gy | Toll mr o) 1T 21 o)
thus,

T a0y + 0T sy < (000 + 10T 3oy + 1 Thl ) + S (Il g + 1T 0)°)

Integrating between 0 and ¢, and by using (2.9) yields,
t
17Ol ey + e [ 1T ()l oy
(T O oy + [ o) + / T3 s + [ 1T

C 2
# 5[ e s+ [ 1T 5 89

Owing to (2.14) and (2.10),

S
H? (092)

1T\ 20,6500 2y < e(IIToll L2y + ||Tz9||H%(E,Q + llwollZaaya + 1F 172 (0,0 -102))

+ITl3

H(0,t;H % (99)) Flgllzzonm-r)-



Thus, the desired estimate follows from the triangle inequality.

Since the uniqueness for Navier—Stokes equations remains an open problem in dimension d = 3, we
only consider the case of dimension d = 2 in the following theorem.

Theorem 2.5 Assume that the function v is Lipschitz-continuous, with Lipschitz constant v*. There
exist two positive constants cﬁ‘ and cb’ such that

(i) if the data (f,g,Ty) in L2(0,T; H*(Q)2) x L2(0,T; H1(Q)) x L(0,T; Hz (09)), uo in L2()2,
Ty in L*(Q) and TP in H?z(09Q) satisfy

A (IToll 2@y + 1213 ey + 02 e + 15112

H3 (09) L2(0,T;H-1(2)?)

2 _
+HT””H(O,?;H%(aQ)) * ”g”LQ(O’T;Hﬂ(Q))) <
(ii) if problem (2.5)—(2.6)—(2.7) admits a solution (w,p,T) such that w belongs to L2(0,T; W14(Q)?)
with ¢ > 2, and satisfies
Vw20 Farrayy < L (2.21)

then in dimension d = 2 this solution is unique.

Proof: We set,

C? = C(HTO||L2(Q)+||TI9”H%(aQ)+||u0”%2(9)2_'_“fH12(0’T;H71(Q)Q)"'HTZ)”QLQ(O’,Z:;H%(aQ))+||g||L2(0,f;H—1(Q)))~

where c¢ is the constant in (2.20).
Let (w1, p1,T1) and (uz, pa, To) be two solutions of problem (2.5)—(2.6)—(2.7) with w; in L2(0, T; Wh4(Q)%)
satisfying (2.21).
Setting for a while
u=uy—uy, p=p1—pz and T =TT,

we proceed in three steps.
1) It follows from the third equation in (2.7) that, since T belongs to H}(Q),

1d
§£HTH%2(Q) +a/9(g1‘adT)2($at) de = —/Q((Ul V)Ty = (uz . V)Ty)(2,t) T(2, t) de,
_ —/((u V)T (=, )T (w, t) da,
Q
whence,
1d
§£HTH%2(Q) +alT(,1)|3 ) < e ul, 1) 102 T ) (),

where ¢? is the square of the norm of the imbedding of H{ () into L*(£2).
By integrating between 0 and ¢,

AT 20,001 (0)) < bed [ul20 601 0)2), (2.22)
2) Similarly, we derive from the first equation in (2.7) that
/ Opu(x, t)u(x,t) de —|—/ v(Ty)(z, t)(grad u)?(zx, t) dz
Q Q
= 7/(V(T1) —v(Ty))(x, t)(grad ui)(x,t) : (gradu)(x,t)dx
Q

— / ((w . V)ur)(z,t) . u(z, t) de
Q



Using appropriate Holder’s inequalities and the Lipschitz-continuity of v yields

A T e

<l |u(.,t)|§{1(9)2 +v*ct [w1 (-, ) [wrag)2 T ) a) [l t) m @)z

where ¥ stands for the norm of the imbedding of H} () into L9 (), with % + q% =1
By integrating between 0 and ¢ and by using (2.22),
|u|L2(0 tH1(Q)?2) X Cl’ Co Vl (1 + I/ _1 |u1|L2(07t;W1,q(Q)2) ) |’UJ‘L2(0_¢;H1(Q)2),

By choosing

cu' =7t and cb‘ =ty 1c§ofl,

such that
(31’ vt (1+ v¥edat ‘u1|L2(O,t;W1vq(Q)2)) <1,

we obtain that w is zero, so that w; and uy are equal.
3) It then follows from (2.22) that T} and T5 are equal. Finally, the function p satisfies

Yv € 1‘]&(9)27 - /Q(div v)(x) p(x)de =0,

so that it is zero (see [11, Chap. I, §2] for instance). Thus p; and ps coincide.
This concludes the proof.

3 The discrete problem

As already explained we propose a discretization of problem (2.5)—(2.6)—(2.7). For its a priori analysis,
it is simpler to work directly on the fully discrete problem. However we prefer to split the discretization
into two steps: First a semi-discretization in time, and next the full discretization.

3.1 The time semi-discrete problem.

Since we intend to work with non uniform time steps, we introduce a partition of the interval [0,7]
into subintervals [t;_1,t;],1 < j < J, such that

0:t0<t1<...<t(]:1~1.

We denote by 7; the time step t; —t;_q, by 7 the J-tuple (71, ...,77) and by |7| the maximum of the
Tj, 1 < j < J.

As explained in the introduction, the time discretization of the problem relies on the use of a backward
Euler’s sheme, where the nonlinear terms (v . V)u and (u . V)T are treated in an implicit way
and for the sake of simplicity, we shall present our analysis by approximating the nonlinear term by
v(T9=1). Thus, for any data (f,g,T}) in €°(0,T; H-1(Q)%) x €°(0,T; H~1(Q)) x €°(0,T; Hz (6)),
Ty in HY(Q) and ug in H&(Q)d satisfying (2.4), we consider the following scheme:

Find (uf)oc <y in (HH(Q))H, (0)1<j<s in (L2(Q))” and (T9)oc;<s in (H' ()7 such that

u’=wuy and T°=7T, inQ, (3.1)
such that, for all j, 1 <j < J

T =T) ondQ, (3.2)



and, for all 5, 1 < j < J,
Yv € H&(Q)d, (u?,v) + Tj(V(Tj_l)V’u,j , Vu) + Tj((uj . V)ul,v)
—7i(dive,p’) = (w7 v) + (7, v)a,
Vg € LE(Q)a —(div uja q) =0, (3-3)
VS e H&(Q), (TﬂS) + OéTj(VTj,VS) + Tj((uj . V)T-j,S) = (Tj_l,S) +Tj<g‘j,S>Q,
where f7 = F(t5), g7 =g(.,t;) and Tg =Ty(., t5).
As for the exact problem, it is suitable to lift the boundary data Tg : For 0 < j < J, we set Tbj = RTbj ,
where the operator R is intoduced in Section 2, and we have

1T (|1 () < Co||Tg\\H%(8Q)7 (3.4)
with the same constant cq as in (2.9). Thus, when setting 7%/ = T7 —Tbj, if (u?,p?,T7) is any solution
of (3.1)—(3.2)—(3.3), the sequence (u?, T*/) belongs to V(Q)7+! x (HL(Q)")’*! and satisfies

wW=uy and T°=T°-T; in Q, (3.5)

Yo € V(Q), (uj,v) + 7'j(1/(T*j71 +Tbj71)Vuj,Vv) + Tj((uj . V)uj,v) = (uj_l,'u) + Tj<fj,v>g,
VS € HYQ), (T%,S)+arj(VT*,V8) + r;((w! . V)T, S) = (T2, 8) + (g7, S)er — (T}, S)
—j—1

+ (T 8) — ary (VT VS) — m((w! . V)T, S).  (3.6)

We skip the proof of existence of (w/, T*7) which is rather standard (and simpler than in Section 2).
Moreover, if (u’,T*’) is any solution of (3.5)—(3.6), we define the linear mapping

L;(v) = (fj,'u)g — (V(T*j*1 +Tbj71)Vuj,Vv) — (v . V)u?, v) — %(’u/ — w7 ).

Clearly, the mapping v — L;(v) is a continuous linear fonctional on Hol(Q)d that vanishes on V(Q).
The inf-sup condition (2.8) implies that there exists an element p’ in L2(£2) such that

Yo € HY(Q)?, Lj(v) = —(dive,p’), (3.7)

. Li(v
Pl < sip —2)

_ (3.8)
vEHL(Q)4 ||’U||H1(Q)d

Hence (u/,p/, T7 = T* + Tbj) is a solution of (3.1)—(3.2)—(3.3). This enables us to state the next
proposition.

Proposition 3.1 Assume that the data (f, g, Ty) belong to
00,7, H-1(Q)") x €°(0,T, H-1()) x €°(0,T; H? (9Q)),

that the initial velocity wy belongs to L*(Q)? and the initial temperature Ty belongs to H' (). Then,
problem (3.1)—(3.2)—(3.3) has a solution (u?,p’, T?) such that

weH Q) 1<i<J, pPel?Q),1<j<J, and T9eHY(Q), 0<j<
Moreover the sequence of velocities (u?)1<j<y satisfies for j =1

; 1 J m 1
I/ e < 1 laogs - (20 Tl 712 ) (3.9)

m=1



Proof: We only prove the bound (3.9). We take v = u/ in the first equation of (3.3) and we use the
relation

1 1 1
ala —b) = §a2+§(a—b)2— 5b?, (3.10)
we obtain
1 ; i ; i ;
§(||UJ||12(Q)d — ||’ 1Hiz(g)d + [|u! —u’ 1“22(9)” + Cl/lTj”’u’]H?—[l(Q)d
< Tj”-fjHH—l(Q)dHuj||H1(Q)d7
whence

112 i—12 j i—12 112 Tj 112
||UJHL2(Q)'1 - ”uj ||L2(Q)d + Huj —u’ ||L2(Q)d + CVlTjHuJ”Hl(Q)d < a”f]HH—l(Q)d-

Summing this inequality over j, we obtain

J J
w132 0ya + D ™ = w3 o + a1 D Tl e
m=1

m=1
1 J
012 mi|2
< ”u HLQ(Q)d + ey m§71: 7—m”f HH—I(Q)d'

This concludes the proof.

3.2 The time and space discrete problem

We are now interested in the discretization of problem (3.1)—(3.2)—(3.3) in the case where Q =
]—1,1[%, d =2 or 3. Let N be an integer > 2, we introduce the space Py () of polynomials with d
variables and degree < N with respect to each variable and the space P (£2) of polynomials in Py (£2)
vanishing on the boundary of 2. Relying on theses definitions, we introduce the discrete spaces

Xy =P ()%, My = Py_o(Q) N L2(Q),
Yy =Pn(Q), Y& =YynHHQ).

The reason for the choice of the space My is that it does not contain spurious modes, see [5, Chap V].
We introduce the space Px(—1,1) of restrictions to [—1,1] of polynomials with degree < N. Setting
& = —1 and &{x = 1, we consider the N — 1 nodes &,,, 1 < m < N — 1, and the N + 1 weights p,,,
0 <m < N, of the Gauss-Lobatto quadrature formula. We recall that the following equality holds

1 N
Vo e Pava(-LD, [ (A=Y (6 (3.11)
-1 i=0

We also recall [6, Chap IV, Cor. 1.10] the following property, which is useful in what follows

N
Von €Pyn(=1,1), lonlZz11y < Do) pi < 3lonlia 1) (3.12)
1=0

Relying on this formula, we introduce the discrete product, defined on continuous functions u and v
by
(o) = 1 S0 X0 u& §)0(E oy if d=2,
’ Z’L:O Zj:o Zk:o u(fivfj» gk)v(fi»fj» fk)ﬂiﬂjﬂk if d = 3.
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It follows from (3.12) that it is a scalar product on Py (£2). Let Zy denote the Lagrange interpolation
operator at the nodes of the grid

v 1&&); 0<ij<N} if d =2,

with values in the space Py (€2). Finally, let i?VQ stand for the Lagrange interpolation operator at the
nodes of Yy N 0N with values in the space of traces of P ().

We now assume that the function Ty, is continuous on 99 x [0, 7] and f, ¢ are continuous on £ x [0, 7.
Thus the fully discrete problem is constructed from (3.1)—(3.2)—(3.3) by using the Galerkin method
combined with numerical integration. It reads

Find (u))ocjcs in X4 (04)1<j<s in MY and (T )o<j<s in Y4 such that
uly =Zyug and Ty =ZnTy inQ, (3.13)
for 1 < j < J,
T, = i%8T)  on 09, (3.14)
and, for 1 < j < J,
Yoy € Xy, (ugv,vN)N —|—Tj(I/(T]J;l)gradugv,grava)N +Tj((u§\7 . V)ug\,,vN)N
— Tj(diva,ng)N = (ugv_l,'vN)N —|—Tj(fj,va)N,
Vgn € My, —(divugv, qN)N = 0, (3.15)
VSy € Y%, (TJ{,,SN)N + arT;j (gradT]{,, grad Sy) ,, + Tj((ug\, V)T, SN)
= (T4 Sn) y +75(97, Sn)w-

The existence of a solution can be derived by similar arguments as in Section 2, however we prefer to
follow the approach of [7] to obtain directly more precise results.

We recall the existence of a discrete inf-sup condition between the spaces Xy and My, see [5, Chap.
V, Thm 25.7]

divoy)(x) gy (x)dx e
Vgn € My,  sup Jof @) av (@) > cN~@D2) gl 220 (3.16)
vy EXN ||UNHH1(Q)d
As for the continuous problem, we introduce the kernel
VN(Q) = {’UN e Xn; VqN € My, (diV’l)]\th)N = 0} (317)

4 A priori error analysis

4.1 New formulation

For any real-valued measurable fonction 6 on €2, we introduce the modified Stokes operator S(6), which
associates with any data F in L2(0,T; H~1(Q)") and uo in HL(Q)? the part u of the solution (u, p)
of the generalized Stokes problem

Find (u,p) in L2(0,T; H (2)%) x L2(0,T; L2(£2)) such that

u=0 ondNx]0,T[ and w|—g=1uy inf, (4.1)

11



and, for a.e. ¢ in ]0,T7,

Vv € H} (D / Ou(z, t)v(x)de +/ v(0)Vu(z)Vo(x)de
- [ @vo)@p@ie = (Fl.0.00. (42
Vg€ L2(Q), - /Q(div u)(x)gq(x)dx = 0.

We also consider the operator S(f) which associates with any data F in L*(0,T; Hil(Q)d) and ug in
HE(9)? the part p of the solution (u,p) of this same problem.

We introduce the inverse £ of the Laplace operator which associates with any data (G, Ty, Tp) in
L2(0,T; H-1(Q)) x L2(0,T; Hz(82)) x H'(€) the solution T' of the problem

Find T in L2(0,T; H'()) such that
T=T, ond0x]0,T[ and Tl—o=Tp inf,. (4.3)

and, for a.e. t in ]O,T[,

VS € H)(Q), /QatT(a:,t)S(a:)dw + a/QVT(a:,t) .VS(z)dx = (G(.,1),S)a (4.4)

Thus it is readily checked that, when setting U = (u, T') and with this notation, problem (2.5)—(2.6)—(2.7)
can be written equivalently as

FU)=U - (S (0 2) G(U) =0, (4.5)

with
. (g (U),u) GO\ _(f—(u.V)u
GU) = ((92(1U),Tb,0To)) and (Q;(U)> - <g —(u . V)T) ‘ (4.6)
4.1.1 About the time discretization

From now on, we denote by u, and T, the functions which are affine on each interval [t;_q,t;] and
equal to w/ and TV respectively at each time ¢;, 0 < j < J, and by p, the function which is piecewise
constant equal to p/ on each interval Jt;_1,¢;], 1 < j < J. For each function v continuous on [0, T], we
also introduce the functions v and 7 v which are constant, equal to v(¢;) and v(¢;_1), respectively,
on each interval |¢;_1,%;], 1 < j < J.

Let S-(0 ) denote the following semi-discrete operator: For any data F in %°(0,T; H~*(2)") and

ug in HY (), S, (0)(F, uo) is equal to the function u, associated with the solution of the semi-discrete
problem (u/,p’) solutions of

Find (u/)o<j<s in (Hl(Q) )71 and (p?)1<j<s in (L2(2))7 such that

w =0 ondQ 1<j<J and u’=wuy inQ, (4.7)

12



and, for 1 < j < J,

Vv € HY(Q)?, /Q(‘”T;‘jl)(m)v(@dm+/Qu(9)vw(m)w(a;)dm

_ /Q (divo) (@) (@)dz = (F(.1,), v}, (4.8)

Vg € L2(Q), - /Q(div u!)(x)q(z)dx = 0.

We also consider the operator :5'7(6‘) which associates with any datum F in €°(0,T; Hil(Q)d) and ug
in H}(Q)? the part p, of the solution (u/,p?) of this same problem.

Let finally £, denote the semi-discrete operator: For any data (G, Ty, Tp) in %O(O,f; H71(Q)) x
¢°(0,T; H? (09)) x HY(Q), L, (G, Ty, Tp) is equal to the function T} associated with the TV solutions of

Find (Tj)ogjg‘] in (Hl(Q))‘]Jrl such that
TI(,t)=Ty(.,t;) ondQ, 1<j<J and T°=T, inQ, (4.9)
and, for 1 < j < J,

T3 —Ti-1

VS € HL(Q), /Q( >

Thus, when setting U, = (u,,T;) problem (3.1)—(3.2)—(3.3) can equivalently be written

F(U)=U; — (ST(WOTTT) £0T) G(U,) =0, (4.11)

)@)S(@)de + o /Q VIV(z) . VS(z)de = (G(.t;),S)a  (4.10)

where G is defined in (4.6).

Now we estimate the error on the velocity between the semi-discrete scheme (4.7)—(4.8) and the
continuous problem (4.1)—(4.2). The error equation is obtained by subtracting (4.8) from (4.2) at time

t;. Thus the sequence (e?,)o<;j<s, defined by e, = u(.,t;) — u’ satisfies €l, = 0 and, for 1 < j < J,

Yov € Hé(Q)d7 (e, v)+ Tj(u(G)Ve{“ Vo) —7; /Q(div v)(x)(p(.,t;) — ) (x)dx

= (eifla ’U) +7; <€Zu U>Qv
Vg € L2(Q), - /Q(div el)(z)q(x)dx = 0. (4.12)

where the consistency error €J, is given by

o u(t) —ul( i) (@), ;). (4.13)

Tj

Proposition 4.1 Assume that the velocity w of the solution (u,p) of problem (4.1)—(4.2) belongs to
the space H?(0,T; H'(Q)?). Then, the following a priori error estimates holds for 1 < j < J,

, 1
||U(-7tj) - UJHHl(Q)d < \/37671/1 |7| ”u”H?(O,tj;Hl(Q)d)a (4.14)

( i Tm” (u(~7tm) - um) — (u(',tmfl) _ umfl)

Tm

7]

1
2
IIiz(Q)‘l) S \/T71||u||H2(O,tj;H1(Q)d)7 (4.15)

m=1
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1

J
m 2 1
(mz_:lep(-’tm) -p ||L2(Q)) < e IT] [l 20,8517 () ) - (4.16)
Proof: 1) Applying the same arguments as for of (3.9) to problem (4.12) yield

. 1 < .
et 7 e < — > Tllel ||§{_1(Q)d~ (4.17)

cv
1 m=1

In order to estimate €7}, we use Taylor’s expansion:

u(.,tj)—u(.,tj,l):Tj(atu)(.,tj)—/j (t — tj-1)(Ofw)(., t)dt,

tj71

whence

4 1 [

el =—— (t —tj_1)(0hu) (., t)dt.
Tj Jtj_a

A Cauchy-Schwarz inequality in this formula gives

) 1 1

||€L||L2(Q)d < ET]’Z HUHH‘A‘(tj,l,tj;Hl(Q)d) (4.18)

The desired estimate is obtained by substituting this bound into (4.17).
2) By taking v equal to e, — e, ! in (4.12) and recalling that el is zero and (divw,p(.,t;) — p’)
vanishes on 2, lead in particular to

4 (w(etin) — ™) — (. tmo1) — u
>l

Tm

mfl) 1 J
IZe@e < 5= D mlledlze@e: (4.19)

m=1

m=1

and by using (4.18) we obtain the desired result.
3) To prove the third inequality (4.16) we derive from the error equation (4.12) that

Yo € H&(Q)d, —(divw,p(.,t;) —p’) = —(—=

_ el . .
%% 0) — (1(O)Vel,, Vo) + (e ).
J

We use inf-sup condition (2.8). Then this equation implies

el

. — el ) .

Ip(,t;) — P llp2 ) < H%Hm(md +evallenll mr e + llenllL2)as

and (4.16) follows by multiplying the square of this inequality bu 7;, summing over j and using (4.19)
and (4.18).

Similar but simpler arguments lead to

Proposition 4.2 Assume that the temperature T of problem (4.3)—(4.4) belongs to the space
H2(0,T; H*(Q)) and the data Ty belongs to H2(0,T; Hz (0)). Then, the following a priori error
estimates holds for 1 < j < J,

; |7]
IT(t5) =T g o) < —== (1T 20,0510 (02)) + T3]l .

N (4.20)

(oytj;H%wm))’
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We end this paragraph with the basic properties of the semi-discrete operators S () and £.. The
operator S; () satisfies the following three properties

(i) Stability: For any data F in €°(0,T; H’l(Q)d),
1S-(O)(F, 0) 120 7.1y S €N Fll L2 0, Fbr-1.0)0) (4.21)
(i) A priori error estimate: For any data F in °(0, T Hil(Q)d)
(S = S-)(O)(F, uO)Hm(o,iF;Hl(Q)d) < cl7f ||S(9)(F>UO)HHz(o,iﬁ;Hl(Q)d)' (4.22)
(iii) Convergence: For any data F in €°(0,T; H_l(Q)Ul)7

lim [|(S ~ 8-)(0)(F, 0)]| 12 0,711 () = O- (4.23)

|7|—0

The analogous properties concerning the semi discrete operator £; read :
(i) Stability: For any G in ¢°(0,T; H=1(Q))

||‘CT(G7070)||L2(07T;H1(Q)) < CHﬂ-jGHL2(07f;H*1(Q)) (4.24)

(i) A priori error estimate: For any data G in °(0,T; H(1))

102 = LG To, To)ll 20 7 ey < CTI NG To, To)l 20 0 ) F 1 ol oo 7t o)) (4:25)
(iii) Convergence: For any data G in €°(0,T; H~1(Q)),
lim ||(‘C - ‘CT)(Gv 07 O)||L2(O7f;H1(Q)) =0. (426)

|7]—0

4.1.2 About the space discretization

Similarly, we denote by uy, and Ty, the functions which are affine on each interval [t;_q,¢;] and
equal to ug\, and T]{, respectively at each time t;, 0 < j < J, and also by py, the function which is
piecewise constant and equal to pg\, on each interval ]t;_1,t;],1 < j < J. We also define Sy.(6) the
discrete Stokes operator, i.e., the operator which associates with any data F' continuous on Q x [0, T]
and ug in H} ()%, the part uy, of the solution (u’,p)) of the Stokes problem

Find (u;v)ogng in X§+1 and (pgv)lgng in M}]V such that

Wy =0 ondQ 1<j<J and ud =Zyuy inQ, (4.27)
and, for 1 < j < J,
wh — ulst i j
oy € Xy, (T vy )+ (W(0)Vu, Vo) — (divon,ph)y = (F(.t) on)a,  (4:28)
J

Yoy € My, —(divudy,qn)n = 0.

Let finally £y, denote the operator which associates with any datum G, T}, continuous on Q x [0, f]
and Ty in HY(Q),

Ty =i (,t;) ondQ, 1<j<J and TS =InTy, inQ, (4.29)
j j—1
VSy € YO Ms a7 ds = (G(.,t;), S 4.30
N € N> T s DN N—i—oz(gra Nvgra N)N_< ('7t.7)7 N>Q ( )
J
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We are in position to state some properties of the operator Sy (6), the a priori error estimate (ii)
in the followmg properties being derived by choosing for any divergence-free polynomial vy in Xy_1,
u) — vy as a function test in (4.28). Then from standard arguments in spectral methods, (see [6,
Chap. V] for instance), we derive
(i) Stability: For any datum F in €°(0,T; H~(Q)4),

j F(x,t, 'uNa:t)d

|Sn+(0)(F,0) <c) Tm sup (4.31)
L2O.THN @) Z vy EXN HvN”Hl(Q

(i) A priori error estimate: If moreover S, (6)(F,ug) belongs to L2(0,T; H*~1(Q)) and S, (0)(F, ug)
to L2(0,T; H*(Q)%) for a real number s, s > 1,

IS = Sne)O)(F, wo)ll 20 7,3 yty < N (IS O)(F o)l 20,7112 ()
IS (O)(F o)l 2o 7 pre-r(ayy ) (4:32)
(iii) Convergence: For any data F in (0, T; H—l(Q)d)’

NE}TQQ 1(Sr = Snr ) (O)(F, O)HLZ(Q,QF;HI(Q)‘!) = 0. (4.33)

The analogous properties concerning the discrete operator £y, and the operator £, read
(i) Stability: For any G in €°(0,T; H=1(2))

G((I}, tm)SN(wa tm)dw

I1£n+(G,0,0)]| <c) Tm sup : (4.34)
LHOTH (@) = mzl Snevs, SNz ()

(ii) A priori error estimate: If moreover £, (G, T}, To) belongs to L?(0, T; H?(Q)),s > 1 and T}, belongs
to L2(0,T; H?(912)), for a real number o, o > 41,

(£ = LNT)(GvTbaTO)Hm(o,f;Hl(Q)) < CNliS”ET(GvTb’TO)HLz(o_f;Hs(Q))

i o
+ NN Dol 20 7. 11w 02))- (4.35)
(iii) Convergence: For any data G in €°(0,T; H~1(Q)),
Nl_ifﬂoo (£ = Ln7)(G,0,0)]| 120 7,511 () = O- (4.36)

To conclude, with the notation Uy, = (un+, Tn+), problem (3.13)—(3.14)—(3.15) can equivalently
be written as

Fun(Uns) = Uye — <8NT(7TOT_TNT) ﬁ?, > Gn-(Unr) =0, (4.37)

The two components Gy1- and Gyo, are defined by
Yoy € Xy, / gN-,—l(EE,t) .’UN(EE) dx = (f — (UN-,- . V)’U,NT,’UN)N
Q

VSy € Y?\H / gNTQ(:B,t) SN(IE) dx = (g — (UN-,— . V)TNT7SN)N
Q
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From now on, we denote by
Z= L*(0,T; Hy(Q)) x L*(0,T; H'(Q)).
We also introduce the fully discrete space, i.e, the space Zy, of functions which are affine on each
interval [t;_1,%;],1 < j < J, and such that their values in ¢; belong to Xy x Y. It is readily checked
that this space is finite-dimensional and imbedded in Z.
To go further, we introduce an approximation Uy = (u$,,Tx,) of the solution U = (u,T) in Zy,,
for0<r<1
(= w30,) o D)l e < N7 )3 gy
1T = T3,) Do) < e N HTC D s - (4.38)

The existence of such an approximation is stated in [5, Thm 7.4] (see also [6, Chap. III, Thm. 2.4 &
Chap. VI, Thm. 2.5] ).

Lemma 4.3 If the data f belong to L2(0,T; H”(Q)d),a > %, the following result holds for any
t €]0, T

t
1 e
/0 (Gi(unr) = Gnri(uns), vn)ads < ¢ (N2 ||UNT||2LQ(O,T;H1(QV) + NNl 20, Frre ) 1N L -
Proof: We have,

(Gi(uns) — Gnri(uns),vn)o = (F — (unr - VIun.,von) — (f — (unr - V)un,, vn)n

If N’ stands for the integer part of %, we introduce an approximation wy: of ux, in Py/(2)¢ and
we note the identity
((uns . VIun,vn) = ((un . V)un,on)n
Inserting it, we obtain
(Gi(uns) — Gnri(uns), on)a = (un . VIun — (unr . V)uyr, vy)
+((uNT NV)un, — (uns . V)uN/,vN)N
+((f,on) = @nfron)N)- (4.39)

The reasons to evaluating the first two quantities are the same, so we only consider the first one
(un' . V)un — (unr - VIuns,oy) = (un' — unr - V)uns,on) + (un . V)(un — uns), vn)
we obtain

((un' —unr - V)uns,vn) [[(unr — uN’)("t)||L3(Q)d ||"’N||L6(Q)d ||VuNT('7t>||L2(Q)d><d

<
< e = un) B gy 10 s e v D) e

we conclude by using (4.38) for r = % and by integrating between 0 and ¢.
To evaluating the third term in (4.39), we have for any fy_; in Py_1(92)%,

(F.on) — (Fon)y = / (F — Fr_)(@ D). ox(@)dz — (F — Fr_y 08N

(Fon) = (Foomy <e(lF = Toh)Dllimaye +,  inf I = £ ) zge) [0l s

By taking fy_; equal to IIxy_;1f, where IIny_; stands for the orthogonal projection operator from
L2(2)? onto Px_1(2)? (see [6, Chap. I1I]), using [6, Chap. IV, Thm 2.6] and [6, Chap. III, Thm 2.4],
and by integrating between 0 and ¢ we obtain the desired result.
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4.2 Some more lemmas

We denote by £(Z) the space of endomorphisms of Z and we make the following assumption.

Assumption 4.4 The solution U = (u,T) of problem (2.5)—(2.6)—(2.7)

(i) is such that DF(U) is an isomorphism of Z, where D stands for the differential operator with
respect to U,

(ii) belongs to H*(0,T; HP(Q)%) x HL(0,T; H?(2)), p > 1.

Lemma 4.5 Assume that v is of class €% on R, with bounded derivatives, and Assumption 4.4 holds.
There exists a positive integer 7o and Ny such that, for all T, || < 79 and for all N = Ny, the operator
DFn-(Us,) is an isomorphism of Zy -, and the norm of its inverse is bounded independently of T and
N.

Proof: We write the expansion

D‘FNT(UX[T) = D‘F(U) o (SNT(WTT;(\)ST) - S(T) ENTO_ £) Dg(U)
(ST 2 Y wowsa - o) - (ST D) (06w ) - DowR,)
- (PO = DS gy - (PIETRD ((w) - g0)

DSy (r7TX,) O
- (PG D) 0w - 60 )
Due to part (i) of Assumption 4.4, we only have to check that the last six terms in the right-hand side
tend to zero when |r| and N~! tend to zero in the norm of the space £(Z). Let Wy, = (wn-, Rn+)
be any element in the unit sphere of Z .

1) We observe that

_( —((w. V)wy, + (wyr . V)u,0)
DG(U) . Wyr = <—((uu. V)levjj + (wlfvjj : V)T?0,0)> '

Since Zy, is finite-dimensional, we deduce from (ii) of Assumption 4.4, that both terms

(w. V)wy,+(wyr . V)uwand (u. V)Ryr+(wyy . V)T runs through a compact of °(0,7; H~(Q)")
and €°(0,T; H~1(Q)) respectively. Thus owing to the expansion (Syr — S)(0) = (Snr — S-)(0) +
(S —=8)(@) and L — Ly, = (L— L)+ (L — Ln-), combining all this with with the continuty of the
operator S(0), (4.38), (4.33), (4.36), (4.26) and (4.23) leads to

<8NT(7T: Tx.) = S(T) 0 > DG(U)

| Lo — 1 = 0. (4.40)

&(z)

lim lim
N—+oo |7|—=0

2) Due to the definition of DG, we must now proof the convergence of the two terms

(= uly,) Vwns + (W . V)(w— 1),
(=) ) Rr + (wnr . V)T —T§,)
Owing to (4.38) with combining (4.31) and (4.34), we obtain

=0. (4.41)
£(z)

lim lim
N=5+00 |r|—0

(sNT(wO:Tm 2L ) (DG(US;,) = DG(U))
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3) Due the definition of DG and DGy, we have
(DGn+(Uy7) = DG(UR, ), on) - Wir

(("(1}\/7 N)wyr + (wnr - VUG, vn) — (0, - Vwn: + (wnr V)u?VT,vN)N,O)

(((u})\,T V) Ryr + (wyr . VITS,) — (U, - V) Ry + (wir - V)T;;T)N,o,o)

Since the arguments for evaluating the two terms are similar, we only consider the first one, we set N’
equal to the integer part of %, and we introduce the approximation ux+ of u%. in Py/(92)?, by the
same arguments in Lemma 4.3, we deduce

<DgNT(UX77') - Dg(UX/T),’UN> 'WNT X cN™ 2 ||uNTHL2(OTH1 Q) )”vN”Hl(Q

Owing to (4.31) and (4.34), thus yields

=0. (4.42)
£(2)

lim lim
N—+o0 |7]—0

(SNT(WS_ e E?v) (DG (URr) — DG(UR,))

4) On the other hand, we note that, for any F in H‘l(Q)d7

(D'S(T)RNT)(Fa ’U,o) = S(T)< - le(aglj(T) Ry~ VS(T)(F7 UO))),
(DSN+ (77 TR ) Rne ) (Fyu0) = Snr (7 TR, ) (= div(9pv (TR, ) Rne VSN- (77 T, ) (F,u0))). (4.43)

By subtracting the second line from the first one, we derive

(DS (wT§;,) — DS(T)) Ryv:)(F, ug) =
(S+ (77 Ty,) = S(D))( — div(@p0(T) R, VS(T)(F,uo)))
— Sr (7 T )~ div(@p(TRy) R V(S — Snr) (7 T, )(FLuo))
T Sr (T TR (— div(@an(TR,) Ruvr V(S(r; Tfey) — S(D)(F . uo)))
+ Snr (77 T, (= div(9p(v(T§,) — (D)) Ry VS(T)(F, uo))).

Denoting by (F',ug) the first component of G(U), we see that S(T')(F,up) is equal to u, see (4.5).
We deduce from the regularity assumption on «, when Wy, runs through unit sphere of Z . quantity
—div(9gv(T) Ry~ VS(T)(F,ug)) belongs to a compact subset of €°(0, T H‘l(Q)d). Thus, the con-
vergence of the first term to zero follows from with the continuty of the operator S(6), (4.23), (4.33)
and (4.38), the convergence of the second term, follows from (4.31), (4.38), (4.22) and (4.32). The
convergence of the third term is deduced from (4.31) and (4.38) and of the fourth term from (4.31),
the bounded derivatives of v and (4.38). Thus, we derive

H (DSNT(WTTX’T) - Ds(@) 0) gy =o. (4.44)

£(z)

lim lim
|[7]—=0 N—+oc0

0 0

5) The convergence of the fifth term is deduced from (4.38) and the stability of DSy, (6) and the
convergence of the last term is obtained with the same arguments as for Lemma 4.3.
This concludes the proof.

Lemma 4.6 If the function v belongs to W2°°(R), with Lipschitz-continuous derivative, there exist
a neighbourhood of UR,, in Zn, and a positive constant ¢ such that the following Lipschitz property

holds for any Uy in this neighbourhood,
IDFn-(Usiy) — DFne(Un)ley.) < cllUSr — Unllz, (4.45)

where E(Zn+) stands for the space of endomorphisms of Zn .
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Proof: Setting Un = (ﬁN,TN), we have

D»FNT(UX/T) - D]:N‘r(ij) = (SNT(?TT_TN) - SNT(TF;TX[T) 0 > DgNT(UX/T)

0 Lys
. (DSNT(w:TN)O— DSn+(Tf;,) 8) G- (Uss,)
N (SNT(ngN) ﬁ?w) (DGn+(Un) — DGnr (US))
N (DSNT%WT Tn) 8) (G- (Un) — Gn-(US)

We have to evaluate the quantities, for any Wy, = (wn,, Ry,) in the unit sphere of Zy,, since
the evaluating of the last two terms follow from Lemma 4.3 and an extension of it, we only consider
the first two terms. All constants ¢ in what follows only depend on the norms ||UR, |z, ||Un||z and
[ llw2o ®)-

1) We have
SNT(T‘-;fN) _SNT(W;TX/'T) 0 < _ SNT(W;T]%T) 0 (ANTvo)’
( 0 LNT DgN’T(UNT)WNT - O ENT O
with

Ayr = dv(U(TR,,) = v(Tn) VS (2 Tn) (s - VIwns + (wnr . V)uk,))

There exists a constant ¢ only depending on the Lipschitz property of v such that,

Sn+(m7Tn) — Sn+(72T%.) 0
‘( we(rr ) = Swelmr i) O> DG, (U ) Wr

<c|Tx, — Tnll2 @ llwne | 2 )
7

2) On the other hand, combing the second part of (4.43)

< Tn = T |2 | Rove | L2 (-
Z

I R P

Lemma 4.7 Assume that v is of class €% on R and that the solution (wu,p,T) of problem
(2.5)—(2.6)—(2.7) belong to H2(0,T; H*(Q)*)x H2(0, T; H*=1()) x H2(0,T; H*()) for a real number
s, s = 1, and the data (f,Tp) belong to L2(0,T; H(Q)%) x H2(0,T; H°+2(0)) for a real number o,
o> %. Then, the following estimate is satisfied

H]:N‘r(UXIT)”Z < C<(|T| =+ N1*5)(||u||H2(0’T;Hs(Q)d) + HTHH’-’(O,T;HS(Q))) + Nlis||pHH2(O’T;H571(Q)))
+c’<(|7'| + Nl 20,70 )0y + |\T;,||H2(0j;m+%(m)))). (4.46)

Proof: Since F(U) is zero, we use the triangle inequality

e L o [ G R N 17
+H <3NT(WS—T&7) gi) (G(0) = 6|
. H (SNT(W(;TJW &) (G(UR:) = G U3
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The first term is bounded in (4.38). Evaluating the second term follows from the continuity of the
operator Sy, (), (4.38), (4.22), (4.32), (4.16), (4.25), (4.35) and (4.20) by noting that: If (F,wu)
denotes the first component of G(U), S(F,ug) is equal to uw and F is equal to dyu — div(v(T)Vu) +
gradp. To bound the third one , we apply (4.31), (4.34) and by using triangle inequalities and
estimate (4.38). Finally, proving the estimate for the fourth term is obtained from (4.31), (4.34) and
by using the standard arguments for the error issued from numerical integration combined with the
same arguments of the proof of Lemma 4.3.

4.3 The conclusive a priori error estimates

Owing to Lemmas 4.5 to 4.7, all the assumptions needed to apply the theorem of Brezzi, Rappaz and
Raviart [7, Thm 1] (see also [11, Chap. IV, Thm 3.1]) are satisfied.
This leads to the main result of this section.

Theorem 4.8 Let (u,p,T) be a solution of problem (2.5)—(2.6)—(2.7) which satisfies Assumption 4.4
and belongs to H2(0,T; H*(Q)%) x H2(0,T; H*~1(Q)) x H2(0,T; H*(Q)), s > 1. We moreover assume
that the function v is of class €% on R with bounded derivatives and that the data (f,T,) belong to
L2(0,T; Ho ()" x H2(0, T; H° 2 (9Q)), for a real number o, o > 4. Then, there exist a neighbourhood
of (u,T) in Z and positive real numbers 79 and No such that, for all 7,|7| < 10 and for all N > Ny,
problem (3.13)—(3.14)—(3.15) has a unique solution (un+,PN+,Tn+) in this neighbourhood. Moreover,
this solution satisfies the following a priori error estimate

flu— uNTHL2(O,T;H1(Q)d) + 17— TNTHL?(O,T;Hl(Q)) T N_(d_l)/2||p - pNT||L2(o,f;L2(Q))
<c(lrl+ N'"9)e(u,p, T) + ¢ (I7] + N=7)e( £, T). (4.47)

where the constant c(u, p, T') only depends on the solution (u, p,T') of problem (2.5)—(2.6)—(2.7) and
¢(f,Ty) only depends on the data f and Ty.

This estimate is fully optimal. Moreover Assumption 4.4 is not restrictive, it only implies the local
uniqueness of the solution (w,p,T) which seems likely.
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5 Numerical experiments

In order to confirm these results numerically, we made several experiments by using the code MATLAB
software. The numerical experiments have been performed in the two-dimensional case, on the square
Q =]—1,1]2. The results are obtained using a P (Q)% x (Px_2(2)NL2(Q)) x Py () space discretisation
of (u,p,T), and the backward Euler discretization with uniform time step 7; = d¢. Finally, at each
step, linear systems are obtained and solved using as preconditionners an incomplete factorization
of type Cholesky associated with the preconditioned conjugate gradient method (we can also use an
incomplete LU factorization associated with the Gmres method or bicgstab method).

5.1 Convergence in time

In the first case we test the convergence of our code where the Navier-Stokes equations are independent
of the temperature. It means taking v(7T') = 1 first and v(T)(z,y) = xyt+1, second, then comparing
the two tests with the case where the problem is coupled with v(T)=+T? + 1+ 2. The exact solution
is given by

_( sin((w + t)y) cos((m + t)x)
w(@,y) = (— cos((m + t)y) sin((7 + t)x)) ’ (5.1)
p(z,y) = sin((7m + t)z) cos((m + t)y), T(x,y)=tsin(x +y). (5.2)

We note that this solution satisfies the condition of incompressibility. We present in the following Ta-
bles 1, 2 and 3 the convergence towards the solution (5.1)—(5.2) as a function of §t with the viscosity
v is a constant (Table 1), a function dependent of the space variable (Table 2) and a function which
depends on the temperature T' (Table 3). All the tests in this subsection are computed for N = 15 at
T=0.1.

y ot | 10" ]| 51077 102 51077
[w — unellp2qp | 57418 x 1071[3.1626 x 107*] 6.7873 x10~° [3.4176 x 10~°
[w — unr| 102 | 0.042 x 107% | 0.023 x 107 {4.8310 x 10™*]| 2.4293x 10~*
[P — pnrllp2gq) | 5:010 x 107° | 0.255 x 107% | 0.051 x 107° | 0.025 x 10~°
|7 — Tinrllpoq) | 0029 x 107% | 0.016 x 1077 | 3.6463 x10~" [1.8486 x 107"

y ot \ 1073 51071 10~*

[u — unrllp2 02 6.8703 x10~° 3.4373 x10°° 8.1224 x 1077
[u—unrllgiqe | 48781 x107° 2.4405 x107° 4.5312 x10~©
1P — pell 20 5.0445 x10~% 2.5223 x10~% 5.0214 x10~°
IT — Tnell 120 3.7387 x107° 1.8720 x107° 4.0220 x10~°

Table 1: Convergence to the solution (5.1)—(5.2) for v(T') = 1.
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y ot | 1077 5.10~7 10-2 5107°
[u—unrll o) [5-3973 x 1077[3.6949 x 1077[9.3931 x 10~°[4.8388 x 10~°
[ = wnell 1 (g)z | 0-026 x 1077 [0.017 x 107 [4.1788 x 10~ T[2.1451 x 10~ *
Ip = Pl 20y | 5009 x 1077 [0.235 x 107 [ 0.052 x 10~° | 0.026 x 10~°
IT —Tnrllp2gq) | 0029 x 1077 [ 0.016 x 1077 [3.6445 x 107" [1.8477 x 10~*

y ot \ 1077 51071 10-*

[u—unrll 2 0) 9.9118 x 10°° 4.9707 x 107° 1.0127 x 107
[u—unrlgige | 43817 x 1077 2.1966 x 10=° 5.1209 x 10~©
P = prell 2o 5.1951 x 10~* 2.5988 x 10~° 5.6759 x 10~°
1T — Tl 2 (0 3.7367 x 107° 1.8709 x 1075 3.7460 x 10~©

Table 2: Convergence to the solution (5.1)—(5.2) for v(T)(z,y) = zyt + 1.

y ot | 10" | 510 [ 10% | 5.10°°
[u —unrllp2(0)2 | 57488 x 107*]3.1659 x 107" |2.2987 x 10™"|3.4208 x 10"
[ — unrllgr g | 0056 x 1077 | 0.034 x 107% | 2 x 1077 [2.4320 x 1074
Ip = pvellpaiy | 7540 x 10~ [ 0345 x 10° | 0.062 x 10° | 0.039 x 10°
|7 —Tinrll o) | 0059 x 107% | 0.056 x 1077 |2.6598 x 10~*[1.9655 x 107"
y ot \ 1073 \ 51077 \ 10°* \
lu—unrllp2pe | 68766 x 107° | 3.4723 x 10=° | 1.0015 x 10~°
[u — unrllgigpe | 48835 x 107° | 2.5093 x 107° | 3.8159 x 10~°
Ip = el | 51045 x 107 | 25247 x 10+ | 4.5284 x 107
1T = Tnrll 2o 3.9524 x 10~° | 1.8720 x 107> | 3.1209 x 10~°

Table 3: Convergence to the solution (5.1)—(5.2) for v(T) = VT? + 1+ 2.

In Figure 1 we use the same results as in Tables 1, 2 and 3, to present the quantities :

logy [Ju — UNTHL"‘(Q)%IOglo flu — UN7—||H1(Q)2,10g10 lp— pNTHL?(Q)a and logyq [|T — TNTHL?(Q)

as a function of log,,(8t) for N = 15 at time T = 0.1.

We note that the error of the velocity, pressure and temperature estimates are very close when
taking v a constant, or a function dependent of the space variable, or a function that depends on the
temperature T which shows the effectiveness of the code developped for the coupled problem.
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N=15, W(T)=1

log  (erron)

N=15, v(Ty)=syt+1

log feron)

N=15, W(T)sqrt(T+132

og forron)

Figure 1: The errors for the solution (5.1)—(5.2)

We give in this table 4 the relative residual and the iteration number of the preconditioned conjugate
gradient for the solution (5.1)—(5.2), the first is for v(T') = VT2 + 1 + 2 and the second for v(T') = 1.

ot [ 100" [ 107 [ 100% | 100*% |

Res 1.05 4.86 4.078 1.02
x1079 x1079 x10~8 x1077

iter 73 92 98 102

[ ot | 107" 10~2 10~3 101

Res 8.95 2.26 1.56 5.35
x10~11 x10710 x1078 x1077

iter 82 90 95 99

Table 4: The residual and number of iterations for v(T) = VT2 + 1+ 2 and v(T) = 1.
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5.2 Convergence in space

For the second numerical experiment we work with the solution given by

— ) 3y(1 —y?)3
= ()
p(z,y) = sin(zyt), T(z,y)=2*+y>+t. (5.4)
In Figure 2 we present the quantities:
logy [|u — UNTHL?(Q)?Jng lw — unr|| ()2, logg [P — pNT||L2(Q)a
logio |7 = Tnrllz2() and  logyo T = Tzl m(e)
as function of N, for N varing from 5 to 35 in both cases by considering 6t = 1072, v(T) = T%-i-l at
T=0.1.In Figure 3 we present the same quantities with 6t = 1072, v(T) = T%—H but at 7 = 1.
. o
—+— nomPi2

normTI2
— <~ normTH1

log10(error)
én
F
{
)
i
&
4
!

Figure 2: The estimations of error of the solution (5.3)—(5.4)

--<&r- nomUI2

Ar --<-- nomUH1
—+— nomP12
normTI2

— 4~ - nomiTH1
@ " N
e
il £ TR
g
e e
o o8
g

Figure 3: The estimations of error of the solution (5.3)—(5.4)

By letting N go through 5 to 40, we note that the error of norms [|u — un+ || 12 (q)2s [t — wnzll g1(o)2
and [|p — pnr||p2(q) decrease until N = 35 and stagnated for N > 35. The error norms || — T+ || 12
and ||T' — T+ 1 () decrease but in a sinusoidale way.
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5.3 A further computation

e We consider the exact solution given by

— 22)5/24(1 — 42)3/2
utea) = (8N ) 59

p(z,y) = sin(xyt), T(x,y)=tx +y. (5.6)
We present the curves of isovalues of the two components of the velocity, of the temperature and of the
pressure of the exact solution in Figure 4 and of the discrete solution in Figure 5 for v(T) = 1075(T+1)

with N = 40, 6t = 1073 at T = 0.1. We see a very high resemblance between the exact solution and
the discrete solution. This shows the efficiency of our preconditionner.

Y 08 06 04 02z 0 02 04 05 08 1 U w8 05 04 02 0 02 o4 o8 08

0.8 08 04 0.

Figure 4: The isovalues of the two components of the exact velocity (on the top), of the exact
temperature and of the exact pressure (on the bottom) obtained with N = 40.

Figure 5: The isovalues of the two components of the discrete velocity (on the top), of the discrete
temperature and of the discrete pressure (on the bottom) obtained with N = 40.
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e We present now numerical experiments where v(T') is taken equal to T+ 1 when the exact solution
is unknown. We work with the data f = (f5, fy) and g given by

2 2
flz,y) = <x2x+-ly-2y+tt2) . g(z,y) = sin(ayt). (5.7)

The boundary condition is replaced by
u=h on 0f, (5.8)
the boundary temperature T}, and velocity h = (hq, he) being given by

hi(x,y) = yt, ha(z,y) = y?t, Ty(z,y)=—-y+t+1 ifz=-1,
hl(as,y) yt, ho(z,y) = —y?t, Tp(x,y)=y+t+1 ifz=1,
z,y) = fxzt, ho(z,y) = —at, Ty(x,y) = —a3+t+1 ify=—1,
hl(x ) tv h2(£7y) :—$t, Tb(xay) :$3+t+1 lfy:]-v

The initial velocity and temperature are taken as
u(t=0)=0 and T(t=0)=2y+1.

Note that the data satisfy the usual compatibility condition [, h(7).n(r)d(r) = 0.

The discrete solution computed with N = 30,5t = 1072 at T=1is presented in Figure 6. The two
components of the velocity are presented in Figure 7, the pressure and temperature in Figure 8 with
N =256t =510"2at T = 0.1.

Figure 6: The discrete solution issued from (5.7)—(5.8)
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Figure 7: The values and the isovalues of the two components of the velocity issued from (5.7)—(5.8)

Figure 8: The values and the isovalues of the pressure and the temperature issued from (5.7)—(5.8)

All the tests of convergence confirm the theoretical estimate obtained in (4.47): the convergence in
time of the backward Euler’s schema is of order 1, the convergence in space is of spectral type.
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