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Mathematical Analysis of a System
for Biological Network Formation

Jan Haskove Peter Markowichlg Benoit Perthameﬁﬂ

Abstract. Motivated by recent physics papers describing rules for natural network formation, we study
an elliptic-parabolic system of partial differential equations proposed by Hu and Cai [10, 11]. The model
describes the pressure field thanks to Darcy’s type equation and the dynamics of the conductance network
under pressure force effects with a diffusion rate D representing randomness in the material structure.
We prove the existence of global weak solutions and of local mild solutions and study their long term
behavior. It turns out that, by energy dissipation, steady states play a central role to understand the
pattern capacity of the system. We show that for a large diffusion coefficient D, the zero steady state
is stable. Patterns occur for small values of D because the zero steady state is Turing unstable in this
range; for D = 0 we can exhibit a large class of dynamically stable (in the linearized sense) steady states.

Key words: Pattern formation; Energy dissipation; Bifurcation analysis; Weak solutions; Stability;
Turing instability;
Math. Class. No.: 35K55; 35B32; 92C42

1 Introduction

Network structures and dynamics, organization of leaf venation networks, vascular pattern formation and
their optimality in transport properties (electric, fluids, material) have been widely investigated in the
recent physics literature, in particular aiming at understanding natural networks. Most of the method-
ological tools use discrete models as in [4] 5, [12] to explain conductance dynamics. Supply optimization
has also been studied in more mathematical manner, see [3] and the references therein. In opposition to
the global effect of optimization, another explanation for networks topological structures, purely local and
based on mechanical laws has been proposed in [10] [11]. Passing to the limit in the discrete model the
authors also derive a continuous model of network dynamics which consists of a Poisson-type equation
for the scalar pressure p(t,z) coupled to a nonlinear diffusion equation for the vector-valued conductance
vector m(t,xz) of the network. In [I0, I1], the authors propose the following system with parameters
D>0,c>0,

-V -[I+mem)Vp] = 5, (1.1)

88—? — D?*Am —A(m -Vp)Vp+ m[20"Vm = 0, (1.2)
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on a bounded domain Q C R% d < 3, with smooth boundary 9, subject to homogeneous Dirichlet
boundary conditions on 9€) for m and p,

m(t,x) =0, p(t,x) =0 for z € 092, t > 0. (1.3)
The system is completed with the initial condition for m,
m(t=0,z) =m!(z) for x € Q. (1.4)

The source term S = S(x) is assumed to be independent of time and v > 1 a parameter which is crucial
for the type of networks formed [I1].

The main mathematical interest of the PDE system for network formation stems from the highly
unusual nonlocal coupling of the elliptic equation (II]) for the pressure p to the reaction-diffusion equation
(T2) for the conductance vector m via the pumping term +c?(Vp® Vp)m and the latter term’s potential
equilibriation with the decay term —|m[?*~Ym. Also we remark that values of v < 1 (particularly
1/2 <~ < 1) make sense but in this paper we shall restrict to v > 1.

Our purpose here is to study the existence of weak solution with m(t) € (H, 6(9))d (see Section]). The
major difficulty being that a priori estimates for m are too weak to use elliptic regularizing effects for p.
Therefore weak solutions are just in the energy space that we recall below. However mild solutions with
m(t) € (L>®(2))? can be built (see Section B) by a perturbation method. But, mostly, we wish to unravel
some qualitative features which sustain the pattern formation properties of the system (LI)—(T2]). These
rely on the existence of a large family of singular non-zero stationary solutions for D = 0 which we build
in Section [6

A major observation concerning system (LI)—(T2]) is the energy-type functional

1 2
E(m) = 5/9 <D2\Vm]2 + % + A|m - Vp[m]|* + cz\Vp[m]P) dz, (1.5)

where p = p[m] € H} () is the unique solution of the Poisson equation ([LI)) with m given. We prove at
first:

Lemma 1 The energy (L) is nonincreasing along smooth solutions of (LI)—([L2) and satisfy

%5(@ _ —/Q <%—T(t,x)>2 dz.

For weak solutions built in Theorem [I], we recover as usual the weaker form
E(m(t)) < E(m?).

Proof: Multiplication of (II]) by p and integration by parts yields
/ (|V10|2 + |m - Vp|2 —pS) dz = 0.
Q

Subtracting the c2-multiple of the above identity from (L)), we obtain

1 2
E(m(t)) = 3 /Q <D2|Vm|2 + % —cEm - Vp|* — | Vp|* + 202p5> dz,
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so that, after integration by parts in suitable terms,

C%(m(f)) = —/ D?Am - Oymdx + / im0 Ym - gymdx — ¢ / (m-Vp)Vp-oymdx
Q Q Q
+C2/ V- [(m-Vp)m]dpdz + ¢ / (Ap)(9;p) dz + 2 / (Op)S dx
) Q Q
= —/ [DzAm —|m[* Y Vm 4+ A(m - Vp)Vp] -Ogmdz
Q

+C2/ [V (Vp+ (m®@m)Vp) + 5] dpda
Q
= —/ |9,m|* dz.

Q

In the following, generic, not necessarily equal, constants will be denoted by C, but we will make
specific use of the Poincaré constant Cgq, i.e.,

lull o) < CallVullpzq)  for all u € Hy(9).

As far as pattern formation properties of this system are concerned, let us point out that the sign of
the term —c?(m - Vp)Vp in (L) is crucial for structured networks to be formed. Indeed, we have

Lemma 2 For arbitrary functions p, the only weak stationary solution of the system (L2)-(L3) with c?
instead of —c?, i.e.,

—D?Am+ A(m - Vp)\Vp+|m|* 9 Vm =0 inQ, m=0 on 09,
is mgy = 0.

Proof: This follows directly from multiplication of the above equation by m and integration by parts,
D2/ |Vm|? dz + ¢ / lm - Vp|? dz + / im|*" dx = 0.
Q Q Q

Moreover, all weak solutions of equation (L2)) with ¢? instead of —c?, i.e.,

68—7? — D2Am 4+ &(m - Vp)Vp + |m[*0YVm = 0

subject to homogeneous Dirichlet boundary condition and with arbitrary Vp, converge exponentially fast
to zero in the L? sense. Again, multiplication of the m-equation and integration by parts yields

1d
——/ |m|2dx+D2/ |Vm|2d:n:—c2/ |m-Vp|2d:17—/ Im|*” dz < 0.
2.dt Jg Q Q Q

Therefore, using the Poincaré inequality with constant Cq gives

2
li/ Im|?dx < —D2/ (Vm|? dz < —D—2/ |m|? du,

and the Gronwall lemma provides the exponential convergence of the L?-norm of m to zero.



2 Global existence of weak solutions

Our first goal is to prove the existence of global weak solutions of the system ([LI)-(L4). The main result
is the following.

Theorem 1 (Weak solutions) Let S € L*(Q) and m! € H}(Q)? N L2V (Q)?. Then the problem (1)~
([TE) admits a global weak solution (m,p[m]) with E(m) € L>*(0,00) , i.e., with

m € L*(0,00; Hy (2)) N L>(0, 00; L*7(92)), dym € L*((0,00) x Q),
Vp € L*(0,00; L2(Q)), m - Vp € L®(0,00; L*(Q)).

These solution satisfy the energy inequality, with € given by (L5,

E(m(t)) + /Ot/Q <88—T(s,a:)>2 dzds < E(m!) for allt > 0. (2.1)

We proceed by proving existence of solutions of a regularized problem and a subsequent limit passage.
For this, we need some analytical results on an auxiliary parabolic and an elliptic problem, which is the
subject to the following two subsections.

2.1 Analysis of auxiliary problems

We first consider the semilinear parabolic problem on

om

e D2Am + m[20"Vm = f (2.2)
subject to the initial and boundary conditions
m(t=0)=m! inQ, m =0 on Jf. (2.3)

Lemma 3 ForeveryD >0,v>1,T > 0 and f € L*>((0,T)xQ)?, the PDE 22) -23) with m’ € L?(Q)?
admits a unique weak solution m € L%(0,T; H ()2 N C([0,T]; L2(2))? N L2 ((0,T) x Q)¢ with

||mHLo<>(o,T;L2(Q)) < HmIHH(Q) +C ‘|fHL2((07T)XQ) (2:4)
and
HmHLZW((QT)XQ) + vaHLZ((O,T)XQ) <C (HmIHm(Q) + HfHLZ((O,T)XQ)) ) (2.5)

Moreover, if m! € H}(Q)4, then m € L>(0,T; H} ()4 N L?(0,T; H2(2))4 N L*°(0,T; L>(Q))? with
oym € L2((0,T) x Q)% and the estimates hold

Il e ormiy < Cllomxe) + 1M |41 (2.6)
lamllzomme < C (1 lomxa + 1M |y ey) (2.7)
Il oraz@y < C (I lommey + 1Ml + 1M o) (2.8)
1l omyeay < € (1o + 1M gy + Il 20gqy ) - (2.9)

The constants C in 24)-@3) are independent of f and m!.



Proof: A solution of (2.2]) can be constructed as a solution of the differential inclusion

om
E—F(‘)I[ m] > f

with the functional I : L%(Q) — [0, +o0] given by
1 1
Im] := —/ |Vm|?dz + —/ |m|* da, if m € H}(Q)NL»(Q),
2 Ja 2y Ja

and I[m] := +oo otherwise. It can be easily checked that I is proper with dense domain, strictly convex
and lower semicontinuous, which implies the existence of a unique solution m € L?(0,T; H&(Q))d N
L¥((0,T) x Q)%

Now let f and m! be smooth. Multiplication of ([22]) by m and integration by parts yields

2dt/|m|2d:13—|—D2/|Vm|2dx+/|m|2“’dx—/mfdx< /|m|2dx—|— /|f|2dx.

Using the Poincaré inequality, we have

zdt/ym\2dx+—/\vmy2dx+/ym\2de_2C2/\f\2dx

and (24)), [2.3]) follow by a standard density argument.
Using Am as a test function, we obtain after an integration by parts

3 dt/ |Vm|2d3:+D2/ |Am|2dx—/(|m|2 )-Amdznz/fAmd:E.
Q

We integrate by parts in the term

(Im|20=Vm;) dm;
_ 2(y—1) . ‘ ’ z) 8 7
/Q(]m\ m) - Amdx / E oz,

1,j=1

_ _1/|m|2“f2

v

Therefore, we have

/\Vm]2dx+D2/]Am\2dx < fAmdx

1 2 E2 A 2
< f dl’)
2D2/Q| | 2 /Q| m|”dz,

which after integration in time and application of another density argument gives the estimates (2.6]) and

@D).

Next, we define the energy

2dt

D? 1
E = —/ |Vm|? dx+—/ Im|*" da
2 Ja 2y Jo

5



and calculate, for smooth solutions,

dE

— —D2/8tm-Amda;+/ Im|? 0" Ym . gym dx

= /atm-(—&gm+f)d$
Q

This implies, after integration in time,

E(T)+/OT/Q|8tm|2da:dt = E(0)+/T/f-6tmd:ndt
< E(0)+ / /|f|2dxdt+ / /|8tm| dz dt,

and, again by a density argument, (2.8]), (2.9 follow.

We will also need the following Lemma concerning the algebraic term \m!z(”/_l)m.

Lemma 4 Fiz~y > 1 and let the sequence {m”*}ren be uniformly bounded in L*Y((0,T)xQ) and converging
to m in the norm topology of L*((0,T) x Q) as k — oo. Then for every test function p € C([0,T) x ),

T T
/ / |mF 20" UmFodadt  — / / im|20~Ym o dadt as k — oo.
0 Q 0 Q

Proof: We construct the Young measure v, ; on R? corresponding to the weakly converging sequence m
in L2((0,T) x ), so that for every function h € Cp(RY) and every test function ¢ € C°([0,T) x ),

//h Jodedt  — //(Rdh ) dva o(y )><,0(t,:r)dxdt. (2.10)

However, due to the assumed strong convergence of m* in L2((0,T) x ), we have h(m*) — h(m) strongly
in L2((0,7) x Q) if h € Cy(R?). Consequently, v, ,(y) = §(y — m(t,x)). Then, due to the Fundamental
Theorem of Young measures [7], (2I0) holds also for h € C(RY) if the sequence h(m*) is equiintegrable.
In the particular case h(s) = |s|?(*~Ys the equiintegrability is verified by

/ |h(mk)|dxdt:/ 2 e < [ (
()2 K) H(m) 2K}

for every K > 0.

k

K11 < o-1/@-D)
L27((0,T) %) - ’

Next, we study the properties of solutions of the regularized Poisson equation
—V - [Vp+m(m-Vp)*xn| =5, (2.11)

where 71 and S are given functions on Q and 7 = n(|z|) € C*®(R%) N L>®(R?) is a smooth mollifier with
real, nonnegative Fourier transform (in particular, we shall use the heat kernel later on). The convolution
f*nfor f € LY(Q) is defined as

frn(z / f(y y) dy,

where we extend f by zero to R, i.e., f(y) = 0 for y € R%\ Q. We need the following technical Lemma.



Lemma 5 For any u € L'(R?) and n € L=®(R?) N L' (RY) with nonnegative Fourier transform 7 > 0 on
R?, the identity holds

/(u*n)udaz:/ lu * p|*dz > 0,
Rd R

where p is the inverse Fourier transform of (17)Y/2.

Proof: With the Parseval’s identity we have

/ (ux yudz = / aTE) @) de = [ al€)i©)are) de
Rd

R4 R4

and since, by assumption, 7 = |p|> = pp, this is further equal to

/ (&) p()AE)AE)] de = / e pl?dz > 0.
R4 Rd

Lemma 6 For every m € L*(Q) and S € L?(Q), the regularized Poisson equation [@I1) has a unique
weak solution p € HE(Q). Moreover,

||VPHL2(Q) < Co HSHL2(Q) : (2.12)
Proof: We define the bilinear form B : H}(Q) x H} () — R,
B(p,p) := /QVp'de + /Q[(WVP) *n)(m - V) d.
Then, due to Lemma [B]

A[(m-v]onn](m-v;o)dxzo,

so that we have the ellipticity condition B(p,p) > HVpHiz(Q). Continuity of B follows from

L1090 s Ve)de <10 <l gy 17 Vel ey
||77HL0<>(Q) |- vpHLl(Q) zp v‘:DHLl(Q)
< C ”m”i?(g) VPl L2 Vel 2@ -

IN

Therefore, the Lax-Milgram theorem provides the existence of unique weak solutions p € HE(Q) of @II).
Then, (212) follows from

Vbl < Bowp) = [ Spde < CallSlia Vol



Lemma 7 Let " be a sequence of functions converging to T in the norm topology of L*(Q), and denote
by p¥ € HY(Q) the corresponding weak solutions of @II)) subject to homogeneous Dirichlet boundary
conditions. Then p* converges strongly in H'(Q) to the unique solution p of @II) as k — 0o.

Proof: Lemma [0l provides the uniform bound HVpkH £2(9) < C, so that, for a subsequence again denoted

by VpF, we have weak convergence Vp* — Vp in L?(Q) for some p € H&. Moreover, denoting ¢~ :=
(m* - Vp*) * 1, we have
d

so that a subsequence of ¢* converges to ¢ weakly* in L>(Q) as k — oo. Moreover, due to the strong
convergence of m* to m and weak convergence of Vp* to Vp in L?(Q), we have for every test function
p e Cge ()

<0,

|

[

Vpk‘

v s

TP e ) < Il oy

LY(Q L3 (Q)

/qksoda: = /(Wk-Vpk)(cp*n)dw
Q Rd

— (WVP)(cp*n)dw:/Q[(WVp)*n]sodw,

k—o00 Rd

and the limit ¢ is identified as (- Vp) *n. Consequently, we can pass to the limit in the weak formulation
of (2I1)), and using p as a test function then yields

/ \Vp> + (- Vp)gda = / Spdzx.
Q Q
On the other hand, using p* as a test function in (@I1) for p*, we have

lim / Vp*|2 4 (m* - VpM)Fde = lim /Spkda: (2.13)
Q Q

k—o0 k—o0
= / |Vp|2 + (m - Vp)gdx.
Q

Now, we write

liminf/ |Vpk|2 < limsup/ |Vpk|2
= limsup/ Dvka + (mk . Vpk)qk _ (mk . Vpk)qk} da
k—o0 Q

< lim Sup/ |VpF|2 + (m" - VpF)¢* da + lim Sup/ —(m@" - Vp*) ¢~ da.
k—oo JQ k—oo  JG
Due to ([2.I3)), the last line is equal to
/ |Vp|? + (- Vp)gda — liminf/(mk - VpF)g" da.
QO k—o00 (9]
Following Lemma B we write the second integral as

—k Kok da = T k[ (k. kY o T = TR v 2 .
[ oyt o = [ @t vt Vi) e = [ [ty sf de,
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with 7 = |p|2. Clearly, the sequence (" - Vp¥) % p is bounded in L?(R%) and a subsequence converges
weakly to (7 - Vp) * p. Then the weak lower semicontinuity of the L? norm implies

— lim inf
k—oo JRd

(mk - Vpk “dr o< - m-V 2d
p)xp| dz < Rd!(m p)*p|” dx
= —/Q(W-Vp)qd%

so that, finally,
liminf/ |Vpt[? S/ \Vp]z+(W-Vp)qda:—/(m'Vp)qda::/ |Vp|? dz.
k=00 Jo Q Q Q

This directly implies limy_, o HVpkH Q) = IVl 12(0)> and thus the convergence of Vp" is strong in
L2(9).
n

2.2 Existence of global solutions of the regularized problem

For € > 0 small we consider the perturbed problem

V- [Vp+m(m-Vp)xn] = S, (2.14)

aa_?_DZAm—CZ[(m'Vp)*nE]VerImIQ(”_l)m = 0, (2.15)

with (1:)eso the d-dimensional heat kernel 7. (z) = (4mwe)~%? exp(—|z|?/4¢), on a bounded domain Q C
R?, d < 3, with smooth boundary 99, subject to homogeneous Dirichlet boundary conditions on 9§ for
m and p,

m(t,z) =0, p(t,x) =0 for all x € 9, t > 0, (2.16)
and the initial condition for m,
m(t=0,z) = m!(z) for all z € Q. (2.17)
Let us note that the heat kernel 7). satisfies the assumptions of Lemma [0 for any ¢ > 0.
Theorem 2 (Existence for the perturbed model) Let m! € L?(Q)¢. For any ¢ > 0 there exists a
weak solution (m,p) of the system ZId)-ZI7) with p € L>°(0,T; H(Q)) and m € L*(0,T; H}(Q))4,
Am € L*((0,T) x Q) and 9;m € L*((0,T) x Q)<

Proof: We shall employ the Leray-Schauder fixed point theorem. We fix € > 0 and construct the mapping
® : M +— m in two steps: For a given m € L%((0,T) x Q) we set p to be the unique weak solution of

~V - [Vp+m(m - Vp) ] = S, (2.18)

constructed in Lemma [0 (to be precise, we use a straightforward modification of Lemma [0 where the
Lax-Milgram Theorem is applied in the space L?(0,T; H}(f2))). By the same Lemma, we have the a



priori estimate |[Vpl| 0 1,12(0)) < C independent of m. We set g- := (Vp M) * 7. and note that it is a
priori bounded in L2(0,T; L>()) due to

laell 20,7200 () < el oo ey VP Tl L2 0,101 02)) < Ce VDI oo 0,3 2202)) 1Tl 20,y ) - (2:19)

Then we employ Lemma Bl with f := c2¢.Vp € L?((0,T) x Q) and set ®(m) := m € L*(0,T; H}(Q))? to
be the unique weak solution of

88—7? — D?>Am + [m[*0" Vm = 2q.Vp (2.20)

subject to the initial condition m(t = 0) = m!. The Lemma provides the estimate

IN

M| oo 0,7 12(0)) T IVl 200,17y C (HmIHL2(Q) +¢ anVpHL2((O,T)><Q))

IN

C (JIm |l gy + € el 20,200 19PN e o7:22( )

< C+ Ce IVl oo 0 12202 171 2201y 00

for suitable constants C , C- > 0. This also implies an a priori bound on dym in L?(0,T; H~1(Q)), so that
® : 7 — m maps bounded sets in L?((0,T") x Q) onto relatively compact ones.

To prove continuity of ®, consider a sequence " converging to 7 in the norm topology of L((0,T’) x
Q). Due to Lemma [ the sequence Vp* of the corresponding solutions of ([ZI8) converges weakly-* in
L>(0,T; L?(2)) to some Vp. The bound ZIJ) allows to extract a subsequence of ¢* := (" - Vp*) * n.
converging weakly in L?(0,T; L>=(Q)) to q. := (7 - Vp) * 1.. Therefore, we can pass to the limit in the
weak formulation of the regularized Poisson equation (ZI8]) and conclude that p is its unique solution
corresponding to 7. To pass to the limit in [Z20), we use strong convergence of Vp* in L2((0,T) x Q)
provided by Lemmal7] (strictly speaking, by its straightforward modification for time dependent functions
mm*). Then the limit passage in the term ¢*Vp* is straightforward. For the algebraic term |[m” 20=Dmk we
employ Lemma [ and finally conclude, by the uniqueness of solutions of (Z.20)), the continuity m = ®(m).

Finally, we have to prove that the set J := {m € L?((0,T) x Q); k®(m) = m for some 0 < < 1} is
bounded. Note that the elements of this set are weak solutions of the system

%—? — D?Am — k®[(m - Vp) x ] Vp 4+ 67207 D |m 20Dy =

subject to homogeneous Dirichlet boundary conditions for m and p on 92 and the initial condition
m(t = 0,2) = km!(x) in Q. Multiplication of the first equation by c¢?xp and of the second equation by
m, integration by parts and subtraction of the two identities yields

d
E/ \m!de+D2/ ]Vm\zdx—kﬁ_%*_l)/ im|* dz = ¢k (/ dex—/ \Vp]Zda:>.
Q Q Q Q Q

This implies, for any 0 < k < 1,

d
E/ |m|2d:1:—|—D2/ V2 da
Q Q

=V - [Vp+m(m-Vp)*n] = 5,
0,

IN

2k (Cp ||S||L2(Q) ||VpHL2(Q) o HVPH%Z(Q))

RIS 220

A
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where we used the Poincaré inequality with the constant Cg. This immediately gives the a priori bound-
edness of m in L>(0,T; L?(2)) and thus the boundedness of the set ).
Finally, estimates (Z7) and 23) of Lemma Bl with f := ¢-Vp € L2((0,T) x Q)¢ imply that Am €
L2((0,T) x Q)% and 9ym € L*((0,T) x Q)<
]

2.3 The limit ¢ — 0 in System (2.14)—(21I3)

We shall now pass to the limit ¢ — 0 in (Z14)-(2I7) and obtain a global solution of the system (LII)—(T4).
The main tool is the dissipation of the modified energy

m2
E(m) = %/ <D2|Vm|2 + % + A (m - Vp)|(m-Vp) *n:] + C2|Vp|2> dz. (2.21)

Note that by Lemma [l we have
/Q(m -Vp)[(m - Vp) xne]de = /d |(m - Vp) * p5]2daz >0
R

with A, = |p.|?, so that & (m(t)) > 0.

Lemma 8 Let (m,p) be a solution of [ZI4)—-@I5) constructed in Theorem @ and assume E-(m!) < oc.
Then the energy (221)) satisfies

E.(m(t)) + /Ot/Q (%—T@,@Y dzds=E.(m!)  forall0<t<T. (2.22)

Proof: Denote q. := (m - Vp)*1n.. Recalling that ¢. € L*(0,7; L>(Q)) and m - Vp € L?(0,T; L*(Q)), we
multiply (2I4]) by p and integrate by parts, obtaining

/|Vp|2—|—(m-Vp)q€d:E:/dea:.
Q Q

Subtracting the c¢?>-multiple of the above identity from (2.21), we obtain

_l 2 2 [m|*Y ) 2 2 2
E(t) = 5 D*|Vm|® + o c“(m-Vp)ge — c“|Vp|© +2¢*pS | du,

so that, after integration by parts in the suitable terms (note that Theorem 2 provides enough regularity
on m and p for the below calculation), we have
dé-(t)
dt

= —/D2Am-8tmdx+/]m\z(v_l)mﬁtmdx—cz/q€Vp-8tmdx
42 / V- (gom) Oip e + 2 / (Ap)(@ip) da + ¢ / (Op)S do

= —/ [D2Am — [m[?0"Dm +02q€Vp] -Oymdx
+02/ [V . (Vp + qu) + S] Oypdx

= —/|8tm|2d:17,

11



where we used the identity

/ Oil(m - Vp)g.] de = 2 / @ Vp- Omda + 2 / gem - V(9ip) da,
Q Q Q

which holds due to the symmetry of the kernel 7.(x) = n-(]z|). Integration of the above result in time

yields (Z.22]).

We are now ready to pass to the limit ¢ — 0 in (ZI4)-(ZI3).

Lemma 9 Let (m®,p°)e>0 be a family of weak solution of (Z14)—2I5) constructed in Theorem [ and
assume E(m!) < oo. Then there exists a subsequence converging to (m,p) as € — 0, where (m,p) is a

weak solution of (LI)—(L4), satisfying the energy dissipation inequality ([21I).

Proof: Note that the Poisson equation (2.I4]) at t = 0 implies
[ vw s [ (! i) < o do = [ ) d, (2.23)
Q Q Q

such that & (m?!) is uniformly bounded as ¢ — 0. Then the energy dissipation given by Lemma [§ provides
the following uniform a priori estimates,

me € L°°(0,T; Hi (Q)) N L™®(0,T; L*7(Q)), oyme € L*((0,T) x Q),

Vpt € L>(0,T; L*(Q)), (mf - Vp®) % p. € L=(0,T; L*(RY)),
with A = [pc|?. The last bound implies a uniform estimate on q. := (m? - Vp®) * n. in L°°(0,T; L?(12)).
Indeed, taking any test function ¢ € L'(0,7; L?(£2)), we have

T T
/ / gepdxdt = / / [(m® - VD) x pe|[ * pe] dw dt
0o Ja 0 Jrd

T
< /0 1m - V5) % pell oy 0% pell oy <
T
< 1mE - V5) # pell g0 oy /0 P P

= [[(m* - Vp*) * pel oo o 7y 2wy 10l 10,702 (02)) »

where we used the fact that, by definition of p, [|pc[| 1 gay = 1 for every e > 0. Therefore, by duality,
¢- is uniformly bounded in L°°(0,7; L?(€2)) and there exists a subsequence converging weakly-* in this
space to some g € L>(0,T; L?(£2)). We note that due to the compact embedding (Corollary 4 in [19]), a
subsequence of m® converges to some m in the norm topology of L((0,7') x€2). Then, a slight modification
of Lemma [T provides the strong convergence of p° to p in L?(0, T} H& (Q)), where p is the unique solution
of the Poisson equation ([LI]) with m. Consequently, the product m® - Vp® converges strongly to m - Vp
in L1((0,T) x ), and for every test function ¢ € C§°([0,T) x ) we have

T T T
/ / gepdrdt = / / (m®-Vp*)(p*n:)de — / / (m-Vp)pdz,
0 JRd 0 JRd e=0 Jo Jrd

12



where we used the fact that ¢ * 7. converges to ¢ in C([0,T] x Q) as e — 0 due to the Arzela-Ascoli
theorem. Therefore, we identify the limit ¢ = m - Vp.

We are now ready to pass to the limit in the weak formulation of the nonlinear terms of (2.I4])—(2.15).
The term ¢.m® in (ZI4) converges to (m - Vp)m due to the weak-* convergence of ¢. in L>(0,T; L?(Q))
and strong convergence of m® in L2((0,T) x ). The term ¢.Vp® in ZI5) converges to (m - Vp)Vp due
to the strong convergence of Vp® in L2((0,T) x ). Finally, the limit passage in the term |[m®|?0~Dm? is
provided by Lemma @ due to the uniform boundedness of m® in L*Y((0,7T) x Q).

The energy dissipation inequality (ZI)) follows from ([Z22]) due to the weak lower semicontinuity of
terms defining £(m) and from the fact that & (m!) — £(m!) as ¢ — 0. Indeed, Lemma (7)) provides
strong converge of Vpf[m!] to Vp[m!] in L%(Q)¢. Due to the embedding of H}(9) into L°(Q2) for d < 3,
the term m! - Vpf[m!] converges strongly in L3/%(Q) to m! - Vp[m!]. Consequently, the limit passage
£ — 0 in the identity Z23) gives & (m!) — £(mT).

]

To conclude the proof of Theorem [l we fix a 7' > 0 and construct a a global solution (m,p[m])
on (0,00) by concatenation of weak solutions on time intervals of length 7" as constructed in Lemma
This is possible due to the energy dissipation inequality (ZI]) and yields the global solution announced in
Theorem [I1

Remark 1 Since the solution (m,p) constructed in Theorem [ satisfies m - Vp € L>=(0,00; L?(2)) and
Vp € L>(0,00; L2()), implying (m - Vp)Vp € L>(0,00; L'(Q)) and dym € L?*((0,00) x Q), |m|>7~! €
L>®(0, 00; L2/ 27=D)) | we conclude Am € L?(0,00; L'(Q)). Theorems 1.7 and 3.3. in [§] imply Besov
reqularity for m, namely m € L2(0, 00; B2 (Q)). Also, weak solutions satisfy the equation (1)) pointwise
almost everywhere (while no reqularity on second derivatives of p is guaranteed). Finally, we note that -
by the same line of argument - weak stationary solutions posses the Besov reqularity m & ngl(Q).

3 Existence and uniqueness of mild solutions

We fix T > 0 and define the Banach spaces X := (L°°(Q) N VMO(Q))? and X7 := L>®(0,T;X), where
VMO(£2) denotes the space of functions with vanishing mean oscillation, see, e.g., [I§]. Note that the
spaces X and, consequently, X7, equipped with pointwise multiplication, are Banach algebras. We denote
L := D?A, where A stands for the Dirichlet Laplacian on 2. Moreover, we define the mapping 7 on
R x Xr by

T(\,m) = eltm! —i—/o el (t=s) (AF[m](s) — G[m](s)) ds (3.1)

with F[m] = (m - Vp[m])Vp[m] where p[m] is the H}(2)-solution of the Poisson equation (L)) with m
given, and G[m] = |m|>~'m.

Obviously, (m, p) is a mild solution of the system (LI)—(L4) with A = ¢ subject to the initial datum
m! if m is a fixed point of T, i.e., T(c?,m) = m.

The main result of this section is

Theorem 3 (Continuation from ¢ =0) Let m! € X and S € L>(S2). Then there exists an unbounded

continuum of unique solutions (A\,m) of T(\,m) =m in [0,00) x X7 emanating from (0,mg = e“'mT).

To prove this theorem, we need a few auxiliary results.

13



Lemma 10 Let m € X, F € LY(Q2) for some 1 < g < oo and S € L"(2) with r = max{1,dq/(d + q)}.
Then the PDE

~V-(I+m®m)Vp+F) = 8 in €,
p =0 on 0S)

has a unique weak solution p € WH4(Q) and there exists a constant C(||m||x) > 0, independent of F and
S, such that

1900 a0y < Cllmllgaey) (IF ] Lagey + 181y - (32)

Proof: See Theorem 2.1 in [13].

Lemma 11 Let m! € X. Then the Leray-Schauder degree of the mapping I — T(0,-), with T given by
BI), satisfies

degLs[I - T(O, ’),XT,O] = 41.

Proof: The maximum principle (applied componentwise) gives m € L*((0,00) x Q)¢ for the unique
fixed point m of T(0,-); see Lemma [3 for uniqueness. Then, by standard parabolic theory we have
m € L0, T; W24(Q)) N Wha(0,T; L4(Q))?. Since for ¢ large enough this space is embedded into X7
(see Corollary 8 of [19]), m is the unique fixed point in A7 of the mapping 7(0, -).

[

Our main existence result is based on Theorem 6.4 of [14], which we rephrase here for the sake of
reader’s comfort:

Theorem 4 (Theorem 6.4 of [14]) Let 7 : [0,00) x X7 — Xp be a completely continuous mapping.
Assume that the Leray-Schauder degree degyg[I — T(0,-), Xr,0] is well defined and non-zero. Then there
exists an unbounded continuum C of fized points {(A\,m) € [0,00)xXp; T(A,m) =m} with CN({0} x Xp) #
0.

In fact, Theorem 6.4 of [14] provides the existence of a pair of continua of (A\,m), one in (0,00) x Xp
and the other one (—o0,0) x Xy. In light of Remark B only the continuum of solutions for ¢ := X\ > 0 is
of interest in the context of network formation.

With the material developed so far we can conclude the proof of the main theorem of this section.

Proof of Theorem We apply Theorem [ to the mapping 7 defined by ([B.1). For this, we have to
prove that 7 is compact and continuous in (0,00) x X7.

To prove continuity of 7, let us take a sequence (A\*, m*) converging as k — oo to (\,m) in the norm
topology of (0,00) x Xp. Lemma [I0 implies Vp[m] € L*>(0,T; L1(Q2)) for every 1 < ¢ < co. We denote
p* := p[m”*] and calculate

~V - (I +mF @m" V(P —pm]) + (m"@m* —me@m)Vpm]) = 0 inQ,
pF—plm] = 0 on 0.

14



Another application of Lemma gives strong convergence of VpF to Vp[m] in L>(0,T; LI()), for
every 1 < q < oo. Therefore, the sequence AFF[m*] = Xe(mF - Vp[m*])Vp[mF] converges strongly in
L>(0,T; L1(2)) to AF[m] = X(m - Vp[m])Vp[m], again for every 1 < g < oco. Convergence of the term
G[m*] to G[m] in C([0,T] x Q) is immediate. Standard regularity results for the heat semigroup e show
then that 7(\F,m*) — T(\,m) in Xr as k — oo.

For compactness of T, we pick a weakly converging sequence ()\k, mk) in R x Xr. Due to Lemma [I0]
the sequence Vp[m*] is bounded in LI((0,T) x Q) for any q < oo, where p[mF] are the solutions of (II])
with m¥. Consequently, the term A\*F[m*] = A\¥(m¥ - Vp[mF*])Vp[mF] is bounded in L4((0,T) x Q) for any
q < oo, which implies boundedness of " := T(\*¥, m*) in L(0,T; W?2(Q) and 9;m* in LI((0,T) x Q),
again for any ¢ < co. Then, Corollary 8 in [I9] implies that the sequence ™" is relatively compact in the
space C(0,T; WhH(Q))%. Since ¢ can be chosen arbitrarily large, we have the continuous embedding of
Wha(Q)4 into X. So we finally conclude that " is relatively compact in X7

The local uniqueness of solutions is obtained with a contraction argument. Let us consider two mild
solutions (m!,p!), (m?,p?) of the system (LI)—(L4) and fix ¢ > 1. Taking the difference of the Poisson
equations for p; and ps gives

v- <(I +m! @m')(Vp! — Vp2)> =V ([(m1 —m?*) @m'|Vp® +m* ® (m" — m2)Vp2>-

We then have the estimate (Theorem 2.1 in [13])

IN

Cllm ) (I ]y = 12y 1992 e s
12|y, 1t = 2], 1997|070
1

= O L) (I Ly + 1m0y ) 12 e 0.0y 0" = 0 -

We define the mapping H : X7 — X1 by

HVpl - Vp2HL°°(0,T;Lq(Q))

t
H(m) = eF'm! —|—/ elt=s) (CQVp@) Vpm — ]m\z(v_l)m> (s)ds,
0
and set m’ := H(m") for i = 1,2. The difference m!' — m? reads
t
ml o 7’71,2 _ / eL(t—s) [<|m2(8)|2(~/—1)m2(8) o |m1(s)|2('y—1)m1(8))
0

+¢2 (V9! () ® Vp!(s)m(5) = ViP(5) @ VpP(s)m?(s))
We write the last term as
2 ((vpl ® Vplym! — (Vp2 @ Vp2)m2) — 2(Vp' @ Vph)(m! —m?)
+c (Vpl @V )+ Ve -p)® Vp2>m2
and estimate

ch ((Vp' @ Vphym' — (Vp? @ Vp?)m?) HLoo(o,T;Lq(Q)) < HWlHiw( !

+c? <HVp1Hi°°(O,T;Lq(Q)) + HVp2HqL°°(O,T;L‘Z(Q))) V(' - pZ)HqLOO(O,T;L‘Z(Q)) [m?] 4,
< C(llm*|| > 2[4, I = m?][

0,7;L24(2))
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Moreover, we have

_ 2(v=1) 2(yv=1)
im0t ] ot )

The semigroup property of e in LI(Q)¢ provides the estimates

I = cgompray < Crlllm | Im* )T m" =m?5, .

Hm _m2HLq(OTW2‘1(Q)) < CQ(HmlHXT 2HXT Hm _m2HXT~
Moreover, we have

O(m' —m?) = DQA(ml_m2)+(_‘m1’2(v—1)m1+’m2‘2(y—1)m2)

¢ ((Vp' @ Vphym' — (Vp* © Vp*)m?),
which yields

922" = )] < Cs(|[m ||, [[m*|] ) [ =

2
((0,T)x ) HXT ’

Combining the above estimates gives

1" = 2o o,y < Callm - I 2,) ([ = m?[l -
Choosing some 1 < g1 < ¢, the Holder inequality gives
(s —mzHqu orwray < Calllmla [Im|l ) m! = m?|, TV,
|01 (i HLcn((o,T)xQ) < C3(Hm1HXT7 m2HXT) | _mQHXT T,
which implies
[ 52 sy < Gl gy ) [ = ], T/

Then, for ¢ and ¢ sufficiently large, we have by the Sobolev embedding of Whar((0,T) x Q) into
C%(]0,T] x Q)

[ - [ = 2], < Oy, ] ) ! — i, TV (33

m), = Nl <

Moreover we write
IH (M) ey, < IHO) |, + [[H(m) = H(O)| ey, < [[€™m|| 5, + C(Iml . ,0) ], TH B0,
Now we choose

I
> o el

and 0 < T < 1 so small that
Cla, 0)aTY =11 < R for all 0 < o < R.

Then H maps the set {m € &Xr;[|m| 5. < R} into itself, and due to (B3], it is a contraction on Xr. This
implies the local uniqueness of the above constructed fixed points of 7(A,-).
[
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Remark 2 The assertion of Theorem [3 implies the following: If for some A > 0 there is no fized point
of T in Xr, then there exists a bounded sequence of ci = A\; > 0 and a sequence of corresponding fized
points mF € Xp of T(Mk,-), such that HmkHXT — 00 as k — oco. Moreover, the contraction argument
implies that the fized points m of T(c2,m) are either global in time classical solutions of (LI)-(L4), or
there exists at >0 and a sequence tj, — t as k — 0o such that |[m||c (o 4,1x) = 00 as k — oo.

Remark 3 In the two-dimensional setting d = 2 it is possible to apply Theorem[3in the space L*°((0,T") x
Q)? instead of Xr. The estimate of Lemma is replaced by the Meyers estimate, Theorem 1 in [15],
which states that B.2) holds for some q > 2 if m in bounded in L°((0,T) x Q). Then, due to the compact
embedding of the space W*4(2) into C%*(Q), continuity and compactness of the mapping T ([B.8) in the
topology of L>°((0,T) x Q) is proven along the lines of the proof of Theorem[3. However, the contraction
argument fails since the Sobolev embedding of WH91((0,T) x Q) into C%%([0,T] x Q) only holds for q; > 3.

Remark 4 In the one-dimensional setting d = 1 the branch of solutions constructed in Theorem [ is in
fact global in X = ¢ for every T > 0. This follows from the L™= bound on O,p provided by Lemma [I2
below. Then, the mazximum principle yields an a priori bound on m in Xp for every T > 0. In other
words, a unique global in time mild solution exists for every value A = ¢ and every m! € L*°(0,1).

Lemma 12 Let f € L'(0,1) and b measurable on (0,1) such that b(x) > by > 0 for all x € [0,1]. Let
pE Hé (0,1) be the unique weak solution of

—0(b(2)0up(2)) = f() (3.4)
on [0, 1] subject to the boundary conditions p(0) = p(1) = 0.

2 (£l
b(x)

|0zp(z)| < for all x € (0,1).

Proof: We assume b smooth enough and integrate (4] on (0, x),
b(z)0zp(x) = —F(z) + B,

where F(z) = [ f(s)ds and B is an integration constant. Dividing by b(z) and integrating once again

leads to
Y O v ds
v == [ e n [

The right boundary condition p(1) = 0 gives the value for B,

b= </0 lz?((;)) ds) </0 %)1

which immediately shows |B| < ||F|| e (g 1)- Using this in the above formula for d;p yields

|F(z)] 1Bl _ 21Flre01y _ 21fllLro
o) b S b)) = b

|0:p(x)| <

and a density argument finishes the proof.
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4 Long term convergence

Energy dissipation is not only useful for proving existence of solutions. It also provides a powerful tool
to prove a long term convergence result of the transient solutions towards steady states given by

-V - (Vp+(me@m)Vp) = S, (4.1)
—D?Am — A(m - Vp)Vp + |m[*YUm = 0, (4.2)

subject to the homogeneous Dirichlet boundary conditions
m(t,z) =0, p(t,z) =0 for all x € 0€2, t > 0. (4.3)

Our result about the long time behavior of the transient solution, Theorem [l below, is based on the
following slight modification of Lemma [7l

Lemma 13 Let mF be a sequence of functions converging to m in the norm topology of L*(Y), and denote
by p* € HY(Q) the corresponding weak solutions of (LI). Then p* converges strongly in H*(Q) to p as
k — oo, the unique HE(Q)-solution of (LT)).

Proof: We only need to slightly modify the proof of Lemma [7l Due to the a priori bounds
/ IVpF?dz < C(S,Q), / im* - VpF|2dz < C(S,Q)
Q Q

there exists a subsequence of p* converging weakly in H'(Q) to some p € H'(Q). Then, we can pass to
the limit in the term (m* @ m*)VpF due to the assumed strong convergence of m* in L*(Q). We then
continue along the lines of the proof of Lemma [7l

[

Theorem 5 (Long term convergence) Let (m,p) be a weak solution of the system (LIN)-(T4]) con-
structed in Theorem [ Fiz T > 0 and a sequence t, — oo as k — oo and define the time-shifts
m®) (7, ) := m(1 +ty, x), p) (1, 2) := p(r +ty, ) for 7 € (0,T). Then there exists a subsequence, again
denoted by tj, such that, as k — 00,

m®) = m™> strongly in L9(0,T; L*(Q)) for any q < oo,
pt) s p>® strongly in L*(0,T; Hy (€2)),

o0 00

where (M, p>) only depends on x and is a weak solution of the stationary system (EI)—(E3]).

Proof: The energy dissipation inequality (Z.I]) implies

/ / |ym(t,z)|*> dz dt < +oc.
0 Q

Therefore,
tp+T T
/ / 0ym(t,z)|* dedt = / / 18,m®) (7, 2)]> dzdr — 0 as k — oo.
th Q 0o Jo
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Moreover, [, |Vm|?dz is uniformly bounded in time, so that

T
/ / V™) (7, z)[? dzdr < C
0o Jo

for a constant C' independent of k. Consequently, the sequence m®*) is uniformly bounded in H L((0,T) x
Q) and so there exists a subsequence, again denoted by t,, and m> € H'((0,T)x Q) such that m{) — m>
weakly in H((0,T) x Q). Due to the weak lower semicontinuity of the norm, we have

T T

/ / |0,m> (7, z)[> dzdr < liminf/ / 0, m ) (7, 2)|? dz dr = 0,
o Jao k=00 Jo Jo

so that m®° is independent of 7.

The Aubin-Lions compactness theorem yields the strong convergence of m®) to m® in the norm
topology of L4(0,T; L*()) for any ¢ < oo if d < 3. Therefore, a straightforward modification of Lemma [I3]
yields strong convergence of Vp(*) to Vp™ in L2((0,T) x Q), where p™ is the solution of (IZT)) with m®™.
Clearly, p>° does not depend on 7 as well.

It remains to show how to pass to the limit in the nonlinear terms of equation (L2]). Due to the energy
dissipation inequality (1)), the term m(*) . Vp(t) is uniformly bounded in L?((0,T) x Q) and so it has a
converging subsequence. The limit can be identified as m® - Vp™ due to the strong convergence of mt)
to m™ in L?(0,T; L*(R)) and of Vp(*) to Vp™ in L2((0,T) x Q). By the same strong convergence, the
whole term (m®) . Vpt))Vptk) converges to (m™ - Vp>®)Vp™ weakly in L'((0,T) x ).

Finally, the energy dissipation gives a uniform bound on m(®) in L*(0,T;L?(Q2)), and we pass to
the limit in the algebraic term |[m®)|20=Dm ) due to Lemma @l

[

5 The zero stationary state

As shown in the previous section, the stationary problem (AI)—(3]) carries the information concerning
pattern formation. We present now several properties of this problem departing from the zero steady
state. Indeed, for all values of the parameters D and ¢, the zero steady state is defined by mo = 0 and
po € H&(Q) solving —Apg = S on . The main question that we are going to address here is whether
nontrivial stationary solutions exist for certain parameter ranges.

One can try to prove existence of a non-zero stationary solution by variational methods. It is immediate
to show that solutions of ([{I)—(A3]) are critical points of the functional

2
E[m,p] = %/ <D[Vm\2 + @ —A&m - Vp|? — A& Vp|* + 262Sp> dx
Q

defined for m € H}(Q)4 N L?>7(Q)%, p € H}(Q)? such that m - Vp € L?(Q). Obviously, E does not posses
any of the classical properties that provide the existence of nontrivial critical points (indeed, E is not
bounded below, not convex, and does not render to an application of the Mountain Pass Theorem in
a straightforward way). Another approach to stationary solutions is to consider p = p[m]|, the unique
solution of the Poisson equation

V- [Vp+(mem)Vp] = S inQ,
p = 0 on 0f).
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Note that by Lemma[[3] the unique solution p = p[m| exists for any given m € L*(Q2). Then one may try
to find critical points of the energy functional (LX),

1 el
Em) == [ (D|Vm|*+ m? +Em - Vplm]|? + 2| Vp[m]* | dz,
2 Ja Y

defined for m € HE(Q)? N L2(Q)?. Note that £(m) = E[m, p[m]] and Dpﬁ[m,p[m]] = 0, so that critical
points of E correspond to critical points of £, and vice versa.

We shall later on resort to analyze bifurcations off zero steady state that we will call the branch of
trivial stationary solutions (mg = 0,pg). In order to see in which range of parameters this is possible, we
first show a negative result.

5.1 Stability of the zero steady state for D large

We show that for D — oo, weak solutions of the stationary system [I)-(E3]) converge to zero. As a
consequence, we cannot expect pattern formation when D is too large.

Proposition 1 Let (m”,p") be a sequence of weak solutions of the stationary system @I)-{@3) with
the diffusion constant D > 0. Then

mP =0 in HY}(Q), pP —po in HAH(Q) as D — oo,
where pg is the unique solution of
—App =S5 inQ, po=0 on 9. (5.1)

Proof: We will skip the superscripts in (m”,p?) for the sake of better legibility. Multiplication of (@)
by p and (£2) by m and integration by parts yields

/\Vp[2da:+/ im - Vplrdz = /Sp,
Q Q Q
D2/ |Vm|2d:17—c2/ |m-Vp|2dx—|—/ Im/*dz = 0

Q Q Q

Multiplication of the first identity by ¢? and subtraction from the second gives

D2/ |Vm|2d:17+62/ |Vp|2dx—|—/ |m|27d:13202/5pd:1:.
Q Q Q Q

With an application of the Poincaré inequality, this implies

2
D2/ yvm\2dx+c—/ \vpy2dx+/ ym\%dxgc/s?dx,
Q 2 Jo Q Q

and the strong convergence of m to zero in HE(€2) follows.
Thanks to the Sobolev embedding, we also have strong the convergence m — 0 in L*(Q2) for d < 3,
and a slight modification of Lemma [7] implies the strong convergence of p to py in H}(£2).
[

A stronger result can be shown for the spatially one-dimensional case, namely, that for large enough
diffusivities D the stationary problem only admits trivial solutions.
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Proposition 2 There exists a Dy > 0 such that if (m,p) is a solution of the 1D stationary problem

—0y (8xp + mzaxp) = 5, (5.2)
—D?02,m — A0yp)°m + |m|?0Vm = o0, (5.3)

for x € (0,1), subject to homogeneous Dirichlet boundary conditions for m and p at x € {0,1} and with
the diffusion constant D > Dy, then m = 0 almost everywhere on (0,1) and p is the weak solution of
—02,p =8 on (0,1) with p(0) = p(1) = 0.

Proof: Assume that fol m?dx > 0. Multiplication of (5.3) by m and integration by parts yields

1 1 1
D2/ (0ym)*dz = 02/ (amp)2m2dx—/ Im|* da
0 0 0
1
< 1Sty | mido
1
< 40 SNy | (@em)?da,

where we used the uniform bound on 9,p provided by Lemma 2] with b(xz) = 1 + m(x)?, followed by
the Poincaré inequality with constant C; > 0. The above immediately implies that if D > Dy for
D3 = 4C%c? HSH%M(O’I), then m = 0 almost everywhere in (0,1).

]

5.2 Bifurcations off the branch of trivial solutions

We study the existence of nontrivial solutions of the stationary system (Z1])—(43]) using a global bifurcation
theorem by P. Rabinowitz [16] and a local one for variational problems by the same author [I7]. We will
first consider the case v > 1 and assume that S # 0 is smooth on 2. We again work in the space
X = (L=®(Q) N VMO(Q))? here.

We decompose the solution of the Poisson equation (@Il as p = pg + ¢[m], where pg is the unique
solution of (B.1]) and ¢ = ¢g[m] solves

V- [Vg+(mem)Vq] = V-[(m&@m)Vpy] in
g = 0 on 09.

The assumption S # 0 implies Vpg # 0. Let us fix D > 0 and introduce the notations 3 := ¢?/D? and
Lm := (=A)~(Vpo ® Vpo)m, (5.4)
where A denotes the Dirichlet Laplacian on 2. We also define the set
R(L) :={po € R; Img € X, mg # 0 such that mg = SoLmy}.
The stationary system (4.I)—(43]) is then equivalent to the fixed point problem

m = BLm + F(m,f3). (5.5)
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with L given by (5.4]) and
-1 L i2e-1)
F(m,5) = pB(-A) <(Vpo®Vq—|—Vq®Vpo+Vq®Vq)m— ﬁ|m| m).

Recall that for 8 < 0 the problem (G.5]) has only the trivial solution m = 0, as pointed out in Remark
Therefore, we restrict the formulation of the following Theorem to 8 > 0.

Proposition 3 At every point (mg = 0,80 > 0) € X x R for which By € R(L) there is a bifurcation off
the branch of trivial solutions (m =0, 3) of a solution branch of the stationary system ([&3). The branch
either meets oo in X x R or meets a point (mg = 0, $1) where $1 € R(L).

Proof: Similarly as in the proof of Theorem Blit can be shown that the operators L and F' are continuous
and compact as mappings from X to itself. Due to the embedding of C%%(Q2) into VMO(Q), we have

[1F(m, B)|lx < CallF(m, B) | co.e @ forall 0 < a <1,
and due to the Sobolev embedding
[1E(m, B)|x < Cap |IF(m, B)lly2r
for r sufficiently large. Consequently, the estimate
lafmlllw 1) < Crllmlly) [mll7m)y — forall <7 <oc

provided by [13] gives
1 (m, Bl < Corimil . 8) (ImllE oy + ImlZhy )

where C, - (||m|lx , 3) is bounded on bounded subsets of R2.
To apply the Theorem of Rabinowitz (Theorem 1.3 in [I6]), we need to study the eigenvalue problem
n = pL(n), ie.,

—An = u(Vpo® Vpo)n  in Q,
n = 0 on 0f).

1/2

Introducing the new variable u := (—A)"/*n, the above problem is written as u = pHu, with

Hu := (—A)"2(Vpy ® Vpo)(—A)~2u. (5.6)

It is easy to prove that H is a self-adjoint and compact operator L?(2)? — L2(Q)?, and Jou-Tudz >0
for all u € L?(Q)?. Consequently, the Spectral Theorem [I] implies that the spectrum of H consists of a
sequence of nonnegative real eigenvalues o1 > g9 > --- > 0 and possibly zero. Moreover,

o1 = sup /IVpo-(—A)_l/QUIQdfﬂ
Q

||u||L2(Q)d:1

= sup / |Vpo - v|* d.
Q

”v”Hé (Q)dzl
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Consequently, Theorem 1.3 of [16] provides the branch of bifurcating nontrivial solutions at eigenvalues
of H with odd multiplicity. Bifurcation off eigenvalues with even multiplicity follows from the fact that
stationary solutions m are critical points of the energy functional £(m) ([LH]), by applying the theory of
[17], based on a local application of the mountain-pass theorem, combined with the global techniques of
[16].

Remark 5 The same result can be obtained for the case v =1 by replacing —A by —A + #I.

Note that g, — 0 as n — oco. In the case d = 1, zero is an eigenvalue if there exists a subinterval
of Q@ = (0,1) where 0,pp = 0. For dimensions d > 1, zero is always an eigenvalue of T, since one can
construct an eigenfunction u # 0 such that Vpg - (—A)~Y2u = 0. Since dim(T — ¢,,I) < oo for all n € N,
and since the union of all eigenspaces and N(T') is the whole space L?(Q)?, we find that infinitely many
eigenvalues o, > 0 exist.

In the one-dimensional case d = 1 it follows that the largest eigenvalue o1 of H is of odd multiplicity.
Indeed, oy is also the largest eigenvalue of the mapping (—92,) 1(0,po)? with homogeneous Dirichlet
boundary conditions. Note that this mapping leaves the positive cone in L?(Q) invariant, so by the
Hess-Kato extension [9] of the Krein-Rutman Theorem, the multiplicity of its largest eigenvalue is 1 and
the corresponding eigenfunction n; is nonnegative. Therefore, we have the bifurcation of two continua of
solutions from (mg =0, 3) at § = 1/07, locally parametrized by

(m®, %) = (ang + o(1),1/01 + o(1)) for a close to 0.

Due to the a priori estimates on m in X" (see proof of Theorem [3)), both bifurcating branches either contain
nontrivial solutions for all § > 1/0; or they meet the trivial branch (mo = 0, ) at another eigenvalue
b1 € R(L)

5.3 Linearized instability of the zero steady state

We recall that 3 := ¢2/D? and work in any spatial dimension. We assume 7 > 1.

Lemma 14 Let o1 be the largest eigenvalue of L defined in (&dl). The trivial solution (mg,po) of the
system (LI)—(L3) with v > 1 is linearly asymptotically stable if 5 < 1/o1, non-asymptotically stable if
B =1/01 and exponentially unstable if 5 > 1/07.

This result explains why for D small enough, patterns may occur as a consequence of Turing insta-
bility. Typical is that the ratio of diffusions between the two equations should be correctly ordered and
that a priori bounds on the steady state solutions exclude highly oscillatory instabilities.

Proof: The linearization (Gateaux derivative) of (2] around (mg = 0,pg) in the direction (n,q) reads
on = D2MB’I’L = D2(A + BVpo ® Vpo)n

subject to n(t = 0,2) = n! in Q and homogeneous Dirichlet boundary conditions on 9. Let us define
the quadratic form on H} ()% x H}(Q)?,

Qp(u,v) = (Mpu,v)2Q) = — /Q Vu-Vudr + ﬁ/Q(Vpo ~u)(Vpg - v)de.
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Then Qg is negative definite, i.e., Qg(n,n) < 0 for all 0 # n € HE(Q)4, iff

Jo IVn|? dz Lend
B < T [Vpo - nPde for all 0 #n € Hy(Q)%,
i.e.,
5<  inf Jo IVn|? dz 1

neH}(Q)4 fQ ]Vpo 'Tl‘2 dx 0'17

where the last equality is due to the formula for oy,

fQ |Vpo - n|? da
o1 = sup 5
neHE ()4 Jo IVn|?dz

Consequently, Mg has only negative eigenvalues and the trivial solution is linearly asymptotically stable
if 8 < 1/0’1.

On the other hand, there exists a nonnegative eigenvalue of Mg iff Qz(n,n) > 0 for some 0 # n €
HE(Q)4. This happens if

2
5> i Jo IVn|? dz _ i
neH () [o|Vpo-nf?de o1

Consequently, for 3 = 1/01, the largest eigenvalue of Mg is zero and we have linearized non-asymptotic
stability (i.e., existence of a constant mode). Finally, for § > 1/01 an exponentially growing mode exists.
[

6 Non-zero stationary states and pattern formation

As a consequence of previous results, we can expect non-zero steady states when D is small. We can indeed
build such steady states and analyze their stability. We proceed with the most general construction in
one dimension

6.1 One-dimensional case: nonlinear stability analysis with D =0

We show now how stationary network-patterns are produced by the system in a special one dimensional
setting on the interval (0,1) with D = 0 and we select those which are reachable by the dynamics.
The system ([LI)-(L2]) in one dimension with D = 0 reads

—0Oy (amp + m28xp) = S5, (6.1)
om — A(0yp)°m + |m|? 0" Um = 0, (6.2)

and, for the sake of simplicity, we consider it on the interval (0,1) with mixed boundary conditions

,p(0)=0,  p(1)=0.
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Integrating the first equation with respect to x and taking into account the boundary conditions for p,

we obtain
(1 m2op =~ [ Sw)dy.
0

Let us denote B(z) := [ S(y)dy > 0, then we have

B
Op = =177 02

Inserting this into the equation for m yields

B(x)? 2(v—1)
oo = (i )

which we interpret as a family of ODEs for m = m(t) with the parameter z.

We now distinguish two cases:
e v > 1: In this case the equation

B(x)?

T =0

(6.3)

(6.4)

(6.5)

has, for a fixed z € (0, 1), exactly two solutions +my for some mg = mg(x) > 0; assuming positivity
of S, we have B(x)? > 0 on (0,1). Thus, for every z € (0,1) the ODE (6.4) has three stationary
points, mg = 0, ms and —my. It can be easily checked that mg = 0 is unstable, while the other

two are asymptotically stable. Therefore, solving (6.4]) subject to the initial datum m
(0,1), we obtain, as t — oo, the asymptotic steady state m(z)sign(m!(z)).

e v = 1: In this case we have to solve the equation

B(x)?

T\ =
(1+m?)? b

=m!(z) on

which has distinct nonzero real roots £mg(x) if and only if ¢B(z) > 1, with ms(z) = \/cB(x) — 1.
In this case, again, the ODE (64]) has three stationary points, unstable mgy = 0 and stable +m.
On the other hand, if ¢B(x) < 1, (64]) has the only stationary point m = 0, which is stable. Thus,
the solution of (6.4) subject to the initial datum m! = m(z) on (0,1) converges to the asymptotic

steady state ms(w)sign(ml(x))x{cB(x)>1}.

6.2 Linearized stability analysis of the system with D =0, v > 1

We consider the system

-V -[(I+mem)Vp] = 5,

%—T —E(m-Vp)Vp+ mP0Vm = o,

posed on a bounded domain Q C R?, subject to homogeneous Dirichlet boundary conditions

p=0, m =0 for x € 0Q2,t > 0.
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For fixed z, there are three kinds of stationary solutions of the problem (G.7]), namely
mo(z) = 9(2)Vpo(w)  with  9(x) € {0, e [Vpo(w)| 7 }
Once Y¥(x) has been chosen accordingly pointwise almost everywhere, the stationary pressure pg satisfies
=V - (I +mo®mg)Vpo) = S.
We construct the general stationary solution by fixing measurable disjoint sets Ay C Q, A_ C ), set
Ag =0\ (AL UA_) and
mo(@) i= (xa, (2) = xa_(2)) 77 [Vpo(@) |1 Tpo(a), (6.5)

where pg solves
2 2
-V Kl + ¢ Vpo(x)| =T x A uA_ (x)) Vpo(a:)] =S. (6.9)

Theorem 6 (Existence of network-patterns) For any S € L?(Q), v > 1 and for any pair of mea-
surable disjoint sets Ay, A_ C () there exists a unique weak solution py € HE(Q)N W()1’2ﬁ//(ﬁ/_1)(«4+ UA-)
of B3,

Proof: We set A:= A, UA_ and define the functional F : H}(Q2) — R U {+o0},

1 2 v—1 2y
Flp| = —/ \Vp[zdyc—i-mzl7 / ]Vp\fjl da;—/dea:,
2 Ja 2y Ja Q0

2
and Flp] := o0 if Vp ¢ LT (©). Then F is uniformly convex since % > 2. Also, coercivity on H&(Q) is
standard. The classical theory (see, e.g., [6]) provides then the existence of a unique minimizer py € H, é(Q)
of F, which is the unique solution to the corresponding Euler-Lagrange equation (6.9]).

]
The linearization (Gateaux derivative) of ([6.6]), (6.7) around (mg,po) in direction (n,q) is given by
0 = —V-[(I+my®@mo)Vg+ (mg®n+n®mg)Vpol, (6.10)
om = c*[(n-Vpo)Vpo+ (mo - Vq)Vpo + (mo - Vpo) V4]

—|mo|? ™ Vn = 2(y — 1)|mo|?72 (mg - n)mo, (6.11)

subject to the homogeneous Dirichlet boundary conditions
gq=0, n=0 on 0N (6.12)

and the initial condition for n,

n(t=0)=n! in Q. (6.13)

Theorem 7 (Linear stability of the network-pattern) Let A, and A_ be such that meas(A; U
A_) = meas(Q). Moreover, assume {x € Q; Vpo(x) = 0} C {z € Q;nl(z) = 0}. Let (g,n) be the
solution of (6.10)-(GI3). Then

lim/|Vq(t,x)|2d:1::0, lim/|n(t,3:)|2dx:0.

t—o0
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Proof: We first establish that Vq(t, z) lies in L?(2x (0, 00). Multiplication of (G.I1]) by n and integration
by parts yields

1d
2 dt / nfdr = ¢ / (n - Vpo)? + (mo - Vq)(n - Vpo) + (mo - Vpo)(n - Vq) dz
Q Q
_ / \m0’2(v—1)’n’2 dz —2(y — 1)/ ’molz(v—l)(mo . n)2 da .
& Q
We have the identities

’m0‘2(7—1) = cz\Vp0\2XA+UA7 and ‘m()’?(“/—?) (mg - n)2 = c2(Vp0 . n)2XA+uA,' (6.14)

Moreover, multiplication of (G.I0) by ¢ and integration by parts gives

/Q (1m0 - Vg)(n - Vpo) + (mo - Vpo)(n - V) dr = — /Q IVl + mo - Vol da, (6.15)

so that we have
1d
——/ n?der = 02/ In - Vpo|?> do — 02/ (IVal* + |mo - Vg|?) dz
- 02/ |Vpol?|n|* dz — 2(y — 1)02/ |Vpo - n|?dz.
ALUA_ AfUA_
According to the assumption meas(A; U A_) = meas(2), and with the Cauchy-Schwarz inequality |n -
Vpol? < |n)?|Vpo|?, we have due to v > 1,

1d 2 2/ 2
- < .
9 t/n dl‘—|—C |Cq| dx 0

This implies Vq € L*(Q x (0, 00),

/ / Vg(t, )2 da dt < +oo. (6.16)
0 Q
Using the assumption meas(Ap) = 0 and the identities (6.14]) in (G11]) yields
on
51 = (3 =29)(Vpo - n)Vpo = [Vpo[*n) + ¢*((mo - Va) Vo + (mo - Vo) Va),
so that we can write
0
8—7; = A(z)n + f(t,x)
with
A(x) = ¢*(3—29)Vpo® Vpo — ¢*[Vpo|’I,

flt,2) = A((mo-Vq)Vpo+ (mo- Vpo)Vq).

The linear ODE initial value problem has the solution

t
n(t, ) = nhom (t, ) + ny(t, ) := 2@l (x) —I—/ A@E=9) £(5 2) ds.
0
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It can be easily calculated that A(z) has the (d — 1)-fold eigenvalue —c?[Vpg|? and the 1-fold eigenvalue
—2c%(y — 1)|Vpo|?. Therefore, denoting o := min(1,2(y — 1)) > 0, we have the estimate

|nhom(t7x)| < €xXp (—C2Oé7f|vp0(l‘)|2) |7’LI(33‘)|,
so that, recalling the assumption {z € Q; Vpo(z) =0} C {z € Q; n!(z) = 0},

. 2 o
Jim [ frnon(t.2) dz = 0.

It remains to estimate the inhomogeneous part n, of n. We start with

Inp(t,2)| < /O exp (—2a(t — $)|Vpo(@)[?) £ (s, 2)| ds,

_1 0
/()] 20|Vpo(2)*|Va(t, )| = 2¢7-7[Vpo ()|~ [Va(t, 2)],

IN

which gives

2

t
/Q\np(lt,x)\zda:§4c721/Q!Vpo(x)\fv1 </ exp (—c*a(t — )| Vpo(z)|?) !Vq(s,w)!d8> da.
0
Denoting

2
2y

1(t.2) = 1Vm(o) 5 ( [ exp (~at = )[Taola)P) [Vats.a)lds )

the Cauchy-Schwarz inequality gives

I(t,2) < [Vpo(z) 7 /0 exp (—c2a(t — 5)|Vpo(a)|?) ds /0 exp (—alt — 9)[Vpo(@)?) [Va(s,2) ds,

and denoting K := fooo exp <—c27°‘8> ds < 0o, we have

I(t,z) < K\Vpo(x)\% /0 exp (—ca(t — s)|Vpo(z)|?) [Va(s, z)|* ds. (6.17)

Now, ([6I6) states that |Vq(s,z)[? € L'(0,00) for almost every x € Q. Clearly, for those z € Q where
|Vpo(z)| > 0, we have

. 2 2\ _
tliglo X[o,4)(8) exp (—c*a(t — 5)|Vpo(z)[?) =0 for all s > 0.
We shall employ the following technical Lemma:

Lemma 15 Let h: (0,00) — R be in L'(0,00) and o > 0. Then
t
lim [ exp(—o(t —s))h(s)ds =0.

t—00 0
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Proof: Clearly, lim;_,o exp(—o(t — s))h(s) = 0 for every s € (0,00). Moreover, we have

/ exp(—a(t — s))h(s) ds = /Oo X(o.0)(8) exp(—o(t — s))h(s) ds,
0 0

and the result follows by an application of the Lebesgue dominated convergence theorem with the inte-
grable majorant h(s).
[

We apply the above Lemma with h(s) := |[Vq(s,x)|? for every x € Q where |Vpy(z)| > 0 and conclude

t
lim [ exp (—c*a(t —s)|Vpo(2)]*) [Va(s,z)|* ds

t—o00 0
o

= lim [ xq(s)exp (—Pa(t — )| Vpo(2)]?) [Va(s, 2)[* ds = 0.

t—o0 0

Therefore, lim;_, I(t,2) = 0 for almost all = € Q. Moreover, ([6.I7) implies
I(t,z) < K]Vpo(a;)]% / Vq(s,z)|* ds,
0

so that, with (€I6) and Theorem [l I(¢, ) is bounded by an integrable majorant in x for all ¢ > 0 (since
Q\ (A4 UA_) has Lebesgue measure zero). An application of the Lebesgue theorem yields then

lim / In,(t, z)[> de = 0.
Q

t—00

The second part of the claim,

. 2 -
tglélo/Q]Vq(t,a:)] dz =0,

follows directly from the limit passage in (6.15I).
]

Remark 6 On the set {x € Q; Vpo(z) = 0} equation (6.I1]) reduces to % = 0. Therefore, the restriction
on the perturbation {x € Q; Vpo(r) = 0} C {z € Q; n!(z) = 0} of Theorem 7 is necessary for linearized
asymptotic stability.

The assumption meas(Ag) = 0 is necessary as well, since for v € Ay equation ([GIT]) reduces to

an 2

— =c“(n-Vpo)Vpo,
5 (n - Vpo)Vpo
so that there are non-decaying modes.

Remark 7 Let v = 1. Then for each stationary state (mg,po) of (6.6),[C71) there exists a measurable
real valued function A = X(z) such that

mo(x) = M@)X{clpo|=1} (%) VDo ()

and py solves the highly nonlinear Poisson equation

-V [(1 + %’fx{cmzl}(x)) Vpo} =5

subject to the homogeneous Dirichlet boundary condition pg = 0 on 0.
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Remark 8 The results obtained in this Section need to be related to the nonlinear stability analysis of
Section [61] in the 1D case Q = (0,1). In particular, in the case v > 1, we concluded that the solution of
the 1D system converges to mg(x)sign(m!(x)) ast — oo, with m! the initial condition for m, where m(x)
is the positive solution of [B.X). Firing m! with m!(x) # 0 for almost all x € Q, we may set mo(x) :=
mg(x)sign(m! (z)), which is obviously a stationary solution of the nonlinear 1D system G.I)-62). We
assume S > 0 on Q, so that B(z) := fox S(y) dy is a positive and increasing function. Taking into account
©3), we have meas{O,p = 0} = 0 and meas{my = 0} = 0, so that the assumptions of Theorem [7 are
satisfied. The Theorem then states that solutions (n,q) of the linearized system (GEI0)—(GII]), that we
interpret as perturbations of the stationary solution (mg,po), converge to zero in the L?-sense. However,
if we perturb mg, say with my + em with small € > 0, such that meas{sign(mg) # sign(mo +em)} > 0
and feed this perturbed state as an initial datum for the nonlinear system (GI)—([62), then clearly the
corresponding solution will converge to a different state than mqg as t — oo. This apparent contradiction
is explained as follows: The linearization (GI0) -G.IL) can be identified as the L*(Q)%-Gaiteaux derivative
of the nonlinear problem ([6.8)-(6.2) but not as the L*(Q)%-Fréchet derivative. Thus linearized asymptotic
L?(Q)?-stability does not imply nonlinear asymptotic stability. Also, nonlinear asymptotic stability of the
ODEs ([6.4) (for each x fized) does not imply asymptotic stability of the PDE system (6.1)—(6.2)), albeit it
implies that the PDE solution from an L?-close initial state converges to an L*-close steady state.

The linearized stability analysis together with the monlinear one-dimensional analysis explain how
patterns are formed for small values of the diffusion constant D and large times t. Stable large time
patterns for m have the form ([6.8) (with smoothing for D > 0 but small), where the sets Ay and A_ are
determined by the initial datum m(t = 0) = m! and, due to small diffusion, the set {m(t) = 0} has zero
Lebesgue measure for t > 0. Clearly stability has to be interpreted in the sense that close-by initial data
m! generate patterns close to the one generated by the unperturbed initial datum.

7 The limit D — 0 in the one dimensional setting
We consider the one dimensional network formation system

0, (1L +m?)0yp) = S, (7.1)
dym — D*0%,m — *(0up)*m + [m[P0"Vm = o, (7.2)

on = (0,1), with S € L*(0, 1), subject to the homogeneous Dirichlet boundary conditions
m(0,t) =m(1,t) =0, p(0,t) =p(1,t) =0, for t > 0. (7.3)

We prove that the solution of (TI)—([7.2]) converges to zero for large D. We first establish the following
uniform in D a priori estimate:

Lemma 16 (Uniform BV bound) Let (m,p) € C'([0,T];C?[0,1]) x C([0,T]; C?[0,1]) be a classical
solution of the system ([LI)—([T2), subject to the boundary conditions ([L3)). Then there exists a constant
C =C(T, |5l 1= (0,1)) independent of D such that

1
max/ |0ym|dz < C.
te[0,1] Jo
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Proof: We take the derivative of (7.2)) with respect to z,

02m — D93, .m

(amp)28wm — 202(8gxp)(8mp)m + (2y — 1)|m|2 Do,m = 0. (7.4)

We multiply (74]) by sign(dym) and integrate over Q = (0, 1),
d 1 1
T / |Oym|dz = / (92,,m) sign(9,m) dz + 02/ |0,m|(0ep)? d
0 0

1
—|—262/ msign(9,m)(02,p)0pp da — (2 — 1)/ im|?0=Y|9,m| dz.
0 0

The Kato inequality [2] for the first term of the right-hand side yields

1 1 1
/ (E?i’m ) sign(9ym)dx < D2/ Ggm\(‘)xm\ dz = D? [Gx\(‘)xmq . D? [(Ggmm) sign(m)] .
0 T= =

Inserting the homogeneous Dirichlet boundary conditions for m into (Z.2)) yields 02,m(0,t) = 92, m(1,t) =
0, so that the above boundary term vanishes. Consequently, we have

/ (93 ,,m)sign(d,m)dz < 0.

The product rule for the Poisson equation ([.I]) yields
S 2m(9xm)(0zp)

2 _
ammp_ 14+ m?2 1+ m2 ’
so that
1 1 2
_ 8m) m*|0xm|(0xp)” (9xp)”
20 o) (@,p)dopde = —22 [ TSEO) 5 yGae —4 / d
c /0 m sign(9,m)(07,p)0zp dx c ; T m ————(0, x —4c a2 W
1/2 2
m=|0ym|(Opp
< 2218l ([ ioPar) - [(T0mORE

Multiplying (7)) by p, integrating by parts and using Cauchy-Schwarz and Poincaré inequalities gives

1 1 1
/ (0,p)? dz + / m?(0,p)?dz = / pSdx
0 0 0

< ISz, 12l £2(0,1)
c HSH%Z(O,l) + HaocPH%Z(o,l) )

A

IN

for suitable constant C' > 0, so that

1
/0 m?(9,p)* dz < C HS”%2(0,1) )

and

1 1/2
26 (1S 1201 (/0 |m|2(8xp)2dx> < CIS|Z201) -
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We are left with the terms

m2|8 m|( xp) 2 ! 2 4m?
/\8 m|(0zp)? 40/ 1 2 dr = ¢ /0 |0xm|(0rp) <1_1+m2>

1
02/ |0,m|(9:p)? dax.
0

2|8
Now, an application of Lemma [[2 with b(z) := 1 + m(z)? gives the estimate |0,p| < %&31) < (C, so

that the above expression is estimated from above by C' fol |0xm|dx. Altogether, we have

d [ !
E/ |0ym|dz < C </ |0xm| da + HSHiz(o,l)>-
0 0

An application of the Gronwall lemma gives

IN

1
dym|dz < C(T, | S|?
trer[loa’%]/o |0xm|dz < C(T,[|S][72(,1)) < o0

for every T' > 0.

Theorem 8 (Limit of vanishing diffusion) Let (m?,p?) € C*([0,T]; C2[0,1]) x C([0,T]; C?[0,1]) be
classical solutions of the system ((I)—(T3)) with the diffusion constant D > 0 on the time interval [0,T].
Then there exists a subsequence such that (m”,pP) — (m,p) as D — 0, where (m,p) is a solution of

—0,((1+ m?)0,p) = S, (7.5)
om — A(0yp)°m + |m|? 0" Vm = 0, (7.6)

subject to the homogeneous Dirichlet boundary conditions

m(t,0) =m(t,1) =0, p(t,0) = p(t,1) =0, fort > 0. (7.7)

Proof: According to Lemma [I6, the family m?” is uniformly bounded in L> (0, T; BV[0,1]). Moreover,
the energy dissipation given by Lemma [I] provides a uniform bound on oymP in L2((0,T) x (0,1)).
Corollary 4 in [I9] implies then strong convergence of a subsequence of m” to m in L4((0,T) x (0, 1)) for
any q < oo, and Lemma [[3] gives strong convergence of 9,p” to d,p in L2((0,T) x (0,1)). This allows us
to pass to the limit D — 0 in the Poisson equation (7Z.5]).
Moreover, we have a uniform bound on 9,p” in L>((0,7") x (0,1)) by Lemma [I2 Consequently, due
to the strong convergence of 9,p” to 9,p in L2((0,T) x (0,1)), (0.p”)? converges weakly-* in L>((0,T") x
(0,1)) to (9,p)?. This allows us to pass to the limit in the term (9,p”)?m” in (Z8). Lemma @ establishes
the limit passage in the term |mP|20~DmP. Finally, the uniform bound on d,mP” in L?((0,T) x (0,1))
implied by Lemma [I] establishes the convergence of the term D292, mP” (in the weak formulation) to zero
as D — 0.
]
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8 Outlook and open problems

We conclude our paper by providing a list of interesting open problems that will be the subject of future
research.

e Is the branch of mild solutions constructed in Theorem B global in A = ¢?? As noted in Remark
[, in the one-dimensional setting d = 1 this is true due to an a priori estimate on J,p in L* and
maximum principle on m. Is this also true for d > 27

e What can we say about the dynamics of network formation? What is the mechanism of network
growth?

e In connection with the previous point, it is important to understand how do stationary states depend
on the initial data. In the case d = 1, D = 0 this was analyzed in Section An analysis in the
multi-dimensional setting is desirable.

e In Section [1 we carried out the limit D — 0 in the one-dimensional setting, based on an estimate
on m in the BV-space. Can this be generalized to multiple dimensions?

e In connection with the previous point, an existence theorem for weak or strong solutions of the
problem with D = 0 is needed.

e In Section we proved existence for and classified stationary states of the system with D = 0 and

~v > 1. This should be completed by including the case v = 1.
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