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Abstract

We obtain existence and conormal Sobolev regularity of strong solutions to the 3D com-
pressible isentropic Navier-Stokes system on the half-space with a Navier boundary condi-
tion, over a time that is uniform with respect to the viscosity parameters when these are
small. These solutions then converge globally and strongly in L? towards the solution of the
compressible isentropic Euler system when the viscosity parameters go to zero.

Key words: inviscid limit problem, compressible NSE, Navier boundary condition, conor-
mal Sobolev spaces
AMS classification: 35Q30, 76N10/20

1 Introduction

1.1 The isentropic compressible Navier-Stokes system and the inviscid limit
problem

We consider the motion of a compressible fluid in the half-space @ = R? x Rt. The density
of the fluid is a scalar function p(¢,x) with ¢ being the time variable and x € , its velocity is
u(t) : @ — R3: these will be the unknowns of the system. The temperature of the fluid, 6, is
constant throughout the paper, and the pressure P will follow a barotropic law: P = P(p) =
% p7, with k > 0 and the adiabatic constant v > 1. The motion of the fluid is governed by the
isentropic compressible Navier-Stokes system, which consists of two conservation laws:

L) CODSGI'V&tiOD Of mass
Ohp + div (pu) =0, 1)

e and conservation of momentum

O(pu) + div (pu @ u) = div ¥ + pF, (2)

with F(t,z) a force term. To avoid technical complications with compatibility conditions, we
consider that the force is smooth and that fluid is at rest for negative times: F(¢,z) = 0 and
(p,u)(t,z) = (1,0) for t <O.
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In these equations, ¥ is the internal stress tensor,
Y =2euSu+ (eXodiv u — P(p))Is,

in which € > 0 will be arbitrarily small, Su = %(Vu + VuT) is the symmetric gradient, and I3
is the 3 x 3 identity matrix. The parameters p > 0 (dynamic viscosity) and A := Ao+ > 0
(bulk viscosity) will be given regular functions of p. In equation (2), we will write

div ¥ = e(pAu + AVdiv u) — V(P(p)) + eo(Vp, Vu).

The final term o is non-zero only when N (p) and p/(p) are non-zero (A, u not constant).

We shall not go into detailed historics about the isentropic system; a survey of existence
and regularity results up to 1998 was put together by B. Desjardins and C-K. Lin, [9]. We shall
quickly cite the emblematic result on the subject: the global existence theorem for weak solu-
tions, as proved by P-L. Lions in the 1990s ([22] or [23]), a result that has since been improved,
for instance, by E. Feireisl, A. Novotny and H. Petzeltové, [11], and extended to some cases with
density-dependent (variable, therefore) viscosity coefficients by D. Bresch, B. Desjardins and
D. Gérard-Varet [5]. In the latter paper, a nonlinear drag force, written as F' = F(u) = ro|ulu,
is considered. We also refer to the local strong existence theory, initiated in the 1960s and 70s
by J. Nash and then V.A. Solonnikov [29, 38] and improved on by R. Danchin (for instance, see
survey [8]). In this framework, blowup can occur [43].

In this article, we will aim to obtain local-in-time existence of strong solutions to the isen-
tropic Navier-Stokes system, with a lower bound for the time of existence that does not depend
on the viscosity parameters when these are small, and work on the inviscid limit problem. As
we are on the half-space, we will have some boundary conditions.

Notation. Throughout the paper, we will use the notation x = (y, z), with y € R? and z € RT;
the boundary is therefore the set {x = (y,z) € R® | z = 0}.
Moreover, for a vector field v(x), the tangential part to the boundary is, for x on the bound-

ary, vr(x) = v(z) + (v(x) - fi(x))i(x), where fi(x) is the outer normal vector to O at point x.
As i(x) = (0,—1), we extend the notation to all Q: v.(x) = (vi(x),va(x)).

The boundary conditions on u are the standard non-penetration condition on the boundary,
w7 —0 = ugl.—0 = 0, (3)

and the Navier (slip) boundary condition [(%Eﬁ + au) T] |.=0 = 0 in which a > 0. In our case,
with a flat boundary, the Navier condition can be rewritten as

[1(p)02ur]|2=0 = 2aur|.—0 (4)

for t > 0 and y € R2. As opposed to the Dirichlet or no-slip condition, which, in our setting,
would be u|,—o = 0, the Navier condition, proposed by H. Navier himself in the XIX*® century
[30], allows the fluid to slip along the boundary, and this occurs wherever interaction at the
boundary is non negligeable. For instance, the slip phenomenon can be observed on the con-
tact line of two immiscible flows [33], and in capillary blood vessels, which are the microscopic,
tissue-irrigating vessels where molecular exchanges with the neighbouring cells take place [32].
It also appears when homogenising rough and porous boundaries ([20] and [12]), and can be
derived mathematically from a Boltzmann microscopic model with a Maxwell reflection bound-
ary condition [27]. To be physically pertinent, the slip coefficient a should be chosen positive,
but our results do not technically require a to have a specific sign, so we take a € R.



We also impose the limit condition

|x| =400
N

Ul(t,z) := (p(t,x) — 1, u(t,x)) 0 (5)

so that U(t) € L*(1).

Formally, taking € = 0 leads to the compressible Euler equations

Op +div (pu) = 0 (6)
poyu+ pu-Vu+ VP(p) = pF.

The Euler equation is of order one, so it only requires one boundary condition equation, which
is (3). This leads to the appearance of boundary layers: if the solutions of low-viscosity Navier-
Stokes equations are expected to behave like a solution of the Euler equation far away enough
from the boundary, solutions of Navier-Stokes are still required to satisfy a second boundary
condition, whereas the reference solution of the Euler equation is not. A typical boundary layer
expansion for solutions to Navier-Stokes will read

Wty 2) = uP(t,y,2) + V (t,y, %) : (7)

with u¥ solving the Euler equation, and V, acting on a shorter scale, picking up the boundary
condition.
The inviscid limit problem is a major challenge for mathematicians, whether one considers

compressible or incompressible fluids. We remind the reader of the (non-forced) incompressible
system:

divu = 0
ou+u-Vu—evAu+Vqg = 0
U’t:O = uo,

in which v = %, with p constant, is the kinematic viscosity and ¢ is the kinematic pressure. Re-
garding the inviscid limit results on the incompressible system with Navier boundary conditions,
the problem is solved in L? framework in 2D (see [2], [7], [21]), and convergence of weak solutions
of the Navier-Stokes equation towards a strong solution of the Euler equation, when the limit
initial condition is regular enough, has been obtained for a range of Navier slip coefficients of
the form a = a’e~#: starting with D. Iftimie and G. Planas [18] (8 = 0), [40] (8 < 1/2) and [31]
(8 < 1 for positive slip coefficients and § < 1/2 regardless of sign) have extended the range of
numbers S for which convergence occurs. C. Bardos, F. Golse and L. Paillard recently obtained
weak convergence results for Leray solutions of Navier-Stokes towards dissipative solutions of
the Euler equation [3].

The solutions to the 3D incompressible Navier-Stokes equations with a Navier boundary
condition that does not depend on € have a better asymptotic expansion than (7); D. Iftimie
and F. Sueur showed in [19] that the boundary layer V' has a smaller amplitude:

Wy, 2) = uP(t,y, 2) + VEV (t,y,e7/22). (8)

The problems of local existence of strong solutions on a time interval that does not depend on &,
and of the corresponding inviscid limit, showing behaviour in agreement with this ansatz, have
been solved by N. Masmoudi and F. Rousset [26]. Their approach is based on energy estimates
in conormal Sobolev spaces, and the same technique has allowed them to prove similar results
for the corresponding free-boundary system [25], and we will see that a similar approach for the
isentropic system is valid. We refer the reader to [42] and [4] for other studies in 3D.



In the incompressible case also, a variable viscosity coefficient, v = v/(q, |Su|?), can be consid-
ered. This appears in elastohydrodynamics or the mechanics of granular materials for example.
Existence of weak solutions for such equations on a bounded domain with the Navier boundary
condition has been obtained by M. Bulicek, J. Mélek and K. Rajagopal [6].

On the 3D isentropic Navier-Stokes system with Navier boundary conditions that we are
interested in, F. Sueur recently showed the convergence of weak solutions to a strong solution
of the Euler equation when the limit initial condition is smooth, and for slip coefficients that
can depend on ¢, such as a/e” with 3 < 1 [39]. In the case where the slip coefficient does not
depend on ¢, D. Hoff obtained global solutions with intermediate regularity (more regularity
than weak solutions d-la-Lions, but not classical solutions) in 2005 [15], while Y-G. Wang and
M. Williams justified a WKB expansion for strong solutions [41] in 2012. In particular, Wang
and Williams show that solutions to the isentropic Navier-Stokes system behave similarly to
their incompressible counterparts in the inviscid limit, in the sense that we have the asymptotic
expansion (8). As we aim to get existence of strong solutions of the Navier-Stokes equation
through uniform a prior: estimates, we will make use of conormal derivatives that we introduce
below.

To complete the references on the inviscid limit problem for compressible fluids, we cite
F. Huang, Y. Wang and T. Yang (ideal gas, [17]), and Feireisl and Novotny (weak-strong
convergence in the Navier-Stokes-Fourier setting, [10]), for advances on the full compressible
Navier-Stokes equations, with an extra equation on the internal energy, temperature or entropy.
We also refer to [44] for results on the linearised 2D system, [35] and [14] for boundary layer
analysis with characteristic and non-characteristic boundary conditions respectively, and [28],
[1] for results on more general parabolic-hyperbolic systems.

1.2 The conormal functional setting

If we consider a boundary-layer expansion of the form (8), which the solutions of the equation
we will study satisfy, we see that we can expect uniform control of u®, its derivatives, but
not its second derivatives: a factor e~1/2 results from the differentiation of the boundary layer
V. Thus, the functional setting used in this paper will be that of conormal Sobolev spaces.
Introduced in the mid-60s [16], these spaces have been used to work on hyperbolic systems with
characteristic boundaries (see, for example, [34], [13], [36]). Such spaces on a domain €2, which
has a boundary, are constructed by differentiating functions following a finite set of generators
of vector fields that are tangent to the boundary of 2. Namely, in the case of the half-space,
we can choose

Zig =0y yy, 23 = ¢(2)0.,

with ¢ a smooth, positive, bounded function of R such that ¢(0) = 0 and ¢/(0) # 0 - typically,
consider ¢(z) = 133

Conormal derivatives will allow us to get high-order uniform-in-¢ estimates. Considering an
expansion like (8), if we look at the conormal derivatives of d,u®, the boundary-layer term is

written as

Z3(3V(€_1/2z)) _ 8_1/2¢(2)82V(€_1/22)7

and this is of amplitude O(1) in a neighbourhood of the boundary of size /¢ thanks to the
factor ¢(z). Thus the conormal setting is the only one in which we can expect uniform bounds
on a large number of derivatives.



The conormal Sobolev space on Q, Weo (), is then naturally defined as the set of func-
tions f(x) € LP(€2) such that the conormal derivatives of order at most m of f are also in LP(2).

As part of their estimation process in [26], Masmoudi and Rousset used the incompressibility
equation to express 0,us as a combination of conormal derivatives:

(9ZU3 == —aylul — 8y2u2 == —Zlul — Z2u2.

We will be able to use a similar trick, but with the equation of conservation of mass (1), in
which 9p intervenes. Also, we will regularly use equation (2) to replace terms with two normal
derivatives (0,,u), and there, dyu is involved. For these reasons, we add Zy = 0; for functions
that depend on (¢, z), and introduce the conormal Sobolev spaces on [0,7] x € in the sense of
0.Gues [13], for a set time T. For a € N*, we write Z® = Z§°ZM 2527283 and |o| = Y20, ai:
the conormal Sobolev space WeyP([0,T] x Q) is the set of functions f : [0,7] x © — R? such
that Z*f € LP([0,T] x Q), for every a with |a| < m. We will only use p = 400 and p = 2, with
the notation H = We, 2 'We therefore have

Heg([0,T] x Q) = {f(t,) | Y0 <k <m, 95 f € L*([0,T), Hig™*(Q))}-

Compared to Weo?(2), the notation is slightly abusive, in that Weo? ([0, T] x ) is not a space
whose conormal derivatives are tangent to the boundary (Zy = 0 is not tangent to the boundary
of [0,T7).

In our a priori estimation process, we will be interested in the following space:
XP(Q) ={f(t,z) [VO<k <m, 9f f € L>([0,T], H ()}

This is more restrictive than asking for f € H2([0,T] x Q). For a set t > 0, we introduce the
semi-norms

IF @ = > 12°F@)I72) and [ f(D) = > Iz

laj<m laf<m

Note that these semi-norms coincide with the H™(Q2) and W, '™ (£2) norms if f is stationary.
Based on these semi-norms, we construct two norms on X' and We,"™ ([0, 7] x ) respectively,
which are essentially L°°-in-time norms,

1f W, = s 1F @Oy, and | flllm.cor = sup [If ()]l 00

te[0,T t€[0,7T)

the latter of which coincides with the Weo ([0, 7] x ©) norm, and L%-in-time norms

T T
[z d and [T, at
0 0

the former of which is the natural norm for H2([0,7] x Q). We will prefer not to abbreviate
these last norms, as the forms we have given will make the a priori estimation process clearer.

We add the following abbreviations: [|f()|l. := [[f(D)llg.cor [ fllloc,r == Wl flllo,00,7, and we
denote by ||| f|||Lip,r the standard Lipschitz norm on [0, 7] x €.



1.3 Results and proof strategy

We introduce the notation U(t,z) = (p — 1,u)(t,x), and will consider the class of solutions
satisfying the following property:

T
En(T,U) = U [I5.7 + Il 92ur Hlfn_LTJr/o 19:u3(8) 171 + 102p(5)I7 . ds

T
+ [l Ozr If oo +/O 10:p($)I17 oo + 110:0:9(5)II} o ds < +o0. (9)

In terms of our functional setting in the previous section, if we have U € X7 and 0,U €
X tn W2E(0,T] x Q) (with L in time norms only), then &, (T, U) is also finite.

Note that in &, (T, U) we only have control of L?-in-time norms on the derivatives of ug and
p. Simply using |f(¢,z)|? = |£(0,)|* + f(f O (|f(s,z)|?) ds, we get that

t
10:011F e < 10:p(0)]% o+ C /0 10-p()I oo + 19:0p(5)]} . s, (10)

thus the final integral in &,,(T,U) acts to control the W™ norm of d,p. Requiring control of
the Wes™ norm of VU is typical of characteristic hyperbolic problems, see [13].
The force must be smooth on R x €2, hence we introduce the notation:

Nin(T,F) = sup_|[F()]l5, + IVF®)l[7,_1 + IVE®)]2,00 -
te[-T.,T)

Theorem 1.1. Uniform existence of solutions to the Navier-Stokes system.

Let m > 7, F = (0, F) be such that Ny, (t, F) < 400 for any t > 0, and p and X be positive
and bounded C™ functions of p. Then, for eg > 0, there exists T* > 0 such that, for every
0 < e < eg, there is a unique U¢ satisfying Ep,(T*,-) < +o0, solution to (1)-(2)-(3)-(4)-(5), the
isentropic compressible Navier-Stokes system on (0,T*) x Q with Navier boundary conditions.
Moreover, there is no vacuum on this time interval: there exists ¢ > 0 such that p(t,z) > c for
t €[0,7*] and x € Q.

Theorem 1.2. Inviscid limit.

Under the same conditions as above, the family (U® = (p° — 1,u%))o<e<e, Of solutions to
the Nawier-Stokes system converges in L?([0,T*] x ) and L>([0,T*] x ), towards V = (p —
1,u), the unique solution to the isentropic compressible Euler system, (6)-(3)-(5), that satisfies
En(T*, V) < +00.

Note that there are no restrictions on the viscosity parameters other than positiveness and
sufficient regularity (C™). It seems physically justified to ask u(p) and A(p) to be increasing
with the density, but, like the sign of the slip coefficient, the signs of x/ and X do no intervene
technically. Also, the results are shown for a barotropic pressure law, but we can extend them
to any positive, increasing C! pressure law.

Finally, we expect that our results are also valid in any domain of R? with a, cm boundary,
for m' large enough, locally characterised by equations of type z = ¢(y). As shown in [26],
the differences are technical, and extra difficulties arise only because the normal vector to the
boundary is no longer constant.

Our results are obtained by classical arguments once a uniform estimate is shown. The key
bound is the following.



Theorem 1.3. Uniform energy bound.

Let m > 7 and My > 0. We assume that Ny, (t,F) < 400 for every t > 0, and that the
initial value of U satisfies Nip(0,U) < My. Then, there exist eg > 0, T* > 0 and a positive
increasing function Q : Rt — RT, with Q(z) > z, such that, fore < &g and 0 <t < T*,

t
En(t,U) + 10:u3 [I1f oot +€/O IVus) 2, + [[V2ur(s)[[7,_, ds < Q(2Mo) (11)

Let us outline the proof of Theorem 1.3. It is proved by showing that the left-hand side of
(11) is bounded by
Q(Mo) + (t+e)Q(Em(t,U) + N (t, F)).

The energy function we consider, &,,, contains L? in space norms with many derivatives, on
the first line of (9), and conormal-Lipschitz norms on the second line. The first type of term is
dealt with by performing energy estimates, in which we will have to control the commutators
between the conormal derivatives and the operators that appear in the equation. In particular,
we will make use of the symmetrisable hyperbolic-parabolic structure of the compressible model
to get the energy estimates on U. For the L° norms, we will widely use an anisotropic Sobolev
embedding theorem (Theorem 3.3), which is the main contributor to the restriction on m.
For the terms in the second line of (9), a maximum principle will provide us with bounds on
102tr]l|1,00,t, While the Duhamel formula for the equation satisfied by 0,p, which is obtained by
combining ¢ x (1) with the third component of (2), will give us the bounds for the Wa™ norms
on d,p. A bootstrap argument closes the proof.

Note that, in the context of Theorems 1.1 and 1.2, My can be arbitrarily small, as N;,,(0,U) =
0. We will be able to prove the energy estimate taking initial conditions into account; this al-
lows one to extend our results to less regular force terms or different initial values, providing
the compatibility conditions yield uniform bounds on the norms of U at ¢ = 0.

Organisation of the paper. In the next section, we prove Theorems 1.1 and 1.2, assuming
Theorem 1.3. The remaining sections will all be dedicated to proving this uniform estimate.

Starting with some important commutator estimates in section 3, we then proceed to prove
the bound a priori, looking at each component of (U, 9,U) separately, and getting the required
conormal and L bounds on each of them: U in section 4, the normal derivative of u, in section
5, dyus in section 6, and the normal derivative of the density in section 7. We conclude the
proof of Theorem 1.3 in section 8.

2 Proof of Theorems 1.1 and 1.2

In this section, we assume the uniform estimate in Theorem 1.3. To obtain Theorem 1.1, we can
use a classical fixed-point iteration method to get existence of solutions for any fixed £ > 0 on
a time interval [0, 7¢] depending on the viscosity (see [41], section 4.1). A bootstrap argument
with the uniform bounds then yields a uniform existence time.

We will further detail the proof of Theorem 1.2. We first get local convergence by using a
standard compactness argument.

Proposition 2.1. Conormal compact embedding theorem.
Let T > 0 and (Up)nen be a bounded sequence of HIX([0,T] x Q), such that the sequence

(VUn)n is bounded in HZ1([0,T] x Q). Then we can extract a sub-sequence (Up,)jen such




that, for every a € N* with |a| <m —1, Z*U,, converges in L7, ([0,T] x Q) - we will say that

(Uy) is locally compact in HZ1([0,T] x ).

loc

The bound on the gradient of U, is crucial here. In other contexts in which conormal
Sobolev spaces have been used, such as in [13] and [37], one normal derivation costs two conor-
mal derivations, thus their H? spaces locally and compactly embed in H2~2. But in our energy
estimates on the isentropic Navier-Stokes system, we find that one normal derivative can be
controlled by the same number of conormal derivatives. The proof of Proposition 2.1 is similar
to that in [37].

For a given € > 0, let U® = (p° — 1,u®) be the solution to (1)-(2)-(3)-(4)-(5) with viscos-
ity coefficient e, given by Theorem 1.1. The energy estimate in Theorem 1.3 tells us that
the family (&,,(T7%,U¢®))o<e<s, is bounded, so we can immediately state that the sequence
(U?)p<e<e, is locally compact in HZ ([0, 7*] x ) by Proposition 2.1. As HZ1([0,T*] x Q) —
C([0,T%], L*(2)), we can consider a sequence &, "2E% 0 such that U" converges locally in
HT=1([0,T7*] x Q) and in C([0, T*], L?(£2)) towards a function V' = (p—1,u), which is easily seen
to be a weak solution to the compressible Euler system. Thanks to the uniform bounds, we see
that V' has the same regularity as U¢, and in particular V is Lipschitz-class, which yields unique-
ness of solutions for the Euler equation in the space of functions satisfying &, (T, V) < +oc.
The whole sequence then converges towards V', strongly and locally in HZ~1([0, T*] x ), and
U¢(t) converges weakly in L2([0,T*] x Q) towards V (¢).

We now prove strong convergence in L%. For t < T*, we start with the classical energy
inequality for the Navier-Stokes system, as in [24],

E(t,U%)— E(0,U*) / / (s) dx ds

€\ _ 15 ut 2 k 5 1 (> _ T
where B(1.U%) = [ 5o OF + =5 [ 0770 =1 =570 = 1) do.

Note that £(0,U°) = 0 for every €. As |[u®[| y1(j9 7+]xq) 15 Pounded by Theorem 1.3 and p°u*

< e [ 6 ds (012)

converges weakly towards pu in L? (as that is the case in the sense of distributions by local
strong convergence), we get that, for t € [0, 7],

E(t,U?) = /0 /Qp(s,x)F(s,x) cu(s,z) dr ds.

But f[o t]prF -u is equal to E(t,V), as (12) with e = 0 yields the energy equality for the

e—0

compressible Euler equation. So, we have E(t,U®) — E(t,V) for every ¢t < T*.
We get L? convergence of the density by using the strict convexity of z — 27 for z > 0 and
~ > 1. On one hand, we have

Pl = plul® = 2y/pu - (VoFu® — pu) = [VpEu — /pul’,

and on the other hand, there exists ¢ > 0 such that p(t,z) > ¢ > 0, thus the Taylor expansion
of z +— 27 yields

() =P =" = p) 2 ev(y = D(° — p)*.
Adding the two together with the coefficients that appear in F, and taking the integral on €2,
we get

E(t,U%) = B(t,V) = R(L,U% V) > ¢o (| (V0" = o) (O)[agqy + 1065 = ) Ol2e)  (13)

8



where R(t,U,V) = [ /pu - (V/p*u® — \/pu) + %(ps — p)(p?~t — 1) dz, which converges to
zero. Indeed, the uniform boundedness of the energy means that H V() us(t) L2

is bounded,

so we can extract a weakly converging sub-sequence in L2(Q), /p(t)uf"(t), whose limit is
necessarily /p(t)u(t), thus the whole sequence converges weakly in L?(Q2). So the first term of
R(t,U¢,V) goes to zero. Likewise, we have p°(t) — p(t) in L?(92), and p?~! — 1 is seen to be in
L?(Q) by use of the order-one Taylor expansion of z — 277! at z = 1, so the second term also

converges to zero.
e—0

Moreover, E(t,U¢) — E(t,V) = 0, so (13) gives us the global, strong L? convergence of p°
towards p. Now, by remarking that

V) 00y = 1/ OBy < 1 Ol @2 1670) = (02 (14)

we get that i [[(4/5u%) ()] 2y = 1m [|(VZu) (1) gy = WA a(qy. as uF s uni-
formly bounded in L? and L*. So u® converges towards u in L?([0,T*] x Q, dt pdx), and pdz is
an equivalent measure to the Lebesgue measure, hence we conclude that U® converges towards
V in L2([0,T*] x ). L* convergence is obtained by using the Sobolev embedding inequality
and the uniform bounds. [

3 Preliminary properties of conormal derivatives

We begin this section by reminding the reader of some important properties of our functional
setting, and that will be used throughout the a priori estimation process. Set 1" > 0.

Proposition 3.1. Generalised Sobolev-Gagliardo-Nirenberg inequality (or tame estimate). [13]
There exists a constant C(T), which does not blow up as T — 0, such that, for f,g €
L2([0,T] x Q)N H™([0,T] x Q), and a1, az € N* such that |aq| + |az| = m,

T T T
[ vz sza ol ds <o 1 W [ o, s+ gl [ 152, ).
0 0 0

Proposition 3.2. Trace inequality.
If f € L*([0,T] x Q) and Vf € L*([0,T] x ), then

T T
/ / Flt,y 0 di dy < C / 1Ol 19-F @)y dt
0 o0 0

Proposition 3.3. Anisotropic Sobolev embedding theorem.
If fe H3([0,T] xQ), Vf e H2([0,T] x Q), then f € L>([0,T] x Q) and

T
s < C (Hf(O)H§ + 10 £(0)I13 +/0 LF @115 + 119:£ @15 dt)

This last theorem is a direct application of the H(£2) Sobolev embedding, used in [26] and
[25]: for a given t, we have

1O < CUFOz @ + IV O ) < CUFOIE + 10:£@)]3).
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We combine this with the following property: for f € HZH([0,T] x Q),

t
A1l < 1 (O3, +C/O VO] = (15)
This is shown by writing n(t) = n(0) + fot n'(s) ds for n(s) = || f(s)||%,; given that

7ﬂ$=2§:A@J%@wD@W@wDM,

laf<m

we easily see that n/(s) < 2 ||f(s)||fn+1 Morally, the bound (15) means that we can exchange
an L>®-in-time norm for an L?-in-time norm for the cost of one conormal derivative, similarly
to (10).

We will now show the important commutator properties we will need.

3.1 Commuting with 0,

The first technical key to the proof in the subsequent parts of the paper is how to estimate the
commutators that will appear when applying Z¢ to equations (1), (2). A lot of the commutators
are trivial, since all Z;’s commute with 9, J,, and 9,,, but Z3 does not commute with 0,.
Specifically, we have

Likewise, we can observe the commutator of Z3 with 0,,, which will come from the div 3 term
of (2). This time, we have
[Z3,0,.] = —2¢/0,, — ¢"0,. (17)

When commutating with a higher order operator, Z3* for m > 1, we show the following:

Proposition 3.4. (a) For m > 1, there exist two families of bounded functions (¢3,m)o<g<m
and (9™ )o<g<m, such that

m—1 m—1
125.0.) = > opm(2)250. = > oP™(2)0.28 (18)
B=0 B=0

(b) For m > 1, there exist four families of bounded functions (Y1 .m), (V2.5m), (YH5™)
and (Y>B™), for 0 < B < m, such that

m—1
[ngna azz] - Z 1/11,5,m(Z)Z§5z + ¢2,B,m(Z)Z§aZZ
B8=0

m—1

= > ()0, 25 + P (2)0.. 25 .
B=0

In practice, we can therefore choose to place the normal derivatives as the first or last
derivative to be applied in all the terms of the commutator. We can deduce from the proposition
the basic estimate for the commutators with 9,:

Corollary 3.5. For any f € H™([0,T] x Q) such that 0.f € H™~([0,T] x Q), and for any
lal <m,

T T
/HW%%ﬂM%ﬁéC/\@ﬂM@th
0 0

10



We will deal with the commutators with 0., directly in context: they often appear with a
factor e, and equation (2) will allow us to substitute the difficult terms.

Proof of Proposition 3.4: equation (16) shows the case m = 1, and we continue by induction.
Let us just explain the case m = 2 to show the mechanism; the rest is left to the reader. We
have

23,0.] = Z3Z3,0.] + [23,0:)Z3
= _¢¢”az - ¢,(Z38z + azZ?;)-
Using (16), we can write the second part of the last line as either ¢'(2)(2Z30, + ¢'9.) or

@' (2)(20,Z3 — ¢'0,), which proves the proposition for m = 2.
The proof of (b) is also an elementary induction. [J

3.2 Commuting with a function

Notation. For «, 8 € N, we write 8 < « if, for every i, 5; < a.

Proposition 3.6. Let a € N*, |a| =m > 0, be fized, and f € H™([0,T] x Q)N L>([0,T] x Q)
and g € L™ such that 8;g, Vg € H™ ([0, T] x Q)N L>®([0,T] x Q). Then we have the following
mequality:

T 3 T
/0 I12*,glfl5 dt < CZ/O 1Zig 120z £y + I1f W2z 11Zigl2, ) dt,  (19)
§=0
T 2 2 2 2
< C/O g 11,00, 1f () Mmz1 + Lf lze,z lg(s)ll5, dt,

if, moreover, g € L*([0,T] x Q).

This proposition is easily proved, using the Leibniz formula and Proposition 3.1. We will
require formulation (19) whenever g ¢ L? (for example when g = p).

We prove one more commutator estimate, which we will need when estimating the normal
derivatives of u, in the conormal spaces (section 5), as directly using the above would lead to
10:2ul|,,_o appearing, which we cannot bound uniformly in € by using the equation.

Proposition 3.7. Let f, g, « be as in Proposition 3.6, with g scalar such that g|,—9 = 0. Then
there exists C which does not depend on T such that

T T
/0 112, 90:1 £l dt < C/O (g MEipz + 1 Vgl o) 1 ()l + 15 11 oo 199 (8) syt

Proof: we decompose the commutator as [Z¢,g-V|f = [Z%,¢|0.f + g[Z%,0.]f, and start by
taking a closer look at the second term. By Proposition 3.4, it is equal to a sum of terms of the
form ¢®(2)g 0.Z° f, with 8 < a, 8 # . As g|.—o = 0, we have

lg(t, )] < &(2) [I| 9=9llloo,T (20)

80, as Z3 = ¢(z)0s,
1912%, 0:1f llo < C NIV llloor 19(2)02f Nl < CHll g llLip,z [[ £l - (21)

11



Now we look at the first term of the decomposition. We prove that

T T
/0 112, 9)0: £1I5 SC/O (g MEipz + 1Vl o) 17, + 1 o 19915y dt, (22)

which would end the proof of the proposition.
We can write [Z¢, g]0, f as a sum, on 8 and ¢, of terms of the form ¢?(2)Z%g 0.2° f, where
B <aand|B]>0,and § < (a— ). The idea is to insert s x ¢(z), thus we have to estimate

2P9)(Z32° f)

Eal
()
This will obviously be done by using the tame estimate, but we also have to deal with the first

factor. We have ¢~1Z8g = ZP(¢71g) — [ZP, ¢ ']g, and we need to write this last term more
explicitly.

0

Lemma 3.8. For every b € N, ¢Z§(¢*1) is smooth and bounded, then there exists a family of
smooth bounded functions (op)o<p<p such that for every f € H2([0,T] x ),

[z oY f = Zap ) ZE (671 f)

Proof: as ¢ only depends on z, we are only interested in [Z5", ¢~1] for m > 1. The Leibniz for-
mula yields that the commutator is a linear combination of terms written as (Z5(¢~1))(Z™ ),
for 0 < b < m. In the case of ¢(z) = {7, we notice that Z%(¢~1) has the same following prop-
erties as ¢~ !: it is smooth on |0, +oo[, bounded at infinity and has the same blow-up rate at
z=0as ¢! (blows up like 271). So, for each b, pZ%(¢~1) is a bounded function on [0, +oc0],
and if we write

_ _ _ (1
(@@ = oziio™ |2
we have m — b < m, and we can reiterate the process. As m is fixed, we conclude the proof
with a finite number of iterations. [J

f) - [Zmb,w]f} |

Applying the lemma, we have that, in any norm,

|6712%|| < 3 |27 (679 (23)
B'<p

With that, the tame estimate gives us

[ @@z as<o [ iz k.S

s ()

3
+ Mo g e+ X 1Zi(@ D2 | 123f()lny dt
j=0

and the [[|[¢~1g3||co,r comes from the terms in (23) with 5’ = 0.

12



It remains to deal with the terms involving ¢~ 'g, and the key fact here is that Z%g|,—_o = 0.
We easily have by (20),

67 g/l < N9l and [[Z(67 9) < ClIVll o0 (24)

as Z3(¢~1g) = ¢~ 1 Z3g+¢'¢~ g, with ¢’ bounded, and likewise we can use the Hardy inequality
to get
1267 9|0y < Cl10:9ll 1 -

which ends the proof of (22). O

4 Proof of Theorem 1.3, part I
A priort estimates on U

Assumption 4.1. Throughout the a priori estimation process, we will assume that there is no
vacuum on the time of study: there exists 0 < c¢g < 1 such that co < p(t,z) for x € Q. Also,
as ug|,—o = 0, for any 6 > 0, we assume that there exists zs > 0, independent of e, such that
lus(t,x)| < § for x € Fs :=R? x [0, 2].

After getting the estimates, we will show in section 8 that the final bounds actually imply
these two properties on [0,T*|, with T* such that &,(T*,U) < M, and prove by a bootstrap
argument that T does not depend on €.

Notation. As of now, 0 < ¢ < 1 will designate a small constant, C > 1 a large constant, and
Q(2) a positive increasing function of R™, with polynomial growth and Q(z) > z. All three can
change from one line to the next, and can depend on any of the system’s parameters (constants
a, k and ~y, or bounds of the viscosity functions u(p) and \(p) - we will often omit the dependence
on p), on the order of derivation m or on &y.

4.1 Conormal energy estimates

We start with energy estimates on U = (p—1,u) and its conormal derivatives: this will estimate
the ||U]||m part of &, (t,U), and it will uncover other terms of &, (¢,U) that we will need to
estimate later.

We will be able to estimate p — 1 and u simultaneously by taking full advantage of the
symmetrisable hyperbolic structure of the order-one part of the isentropic Navier-Stokes system
(1), (2). We rewrite it as

3
Ao(p)0U + Y Aj(U)0,U — £(0, p(p) Au + A(p)Vdiv w)' = (0, pF —ea(VU))',  (25)
j=1
where A = p + Ag > 0, ¢ has the following expression
a(Vp,Vu) = 25u - V(u(p)) +div uV(Xo(p)) = 24/ (p)Su - Vp + X (p)div uVp.

The matrices A;(U) are: Ay(p) = diag(1, p, p, p),

Uy p 0 0 U2 0 p 0
ko'~ pu; 0 0 0 pus 0 0
A == A g
1(U) 0 0 pu1 0 ) Q(U) kjp’y—l 0 P 0
0 0 0 pup 0 0 0 pus

13



us 0 0 P

0 pus 0 0

0 0 pus O
ko=t 0 0 pus

and A3(U) =

This system is symmetrisable: multiplying these matrices on the left by the positive diagonal
matrix D(p) = diag(kp?=2,1,1,1), we get:

3
DAU + Y " DA;0,,U — £(0, pAu + AVdiv u)f = (0, pF — ea(VU))! (26)
j=1
DAy(p) is symmetric, so

1 1
Ld </ DAOU-U> :/DAoatU-U+—/6t(DAO)U-U.

Integrating this in time between 0 and ¢, and since p is uniformly bounded from below by ¢q
and from above by ¢y, there exist 0 < ¢ < C such that

c|U®)lls < CUO)lI5 +C Il 8:D A |||oo,t/0 IIU(S)II3+/0 /QDAoatU(S)-U(S) ds  (27)

We replace DAy0.U by its expression in (26), and we use integration by parts on the integrals
with order-one derivatives of U:

1
/DAjaij U = —3 / 0r,(DA;)U - U. (28)
Q Q
Indeed, DA;(U) is symmetric, so DA;U - 0,,U = U - DA;0,,U, and we notice that, for each

j» DA;U -U = (3pP'(p) + p|u|*)u;, which means that there is no boundary term (at z = 0 for
j = 3) when we integrate by parts, which gives us

3 t
clu®lz < CluO)g+C | D IDA L. /OHU(S)H?) ds
=0

t t
—i—s//uAu-u—l—)\Vdivu-u—i-a-uds—i—//pF-uds
0 JQ 0 Ja

t
ClUO)ll; +C 1+ H!U\Hﬁp,t)/o o)l ds

IN

t t
—i—s//uAu-u—l—)\Vdivu-u—i-a-uds—i—//pF-uds (29)
0 Jo 0 /o

We use integration by parts on the order-two derivatives and the Navier boundary condition
(4) to deal with the boundary term:

/ pAu-u+ AVdivu-u = — / (| Vul* + Ndiv uf?) — / 2a|u, |*
Q Q 2=0

~ [ (V) Vu- ot div e YOG w60
with the notation [ _, f = [z f(y,0) dy. The first term of (30) is moved the left-hand side of
(29), as is the second if @ > 0. When a < 0, we can use the trace theorem, Proposition 3.2, and

absorb the norm of Vu in the left-hand side by using Young’s inequality, v¢ < 212 + ﬁCQ for
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any (v,(¢) € R? and n > 0, with an adequate parameter 1 (same as in [31]). Young’s inequality
is also used on the term containing the derivatives of x and A, which turns (30) into

1 i
/Q (WAu - u + AVdiv u-u) < % Jl2 = (e - (lal + Dm) [ Vul2,  (31)

so we choose 7 so that ¢ — (Ja| +1)n = ¢/2, which allows us to move the ||Vu||(2) term to the left-
hand side and absorb it with the first term of (30) that we moved there earlier. The remainder
fQ o - u is bounded the same way.

Combining (29) and (31), and the assumption that p is uniformly bounded, there exist
0 < ¢ < C such that

t t
c [HU(t)HS e /O kué} <c (HU(O)HS TR /0 WU + [1F(s)2 ds) ,
as [V(DA)|, < C Ul VU],

We have shall now show the following, higher order estimate.

Proposition 4.2. For every m > 0,

[HU +a/ 1Vu(s) }

t
<C [IIU(O)HiL + @+ U lEsp,e + I F|||go)/0 Ul + 19U 5oy + IF 17, ds
(the negative index that appears when m = 0 is ignored).

Proof: higher-order estimates work exactly the same way as above, only we will have to
estimate the commutators between Z%, with |a| < m, and the operators in the equation. We
apply Z to equation (25), and isolate the highest-order terms as follows:

3
AoﬁtZaU+Z A;0, (Z°U)—(0,div Z%(uVu)+AVdiv (Z%u))" = (0, Z*(pF +€5)) —C*. (32)
j=1

C% contains the commutators:
3
C™ = [2%, Agdy|U Z (2%, A;0,,]U — (0, [Z2%,div )(uVu) + [Z%, Mp)Vdiv Ju)".

Notice the peculiar formulation for the laplacian term. This allows us to avoid difficult commu-
tator terms on the boundary when p is not constant; indeed, the Navier boundary condition for
Z% is Z*(puoyur) = 2aZ%u,, thus, when we multiply equation (32) by Z%u and integrate by
parts, we can use this boundary condition immediately. The remainder of the order-two part
of the equation & is the equivalent of o for this formulation.

We then multiply by the matrix D, which is uniformly bounded in L*°, and can repeat the
above to obtain:

t
cizvi+e [ (1zevai+ [ 12| < clzvons
t
+0 [ Q0 Wi + 1 Fllood) IV, +& 1901,y + 1FIE, ds
0
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t
e / / (c2% +C°) - 29U + |72| ds. (33)
0 Q

The term Zg contains extra commutators arising from the following integration by parts:

—/ div Z%(uVu) - Z% = / Zo‘(,uazu)-Zau—i—/ Z*(uVu) : VZ%
Q oN Q

= / QaIZO‘uT\z—i—/u]Zo‘Vu]Q
o9 Q

—{—/([Z“,M]Vu) 1 29Ny — Z%(uVu) : (2%, V]u),
Q

so Ig is the final integral multiplied by . Here, we have used the contracted matrix product:
A:B= Zi,j CLZ'J'bi,j.

To deal with the commutator terms, we will use the tools shown in section 3. Let us first
look at Zg. In the first term, we have

3

/([Z“,M]Vu) 1 Z%Vu
Q

< 27, 1l Vully x =1 2V ull,.

By estimate (19) in Proposition 3.6, the integral in time of the square of the first norm is easily
bounded, whereas the second can be moved to the left-hand side (absorbed) by using Young’s
inequality with an adequate parameter 1 to have

t t
2 2 C 2
< Ce1+ 11U M) | (o =102+ IVl ) + e [ 12wl
(34)
The second term of Zg is dealt with in exactly the same fashion, with Corollary 3.5 controlling
the side of the product containing the commutator, and Young’s inequality allowing to absorb
the other.

t
' [ eIVl iz vl

Now to the commutators in C® relative to the order-one part of the equation. We notice
that, for j € {0,1,2,3},

[Za, A]am]]U == [Za; A]]am]U + A] [Za’ amj]Ua

where x( is understood to be ¢t. The first term is estimated using inequality (19) of Proposition
3.6 (we cannot write ||A;| because p ¢ L?), and the second, which is either 0, if j # 3, or
As[Z“,0,]U, is estimated using Corollary 3.5, so estimating this commutator yields

2 2
/Q|A3[Z“,8Z]U - Z°U| < COUA U 1p,0) VU 5ey + U1, - (35)
The commutators on the order-two part of the equation can be split into terms of two types

as follows: commutators on the viscosity parameters (functions of p) and commutators on the
differential operators, for instance

(2%, AVdiv | = [Z%,\]Vdiv + A\[Z%, Vdiv |. (36)

We begin with the first term. Notice that we can write this commutator as a sum of the
following type of integral,
t
I ; = / / a[Zo‘,)\]BxMju - 7%,
0 JQ
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with 4, 7 € {1,2,3}. Using Propositions 3.6 and 3.4, we write

t
Iij=¢ Z /0 /ng,g(z)ZB()\(p)) 3xi258$ju - Z%u ds, (37)

|8]+6]<m, |8]<m

where the 15 5 are C*> bounded functions of z. If || < m, we can integrate by parts on the x;
variable:

t
Li ;< ) cpee / / 102,25 (Mp)) Z°05,u- Z%u+ ZP(N(p)) Z°0u,u- 0y, Z%u| ds.  (38)
|B]-+[6]<m 0 /e

We use Young’s inequality, then we use the tame estimate on the left of the scalar products to
get

t t
ce 2 2 2
Ii; < 5/0 IVull,, d8+6Q(IIIpIIIiip,t)/O [Vulls—y + llull, ds

t
el VullZ, @ ( [ 19, ds) |

This allows us to absorb the first term. Note that we have used the tame estimate on the pair
(Zp, 0y, u) rather than (p,d;,u) on the second term of (38) to get HZ~! norms of Vu with a
factor e, which can be controlled by induction on m.

There is a slight difference when 8 = « in (37). In this case, 6 = 0, but after integrating
by parts, we would need to control ||Vp||,,. So we cannot integrate by parts and must estimate
Jiji=¢ fg Jo Z*(X\(p)) Oz, z;u-u directly. This is not a problem if (7, j) # (3,3): we bound J; ;
by

t
Ty <e [l 1valt@ (o =11, ds

At this stage, if m = 1, we use Young’s inequality to absorb 6f(f ||Vu||?, and if m > 2, we can
use Proposition 4.2 with m = 1. When (i,75) = (3,3), we instead replace £0,,u by using the
equation. We have

e(p0ztur, (10 + N)0zzus) = pou + (pu - Vu) + VP — pF — evg,

where order-two derivatives appear in vo. The terms that appear are therefore either controlled
in L>™ by HU||Lip, or, in the case of v9, dealt with using Young’s inequality as above. The term
Jo€Z% - Z% in (33) is dealt with the same techniques as these commutators (the terms it
contains ressemble those in (38)).

For the remaining commutator in (36) (the estimation of the last term [Z¢ div |(uVu)
follows the same lines), we assume that ag > 0, as these commutators are zero otherwise. The
terms of the commutator [Z¢, Vdiv |u of the form [Z%, V0,]us (the others are either trivial or
contain d,,), can then be estimated with Corollary 3.5:

&
/ eN[Z%,0:]V rus - Z%uq| < Cc |0l Null,, < Cellully, + A |0-ully, .
Q

again using Young’s inequality to allow us to absorb e fg |0,ul?,. On to the remaining term
e[Z%,0,,Ju. By Proposition 3.4, there exist two families of functions, (p5)s<a and (¥*)s<a,
such that
[Z9,0,:]u = Z 0(2) 2P 0,u + 9P (2)0,. Z u
pLa, fFa
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The first part of the right-hand side is simply bounded by |0, ul|
control J :=¢ fQ 0..Z%u - Z%|. As a3 > 0, we have Z% = 0 on the boundary, so integrating
by parts and again using Young’s inequality provides us with

m—1s S0 it only remains to

c
J = E/Q \((LZBU -0, Z%| < Ce HazuHmfl H@ZuHm < Ce Hazqunq + ZE Hazqun

Combining this last inequality with (33), (34) and (35), then summing for all |a| < m, we
get the result. [

4.2 L™ estimates

With conormal energy estimates, we obtain inequalities for any order of derivation m, and these
inequalities contain L*° or Lipschitz norms of U, and, as we shall see soon, Wclg’OO norms of VU.
These need to be controlled, and the goal of this control is to get the conormal energy estimates
to be closed for m large enough, by using the Sobolev embedding inequality in Proposition 3.3.
Putting the L* norm of the normal derivative 0,U to one side for now (this will be dealt with
in the next sections), we can apply Proposition 3.3 to [||U||[1,00¢, and (15) again on the terms
involving the derivatives of p and ws.

Proposition 4.3. We have the following bound for ||U|||1,00,::
U e < CUUO)IIT + 10:U(0)I13)

t
+Ct <|||U 3.6 + Il 0ur ||Iit+/0 19:us][5 + 11920113 d8>

We can inject this into Proposition 4.2 and partially close the energy estimate for m —1 > 5.
We widely use the Young inequality to separate product terms, and we get the following.

Proposition 4.4. For every m > 6, there exists a constant C' > 1 and a positive increasing
function Q : RT™ — RT such that

W@ < CIUOG, +tQUIT Nae + I Oxwr 7y e + I F s + Il VEIIZ-1.0)
t
+C [ 0:U !Hio,t/o 19:0(5) 7,1 + 19:u3(5) 17y ds.

Thus, under the conditions of Assumption 4.1, we have, fort <T*,

t t
U2, e /0 IVull2, < Mo+Q(M-+My) (t+|||azU|||io,t /O 18:p(5)II2,_ + 10-us()]1% s ds)-

5 Proof of Theorem 1.3, part II
A priori estimates on 0.u,

5.1 Conormal energy estimates

In this section, we get estimates on the tangential components of 0,u. We will perform conormal
energy estimates on the first two components of the equation of the vorticity

8yQU3 — 8Zu2
w=rot'u= 0.u1 — Oy, u3
8yIUQ — 8y2u1
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By applying derivations to equation (2), we get that w = w;, solves the following equation:
pow + pu - Vw — epAw = M, (39)

where M = —pw - Vu + p(div u)w—l—ﬁ)(pF) + M 4 eM

The remainder M’ is a sum of terms written as 0, p(dyu; + u - Vu;)e;, and M!! is a sum of
terms written as /{’(p)@xjp(aik’xluj)ej, with 7,7, k, 1 € {1,2,3}, i # j, (e1, €2, e3) is the canonical
basis of R3, and & is either A or p. The terms in M!! come from the derivation of the laplacian
terms, but also from ot 0, in which there are no terms with two derivatives on p thanks to
tot'V = 0. But the boundary condition on w;, according to (4) and the non-penetration
condition ug|,—o =0, is
:U’(/O)WT|Z=O = 2aqu—_|z=0a
where for v = (vy,v2) € R?, v = (—v9,v1), which makes integrations by parts difficult. So we

introduce a modified vorticity:
2a n

= W, — U
uip) 7

By the tame estimate, we can harmlessly identify conormal Sobolev norms of W with those of
w; and 0,u,. The modified vorticity satisfies W = 0 on the boundary, and solves the equation

pOW + pu - VW — euAW = H, (40)
with  H = 2a[(pd; + pu -V — epA), p 1 ut — 2aep ' AVEdiv u
+2akp IV p — 207 pFE + M.
We now prove the following.

Proposition 5.1. The modified vorticity W satisfies the following conormal energy estimate
for every m > 1:

(W@ + e [IVWEIE as] < [IwolE. + 1o,
0

t
+QUIT MEip + I VU IR oo + I VFH!io,t)/O (T + 10Uy + IF I, + IV |7, -) ds,
(41)

for some positive increasing function Q(z).

Proof: we repeat the reasoning of section 4.1 on the above equation. We start by taking the
L? scalar product of (40) with W and integrate by parts to get

t
W2+ e / VW ()2 ds < C[WO))

wo [ t v (o) e IWGE+ [ 70 W] s 22

We notice that, thanks to the compressibility equation (1), [||div (pu)|||s, can be replaced by
[10:pllloot < llolll1,00,6- It remains to estimate [, H - W. The only terms we need this scalar
product form for are the order-two terms in M/, and ¢ fQ p Y (Ap)u, - W, which comes from
the commutator eu[A, = |u,. After integrating Jo p Y (Ap)u, - W by parts, we can simply
bound g and Vu in L* and use Young’s inequality on the terms involving v and W. The
term fQ M TV is bounded by integration by parts on the variable x;, with k& # 3 and the
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use of Young’s inequality with an adequate to absorb ||V ||, whenever it appears, while the
terms containing 8%16& p are controlled by bounding the order-two part on p in L (thus getting
normel,coVp). When (k,1) = (3,3), we use (2) to replace €0,,u. For example,

ep0zzur = pOyur + (pu - V)ur + 0y, P(p) — pF1 — €[y, + Oyoy, Jur + A0y, div ul,

and the only difficulty is to control & fg ||@.u1|?, but this is given by Proposition 4.2.
We can use the Cauchy-Schwarz inequality and handle the norm of the rest of H as follows:

e the other commutators with z~! are controlled by Q(1 + [[U ||, ) (1Tl + W[y,

Hp7_1V$pHO < C||U||; as p is assumed to be uniformly bounded,

lpw - Vur 4 p(div u)wlly < C[[Vul| o ([Wllo + [lullo),

o M is bounded using [0z, p(Oyuj + w - Vi) |lg < IV llloot (lully + 11V [lloe.t [[ullo),

and finally, we have ¢ ||V div ul|, [|[W]|, < (|| Vull? + ||WH(2)) and use Proposition 4.2 to
control ¢ |[Vull;,

t t
. /0 |Vu(s)|? ds < C (HU(O)H% TR /0 (U2 + [VUs)2) ds) .
We thus get the final L? estimate on W:

c [HW@)HS +e /O VW (s)Il5 ds] < CIW(O)[3 + [UO)I})

t
QA+ U NEips + I VUH\%,OO,,:)/O U1+ 10:Ullg + IFIIT + IV E ds.

Now we move on to the H”~! estimate with m > 1, which will also follow the same pattern
as the previous section. We apply Z% to (40), for |a| < m — 1 and isolate the maximum order
terms:

PO ZW + pu - NZW — euAZW = Z*H — Cyy,

where Cfy, = [Z%, p|OW + [Z%, pu - VIW — e[Z%, pnA]W contains the commutators. Multiplying
the above equation by Z*W in L?, we have

t t
c[||zaw<t>||§+e [ 1zevwi; ds} sc@|Zaw<o>ué+|||p|||1,oo,t [, ds}

t t
—l-Ca/ VW2, ds+C/ [HHanl—l—/ ycgfv-zawy] ds.  (43)
0 0 Q

The terms on the second line of this inequality are the ones we need to control. First,
€ f(f vzl which comes from changing VZ*W into Z*VW (using Proposition 3.4) in the

m—2
integration by parts on the laplacian, is dealt with by induction, by using (41) at a lower order.

Then, ||H]||,,_; is easily estimated as above, also using the tame estimate in Proposition 3.1:

t t
/0 1H ($)ll7—y ds < 8/0 IVally, ds +QUIU N3 + Il VU I so + Il VEIIZ 0)
t
X (/0 IO 15 + 10U -y + I3, + 1V Fr 5,y dS)-
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Using Proposition 4.2 to cover the worst term e fg ||Vu(s)\|72n ds, we have

t
/O HIE_, ds < CIUONE +QUIU Iy + 1 VU B s + | VEII.)
t 2 2 2 2
x /0 WU, +10-U12 .y + IFI2 + [VFIZ , ds.  (44)

We finally need to estimate the commutators in [|Cf}||,. The first and last terms of Cjj, are
easily estimated as in the previous section,

t t
/0 11Z%, plosW |5 ds < C/O Ul 30,6+ Il BeW 120 YW 7,y + U7, —1) ds - (45)

by Proposition 3.6, and again using the decomposition in Proposition 3.4 (b) and integrating
by parts, we have
m—1"

1+ i
: [z zew) < U o gz o Lo o (16)

in which the first term is estimated by induction (using (41) at order m — 2) and the second is
absorbed by the left-hand side of (43). Finally, instead of applying the commutator results we
have used so far to fg Iz, pu - V]WHS, which would yield a HB?ZUHm_Q term that we do not
expect to control uniformly in €, we use Proposition 3.7:

t t
/0 11Z%, (pu)(s) - VIW (s)|5 ds < /0 QUIU I ip.e + Il VU co,0) W ()17, ds
! 2 2
+ [ QUIVUIE ) IFUOIE, s
This finishes off the proof of Proposition 5.1. [J

5.2 L°° estimates

To deal with ||0,ur|; o, we examine w,. The result is:

Proposition 5.2. There exists a positive, increasing function on R*, Q, such that

lwr (O} o < QUIT O[5 + e (O)5 + [lwr (0)]F )

t
+QUIT Eip,e + Il VU IF o 0 +N6(t7F))/O L+ [[U(s)1g + lleor (s)ll + 19:0()15 ds.

We can now deduce the following update of Proposition 4.4.

Corollary 5.3. Under the conditions of Assumption 4.1, for m > 7 and t < T,

t
2 2
T e+ 1 Ve W5+ 1l Ve 1 oo +€/0 IVl + VWG, ds

t
< Q(Mo)+Q(M+My) (t 11000 B [ 102017, + 10200 ds) |
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The first tool to prove Proposition 5.2 is the following version of the maximum principle.

Proposition 5.4. Consider X a Lipschitz-class solution to the following hyperbolic-parabolic
system on the half-space Q@ C R3:

aX +b-VX —cp(a)AX = G in Q
X = h on 09 (47)
Xm0 = Xo€ L>®(Q),

in which X : RT x Q — R?, a is a scalar function, bounded and positive uniformly in time
(inf, zya(t,z) > c>0), b:RT xQ — R3 is tangent to the boundary, G : Rt x Q — R? and
h:Rt xR2 = R? are in L>® and p is a positive reqular function of a. We assume that a and
b satisfy Ora + div b = 0. Then we have, for t € [0,T],

X0l < IX O+ b oo+ [ 166+l la(s) Vals) - X ()], ds.

Note that when p is constant, the term involving V(u(a)) vanishes on the right-hand side.
In fact, in that case we can directly apply the result to the modified vorticity W instead of
w, which has the further advantage of satisfying a homogeneous boundary condition (h = 0).
In the non-constant case however, if we consider W, we cannot deal with the term 0,.p that
emerges from the commutator [A, 1], so we will use the proposition on w,. Having VX in
the right-hand side looks disastrous, but in the context of the estimation process, the factor
intervenes crucially.

Proof: we look for a function g(t) that will control ||X(¢)|.,. To do so, we perform energy
estimates on the functions (X — g);+ and (X + g)_ (g will indifferently designate the scalar
function g and the vector g1 € R?), with the convention that, for a given scalar function f,
f=f++f-(so f-<0).

We concentrate on (X — g)4, the procedure on (X + g)_ being identical. We want to find
a function g(t) that satisfies

1(X(0) = g(0)1[lg =0 and —[|(X(t) — g(t)+ ][5 <0, ¢ > 0;

o]
dt
such a function g is an upper bound for || X |,,. Choosing ¢(0) = || X (0).,, we examine
S5\ [ a(X@) —g®)) 7 ) = [ adX (X —g)y — [ adrg- (X —g)y
1
+5 [ Oual(xX — g). P
Q
= /(—b-VX+6pAX+G)-(X—g)+
Q
1

+ [ —adig (X =g)y + 300X g ()

Because of the scalar product with (X — g),, which is zero wherever X — g < 0, we can replace
VX by V(X —g)+) and AX by A((X — g)+). Then, integration by parts gives us

1 . 1
~ [ovx (=g =5 [aivbix 9 = =5 [ dal(x - g)u P,
Q 2 Jo 2 Jo
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by the first line of (47), so this term cancels out with the final term of (48), and it remains to
look at the term involving the laplacian. When integrating by parts, we need to guarantee that
(X — g)+ vanishes on the boundary. We therefore impose the condition

9(t) = l[hlll o< o0),r (49)
and write
on [ AX-(X =) = en]V(X - Ho—e/v X (X —g);
< —g/ (@)Va-VX - (X — g)s
Q

Therefore, setting G = G — e/ (a)VX - Va, of (48) there only remains

% (/Q a|(X(t) —g(t))+\2> < 2/9(6 —adeg) - (X = 9)+,

which is negative if, for each j € {1,---,p}, éj —adg < 0 on Q. Integrating this leads to
—i—ftG 5 g for every x € ).

a(s,x)

ftG’ sx)

a(s,x)

Identical estimates on (X + g)_ lead to g(t) ds, so, also taking into

account (49), we choose
G(s)
a(s)

t
g(t) = 1XO)loo + I (o0 + /0 ds,

and this controls || X (¢)||,, as desired. [J

Proof of Proposition 5.2: we immediately apply Proposition 5.4 to w := w, and Z;w, to get

3
+D_[IC ()| ds,
[e%¢) j=0

where CJ, = [Zj, ployw + [Z;, pu - V]w — €[ Z;, pA]w are the commutator terms that appear in
the equations on Z;w. Thus, by using the Cauchy-Schwarz and Young inequalities,

— ! MT s
w00 < (O 00+ 2a [l 1™ a7 1,00, +/o H o (>)

Mo (

() o < 10O)]IF oo + 4a® I oty (I oo 1 +¢ / H +ZHCJ ds.  (50)

Note that a factor ¢ has been extracted in front of the source terms and commutators, so we can
be satisfied with fairly crude bounds on these. The Wes™ term stemming from the boundary is
easily dealt with using Proposition 3.3.

Let us start with the control of the commutators. Given that, by (17),

epn|Zs, 0w = —2epud' 0, ,w — epd” 0w,

we replace eu0,,w by its expression in the equation. So we write, using the notation A, =
Oyry1 + Oyays

Ce?||0,w|2, + C || pdhw + pu - Vw — epdyw — My ||%
Ce® [ 0.w]Z + CUlplT oo + Nl 1wl o)
+C [wlly o + C M5

52N2 ||[Z3aazz]w||§o <
<

23



by using the fact that |uz0,w||, < C||0;us| o, [|Z3w]|,,. We see that HCg’}Hw is bounded, among
other terms, by || M| ; we’ll examine the source term last. In this commutator, it remains to
control

= t€2 w(s)|| w(s)| S.
J.-/O (0-w(s)[1% + [w(s)]3.00) d

On both parts of this term, we start by applying Proposition 3.3, the Sobolev embedding
theorem, to get

t
J<cC /0 2 (|0.zw ()12 + 10a0(s) 2 + w(s)]2) ds.

The second term, fg 2 H(?Zng, is controlled by using Proposition 5.1, and, like above, the first
term, fg ||6(9zzw||§, is controlled by replacing £0..w by its expression in (39), and by using the
tame estimate:

t t
2 2 2
/O”Eazzw(s)”s ds < C/O(H!pH\io,Hr\Hpumio,t) lwlly + llw [1F oo i U113
2 2
+lpusdzwllz + [lwlls + [M-|l5 ds

The source term norm fg ||./\/lT(s)H§ ds is given by (44), and fg Hpu;;(?zwﬂg ds is controlled in
the same way as is done in Proposition 3.7:
ds

/t
0 3

t
< C/O llw 12 o.¢ 1= (o) 15+ (llow 1Eip,e + Il V(P I oo ) 101§ dis

2

[ w0 as (212)(5) 7. ()

The commutator e[Z3, u|Aw = Zs(u(p))Aw is controlled by replacing £0,,w by its expression.
Therefore, in total, we have

t t
& / 11Zs, nAJw|l2, ds < CUTO)]2 + [lw(0)|2] + C / Mo ()2, ds

t
+C/O QUIT Esp¢ + I VU o )L+ Ul + llwll3 + 10:p115) ds +No(t, F) - (51)

It is now straightforward to notice that the whole commutator satisfies (51), the main tool to
bound ||[Z}, p|Oyw + [Z}, pu - V]w||  being property (24), as used in Proposition 3.7.

Moving on to the source term, we now focus on the terms in e M!! which arise when the
viscosity coeflicients are not constant. First, we examine terms involving one normal derivative
on u; or us. These are linked to Vw, which we split into two parts:

eVw = eV((fot u),) =eV(dut — Viug)
= ¢ < ZT ) d.ur — eV (Viug)

We are interested in the L2-in-time I/Vclg’OO norm of this. On the terms with only one normal
derivative, which are the second and the V. components of the first, we apply the Sobolev
embedding, Proposition 3.3, leading to having to bound Ha@zzujH? for a certain j; once again
we can do so by replacing 0,,u; by its expression in (2). The remains of the first term, 0,,u,,
are no more difficult: having replaced €0,,u, using (2), all the subsequent terms are dealt with
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easily using the Sobolev embedding in most places, including on eAV;d,u3, which comes from
the Vdiv term, and another replacement of £0,,ug completes the estimate.

In the remaining terms of e M!!, terms with two normal derivatives on u can appear: we
then replace them using the equation. Terms with two conormal derivatives are dealt with by
using the Sobolev embedding inequality.

Estimating the L?-in-time conormal-Lipschitz norm of the rest of the source term, M,
which, we remind the reader, is the tangential component of —pw - Vu+ p(div u)w + Tot’ (pF)+
M is straight-forward. O

6 Proof of Theorem 1.3, part III
A priori estimates on 0,us

To begin with, we bound fg 10,u3(s)||?,_; ds, which will essentially only need the tame estimate
in Proposition 3.1. The compressibility equation (1) gives us

pZ0uus = —Z%hp — Z%u - Vp) — Z% pdivru,) — [Z, p|0,us,

with |a| <m — 1 and introducing the notation div,;u,; = 0y, u1 + 0y,us. Integrating the square
of this equality in time and space, we quickly get

t t
¢ /0 1290.us(s)|2 ds < C(L+ [|U20) /0 U2 ds

t t
O [l us 1%, /0 18:0()|2 1 ds+Cll pII2 e /0 10us(s)|2, _p ds,

using Proposition 3.6 on the commutator term. With this, we can perform an induction on
m > 0 and conclude that there exists a positive increasing polynomial function ) such that

t t
/0 10.us()I2,_y ds < QL+ [1U11n.0) /O U2, + 18-p(s)]12,_, ds.

Essentially, this means that H™~1([0, 7] x ) norms of d,u3 can be replaced by the same norms
of 9,p and Wes™ norms of 0,u3, which, in turn, will be bounded by H[° norms for a certain
mo, so we need to extract a small parameter, in this case ¢, to close the estimate. We already
have

t t
[ 102 ds < QU+ 1) (t 10 o+ [ 1020051 ds), (52)

so we need the estimates on [|0;us|; o, and [|0:p]]; o, to yield a small parameter, ¢ or ¢, as we
cannot use (15) on the L?-in-time norm present here (by Proposition 4.3, ||U 1 o0 already yields
the desired parameter).

For now, we focus on ||0;usl|; . Simply reading (1), we have
10-usllze.; < 1ep + dive(pur) l5.e + Il us 3. Nl0:pl1 %0
to which we can apply (10), and we get
t
2 2 2
0:usllZ: < QL+ [UO)IL;) +/0 QL+ [[U()[l3,00 + 10=p(5)[I1,00) ds

QUANTO)Esp) + QA+ U NZ . + W 0U M1, + 1l 8:11F cc.t)  (53)

IN
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We can now do the same for ||0,us||; ., bearing in mind that there is a commutator, [Z}, p]0,us =
(Zjp)0,u3, and that we do not want to lose derivatives on ||0,p||; ., this time:

N

10:usllf oo < 10ep + dive(pue) ¥ o + Il s 1F oot 102 1 oot + 1l £ 11F 00 NO=us I3

t
< QU+ U2 + /0 1810 + div (o).,
t
W (uu3<o>uioo+ /0 a3 ()11 ds)

t
+ [l Ozus [l5.¢ (\IP(O)H?,O@L/O lp(3)112,00 d8>

QAT + IVU0)[17 00) + C 1 02 Il 00 ¢
HQUIT NG.e + Il 0:U NI + Il 9=l c.0)

IN

by (53), which, by applying (15) provides us with the following.

Proposition 6.1. (a) There exists an increasing, positive polynomial function Q on RT such
that

19:3]lF oo s < QUL+ MU O[3, + VU O)IIF 00) + QUIB=AII oo.0)

t
+Q (1 U G+ I Vi 13,6+ 11 020 117 0.t +/0 19:us ()15 + 119=p(s)]Ig dS)

(54)
(b) Combining (52) and (54), we get that, for m > 17,
t
[ 10y ds < @+ WO, + IVUO)E )
2 2 2 ! 2
+1Q <1+ T e + Ml Vr (1,6 + [l Vur |||1,oo,t+/0 10213 (8)[[ 1 dS)
2 ' 2
+Q <|||3z,0|||1,oo,t+/0 102p(8) [, dS) (55)

As a result, we can update Corollary 5.3. Set
- 2 2 2 ! 2 2
EL(,0)° = Ul + [l Vur |||m1,t+/0 10zu3(s)|l7—1 ds + [V [[[f oo
¢
v [l VW, ds

This contains &, (t,U) except the terms involving 9,p, plus the W™ norm of 8,us and the
gradient terms from the energy estimates. The combination of Corollary 5.3 and Proposition
6.1 (b) gives us the following.

Corollary 6.2. Under the conditions of Assumption 4.1, for m > 7 and t < T,

t
E2,(1,U) < Q(Mo) + Q(M + My) (t+cz (mazp TH-— /O 10.p()2,_, d))

We see on this estimate that it remains to look at the normal derivative of the density.
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7 Proof of Theorem 1.3, part IV
A priori estimates on 0,p

7.1 Conormal energy estimates

In this section, we examine R := 0,p. The equation satisfied by R is given by the differentiation
of (1):

WR+u-VR+ R(div u+ 0,usz) + pd..us = —pd,divyu, — O.ur - Vip.
A very problematic term appears in this equation: 0,,us. The idea is to multiply the equation
by le := (u+ A)e, in order to replace led,,ug by its expression in the equation,

led,u3 = pdyus + pu - Vuz — ueArug — Aed,div,u, + R. (56)
This brings us to
le(iR+u-VR)+ pP'(p)R = h, (57)

where we remind the reader that pP’(p) = kp? (and P’ is positive; we can thus expect our
results to extend to other, strictly increasing and positive pressure laws), and h will be treated
as a source term:

h = elp(pArug + N0 diviu, + o(VU)3)
—10.uy - Vyp — 1(div u + 0.u3)R] — p*(dyus + u - Vugz) + p*F3.

In these estimates, we will strongly use Assumption 4.1: for t < T, we have p(t,z) > ¢y > 0,
|ug(t, )| is uniformly bounded near the boundary on the same time interval, and &, (t,U) < M
for some m > 7. We use the latter assumption to simplify the presentation of what follows.

Proposition 7.1. Under the conditions of Assumption 4.1, for m > 1, there exists a positive,
increasing function on RY, Q, such that, for t <T* and € < &9,

/0 IR($) 71 ds < QUIR(O)II7,—y + IUO)I[7,) + (¢ +€)QM + Mp) + QUIRII oc.)-

Proof: we start with the L? estimate. We multiply (57) by R and integrate in space, and,
as usual, we integrate the term containing « - VR by parts and get

le d

l U
SRy [ PR = [ (SR s R hr). o)
Q Q

The coefficients [ and pP’ are bounded from below, so there exist 0 < ¢ < 1 < C such that the
left-hand side, integrated in time, is greater than

({wR@%+AHMﬂ%@)—mm@%-

Then, using the Young inequality on the right-hand side of (58) with the parameter n = &, we
get

c t t
caHR(t)H%Jr§/O 1R(s)ll ds SCHR(O)H%JrC/O ell U llipe 1R()IIG + 1A(s)15 ds.
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It only remains to bound fg HhHg, and this is simple:
! 2 > [* 2 2 2 2
/O 1A (s)llg ds < Ce /0 Ve IS 1R(s)lo + [[Vuls)llL + llo(s) = 17 ds

t
2 2 2
c /0 (1+ 8 2) sl + |1 FI2 ds,

in which e fg |Vu(s)l, is bounded using Proposition 4.2, so we have proved the energy estimate
on R for m = 1.

We now move to the H” ! estimates with m > 2, and once again, the main focus will be
the commutators. Given « of length m — 1, the equation on Z*R is

(i Z*°R+u-VZ*R) + pP'(p)Z“R = Z*h — C,

with Cfy = le[Z%,u-V]R+[Z?, pP'(p)|R. Repeating the above procedure, we reach the estimate

m—1

t
ce|Z*R(t)llg +C/O 1Z*R(s)llg ds < C RO

t
+C/O el U lwip.t 1R() 17—y + 1A(8) 17y + ICH() ds. (59)

Controlling fot |h]|2,_, is immediate, except for the term p?uzd.ug, which figures in p?u-Vus.
We start by replacing pd,us by using (1),

p*uz0,uz = —puz(Op + pdivou, 4+ ur - Vop +uzd.p),

and the problematic term here is clearly pu3d.p. Directly using the tame estimate basically
yields f(f \|R||72n_1, but there is no factor € in this term to allow us to hope to absorb it. However,
we have a factor us, and we use the assumption that, for a given § > 0, there exist z5 > 0 which
does not depend on ¢, such that |uz(z)| < § for = in the strip ws = R? x [0, z5]. Now, we split

the H™~! norm of pu3R into two parts,

[ Rl s = [ odRO g, + 03RO g, b

Here, for w C Q, we set || f(s)]| as a sort of semi-norm of f(s) restricted to w:

m—1,w

= > H<Zﬁf><8>’wH§

[B|<m—1

We apply the tame estimate to both norms:

t t
2 2 2
/0 loR|2 | < C /0 003 112 ey IRIE + IR s o3,
2
1 P 1 10=I s g 5

The two key terms are the first and the last. To deal with the last term, we use Proposition 3.4
to write

oo,

19610100y SC D |

18]<m
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and we note that, for z > z5, ¢(z) > ¢(zs), therefore
1
¢(25)

for x # ws. This means that conormal derivatives are equivalent to standard derivativezs away
2 2 . 2
from the boundary, thus, [|0:pl[;;,_1 o\, < [l0 = l[7m (). The first term is led by Hpu3HLoo(w6),

1027 p(x)| < |Z32° p(z)]

which, given the boundedness of p and the properties of uz on ws, is bounded by 8%, which is
smaller that § if ¢ is small enough, where c is the coefficient on the left-hand side of (59): we
therefore choose § so that this term can be absorbed.

The other terms in h are straight-forward, as we can use Proposition 4.2 on the &2 fg | Vul?,
term that comes from the order-two terms of h - and the factor €2 is essential, as it leaves a
factor ¢ which will allow us to close the complete estimate for £ and ¢ small. In total, we get

! 2 2 2 c ! 2
[ Iy ds < IO, + (U + 101 + 5) [ IRGIE, ds
0 0

t
+C/0 QUANUNEip e+ IV ullf oo NUU () 17+ IV ()51 + I F () 17-1) ds - (60)

The estimation of the commutators is also mostly straight-forward. [Z% u - V]R can be
controlled by using Proposition 3.7, bearing in mind that there is a factor ¢ in front of it:

t T
&2 /0 112 u- VIRJ2 ds < Ce /0 (e s + 11 Feull ) | RE)IZ,_y ds

t
+C€/O IR oo V()N my + IR W3 s lu()ll7, ds.

The other commutator, [Z%, pP’(p)] does not have a factor €, so we need to gain a derivative
on R by using Proposition 3.6,

t t t
/O Iz PIRIZ ds < C I p 17 /0 IR(s)I2,_, ds + (IR 2, /0 I — ()2, ds,

and use (15) to extract a factor ¢ in the first term. This leaves us with an isolated t ||| pl|[1,00,¢,
to which we apply the anistropic Sobolev embedding, Proposition 3.3. Thus,

t
tll ol oo e < Ct (1 +IRO)F + 11U 11, +/0 1R()]]3 dS)

Note that it is this last inequality that restricts us to m —1 > 5. We conclude the proof of
Proposition 7.1 by combining (59), (60) and these bounds on the commutators. [

7.2 L estimates

As stated in the introduction, we will control L> norms of R with L?-in-time bounds by virtue

of (10),
t
IR ooz < IRO)T o0 + C/O 100 R(3)II% oo + | R(5)IIT 0 dls. (61)

Let us define Y; the space of functions f satisfying HfH% = fg Hf(s)H%oo + H(?tf(s)Hioo ds
finite.
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Proposition 7.2. Under the conditions of Assumption 4.1, there exists an increasing, positive
function Q on RY such that, for t <T* and ¢ < &g,

IRI}, < Q(Mo) + (t+)Q(M + Mp)

This ends the proof of Theorem 1.3 providing we can pick up Assumption 4.1.

Proof: the main tool in this proof will be the Duhamel formula for the ordinary differential

equation ef’ + pf = h. We reach this ODE by considering R along the characteristics of the
transport equation ;R + u - VR = 0, in other words

f(t,z) = R¥(t,z) := R(t, X (t,x)),

where X (t,z) satisfies 9, X (t,2) = u(t, X (t,x)) and X(0,2) = x. We extend the notation g*
to any function g as above. Thus, we have the identity 9;(R~X) = (O;R + u - VR)X, so (57)
becomes,

el(p®)edi(RY) + p* P'(p*)RY = h*.

For the higher-order estimates, it is important to apply the conormal derivatives first, then
follow the flow of u. So, the equation we are interested in is

el(p™)ed ((Z*R)¥) + pX P'(p™ )(Z°R)™* = (Z°h)* — (CR)™,

with C% = le[Z%, u-V]R+[Z%, pP'(p)]R as in the previous paragraph, and « is either of length
<1, or of length 2 with oy > 1 (these are the « that intervene in Y3).
To lighten the load, we introduce the following notations: g, = Z%h — C%,

o [ PP (0N))(o, ) 7 92 (01) ieon
J(s,s,x)—/s (0. 2) do , and J(s,x)_/o () (oa] i(5.02) o

The Duhamel formula for this equation then reads:

(ZR)X(s,2) = ZR(0,z)e 7% 4 J(s, ).

We integrate the square of this equality in time between 0 and ¢, which yields

[z m aap ds<c iz ol [0 asr [P a2

Again, we use the uniform bounds on p to get, for any s, s’ € RT, x € ,

/

j(s',s,x)Z/S E:M. (63)

9 9

Thus,
t
/ e~ 0 ds < Ce, (64)
0

30



which deals with the first term of the right-hand side of (62). For the second term, we use (63)
again and write the integral to reveal a convolution in the time variable:

t 2 t X 6_6871(8_0) i
/ Jo(s,z) ds < / /Iga (7, 2) L (0)———Loy(s —0) do| ds
0 0 [/R :
_ —ce (. 2
= H(gf(-,x)l(o,t))*<€ e ()1(0’t)>‘L2(0,t)
X/ 2 —1_—ce™1(") 2
< Hga ( ’x)HLQ(O,t) Hs e ‘ L1(0,t)
t
< C [ lga(s)lZ ds,

by (64) and standard convolution inequalities.

So now we only need to control the Y; norm of h and the L® norm of the commutators. We
remind the reader that

h = elp(pArus + A0, divru, + o(VU)3)
—10,ur - Vp —U(div u + 0,u3)R] — p2(8tu3 +u - Vus) + pFs.

The starting point here is to notice that, for two functions f and g,
17901200 < CUIf 12,00 19lloe + 1f 11,00 [191l2,00)- (65)
In the case of hy := p(uArus + N0, div,ur), f = p, so
171113 00 < CUlPN 00 l2ell3 o0 + IV 1T 00) + 11011 00 Ul oo + V2213 00)),

in which we apply the Sobolev inequality to all terms except ||VuT||iOo (it is part of the to-
tal quantity we wish to bound), and use the Young inequality to split the products up. In
the process, we obtain (g2 fg 10.Vu,(s)||2 ds)?, which is controlled by using Proposition 5.1.
Therefore, in total, using all the estimates available to us,

t t
/0 0 ds < eQ(Mo) + 6/0 QU+ U7 + IVurll§ + 1RIg + [ Vur i oo + IRIT o) ds,

t
thus / 2|2 ds < Q(Mo) + Ce(t + QUM + Mg) + Cet || R|[2, . (66)
0

Likewise, setting ho := O,u, - Vyp + (div u + 0,u3)R + 03 = 0,u - Vp + Rdiv u + o3, we use
(65) again, applied to the space Y; instead of WEO’OO, and we get, after applying the Sobolev
embedding to all the terms except HVuTHiOO, and HRH%, to get

t
e |lhally, < Q(Mo) +£(t +1)Q(M + Mp) + C*||R|)3, + Ce* / 10-uslg ds.
0

We have once again used Proposition 5.1 to control the HZ ([0, 7] x ) norm of €9, Vu,, and
we have used (15) to get an L?in-time norm of 0,u3 (which can then be controlled using
Proposition 4.2) and 9,,us. Thus, we replace £0,,us by its expression in (56), use the tame
estimate, take the supremum inside the integral and extract a factor ¢, and this yields

e |hall}, < Q(My) + e(t + 1)Q(M + Mp) + Ce ||R|f3, - (67)
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In the source term h, it remains to examine hz := p?(dyuz + u - Vug + F3). The difference
here is that there is no factor ¢ ready to provide us with a small parameter. Instead, we once
again extract ¢t from the integral to use as the small parameter. By simply using the Sobolev
embedding inequality and breaking the result down almost completely with the tame estimate,
we get

t t
/0 Ihs() |2 ds < Q(Mo)+C /0 ()| + 19 (s)2 ds

t
< QM) + /0 QUA U 12 ses + 1l 0 |12 e +Mp)
x (14 101G + 10:U113 + lusdzzus} ds) - (68)

The only product we do not split using the tame estimates and the Young inequality is u30,,us,
which appears in 0,h3. Indeed, we need the factor ug to be able to compensate for the two
z-derivatives. We have already used in (68) the fact that

llusdzzusllZe.e < NOzusllt o rs

due to (20), and ||u30,.usl/5 is dealt with in same way as in the proof of (22) in Proposition
3.7: multiply and divide by ¢, which means we are actually looking at !’(b*lu;»,Zg@zug‘ 4, and
use the Hardy inequality to get that this quantity satisfies (22), with ¢ = ug and f = 0,us, so

t t
/0 Ihs()[2 . ds < QM) + QL+ ([T 12 e + 11 -T2 ) /O U1 + .02 ds.

Now we extract ¢ and use (15) to get L2-in-time norms on R and d,us, so

/0 Iha(s) 2. ds < Q(Mo) +1Q(M + Mp). (69)

Finally, we examine the L* norms of the commutators, Cf, with |a| = 1, or |a| = 2 and
ag > 1. We begin with the case |a| =1, so Z¢ = Z; for a certain j, and

Cy = ZE[Z]',U -V]R + [Zj,ppl(p)]R = ZE(Z]'U) -VR+ laug[Zj,BZ]R + ’Y(ZjP)R,

in which the second term is either 0 (j # 3) or —le¢’u30, R. Bounding this is straight-forward,
using (24) along the way:

t
/0 ICR ()5 ds < CtL+ ) I VulIF oo s R oc.s (70)

The second case, |a| =2 and ag > 0 is also simple. We can write Z% = Z;0; for a certain j, so
Ch = le((Zdw) - VR + (Zyu) - V(OR) + (O) - V(Z;R) + (D) 25, 0.
+us[Z;,0:]0R) + v((Z;0.P)R + (Z;P)(O: R) + (0. P)(Z; R))
The L% norm of this is, for most terms, bounded using only the Sobolev embedding and/or

(24), wherever u3d, or conormal derivatives of u3zd, appear. One can then take the supremum
in time inside the integral and integrate to get a factor ¢. For instance, the last term satisfies

1@r)(ZiR)%, < Clllurllzee + 10:usl oo + 1117 00) 1 RIT oo
< COAHNUIE+ IVurll3 + IRIE + 19:us: o) 1 RIT o0 »

then we apply Proposition 6.1 (a) on [0;usl|; .. Two specificities do appear though in the
terms containing u3d, R and the like.
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e The term leug[Z3, 0,|0:R = —le¢’u30.+ R leads to two conormal derivatives on R. We can-
not extract a factor ¢ from the integral here, since we want L*-in-time norms of ||3; R, ...
However, we do have a factor le, which will act as the small parameter. So,

t t
/ le¢/usdoR||>. ds < C<* ||| D.ug |||§7t/ 10 R(s)|2 . ds.
0 0

e The term le(Z;0;u) - VR contains ¢(Z;0;u3)0, R, which, after using (24), leads to a term
with two conormal derivatives on €0,u3 (and no more than one on R, which is therefore
not problematic), so we re-use the trick we used when estimating ehy: we use the Sobolev
inequality on the term with two conormal derivatives, to get

t t
/ &2 |0.us(s) |2, ds < Mo+ C / &2 |0us(s)|I? + ledusua(s)|2 ds,
0 0

and we replace £0,,us by its expression in (2), use the tame estimate, take the supremum
inside the integral and extract a factor t.

In total, combining the above consideration with inequalities (66) to (70), we conclude that

/0 lga(8)|12 ds < QM) + (¢ +)QUM + Mp),

which ends the proof of the estimate. [J

8 Proof of Theorem 1.3, part V
Conclusion

Let us consider times ¢t < T”, where
T/ = sup{t < To | Em(t,U) + [|0:51]5 s < Q(2Mo)}.

The time T” depends a priori on €. With this, we pick up the uniform boundedness from below
of p and the uniform smallness of ug near the boundary that we have so far assumed.

e Let p(0,2) > ¢o. Equation (1) provides us with the differential equation
8tpx(t?x) = —(ple u)X(t,x),

where f¥ is once again f following the flow of u. Thus,

t
pX(t,z) = p(0,z) exp (—/ div u(s, x) ds) ,
0
and div w is uniformly bounded on [0,T"] x €2, so
Ip(t,z)] > coem QM = ¢f
for t < T, and ¢}, > 0 can be chosen independent of ¢ (if 7" = +oo for some &, we replace

with some finite 7} independent of €). The density p is therefore uniformly bounded from
below on [0,77].
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e For ¢t < T’  we can repeat the proof of (53),
2 2
10:us15% < QL+ [[UO0)II7;,) + QL+ U (I3 + Il 0:U 134 + [l 920ll1F c0.0)

which is only a reading of (1) combined with the Sobolev embedding and property (10),
hence 0,u3(t) has a uniform bound for ¢ < T”, thus |us(t, z)|] < M’z for some M’ when
t <T'. As aresult, we get uniform smallness of us near the boundary: |ug(t,z)| < M'§
when 2z < 4.

For t < T’, we have the bounds required to make the a priori estimation process valid, so
we have

En(t,U) < Q(Mp) + (t +)Q(Q(2My) + MF).

For € < gp small enough, we see that the right-hand side is smaller than Q(2My) for ¢t < T* < T",
with T depending on g¢ but not on €. Thus 7™ can be chosen independent of &, and the theorem
is proved. [
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