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Hypothesis: Despite its importance in numerous industrial and natural processes, many unsolved
questions remain regarding the mechanism of silica precipitation in aqueous solutions: order of the
reaction, role of silica oligomers, existence of an induction time and characteristics of the particle
population. This may be traced back, in past models, to the lack of account of the first stages of
nucleation, size dependence of the growth law, and full particle population.

Computational method: A microscopic description of the nucleation and growth of amorphous
silica nanoparticles is achieved which reproduces a large set of experimental measurements, under
various thermodynamic conditions. The time evolution of the solution supersaturation and of the
precipitate characteristics is established.

Findings : A growth law of order 6 allows reproducing experimental results, without being cor-
related to the presence of silica oligomers in the aqueous solution. The saturation plateaus are
shown not to be due to an induction period. The characteristics of the particle population are
more complex than assumed by simple precipitation models (Johnson-Mehl-Avrami-Kolmogorov or
Chronomal models) and strongly depend on how supersaturation is reached. Such a microscopic
approach thus proves to be well suited to elucidate the mechanism of nanoparticle formation in
natural and industrial contexts.

Keywords: nucleation and growth, computer simula-
tion, NANOKIN code, amorphous silica, nanoparticles

I. INTRODUCTION

The precipitation of silica nanoparticles occurs in nu-
merous industrial as well as natural processes. For exam-
ple the formation of silica scales in deep geothermal wells
represents a strong limitation to the possibility of extract-
ing heat from high-temperature geothermal waters1. It
also impacts subsurface contaminant remediation, under-
ground radioactive wastes disposals, biomineralization
and silicification processes among others2.

For these reasons, the mechanism of amorphous sil-
ica precipitation has been the subject of intensive re-
search. Results obtained in laboratory have yielded pre-
cious information on the role of temperature, pH, ionic
strength and initial supersaturation2–10. The whole pre-
cipitation process is usually described as a succession of
steps. First, silica monomers bind to each others to form
small oligomers (dimers, trimers, tetramers, etc) in the
aqueous solution, before, eventually, condensed spher-
ical nanoparticles precipitate11–21. The first stage of
monomer association is promoted by increasing the total
aqueous (SiO2)aq concentration and by decreasing tem-
perature. For the formation of solid particles, in some
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cases, the existence of an induction period is invoked,
function of temperature and initial supersaturation2,4,7,8.
It is followed by a stage, during which the degree of silica
supersaturation strongly decreases, which allows the de-
termination of global-reaction rates. Despite intensive
studies, conflicting results have been obtained regard-
ing the order of the global reaction, which varies from
1 to 8, depending on the authors and the conditions of
precipitation22. In an ultimate stage, Ostwald ripening
and aggregation may take place after [H4SiO4] activity
has reached the amorphous silica solubility limit.

It is noteworthy that, in most studies, only the
time variation of the total silica aqueous concentration
(SiO2)aq is recorded, making it difficult to fully charac-
terize the precipitation mechanism, since information on
the size distribution of the particles are missing. Thor-
ough experiments performed on a time scale of 20-100
days,4 point out that the average molecular weight of the
final particles increases from 105 to 109 molecular units
as temperature is increased from 5 to 180◦C, which cor-
responds to an increase of the average particle-radii from
10 nm to ≈ 220 nm. Experiments performed on much
smaller time scales, rather find average radii of the order
of a few nm7,8, in agreement with earlier speculations2.
Only recently has Small Angle X-Ray Scattering (SAXS)
been used to in-situ determine the time evolution of the
mean particle sizes in precipitation experiments induced
by neutralization of a high-pH silica solution or fast cool-
ing, allowing a more complete description of the amor-
phous silica precipitation characteristics9,10.

It is thus timely to apply an advanced simulation tech-
nique to decipher the microscopic mechanism of amor-
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phous silica precipitation, beyond empirical approaches
used in the past, such as simplified rate-equations4,7,8,
the Johnson-Mehl-Avrami-Kolmogorov model9,10,23–25
or the Chronomal approach9,10,26. In the present com-
putational approach, we demonstrate that use of the
classical nucleation theory and of a size dependent
growth law, as embedded in the NANOKIN code27–30,
allows a quantitative description of precipitation occur-
ring under largely different experimental conditions :
pre-established initial supersaturation4, supersaturation
reached by neutralization of a high-pH silica solution9

or by fast cooling10. In particular, we are able to dis-
card the hypothesis of an induction time as an explana-
tion for the plateaus observed in the saturation curves
in these experiments. We challenge the role of oligomer
incorporation at the growth stage to account for the ob-
served rate laws and we stress the difference between the
order of the growth law and the order of the global reac-
tion. We also demonstrate that the characteristics of the
particle population are strongly dependent on the way
supersaturation is reached.

The paper is organized as follows: after a description
of the simulation method in Section II, we present results
on the precipitation of amorphous silica particles under
different conditions which correspond to increasing dif-
ficulties from the point of view of the simulation. We
first consider precipitation induced by a pre-established
initial supersaturation (Section III). We discuss the sim-
ulation set-up and the constraints which have to be ful-
filled when fixing the nucleation and growth parameters.
Then we compare our results to the experimental find-
ings of Ref. 4. In Section IV, simulations mimicking
precipitation processes induced by a fast neutralization
or a fast cooling of an aqueous solution are discussed and
their results are compared to those of Refs. 9 and 10.
Section V addresses various issues raised by these simu-
lations, in particular the possible role of oligomers in the
aqueous solution during the precipitation process and the
mechanism of amorphous silica precipitation. Section VI
concludes.

II. METHOD

Our simulation of amorphous silica precipitation relies
on the theoretical approach of nucleation, growth and/or
dissolution of particles of fixed composition in aqueous
solutions, that we have previously developed and which
is embedded in the NANOKIN code27–29. It includes
a full treatment of speciation processes in the aqueous
solution according to published data base31,32, and a full
account of nucleation and growth processes during the
formation of new particles.

The supersaturation state I of the aqueous solution
with respect to the newly formed phase, defined as the
ratio between the ortho-silicic acid activity [H4SiO4]
and the amorphous silica solubility product K, is the
driving force for precipitation when I > 1. The

description of nucleation relies on the classical the-
ory of nucleation (CNT), valid at small and moderate
supersaturations33,34, in which critical nuclei are formed
when the variation ΔG of the Gibbs’ free energy for the
condensation of n gowth units is maximum with respect
to n. The expression of ΔG:

ΔG = −nkBT ln I + 4πρ2σ (1)

assumes a spherical form for the critical nuclei, suited to
amorphous silica particles (ρ their radius, V their volume
V = 4πρ3/3 and A their surface area A = 4πρ2); σ is the
interface energy, T the temperature and kB = R/NAv is
related to the gas constant R and the Avogadro number
NAv. The number of growth units n = V/v in the particle
is determined by the ratio between its volume V and the
molecular volume v. The characteristics of the critical
nuclei n∗ and ρ∗ are deduced from the condition that
ΔG is maximum with respect to n:

n∗ =
2u

ln3 I
; ρ∗ =

w

ln I
(2)

with:

u =
16πσ3v2

3(kBT )3
; w =

2σv

kBT
(3)

The nucleation rate F is assumed to be an activated
function of the nucleation barrier ΔG∗:

ΔG∗ = kBT
u

ln2 I
=

1
3
4πρ∗2σ (4)

with a constant pre-factor F0:

F = F0 exp
(
−ΔG∗

kBT

)
(5)

F is a highly non linear function of I which exceeds the
value of 1 particule/s/kg of water, if I is larger than a
critical value Ic equal to :

ln Ic =
√

u

lnF0
(6)

The simulation relies on a technique of time discretiza-
tion. At each time step, a new class of particles is created
if I > Ic and, once formed and as the saturation state of
the solution evolves with time, the particles experience
growth or dissolution, depending upon the relative value
of their radius compared to the instantaneous critical nu-
cleus radius ρ∗:

dρ

dt
= κ

[
Im − exp

(
mw

ρ

)]
(7)

In this equation, κ is the particle radius growth con-
stant and m is an integer number defining the order of
the growth reaction. This m exponent should not be
confused with the order n of the global ”reaction rate”
often empirically written dQ/dt = K(I − 1)n (Q the
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total amount of precipitate). Here, we do not presup-
pose an analytic form for dQ/dt. The time dependence
of Q(t) results from a complex interplay between nucle-
ation/growth and dissolution processes that are driven
by equations 2-5 for nucleation and 7 for growth and dis-
solution. Written under this form, Equation 7 describes
a surface controlled growth mechanism and allows Ost-
wald ripening effects to occur (its right hand side is pos-
itive or negative according to whether ρ > ρ∗ or ρ < ρ∗,
respectively)35–37. When the number of growth units in
particles belonging to a given class becomes less than
unity, the class is suppressed.

At each time t, the knowledge of the total amount
of precipitate allows to update the ion concentrations
and activities in the aqueous solution, by resolution of
the speciation equations, and the value of the satura-
tion state of the aqueous solution is recalculated. Un-
less specified, only monomeric silicate species are taken
into account. The above equations describe processes in
which the system is prepared in a pre-established initial
supersaturation state. In Section III, the results will be
compared to the experiments performed in Ref. 4.

We also simulate the precipitation of amorphous silica
induced by neutralization of a high-pH aqueous solution
or by fast cooling, and, in section IV, we compare our re-
sults with the experiments performed in Refs. 9 and 10,
respectively. A time dependence of pH or temperature
is assumed during a finite time interval (a few minutes)
before their values stabilize at normal conditions (neu-
tral pH or T=30◦C). In the former case, the pH drop
modifies the activities of the aqueous silicate species, in
particular the [H4SiO4] to [H3SiO−

4 ] ratio, according to
the speciation equations, and thus increases the satura-
tion state of the aqueous solution. In the latter case, the
temperature dependence of the amorphous silica solubil-
ity is the driving force to reach supersaturation. Specific
details are given in Section IV.

Compared to empirical models used in the past
(simplified rate equations, the Johnson-Mehl-Avrami-
Kolmogorov model23–25 or the Chronomal approach26),
the present formalism fully accounts for all processes pos-
sibly taking place at each time step, without assuming
that nucleation, growth, and ripening occur sequentially.
Since it follows the size variation of all particle classes
that have been nucleated, it is able to yield thorough
information on the time evolution of the particle popu-
lation, for example the mean particle size, as well as of
the aqueous solution composition.

III. SIMULATION OF PRECIPITATION AT
PRE-ESTABLISHED INITIAL

SUPERSATURATION

In this section, we present simulations of the precip-
itation of amorphous silica particles induced by a pre-
established initial supersaturation of the aqueous solu-
tion at constant temperatures, to be compared to results

given in Ref. 4. In this work, a thorough investigation
of the time evolution of the saturation state of an aque-
ous solution, during the precipitation of amorphous sil-
ica was performed, at neutral pH, various temperatures
(from T=5◦C to T=180◦C) and various initial silica con-
tents cSiO2 . Typical results are reproduced in Figure
1. Their common characteristics is the existence of a
plateau, associated to a constant H4SiO4 concentration
in the aqueous solution, before supersaturation starts de-
creasing. The plateaus were interpreted as induction pe-
riods for precipitation. The authors found that the fourth
root of their length Δt decreases approximately linearly
as the initial cSiO2 increases. A similar fourth order law
was found for the variation of the maximum ”reaction
rate” with initial H4SiO4 concentration, the maximum
reaction rate being defined as the maximum slope of the
saturation curve after the plateau.

We first describe the procedure that is followed to de-
termine the nucleation and growth parameter values, nec-
essary to perform the simulations. Then we compare the
simulation results to the results of Ref. 4. The justifi-
cation of assuming a pre-established supersaturation to
interpret the results of Ref. 4 will be given at the end of
Section IV B.

A. Simulation set-up

Within the formalism developed in Section II,
aside from tabulated values of the amorphous silica
solubility31,32,38 and molecular volume v = 48.15Å3, a
set of nucleation and growth parameters {σ, F0, κ, m} is
needed at each temperature to perform the simulations.

We have determined the values of these parameters
at five temperatures: T = 5◦C, 30◦C, 60◦C, 90◦C and
120◦C, by searching for the best agreement with the re-
sults of Ref. 4. The fitting procedure is highly non-linear,
with no certitude that a unique solution exists. However,
it is possible to reduce the range of admissible parameter
values, by first analyzing the constraints that they have
to fulfill.

1. Constraints on the nucleation parameters σ and F0

Within the assumptions underlying the CNT, nucle-
ation significantly occurs only when the saturation state
of the aqueous solution exceeds a critical value Ic func-
tion of F0 and σ (Equation 6). For each temperature, it
is thus obvious that Ic has to be lower than the lowest
initial supersaturation (called I0min in Table 1) consid-
ered in Ref. 4 for which precipitation occurs. Ic < I0min

thus represents a first constraint to be fulfilled by σ and
F0.

Additionally, the plateau lengths Δt are strongly de-
pendent on Ic. As Ic increases, those associated to the
smallest supersaturations increase much more than those
associated to highest ones. The fine tuning of the relative
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FIG. 1: Time evolution of the saturation state I of the aque-
ous solution during amorphous silica precipitation at constant
temperatures (logarithmic scale for time expressed in min-
utes). From top to bottom T = 5◦C, 30◦C, 60◦C, 90◦C and
120◦C. Lines are simulation results while lines-points are ex-
perimental results read from Ref. 4. In each case, initial
saturation values I0 are those of Ref. 4.

FIG. 2: Time variation of the saturation state of the aqueous
solution for various values m =1, 4, 6 and 8 of the growth
rate exponent (logarithmic scale for time expressed in min-
utes). T=30◦C and I0=3.95. For each value of m, the growth
constants κ are adjusted so as to yield the experimentally ob-
served plateau length4 (represented by lines-points symbols).

plateau lengths thus puts an additional constraint on Ic,
i.e. on the determination of F0 and σ.

As far as F0 is concerned, no useful hint for its value
may be obtained from the literature. Discrepancies as
high as ten orders of magnitude are reported34,39. We
have thus assumed that it is independent on temperature
and fixed its value to 1019 particles/s/kg H2O, which is in
the average expected range and yields reasonable particle
sizes. There is not a high sensitivity of the saturation
curves to this parameter, as specified below.

Introducing this value for F0 into Equation 6, the con-
dition Ic < I0min puts an upper limit σmax, given in
Table 1, to the interface energy σ. The values of σmax

are not strongly dependent on F0: indeed, changing F0

by two orders of magnitude, only modifies σmax by ≈ 1.5
mJ/m2.

2. Constraints on the growth parameters m and κ

Reproducing the shape of the saturation curves, the
length Δt of the plateaus and the decrease of supersat-
uration after the plateau imposes strong constraints on
the growth parameters m and κ (Equation 7).

We have found that, whatever the initial supersatura-
tion value, Δt is inversely proportional to κ. This means
that, at a given temperature, increasing or decreasing κ
proportionally modifies all Δt, but does not change their
relative values. This latter quantity is rather determined
by the ratio I0/Ic, as already said.

Moreover, a competition between nucleation and
growth determines the shape of the saturation curves, in
particular, at the very beginning of precipitation. When
nucleation is very efficient, a nearly instantaneous de-
crease of supersaturation takes place. A detailed account
of the physical processes occurring in that case can be
found in one of our previous works (scenario #1 in Ref.
28). In the experiments upon consideration here, the ex-
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T(◦C) I0min σmax (mJ/m2) κmin (m/s) K(mM/l) σ(mJ/m2) κ(m/s))

5 4.18 51 1.9*10−18 1.16 36 4.*10−18

30 2.96 46 1.3*10−16 2.16 32 2.*10−16

60 2.12 40 1.8*10−15 3.66 28 2.*10−15

90 1.63 33 1.2*10−14 5.57 23 1.3*10−14

120 1.37 26 - 7.87 23 1.7*10−14

TABLE 1: Left part of the table: For each temperature T , lowest initial supersaturation I0min in the experiments of Ref. 4
for which precipitation occurs and deduced maximum value σmax of the interface energy, assuming F0 = 1019 particles/s/kg
H2O. Central part of the table: minimum value κmin of the growth rate constant κ required for the saturation curve to display
a well-defined plateau. No value is given when T=120◦, since the saturation curves display a plateau, whatever the κ value.
Right part of the Table: Parameters used in the simulations at various temperatures T: K the amorphous silica solubility
product, σ the interface energy and κ the growth rate constant entering Equation 7; these values are associated to m = 6 and
F0 = 1019 particles/s/kg H2O.

istence of saturation plateaus from the beginning of pre-
cipitation points towards the prevalence of growth upon
nucleation. Consequently, at constant values of the nu-
cleation parameters, κ has to exceed some critical value
κmin. Taking into account the values of F0 and σ at the
temperatures upon consideration, Table 1 gives the val-
ues κmin required for the saturation curve to display a
well-defined plateau.

The saturation decrease after the plateau strongly de-
pends on the growth rate exponent m. Figure 2 displays a
typical example (T=30◦C and I0 = 3.95), showing how,
with κ values adjusted as to yield the correct plateau
length, the slope of the saturation curve (maximum ”re-
action rate”) smooths out when m increases. By com-
paring these curves to the experimental results of Ref.
4, we have found that m = 6 is the value which yields
the best agreement with most experimental curves at all
temperatures upon consideration. In particular, it is im-
possible to account for both the plateau length and the
supersaturation decrease with an exponent m = 1 in the
growth law.

B. Results

Considering all the above mentioned constraints which
reduce the range of admissible values of {σ, F0, κ, m},
we have proceeded by trial and error to fix them at all
temperature, in order to best account visually for the
results of Ref. 4. They are listed in Table 1, together with
the amorphous silica solubility and are complemented by
the choice m = 6 and F0 = 1019 particles/s/kg H2O.
They will be discussed in Section VA.

Figure 1 compares the time evolution (in log scale)
of the saturation state of the aqueous solution obtained
experimentally4 and numerically, in a time range of ≈
3000 minutes, at T = 5◦C, 30◦C, 60◦C, 90◦C and 120◦C.
Although the agreement between experimental and sim-
ulation results is not perfect, the qualitative and, in a
number of cases, the quantitative trends are correctly re-
produced. This is true, in particular, for the variations of
the plateau length and of the maximum ”reaction rate”

as a function of I0. The most obvious discrepancy is the
slight overestimation of the plateau lengths at the highest
initial supersaturations. It is accentuated in the repre-
sentation of Fig. 1 due to the time log scale, but this
overestimation never exceeds a few minutes.

The agreement between simulations and experiments
actually decreases as temperature increases beyond
T=90◦. We assign this degradation to the fact that
the aqueous solutions become supersaturated with re-
spect to less soluble SiO2 phases such as cristobalite or
quartz, which thus may compete with the precipitation
of amorphous silica. Such a competition is well-known to
take place in hydro-thermal solutions. In the tempera-
ture range 150-200◦C, the H4SiO4 concentration is indeed
used as a good geothermometer due to equilibrium with
quartz for long term reactions in geological conditions40.
Although in lab experiments, time scales may not al-
low to reach equilibrium, the risk of quartz precipitation
is nevertheless non-negligible when T increases41. In-
deed, in Ref. 4, in the temperature range 150-180◦C, the
concentrations of H4SiO4 become lower than the amor-
phous silica solubility at long times and this is also true
at T = 120◦C in one of the saturation curves. Since the
possibility of simultaneous precipitation of two minerals
is not considered in our simulations, we have not tried to
reproduce the experimental results at T=150◦C nor at
T=180◦C.

Aside from the time dependence of the saturation, the
simulations give information on the mean particle sizes.
The largest particle sizes are obtained for the lowest ini-
tial supersaturation values. At final times of the Roth-
baum and Rohde’s experiments (t ≈ 70 days), the mean
particle radii amount to ≈ 10 nm for 5◦C ≤ T ≤ 90◦C
and ≈ 400 nm for T = 120◦C. This is qualitatively con-
sistent with the estimate of 105 to 109 formula units given
in Ref. 4.
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IV. SIMULATION OF THE PRECIPITATION
INDUCED BY NEUTRALIZATION OR

COOLING OF A SILICA-RICH SOLUTION

This section deals with more complex simulations in
which the aqueous solution is not initially prepared in
a supersaturated state, but reaches supersaturation as
the result of time-dependent modifications of its thermo-
dynamic state (pH or temperature). Such simulations
are more demanding than those performed in Section III
since they require an account of these time-dependent
changes, not always precisely known experimentally. Ex-
periments of this type, using modern characterization
tools, have brought interesting information on the evo-
lution of not only the aqueous solution state but also the
mean particle sizes9,10. The two following subsections
describe our attempts to account for amorphous silica
precipitation under conditions of varying pH and tem-
perature, in link with the experimental results of Ref. 9
and 10, respectively.

A. Simulation of a precipitation induced by
neutralization of a high-pH silica solution

In Ref. 9, aqueous solutions with two different initial
silica contents ( cSiO2 = 640 ppm and 1600 ppm) were
prepared at pH=12 and T=25◦C, before silica precipita-
tion was induced by neutralization. The data acquisition
started once the pH had stabilized at 7, i.e. within ap-
proximately 5 min. The time evolution of the saturation
state of the aqueous solution and of the mean particle
radius, reproduced from Ref. 9, are represented in Fig.
3 with lines-points on a linear scale for the time axis.

In our simulation, we have tested several laws for the
variation of pH between pH=12 and pH=7: a linear
decrease during a time τ = 5 min followed by con-
stant pH=7, and exponential laws of the type pH(t)=7+
5 exp(−t/τ) with various values for the characteristic
time τ . This constraint on pH imposes a time varia-
tion of the speciation of silica in the aqueous solution. In
the absence of information on the variation of the nucle-
ation and growth parameters {σ, F0, κ, m} with pH, we
have assumed that they are independent on pH. We have
used their T=30◦C values, assuming that their variations
between T=30◦C and T=25◦C are negligible.

Contrary to the simulated saturation curves obtained
with a pre-established supersaturation, those shown in
Figure 3 display a maximum. The increase of saturation
which occurs at short times corresponds to the neutral-
ization phase. The saturation value at the maximum of
the curve is slightly smaller than the maximum satura-
tion expected at neutral pH from the initial silica content.
This shows that nucleation has not been very important
during the neutralization phase. However, the satura-
tion state of the aqueous solution and the mean particle
radius curves are somewhat sensitive to the assumption
made for the pH variation. In Fig. 3, are represented

FIG. 3: Precipitation of amorphous silica in a neutralization
experiment (see text). Top panel: time evolution (in min) of
the saturation state I of the aqueous solution; bottom panel:
time evolution of the mean particle radius ρ (in nm). Lines are
simulation results while lines-points are experimental results
read from Ref. 9. Full lines: cSiO2 = 640 ppm; dotted lines:
cSiO2 = 1600 ppm.

those which present the best agreement with experiment.
They have been obtained with the exponential time vari-
ation of pH with τ = 1 min, for which pH=7.03 at t = 5
min, in qualitative agreement with the experimental pro-
tocol. The experimental and simulation curves display
an overall good agreement42, even if the particle sizes
at cSiO2 =1600 ppm grow too quickly in the simulation.
The simulated maximum particle radii obtained after two
hours are extremely close to the experimental ones. At
variance, when a linear dependence of pH upon time is
assumed, simulated particle radii are slightly larger for
cSiO2 =640 ppm than for cSiO2 =1600 ppm, in disagree-
ment with experiment.

B. Simulation of a precipitation induced by fast
cooling

In Ref. 10, aqueous solutions with two different initial
silica contents ( cSiO2 = 640 ppm and 960 ppm) were pre-
pared at T=230◦C. Then amorphous silica precipitation
was induced by fast cooling down to ambient tempera-
ture T=30◦C within 2-3 minutes, to mimic geothermal
conditions. Similarly to the pH experiments, both the
time evolution of the aqueous solution composition and
the mean size of the silica nanoparticles were recorded,
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thanks to in-situ SAXS experiments. The experimental
results are reproduced in Figure 4. The first SAXS mea-
surements were performed at t =10 min, and, for the
lowest initial silica content, particles could only be de-
tected after 60 min. This time was interpreted as a an
induction time.

We have performed a more involved simulation of pre-
cipitation under cooling conditions than when the pH
varies. First, since, in Ref. 10, the way temperature de-
creases during the cooling process wais not precisely de-
termined, we have tested several laws which will be spec-
ified below. Second, many physico-chemical parameters
vary with temperature. They include the amorphous sil-
ica solubility product, the dissociation constants and the
activity coefficients of the aqueous species, whose vari-
ations can be straightforwardly obtained from the data
bases associated to NANOKIN. Additionally, the nucle-
ation and growth parameters σ and κ depend on tem-
perature, as found in Section III. We have taken these
variations into account, by an interpolation procedure
between T=30◦C and T=120◦C. Beyond T=120◦C, we
have extrapolated their dependence by relying on more
general arguments (see Section V.A). We have checked
that the precipitation characteristics were little affected
by this extrapolation, by making it in several ways, but
they all led to very similar results. The reason may be
easily understood: during the cooling period, nucleation
only occurs after the saturation state of the aqueous solu-
tion has exceeded the critical value Ic which, here, is close
to ≈ 1.9. This does not take place at T=230◦C, but at a
much lower temperature, close to T=100◦C when cSiO2 =
640 ppm and close to T=160◦C when cSiO2 = 960 ppm.
The values of σ and κ above these temperatures, which
are the most uncertain, are thus irrelevant.

Figure 4 displays the results obtained under the as-
sumption of an exponential cooling rate T(t)=30 +
200 exp(−t/τ) with τ = 60 s (T in ◦C) and with the
values F0 and m used in Section III. The agreement
is excellent as far as the time evolution of the satura-
tion state of the aqueous solution is concerned42. The
predicted maximum particle sizes are in the right range
but their evolution is too fast. No ’induction time’ is
found for cSiO2 = 640 ppm, and the larger cSiO2 yields
the smallest particles, in qualitative disagreement with
experiment.

We have then checked the influence of the cooling law.
Relying on the experimental information that ambient
temperature is reached in about three minutes, we have
considered the following time dependencies of the tem-
perature:

T1 = 30 + 200 ∗ (1 − t/τ) ; τ = 180s

T2 = 30 + 200 ∗ exp(−t4/τ4) ; τ = 20s

T3 = 30 + 200 ∗ exp(−t2/τ2) ; τ = 100s

T4 = 30 + 200 ∗ exp(−t/τ) ; τ = 60s

T5 = 30 + 200 ∗ exp(−
√

t/τ) ; τ = 20s (8)

with the decrease of T1 limited at T=30◦C for t > τ . The

FIG. 4: Precipitation of amorphous silica in a cooling ex-
periment (see text) : top panel: time evolution (in min) of
the saturation state I of the aqueous solution; bottom panel:
time evolution of the mean particle radius ρ (in nm). Lines
are simulation results while lines-points are experimental re-
sults read from Ref. 10. Full lines: cSiO2 = 640 ppm; dashed
lines: cSiO2 = 960 ppm.

various values of τ have been chosen in such a way that all
Tn reach approximately 40◦C at the same time (t ≈ 170
s), but the expected ambient temperature T = 30◦C is
reached more and more slowly down the series. We have
found that the saturation curves are little affected by the
choice of the cooling law, but the final particle radii, at
time t = 180 min, may vary by as much as a factor of
2, as shown in Table 2 (left part). In the right part of
the Table, we also give the values of the final particle
radii for a Gaussian law with various characteristic times
τ . The same extreme sensitivity to the cooling speed
is found. In addition, for extremely fast cooling rates
(τ ≤ 3 s), ρ640 becomes smaller than ρ960, as in the
experiment. We presently do not understand well why
the experimental size ordering can only be reproduced
under such fast cooling conditions.

Beyond the interest in reproducing the results of Ref.
10, it is instructive to analyze under which conditions
the cooling and precipitation stages are well-separated.
For this to be true, it is necessary that particles do not
nucleate in a significant amount during the cooling time.
When this is the case, the maximum of the saturation
curve is close to the maximum saturation expected at
T=30◦ from the initial silica content (I = 7.4 for cSiO2 =
960 ppm and I = 4.95 for cSiO2 = 640 ppm). From Fig-
ure 4, it is obvious that this condition is not fulfilled when
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Tn ρ640 ρ960 τ ρ640 ρ960

T1 5.5 2.0 100 3.3 1.9

T2 6.8 3.5 20 5.0 2.8

T3 3.3 2.0 5 7.4 4.0

T4 2.7 1.9 2 4.7 5.4

T5 2.5 1.9 1 4.2 6.5

TABLE 2: Particle radii (in nm) in the simulations starting
with silica contents cSiO2 = 640 ppm and cSiO2 = 960 ppm,
obtained at time t = 180 min. Left: for the various temper-
ature laws, Eq. 8; Right: for a Gaussian law with various
characteristic times τ .

cSiO2 =960 ppm, while the experiment with cSiO2 = 640
ppm seems to be at the border line. We have performed
similar simulations at even lower silica contents. In these
cases, we find that the amount of solid phase precipi-
tated during the cooling period is negligible with respect
to the initial silica content (typically less than 1%). This
was to be expected since, as cSiO2 decreases, according
to Equations 4 and 5, the nucleation frequency strongly
decreases. For small initial silica contents, the cooling
and nucleation processes are thus well-separated in time
and a simulation assuming a pre-established supersatu-
ration and a constant T=30◦ temperature is valid. The
experiments performed in Ref. 4 pertain to this last
case due to the low initial silica content (equal or lower
than those of Ref. 10), although the experimental pro-
tocol includes a rapid cooling of the aqueous solution
from 240-265◦C. This justifies our assumption of a con-
stant temperature and a pre-established supersaturation
in Section III, which allowed us to disentangle the deter-
mination of the nucleation and growth parameters at the
various temperatures.

V. DISCUSSION

After a discussion of the parameter values, this sec-
tion focuses on several issues related to the simulations
presented above. The first one regards the possible in-
fluence of silica oligomers in the aqueous solution, dur-
ing the formation of silica nanoparticles in the conditions
prevailing in the experiments under consideration. Then
we discuss the information brought by our approach on
the mechanism of amorphous silica formation, in the var-
ious thermodynamic conditions considered in the present
work.

A. Discussion of the parameter values

The values of {σ, F0, κ} that we have determined and
which are listed in Table 1 deserve several comments.

One is linked to the sensitivity of the results to small
variations around these values. Since small modifica-
tions of the shapes of the saturation curves are not easily

FIG. 5: Top panel: Correlation between σ values (in mJ/m2)
and values of the amorphous silica solubility product K (log
scale) at various temperatures. Full line: σ values determined
in the present work; Dashed line: correlation deduced from
Ref. 48. Bottom panel: Full line: Temperature variation of
the growth constant κ (log scale) determined from the fit with
the experiments performed in Ref. 4. The dashed line shows
an activated temperature dependence with an activation en-
ergy Ea = 60 kJ/mole.

quantified, we have chosen to focus on the sensitivity of
the plateau lengths Δt. In this respect, similar relative
variations of σ, F0 and κ induce quantitatively differ-
ent effects. For example at T = 30◦C, changing κ by
±10% modifies Δt by ∓ 7-8%, while a similar variation
on F0 only modifies Δt by ∓ 2-3%. The sensitivity to σ
variations is much larger and strongly dependent on I0.
Increasing σ by 2mJ/m2 increases Δt by ≈ 40% when
I0 = 4.95 and by ≈ 100% when I0 = 2.96. This shows
that, while σ is highly constrained, due the σ3 factor in
the exponential of the nucleation rate, the determined
values of κ and F0 should be understood with a precision
which certainly does not exceed 10-20%.

Moreover, it is striking that the determined σ values
are lower than the values usually quoted in the literature2

for amorphous silica, which are of the order of 80 mJ/m2.
On the one hand, this may be due to the hydrated and
porous nature of the nanoparticles. It is known that wa-
ter molecules are easily incorporated in small nuclei un-
der formation, especially in amorphous ones, as noted
by several authors9,43. This was, for example, evidenced
by a decrease of the particle radii in the high vacuum
of scanning or transmission electron microscopy appara-
tus in Ref. 9. When water penetrates into a lattice, it
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decreases its cohesion and, as a consequence, the work
necessary to create surfaces is reduced. Furthermore,
it is a general trend that interface energies of particles
in contact with water are much lower than those of dry
particles44–46. To the best of our knowledge, there are
no tabulated values of hydration energies of amorphous
silica as a function of temperature, that we could have
used to estimate σ, or compare to the values that we
have determined. On the other hand, the experiments
under consideration are performed at neutral pH, i.e. far
from the point of zero charge of amorphous silica which
is close to 2. The particle surfaces are thus charged and
this is known to decrease the oxide-solution interfacial
tension47.

The σ values that we have determined significantly de-
crease when temperature is raised. This is in qualitative
agreement with the quasi-linear dependence of interface
energies on the logarithm of solubilities, highlighted in
the work of Nielsen and Söhnel48. We have reproduced
this relationship in Figure 5 (top panel) together with the
σ values that we have determined. A very good agree-
ment is found, giving support to our procedure. The
κ values also strongly vary with temperature. They in-
crease by several orders of magnitude between T=5◦ and
T=120◦, in a way which can be approximately described
by an activated law (Figure 5, bottom panel). The acti-
vation energy Ea ≈ 60 kJ/mole which best fits this expo-
nential law is in agreement with other values quoted in
the literature for amorphous silica3,6, although the latter
were deduced from the temperature dependence of the
global reaction rate constants.

B. Formation of oligomers in the aqueous solution

When a supersaturation is established in an aque-
ous solution, fluctuations of density induce the conden-
sation and dissolution of small oligomers, with a fi-
nite life-time. These small units, called pre-nucleation
clusters49, have been thoroughly studied in the case
of silica-rich solutions, both experimentally11–18 and
theoretically19,21,50–52. It has been shown that their av-
erage concentration depends on several factors such as
temperature, initial silica concentration, pH and the pres-
ence of additional cations. In particular, their amount
largely differs according to whether alcoxides compounds
are used, such as in the Stöber method53, or not. We will
not discuss this latter case in the following but rather fo-
cus on conditions closer to those prevailing in the exper-
imental conditions that we have considered in this work.

To summarize the main trends which are relevant
around neutral pH, it is found that, at constant tem-
perature, the concentration of oligomers gets larger when
the silica concentration in the aqueous solution increases,
while, at constant silica concentration, it decreases when
temperature is raised. Close to normal conditions of tem-
perature and pressure, one essentially finds monomers to-
gether with a small percentage of dimers. The authors of

Ref. 4 have analyzed the percentage of oligomers present
in solutions with cSiO2 = 500 ppm, at different temper-
atures, close to the period of maximum reaction rate.
They found that, between T=30◦C and T=120◦C, the
dimer percentage decreases from 7% to 3.5%, while that
of trimers varies from 1% to 0.1% and heavier oligomers
are less that 0.3%.

Under the conditions that we have searched to repro-
duce, the role of dimers can thus only be invoked at low
temperature and for the highest supersaturations. In the
absence of speciation data for silica dimers in the aqueous
solution, at T = 30◦C, we have deduced the equilibrium
constant KD of the dimer formation from two monomers:

2H4SiO4 −→ H6Si2O7 + H2O (9)

from the experimental 7% dimer percentage at T=30◦C
and total silica content cSiO2 = 500 ppm. The value
KD = 4.87 results. Figures 6 compare the time depen-
dence of the saturation state of the aqueous solution and
of the mean particle radius, taking or not into account
the presence of dimers. They show a very weak influence
of the latter, which only induces a slightly more rapid de-
crease of I(t) and a ≈ 10% increase of the particle radii.
Considering the weakness of these effects in the experi-
mental conditions where they should be the highest, we
can safely conclude that, taking them into account would
have significantly modified neither the growth law that
we have assumed, nor the parameter values of the model.

The role of oligomers in the precipitation of amorphous
silica has often been invoked to rationalize reaction rate
orders larger than 1. In particular, in Refs. 4 and 7,
reaction orders equal to 4 have been assigned to a mech-
anism of condensation of tetramers, although it was ob-
vious from the above mentioned data of Ref. 4 that the
percentage of tetramers in the aqueous solution was ex-
tremely low. A fortiori, as far as the growth law exponent
m = 6 that we have determined is concerned, in no case
can it be explained by a specific role played by hexam-
ers. We have presently no explanation for this exponent
value. The only thing that can be said here is that the
maximum reaction rate is driven by the globality of the
{nucleation + growth} processes. Indeed it is measured
for values of I larger than the critical saturation state Ic,
where new particles keep being created. The maximum
reaction rate exponent has thus no reason to be equal
to the growth law exponent (Equation 7), which is con-
firmed by the fact that we reproduce a global reaction
rate exponent equal to 4 with a growth rate exponent
equal to 6.

C. Mechanism of amorphous silica precipitation

We now focus on the information brought by our ap-
proach on the mechanism of amorphous silica formation.
We first challenge the existence of an induction time, then
we decipher the origin of the saturation plateaus found
when an initial supersaturation is imposed. Finally, we
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FIG. 6: Comparison of precipitation dynamics taking (full
lines) or not (dashed lines) into account the presence of silica
dimers H6Si2O7 in the aqueous solution. Top panel: variation
of the saturation state I of the aqueous solution as a function
of time (in minutes). Bottom panel: variation of the mean
particle radius ρ (in nm) as a function of time (in minutes).
T=30◦C and I0 = 4.9.

discuss the characteristics of the particle population in
the various types of experiments.

1. Induction period

In a number of works, authors refer to the existence of
an induction period before the beginning of nucleation,
because, either they observe a saturation plateau3,4,7

or they detect no particles10 during a given amount of
time. In the framework of crystal growth theory, in-
duction times are produced by non-stationary nucleation
processes. In this section, we discuss which character-
istics are to be expected within the non-stationary nu-
cleation theory developed long time ago by Kaishev34,54

and conclude that they cannot account for the saturation
plateaus under the conditions considered in this work.

When supersaturation is established in an aqueous so-
lution, the formation of critical nuclei takes place as a
result of density fluctuations, which induce a transient
kind of random walk of the nuclei on the size axis (pre-
nucleation clusters), up to the moment they reach their
critical size. During this transient time, the supersat-
uration I0 keeps a nearly constant value. Frenkel and
Zeldovich34,55 analyzed this process and proposed a dif-
ferential equation driving the time evolution of the con-

FIG. 7: Time dependence of the non-stationary nucleation
rate F0(t), normalized to its steady state value F0, as a func-
tion of t/τ ′, deduced from Equation 10.

centrations of nuclei as a function of their size. This
equation was later solved by Kaishev54, who obtained
the following expression for the non-steady state nucle-
ation rate:

F (t) = F0[1 + 2Σ+∞
m=0(−1)m exp(−tm2/τ ′)] exp−ΔG∗

kBT

(10)
Compared to Equation 5, the prefactor F0(t) of the ex-
ponential is time dependent with a characteristic time τ ′
(induction time) related to I0 by:

τ ′ ∝ 1
I0 ∗ ln2 I0

(11)

The time evolution of F0(t)/F0, represented on Figure 7,
shows that steady state of nucleation (F0(t)/F0 = 1) is
only reached after t ≈ 5τ ′.

If the plateaus did represent induction times, accord-
ing to Equation 11, their length Δt would be propor-
tional to τ ′. Δt would thus decrease at higher I0 and
vary as the inverse of I0 ∗ ln2 I0. While the general trend
is observed, the relationship to I0 is far from being quan-
titatively obeyed. Despite some unavoidable imprecision
when reading Δt in the Figures of Ref. 4, there is a huge
discrepancy of Δt ∗ I0 ∗ ln2 I0 from a constant value. For
example, between the highest and the lowest initial su-
persaturations, Δt ∗ I0 ∗ ln2 I0 varies by a factor of ≈ 20
at T=30◦C, a factor of ≈ 10 at T=90◦C, and a factor
of ≈ 20 at T=180◦C. One may thus safely conclude that
the saturation plateaus in these experiments cannot be
attributed to an induction period and that another mech-
anism is at work.

Similarly, in the experiment at cSiO2 = 640 ppm per-
formed in Ref. 10, the 60 min delay in observing the first
particles by SAXS cannot represent an actual induction
time, since, at that time, the saturation state of the aque-
ous solution has already decreased by more than a factor
of 2. The explanation thus more likely lies in the limit of
detection of SAXS (particle radius larger than 1.5 nm),
as also suggested by the authors.
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FIG. 8: Time evolution of the number of particle classes N(t)
during the first 35 min of the simulation of amorphous silica
precipitation at T=30◦C and I0 = 3.95 (full line) and I0 = 4.6
(dotted line).

2. Saturation plateaus

In the formalism underlying our simulations, non-
stationary nucleation effects are not included. However,
well-defined saturation plateaus are found when an initial
supersaturation I0 is imposed, especially at low initial I0

(Figure 1), with a dependence of their length upon I0

in agreement with experiment. These plateaus present
some specific features:

• At constant κ value, their relative lengths for vari-
ous I0 are strongly dependent on the critical super-
saturation Ic, i. e. on the nucleation parameters.
As Ic increases, the plateau lengths associated to
the smallest supersaturations increase much more
than those associated to highest ones.

• During the plateau length Δt, there are particles
which are formed, which grow or which dissolve.
To exemplify these processes, Figure 8 displays the
time evolution of the number of particle classes
N(t) which are present at T=30◦C during the first
35 min of the simulation of amorphous silica pre-
cipitation. During this time, I remains virtually
equal to I0. The first linear increase of N(t) re-
veals that a new class is formed at each time step.
The interruption of the linear variation marks the
total dissolution of some classes. It occurs sooner
at higher I0 due to the larger growth rate (Equa-
tion 7). The maxima and minima in N(t) evidence
the competition between creation and destruction
events of particle classes. However, the net balance
corresponds to a very small amount of solid phase,
typically 0.05-0.1 mmole, too small to induce a vis-
ible decrease in the monomeric silica content.

All these features clearly indicate that the plateau pe-
riod is not at all a period of time during which nothing
happens, but that it rather corresponds to a competi-
tion between nucleation/growth/ dissolution processes.
Indeed, nucleation takes place whenever I > Ic and

not only at time t = 0. For example, at T=30◦C and
I0 = 4.6, new particles are nucleated during about 4
hours. Once nucleated, these particles may experience
growth or dissolution (Ostwald ripening), according to
the relative value of their radius and the instantaneous
critical radius. Nucleation and growth events impover-
ish the aqueous solution in monomers, while dissolution
supplies monomers to it. The net balance nearly exactly
vanishes during some period of time as far as the aqueous
solution saturation state is concerned, although, when
looking carefully at the values of I, one may see that it
displays tiny fluctuations on the plateaus (not visible at
the scale of Figure 1) . It is clear that precipitation mod-
els assuming that nucleation and growth are successive
stages23–26 (1) would find an immediate decrease of the
saturation state of the aqueous solution in the nucleation
period, except if they impose the size of critical nuclei to
be zero, and (2) would never be able to produce plateaus
in the saturation curves. Moreover, precipitation mod-
els which do not include Ostwald ripening would not be
able either to produce such plateaus. The existence of
plateaus, with lengths strongly dependent on the initial
supersaturation, thus highlights the coexistence of nucle-
ation and growth and the efficiency of Ostwald ripening
already in the early stages of precipitation. It is a strong
test of the validity of the precipitation models.

3. Characteristics of the particle population

Most simplified models of precipitation treat the par-
ticle population in an extremely simplified way. They
generally assume that all particles are formed at time
t = 0 and have the same size. Furthermore, they as-
sume that the particle sizes evolve in time according to a
simplified law which does not take into account Ostwald
ripening processes. We wish to show here, that in our
more advanced modeling, the composition and evolution
of the particle population is much more complex, and
is strongly dependent on the thermodynamic conditions
responsible for the precipitation.

Under conditions of pre-established supersaturation,
nuclei are formed during the plateau period as well as
during the saturation decrease which follows, until I be-
comes less than Ic. However their number and fate is
very dependent on the precise time of their nucleation,
as illustrated in Fig. 9 (top panel), which represents the
particle Size Distribution Function (SDF) P (ρ) (i.e. the
probability of finding particles with a radius bracketed by
ρ and ρ + dρ) for precipitation at T=30◦C and I0 = 4.6.
At the end of the plateau period (t = 950 s, black SDF),
there are two families of particles which have nucleated at
different times ([420-520] s and [760-950] s, for the small-
est and biggest ones, respectively). Later on, close to
the time of maximum reaction rate (t = 6000 s, medium
grey SDF), the first family has completely disappeared
and the particles of the second family have grown. There
are also small particles (with radii in the Å range) nucle-
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FIG. 9: Particle size distribution functions P (ρ) at three times
of the precipitation process (horizontal axis: radius ρ in nm).
Top panel: an initial supersaturation I0 = 4.6 is imposed at
T=30◦C. The black, medium grey and light grey SDFs corre-
spond to t = 950 s, t = 6000 s and t = 60000 s, respectively.
Bottom panel: supersaturation is reached by pH drop in the
conditions of Figure 3 with cSiO2 = 640 ppm. The black,
medium grey and light grey SDFs correspond to t = 240 s,
t = 2400 s and t = 7200 s, respectively.

ated during the saturation decrease (tε[4740 − 6000] s),
but their number is so small that their contribution is
not visible at the scale of Figure 9. They have dissolved
in the last plot of Fig. 9 (top panel), which is recorded
at t = 60000 s (light grey SDF) when the saturation of
the aqueous solution has become less than Ic. Again, at
this time, there remain small particles (in the Å range)
nucleated just before I < Ic in negligible number, which
will later disappear. The main contribution to the SDF
remains the particle family nucleated at [420-520] s in the
plateau period. This scenario is consistent with the ana-
lytic argument developed in one of our previous works28,
which proved that particles nucleated when dI/dt < 0
immediately decrease in size. Thus, only particles nucle-
ated during the plateau period, when small saturation
fluctuations occur and dI/dt > 0, can survive in the long
term, and among them, only the biggest ones, due to
Oswald ripening.

The scenario is substantially different when supersat-
uration is progressively reached, whether by neutraliza-
tion or cooling (and this is also true if supersaturation
is induced by the dissolution of primary minerals29), al-
though the growth and dissolution of particles obey the
same laws as just discussed. For example, in Fig. 9 (bot-
tom panel), are shown the SDFs at three different times

during the precipitation of amorphous silica induced by
a pH gradient at T=25◦C and cSiO2 = 640 ppm. The
SDF taken at the shortest time close to the maximum of
supersaturation (t = 240 s, black SDF) involves the par-
ticles nucleated between the time when I has reached Ic

and t. The smallest ones, which are the most numerous,
were nucleated when I was the highest, i. e. at time t.
This is consistent with the way the nucleation frequency
and the critical nucleus sizes scale with I (Equations 2
and 5), and explains the right skew shape of the SDF. At
later times (t = 2400 s, medium grey SDF, and t = 7200
s, light grey SDF), the smallest particles have dissolved.
The SDFs are more symmetric and their center of grav-
ity (mean particle radius) is shifted towards larger sizes.
At t = 2400 s, the particles of mean radius 0.6 nm which
constitute the smallest SDF peak, have been created just
before t, but they are due to disappear later on, since
they were nucleated when dI/dt < 0.

As a whole, if the rise of I is fast enough, the main con-
tribution to the particle population comes from particles
nucleated in a very short time interval when the external
thermodynamic conditions (pH or T) were rapidly chang-
ing. This may be the reason why the Chronomal model,
which assumes that nucleation proceeds as a single rapid
event followed by growth, was so successful in the inter-
pretation of the experiments of Ref. 9. Nevertheless, it
could be applied only in cases where the extent of crys-
tallization is complete and was unable to predict the final
size of the particles, which had to be taken from the ex-
perimental results. At variance, our modeling has shown
that the final particle sizes are dependent on the precise
evolution of the thermodynamic conditions during the
short time when supersaturation is being reached.

This discussion shows that the precipitation process
is much more complex than assumed by simple models,
and that the composition and evolution of the particle
population presents distinctive features, function of the
thermodynamic conditions of precipitation.

VI. CONCLUSION

We have applied an advanced simulation technique to
decipher the microscopic mechanism of amorphous sil-
ica precipitation, beyond empirical approaches used in
the past. Our approach, embedded into the NANOKIN
code, fully accounts for nucleation and involves a size-
dependent growth law able to produce Ostwald ripening
effects. The time evolution of the particle population and
of the aqueous solution composition and speciation are
consistently treated via a feed-back loop.

Based on this approach, we have shown that it is pos-
sible to quantitatively reproduce the results of precipi-
tation experiments performed either by imposing a pre-
established supersaturation to an aqueous solution, or
creating it by rapid neutralization or cooling. The pa-
rameters of the model which allow to best reproduce ex-
perimental results display variations with temperature in
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accordance with propositions of the literature (activated
law for the growth constant and correlation with the evo-
lution of the solubility product for the interface energy).
A growth law of order 6 was necessary to account at the
same time for the plateau lengths and maximum reac-
tion rates. Under the experimental conditions that we
have simulated, this cannot be explained by the presence
of oligomers in the aqueous solution, nor can the latter
substantially modify the precipitation dynamics.

We have discussed several characteristics of the precip-
itation processes. Relying on Kaishev’s theory of non-
stationary nucleation, we have discarded the hypothesis
of an induction time as an explanation for the plateaus
observed in the saturation curves. We have shown that
the latter rather result from a competition between nu-
cleation, growth, and dissolution of particles which take
place simultaneously. We have also studied the charac-
teristics of the particle population and shown that they

were much more complex than generally assumed by sim-
ple models of precipitation and strongly dependent on
the way supersaturation is reached. Such a microscopic
approach thus proves to be well suited to elucidate the
mechanism of nanoparticle formation in natural and in-
dustrial contexts.
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