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Preliminary results for the study of the Godunov Scheme Applied
to the Linear Wave Equation with Porosity
at Low Mach Number

Stéphane Dellacherie®, ~ Jonathan Jung! and  Pascal Omnes?

December 3, 2014

Abstract

We introduce continuous tools to study the low Mach number behaviour of the Godunov scheme applied
to the linear wave equation with porosity on cartesian meshes. More precisely, we extend the Hodge decom-
position to a weighted L? space in the continuous case and we study the properties of the modified equation
associated to this Godunov scheme. This allows to partly explain the inaccuracy of the Godunov scheme
at low Mach number on cartesian meshes and to propose two corrections: a first one named low Mach and
a second one named all Mach. These results are preliminary since it remains to prove them in the discrete
case.

1 Linear wave equation with porosity

The dimensionless barotropic Euler system with porosity may be written as

d(ap) +V - (apu) =0,

(1)
O¢(apu) + V- (apu®u) + %Vp =0.

In (1), M is the Mach number that is supposed to be small and «(x) is the porosity, ¢ > 0 and x € § are
respectively the time and space variables. The quantities p, u and p(p) are respectively the density, the velocity
field and the pressure law of the fluid. We assume that the pressure law satisfies p’(p) > 0 and that a(x) is a
known function that takes its values in [@min, 1], where apin, > 0 is a constant which does not depend on M.

When the geometry is 2D or 3D and the cells of the mesh are not triangular (in 2D) nor tetrahedral (in 3D), finite
volume Godunov type schemes applied to (1) with periodic boundary conditions are known to be inaccurate
at low Mach number when Va = 0 [1, 5, 3], contrarily to staggered schemes on cartesian meshes [5, 6]. To
better understand this behaviour when Va # 0 and to propose a low Mach correction (when it is necessary)
and an all Mach correction (when we want to recover the Godunov scheme for Mach numbers of order one) in
the spirit of what is done in [3]|, we introduce tools adapted to a linearization of (1) around (p = p,,u = 0)
when Q is periodic and we extend to the 2D /3D case some 1D results proposed in [4]. For this purpose, we set

the reference sound speed to 5 (a2 = p(p.)) and we define (¢, x) such as

(o2

plt.x) = p. (14 2 vt )
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where formally %r < 1. By injecting (2) in (1), we obtain the system

O(ar) + V- (aru) + &y, (ou) =0,

i (au) + (au- V)u+ ;}p/ c(Lp*<§1++M%;>) Vr = 0.

(0,0), we obtain the linear wave equation with porosity

By linearizing around (r,u)

Lo

0(0q) + =2(9) =0 where = ( r ) and  Lo(q) = a*( v low) ) 3)

2 Weighted spaces &, and £+

We are interested in the properties of System (3) solved on a torus T ¢ R?€{1:23} (that is to say with periodic
boundary conditions). For this, we assume that « is a periodic function on T and we define the weighted Hilbert
space

L2 (T)H .= {q = (r, u)T‘ / r?adz +/ |u |? adz < +oo}
T T

endowed with the scalar product

(q1,92)a :/r1r2adx+/u1-u2ad:c. (4)
T T

Of course, the space L? must not be confused with the acoustic operator L,. We use the same notation to
define the spaces H.(T) and H2(T) that are generalizations of H*(T) and H?(T) to weighted spaces. We note
that since a(x) € [@min, 1] With aumin > 0, the functions a and L are in L>°(T), and we have L2(T) = L*(T),
HL(T) = HY(T) and H2(T) = H*(T). Nevertheless, we keep the index « to define these spaces to refer to the
scalar product (4). At last, we define the space

Eq 1= {q = (r,u)” e L2 (T)""* ’ Vr=0and V- (au) = 0} = Ker L.

When o =1, &, is named the incompressible space (see [1]). We have the following result:

Lemma 2.1. We have
Er = {q = (r,w)" e L2 (T)"** ’ / radr =0 and 3¢ € H (T), u= ng)}, (5)
T
£, & EF=12(T)'. (6)

In other words, any q = (r,w)T € L? (']I‘)Hd can be decomposed into

g=q4+q" (7)

where § = (7, )T € &, and ¢+ = (r+,ut)T € £, this decomposition is unique and orthogonal with respect to

the scalar product defined by (4).

We call £& the acoustic space. This is a generalization of the Hodge decomposition to the weighted space
L? (’]I‘)Hd. The decomposition (7) defines the orthogonal projection

P,: L2 (D' — & (8)
q — P,q:=4q.

Proof. We firstly prove (5). We note A the space

A:{qmeeme”d\ /

radr =0 and 3¢ € HL(T), u = v¢}.
T



Firstly, we prove that A C £} and, secondly, we prove that £- C A. Let ¢ = (r1,u;)? € A. For all ¢» =
(ro,u2)T € &,, we have

(q1,92)a = /r1r2adx+/u1 -quzdx:rg/rladx—i-/V(bl - ugadr
T T T T
= 0 +/ ¢1(Oéll2) -ndo — / o1V - (Olllg)d.r = / ¢1(O&112) -ndo =0
aT T aT

because g2 € &, and ¢i(auy) is periodic. This proves that A C &F. Let ¢ = (r1,u;)T € &L, For all
q2 = (ro,u2)? € &,, we have

(g1, 02)a =0 = /’I“l’I“QOédZ‘ + / u-wadr=0 = 17y / rioadx + / u; - (qug)dx = 0.
T T T T

Then [, riadz =0 and [ uy - (ouy)de =0 for all uz € L2 (T)" such that V- (auy) = 0. Moreover, since o and
L are in L>°(T), the last equality is equivalent to [ uy - Gedz = 0 for all Gy € € := {u € L*(T)4|V-u=0}.
Therefore, u; € £+ for the classical L2 (’]I‘)d scalar product. It is a classical result that

&t ={ueLl*(T)%3¢ € H'(T),u=Ve}.
This implies that 3¢; € H} (T) such that u; = V¢, which allows to write that £ C A. To conclude, we have
Iy
Now, we prove (6). Since the inclusion C is trivial, we just have to prove that &, & &+ > L2 (T)'**. Let

¢ = (r,u)7 € L2 (T)"™. We dissociate the construction of (7,r+) from that of (&, ur). For r, we can define
P = m Jpradz since @ > amin > 0 implies that [, adx > 0. Moreover, a €]0, 1] implies that [ adx <

ol |T| < 400 and with the Cauchy-Schwarz inequality, we obtain

/ rodx
T

3 3
< (/ rgadx> (/ adx) <7l 2 ||a\|§o |’]I‘|% < +o0.
T T «
/(r—f)adm = /radw—f/adx =0,
T T T

we can write 7 = 7 4 (r — #) with V#* = 0 and [[,(r — #)adz = 0 which gives the decomposition for r. For u, the
construction is slightly more difficult. We want to construct @ and V¢ such that u = 4+ V¢ with V- (ai1) = 0.
It is then sufficient to prove that there exists ¢ € H} (T) such that

Then, since

V- (aVe) =V - (au),

/Tqbozdx =0

and to set 1 = u — V¢. We note H} , (T) C H,, (T) the subset of functions ¢ such that [ padzr = 0. We write
(9) under variational form:

9)

Find ¢ € Hy o (T) such that V¢ € Hyo(T):  a(,v) = / (aVe) - Vipdx = / (au) - Vipdx =: L(1).
T T
Moreover, L is a continuous linear functional on the Hilbert space H}, , (T) because

L) =

<uallzz [[Velizz <l

Yl -

2
La

/T Vau - avidx

By using a similar argument, we also prove that a(-,-) is a symmetric bilinear form that is continuous on
H é,o (T) . To prove the coercivity of a, we use a generalization of the Poincaré-Wirtinger inequality to the



«
f.ﬂ. adx

¢ € Hy(T) and ¢ := ﬁ Jr padx, we have
T

probabilistic measure p =

on the convex space T (see Appendix). As p and %L are in L>°(T), for

_ _ 1
[/ 16— 6 < 2ciam(T)? HH [ 1v62pax (10)
T Hlleo JT
- 1
where diam(T) := sup |z — y|, which is equivalent to / |p — @)% adx < 2diam(T)?|| | o HH / Vo[> adx.
(z,y)€T? T Ao JT
Thus, we can write that
ca(qr)/ | — d%adx < / |V o|*adx (11)
T T

. = 1
with Co(l) = @ (T2 oo L]

1 1
/|V¢|2adx: f/|V¢|2adx+f/|V¢|2o¢dx
T 2 Jr 2 Jr

1 (T 1 .
5 [ [voPaax+ S (T) [ 16adx > Sin (1,0, (1) ol
2 T 2 T 2 @

> 0. For ¢ € H} ; (T), we have ¢ = 0 and we can write

a(¢, ¢)

v

which means that a(-,-) is coercive. Then, by applying the Lax-Milgram theorem, we obtain the existence of a
unique function ¢ in H}, , (T) such that Vi) € H ; (T), a(¢,¢) = L(¢) that is to say

1 N @) . X = au) - X.
i € HY o(T) - A(Wﬂvw lﬁ ) Vyd (12)

We note D(T) the set of functions C*°(T) with a compact support. For all ¢ in D(T), the function

/11' Padx
[ aax

is in H! , (T). Then, 1[) satisfies (12). And since V1/~) = V1, we have
a,0

Ppi=p-P=¢-

W € D(T) : /T (aV$) - Vipdx — / (au) - Vipdx

T

that is to say
Vi € D(T): (=V-(aV¢),¥)p p =(=V - (au),¥)p pr-

In other words, V- (aV¢) = V- (au) in the sense of distribution. By setting = u— V¢, we obtain u = 4+ V¢
with V - (1) = 0. Thus L2 (T)' ™ c &, @ £+ O

3 Properties of the linear wave equation with porosity

We now detail some properties of the linear wave equation with porosity. These properties will not be always
satisfied in the discrete case.

Lemma 3.1. Let q(t,x) be the solution of (3) on T C R¥1L23} with initial condition ¢°. Then:
1)V’ €&y i q(t >0) € &,.

2)vq® € &L q(t > 0) € &F.



Proof. The first point is a direct consequence of the expression of System (3) because &, = Ker L, and then
t

for all t > 0, q(t) = ¢°. Let ¢° = (ro,uO)T € &-. We have aq(t) = aq® La(q)dT. Then, for all

. L1 .
<Q7Q>a = <q07q>a_MA ALQ(Q)'qudT

/TLa(q)~q~dx = a*/T(V~(au)F—|—aVr'ﬁ)dx = —a*/r((au)-Vf+rV'(aﬁ))dx

- —/Tq~La<c1>dx ~ 0

because § € £, = Ker L. Then, for all ¢ = (7,1)T € &4, (¢, §)a = (¢°, ) = 0 which means that ¢ € £-. O

M
qg= (7F,u)T € &,, we have

with

For all ¢ € L2 (T)'*%, we now define the energy E, := (g, q)o. The following lemma is an extension of the energy
conservation property of the classical linear wave equation:

Lemma 3.2. Let q(t, z) be the solution of (3) on T C R¥€1L23} Then:
VE>0:  Eo(t>0) = Ea(t=0).

Proof. For a solution ¢ = (r,u)” of System (3), we have

Loy — 1d 4 La _ L
o) + 520 =0 = Soleda+(132@) =0 > ZE()=0

because

<Z,§;(q)>a = %A(EV-(au)+g-(aVr)> adx = 37* aT?“(ozu)-noia =0 (13)

by using the periodicity of T. O

4 Godunov scheme with porosity

We construct the Godunov scheme with porosity.

4.1 Finite volume scheme and Riemann problem

Let us suppose that the domain T C R%€{1:2:3} is discretized by N cells ;. Let I';; be the common edge (in 2D
and common face in 3D) of the two neighboring cells Q; and ©; and n;; the unit vector normal to I';; pointing
from Q; to ;. We assume that the quantities (o, ar, ou) are defined on the cells Q; by

adx, (ar); / radx (ou); / audx.
1€ / ~ ey

The semi-discrete finite volume scheme applied to the resolution of the linear wave equation with porosity (3)
is given by

Q =

d a, 1

—(ar)i + =757 Tij| (qu - m);; =0,

dt M |Qi|rijzc;9i ’ ! (14)
d a, oy

@(Oéu) ]\2 | ’L| Z |Fij|’l"7;jl’lij =0.

T COQy



The Godunov approach consists in defining (mj, (ou-n), j> as the solution of the 1D Riemann problem in the

n,; direction on £/t =0

0 Opre + %85((au)5) =0,

O ((au)e) + af\}%@srf =0,
(15)

(ri, (au), - nij) if £ <0,
(7"5, (au)5> (t=0,¢) =

(Tja (Oéll)j : nij) otherwise

where ¢ is the coordinate in the n;; direction and «;; is a mean value of @ on I';; which depends on (a;, ;)
itag

(e.g. Oéij = LQQJ).

4.2 Solution of the Riemann problem

We explicit the solution of the Riemann problem (15). By a simple scaling argument, the solution of (15) is a
function only of £/t. We set U = (r, J)T where J = au and we write (15) under the form

Gy
0 M
QU +AOU =0, where A= | ;. ij
* 0
M
System (15) is hyperbolic and the matrix A admits the two distinct eigenvalues A\; = O < g = ey The

M M
solution R(U;,U;,&/t) of (15) is under the form

U;, if £/t < Aq,
R(Ui,Uj,f/t): U*7 if>\1<§/t<)\2,

[]j7 if f/t > Ao,

with

U; = (r,», (au), - nij) and U := (rj, (au)j . nij)

and where we have to find U*. We use the Riemann invariants to explicit U* = (r*, J*)T. We can prove that
vi = (1,—a;;)T (vesp. va = (1,i;)7) is an eigenvector of A associated to A\ (resp. \2) and that Ry = J + ;7
is a 1-Riemann invariant and Ry = J — a;;7 is a 2-Riemann invariant. As a Riemann invariant is constant
through a linearly degenerate wave, we obtain

i+ 1
J* oyt = J; oy, = ; T+ 20 (Ji = J5),
— (16)
J*—aijT*ZJj—OzijTj T = Ji+']j —|—%(T-—’I“)
2 2 VT

4.3 The Godunov scheme
Finally, setting in (14) r;; = r* and (cu - n);; = J* given by (16), the Godunov scheme is given by

d a, 1
Zar)i+ ﬁm > Tyl [((au)z‘ + (au);) - ny; + oy (ri — Tj)} =0,
v Ty COQy
17
i(()(u)z‘ + G Qi Z |FU| l:’l“i + T3 + i ((Oéll)i — (Oéll)j) . nij] n;; = 0 ( )
dt 2M |Qi|F7:jC3f271 ij

where k = 1. We introduce the parameter x because this parameter will be important in the sequel.



5 Kernel of the first order modified equation on a cartesian mesh

To understand the behaviour of the Godunov scheme at low Mach number, a first step is to study the kernel
of the spatial operator associated to the modified equation related to the Godunov scheme. Indeed, we will see
that this kernel is strictly included in the kernel of the acoustic operator in (3) which is exactly equal to &,. As
a consequence, the Godunov scheme does not preserve some states in &,.

5.1 First order modified equation on a cartesian mesh

We suppose for the sake of simplicity that the space dimension is 2. Assume that the mesh is cartesian with
the space step Ax (resp. Ay) in the x (resp. y) direction. The subscript (i, ) defines the center of each cell of
the cartesian mesh, (i £ 3,j) and (4,j & %) defining the interfaces of the cell (i, ). The Godunov scheme (17)
can be written with

i (O‘Ur)i+1,j - (O‘uz)i_Lj Qs (auy>i7j+1 - (a“y)i,j_l

ﬁ(ar)i’j + M 2Ax M 2Ay
Ay
= QMA.’L' (ai-‘r%,j (Ti-‘rl,j - Ti,j) - O‘i—%,j (Ti,j — ri—l,j))
(£

2M Ay (aivﬂ*% (rig+1 —7rig) — Q1 (rij — Ti,j—1)) ,

d G Tit1,5 — Ti—1,5 Ay 1
T A V7 v Vv P ()i = (o)

1

_az—%,] ((auz)z] (O‘um)z’—l,j) )

d a Tij+1 — Tij—1 Ay 1
%(auy)m + M*ai’j ’ 2Ay - KZMAyaiyj (aij+1 <(auy>i7j+1 - (O‘“y)i,j)

T2
1
_am’f% ((auy)i’j a (auy)i’jfl)
with x = 1. The first order modified equation associated to this scheme is given by
»Cka,oz
O(aq) + —=(g) =0 (18)
where L, o = Lo — M B, o, with
a Az a A
0. (a0,m) + S Myay(aayr)
V- (au a Az 1
Lo (q) = ax ( oz(Vr ) ) and By (q) = RO Oy (aaz(aux)>

a Ay 1
i Oy (aay(auy)>

5.2 Kernel of the modified equation and energy relation

We study the kernel of the spatial operator associated to the modified equation (18). The structure of the kernel
depends on the value of k. The kernel for the Godunov scheme (x = 1) is different from the incompressible
space &,. Indeed:

Lemma 5.1. 1. If K > 0, we have

KerLy>00 = {q:= (r, w?|Vr =0 and 9, (au,) = 9,(au,) = 0} C & (19)

2. If k =0, we have
KerL—o.0 = Eq-



Proof. If k = 0, we easily obtain that Ker £,,—9.o = €. Let us now suppose that x > 0. By using (13), we can

write that r
q K,x o g
<a’ M (q)>a - <a’B“’a(Q)>a'

Let us choose g := (r,u)” € Ker L, . In that case, we deduce from the previous equality that

<§,BH,Q(Q)> =0.

«

On the other hand, we have

2 2
q a,Ax 9 ay Ay 9 a, Az || 0z (cuy) a, Ay || 0y (auy)

— (=, B« > = 0, —=||9, _ —_ 20

(& Bra@) = S5rr0urlity + SR + w5 | Z205|| et |28 0)
This allows to write that

Oz (g, 2 3, (auy) |I?
L e I e IR
« «@ a L?X a L?X

that is to say Vr = 0 and 0, (au,) = dy(au,) = 0. This proves that Ker £,; , C A with
A= {q:=(r, w)?|Vr =0 and 9, (au,) = 9, (au,) = 0}.

Let us now suppose that ¢ € A. In that case, we have ¢ € &, = Ker L, and g € Ker B, , that is to say
q € Ker (Lo, — M B, o) = Ker L,; . Thus, we have also A C Ker L, 4. O

If the kernel depends on the value of x, System (18) is dissipative for all x > 0. Indeed:

Lemma 5.2. Let q(t, x) be the solution of (18) on T C R2. If k > 0, System (18) is dissipative. That is to say:

1 d - q Eaﬁ . q »Coz,ka _ q :
Proof. We have iﬁE“(t) = < (q)>a. And since <a’ (q)>a = <a,B,€’a(q)> , we obtain by

()47 M M @
using (20)
1d ay 9 9 dp(oug) || Oy (auy) 2
5 500 =~z ( Awlurlt + Aulyriy + s Oy | BRI )
. . . d
This equality allows to write that — E, (t) < 0 for any x > 0. O

dt

6 Explanation of the inaccuracy of the Godunov scheme on a carte-
sian mesh at low Mach number by using the modified equation

We studied the kernel Ker £, of the spatial operator associated to the Godunov scheme (k = 1). This
kernel is a subset of the incompressible space &,. As a consequence, the Godunov scheme does not preserve
any incompressible state ¢ € £,. However, if we delete the numerical diffusion of the Godunov scheme on the
velocity field by setting x = 0, the kernel of the modified equation is exactly the incompressible space &,. Thus,
all the incompressible states ¢ € £, will be preserved over time. Nevertheless, the knowledge of Ker L,; ,, gives
only partial informations on the time behaviour of the solution of (18). In the sequel, we give the definition of
an accurate scheme at low Mach number when its first order modified equation is (18) and we prove that the
Godunov scheme is not accurate at low Mach number when M < min(Ax, Ay).



6.1 Definition of an accurate scheme at low Mach number

We propose the following definition in order to clearly define an accurate scheme at low Mach number:

Definition 6.1. Scheme (17) is accurate at low Mach number if the solution q(t,x) of the modified equation
(18) related to this scheme satisfies

Y(C1,Cs) € (RF)?, 3C5 > 0 such that [¢° — Pag®| 12 = CiM
= Vt€[0,0:M], |lg—Paq®|r2(t) < C3M. (22)

We underline that C5 does not depend on M and we recall that P, is the orthogonal projection on &, defined
by (8).

This definition is justified by the fact that the solution of the linear wave equation (3) satisfies (22) (see [3] for
an accurate justification of this definition).

6.2 Inaccuracy of the Godunov scheme at low Mach number

The following theorem — written in 2D for the sake of simplicity, the 3D case being similar — explains why the
Godunov scheme applied to the linear wave equation with porosity on a cartesian mesh is not accurate at low
Mach number:

Theorem 6.2. When

1
min(Az, Ay) < \/idiam('ﬂ‘) llerlloo - H
a

’ ’ ,
o0

for almost all initial conditions ¢° € L2(T)3, the solution q(t,x) of (18) with k = 1 verifies:

3(Cy, C3) € (R)? such that VO > 0, ||¢° — PaqOHLi =C1M
= Vt>CM, |g— PaqOHLg (t) > Csmin(Az, Ay) (24)
Cs . : .
for any M < . min(Az, Ay), Co and Cs being positive parameters that do not depend on M, Az and Ay.

1

This result — which is a generalization of Theorem 3.1 in [3] obtained with a constant porosity — shows that the
Godunov scheme is not accurate at low Mach number when M < min(Az, Ay) (for almost all initial condition
q°) since it does not verify (22). Let us note that (23) is verified when min(Ax, Ay) < v/2amindiam(T) because

[ / 1
0< Omin S Qmax S 1 = 0< Qmin S V Omax - vV Qmin S % = ||OéHoo : HaH
min 00

and that min(Az, Ay) < /2amindiam(T) is easily satisfied (we underline that au;, is of order one in the sense
that M <« Oémin).

6.3 Proof of Theorem 6.2

By linearity, the solution q(¢,x) of (18) with the initial condition ¢° can be written as q(t,x) = q1 (¢, x) +q2(t, %),
where ¢; is solution of

EK?O(
O¢(aqr) + A (q1) =0,

(25)
¢1(t =0,%x) = (¢° — Pag”)(x)
and ¢o is the solution of
El{ «
Os(aqa) + ﬁ((h) =0,
(26)

g2 (t = 0,%) = Pog®(x).



We have

Vt>0, llg=Pag’llz2(t) = llar+a2—Pad®llr2(t) = llaz — Pag®llr2 (t) — laullzz (t)
(27)
> a2 = Pad®llzz () = laallz2 (0) = llgz = Pag’llz2 (t) = ll¢° = Pag®|lzz

because Equation (18) is dissipative when x > 0 (see Lemma 5.2). Then, if [|¢° — Paq®||,2 = C1 M, we only
have to study the function t — ||ga — PaqOHLg (t), where go is the solution of (26). The idea is to find a lower
bound for the function ¢ — |lga — Pag°| 2 (£). To do this, we need some tools:

e a projection P,.—1 , on Ker £,—1 o where Ker P,,—; ,, is invariant for Equation (18) (in the sense of (28)),

e we write
q2 — Paqo = G2 — Pm:l,aPaqO + Pn:l,aﬂpaqo - Paqoa

o we verify that P,—1 o (q2 — IP’K:L,XIF’aqO) =0,

e we use a Poincaré-Wirtinger inequality valid on Ker P,.—1 o for g2 — IP’H:La]P’aqO,

e we verify that go — Py—1,oPaq’ is solution of (18),

e we obtain the rate of dissipation of ||go — Pr=1,0Paq’|| to zero by applying the Grénwall’s lemma.
Lemma 6.3. The function

LE(T)®* — KerLu—ia
1
_— dxd
Jp adzdy /Tra ey

1 /”1
_ r — 7 Uz(xay)dx
7= ( u ) = a P dg Ja,

a1 a(zy)

1 b
/ uy (x,y)dy

b 1
@ oy sy Jaz

defines a projection Py_1 o. Moreover, if q(t,x) is the solution of (18) on T with initial condition ¢°:
V¢ € KerPi—1a: ¢(t>0)€ KerPr—1 4. (28)

Proof. Recall that T = [a1, b1] X [ag,bs]. It is easy to prove that Pr—1 o 0 Py=1,o = Pr=1. This proves that
P.—1.o is a projector. Moreover, we have ImP,_; , C Ker £,_1 o because for all ¢ = (r,u)? € L2 (T) 1+,

1
\% <W/1TTOédl'dy> = 0,

1 by 1 b1
Oy abld/ ug(z,y)dx | = 9, ﬁ/ ug(z,y)dz | = 0,
T Ja

1
afal a(z,y) 1 fal a(%y)dl‘ a“

1 bg 1 b2

9y abi/ uy(z,y)dy | = 0, 7/ uy(z,y)dy | = 0.

2 > 1 ; ( b 1 y (s
afag a(z,y) dy a2 fa2 a(z,y) dy a2

Let ¢(t,x) be a solution of (18) on T with initial condition ¢° € Ker P, o. By integrating the first equation of
system (18) on T, we obtain

a Ay

d Ox a, Az d -
%/Tradxdy—i— M/TV-(au)dxdy— /11'( Wi Oy (a0y1) + oYi 8y(oz(‘3yr)>dxdy = a/qrardxdy—o

by periodicity. Then, if fT ardzdy = 0, it is the case at any time. Moreover, since o does not depend on time,
we can write the second equation of (18) under the form

a, _aAx 1
Oty + Marr =K Wi Oy <aaz(aur)> .

10



By integrating on [aq, b1], we obtain

b b b b
! ay ! a,Ax ! 1 ! B
O /a1 Uy (z,y)dx + i . Oyrdx = Kk o ), Oy (aaw(ozuw)) de = 0 /a1 Uy (z,y)dx =0

by periodicity. Then, if f:ll u?(z,y)dx = 0, it is the case at any time. We apply the same technique for u, and
we obtain that (28) is satisfied. O

We now write a Poincaré-Wirtinger inequality for a function ¢ € Ker P..—1 4:

9y (auy)

Lemma 6.4. For any q := (r,ug,uy)’ € KerP,—1 o such that (r,ou,, au,)’ € Hyi(T)3, we have
laly < Ko(TY (nwnig +] °

2
) (29)
L3
with Ko(T) = v2diam(T) /| [se - || 200

Proof. Let ¢ = (r,ugz,u,)” € Ker Py—1 4. Since fT radrdy = 0, by using the weighted Poincaré-Wirtinger
inequality (11) on 7, we obtain

B (auy) ||
«

Lg‘

1

rilre < ——
Il < s

[Vr(lrz (30)

1
where y/C(T) = 1/K(T). Moreover, since for all y € [as, b2, we have 0 = ffll ug(x,y)de = ffll (aug)(z, y)adx,
by applying the weighted Poincaré-Wirtinger inequality (10) to the function z — (au;)(z,y) with the weight

1

1= —, we obtain
!

by by
[ Neu e pde < s [0 @l s

ay 1

b1 1 bl
/a el < o / |

Thus, by integrating over [ag, bo], we find

that is to say
2

Oy (aud(aﬁ, y) ade.

«

1
a2, (1) < \

<o (. (31)

1
We apply the same analysis for u, such that 0 = f;; uy(x,y)dy = ffj (auy)(z, y)—dy, which gives
!

eyl (1) < =

We obtain (29) with (30), (31) and (32). O
To prove inequality (24), we firstly have to prove the following lemma:

Lemma 6.5. There exists a constant K,(T) > 0 depending on T and « such that

ay min(Az, Ay) t>

2M Ko (T)? (33)

vt Z 07 Hq2 - ]P)m:LaPaqOHLg (t) S H(l - IP>/$:1,a) o IP)OchHL?y exp (_

Proof. Let us define § = g2 —Pr—1,0Paq’ =: (#,1)7. The idea is to apply the inequality of Lemma 6.4 combined
with the equality (21) in the proof of Lemma 5.2. For this, we firstly prove that § satisfies (18). Since ¢o
satisfies (18), ¢ satisfies (18) if and only if Py_1 oPagq” satisfies (18). Since Im P,,—1 o, C Ker L,_1, 4, we have

11



Li=1.a (Pi=1,0Paq") = 0 and then P,—; ,Poq satisfies (18). Then, § is solution of (18) and by using (21), we

obtain
Ld o - " 0u(ai) | 0,0 |
sl ) = —557 (Am”(‘?erg + Ay 19y 7z (1) +/€Am‘ « .. (t) + wAy || = . (t)
O A2 Oz (vt ) ? 9y (avtiy) ?
< a7 Mo (Az, Ay) <||Vr||Lg (t) + ‘ — ; (t) + B L (t) (34)

since k= 1. Since Py—1,04(t = 0) = Pr=1,0 (¢ — Pr=1,aPaq®) = Pro1,0 0 Paq® — Puei,q 0 Paq® = 0 and since
Ker P,.—1  is invariant for Equation (18) (in the sense of (28)), we have §(t > 0) € Ker Px—1 o. Thus, we can
apply Lemma 6.4 to ¢ and we obtain from (34)

1d, .9 a, min(Az, Ay) .2
- < > =g t).
s il 0 < ~“gmens s o

By applying the Gronwall’s lemma, we obtain (33) because (¢t = 0) = (1 — Py—1.4) 0 Poq’. O
Now, we are able to prove Theorem 6.2. By applying Lemma 6.5, we have for all t > 0 :
||QQ - PaquLi (t) HPaqO - Pn:l,aPaqOHLi - ||(I2 - PH=1,(¥]P)(Iq0HL‘é (t)

1L~ Paci o) 0 Pad® | s (1 —exp (_“*min(AfC»Ay)t» .

OM K (T)?
By noting that 1 — exp (—x/2) > /3 for z € [0, 1], we have

MK, (T)? a, min(Azx, Ay) ay, min(Azx, Ay)
o l—exp| — t| >
2M K, (T)? - 3MK,(T)?

\%

v

< ————F—F——:
Vi< a, min(Ax, Ay)

t.

Thus, we have also

Vit € {MK“(T) MEo(T)” )] : 1l—exp (_a*min(AI’Ay) > > min(Az, Ay)

a, a,min(Az, Ay 2M K, (T)? 3K, (T)
when min(Ax, Ay) < K,(T). Moreover, we have
MK, (T)? a, min(Azx, Ay) 1
> e g e e i e ) S R
viz a, min(Azx, Ay) P ( 2M K, (T)? - Ve
Then, if min(Az, Ay) < K,(T), we have

MK, (T) ay min(Az, Ay) . (min(Az, Ay) 1 min(Az, Ay)
> — — —— =t | > —_— - —= | = ——
vz —.. L —exp ( KT ) 2\ TaRLm T e 3K.(T)
because % <1- ﬁ Then, if min(Az, Ay) < K,(T), we have
min(Az, Ay)
I X

KQ(T) ||(1 _Pn:La) O]P)ozquL2
ith Cy = dC = ; 2
s 3K,(T)
which is the case for all function ¢° € L2(T)? such that P,q° ¢ Ker £,—1,,. Moreover, since Equation (18) is
dissipative when x > 0 (see Lemma 5.2), we can write that

M = gtz (0) > sz (0).
Let us now suppose that C1 M < C' min(Ax, Ay). Then, by using (27) and (35), we find
¥t > oM [lg=Pad®|[; (1) = [laz = Pad®||x () = larllzz (1) = Cmin(Az, Ay) - C1M > 0.

> Cmin(Az, Ay)

. In the sequel, we suppose that C' is strictly positive,

C
Let us now suppose that C1 M < C3min(Ax, Ay) with C3 = 3 This gives

vt > CoM : quIP’aqOHL2 (t) > Csmin(Az, Ay)

C
for any M < FB min(Az, Ay). This concludes the proof of Theorem 6.2.
1
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7 Low Mach and all Mach corrections for the Godunov scheme to be
accurate at low Mach number on a cartesian mesh

Theorem 6.2 shows that the Godunov scheme is not accurate (in the sense of Definition 6.1) at low Mach number
when M < min(Axz, Ay). We now prove that the Godunov scheme is accurate when max(Ax, Ay) is of the
order of M. Of course, this condition on the mesh is too expensive for practical applications. To overcome this
difficulty, we propose a low Mach correction which allows to recover the accuracy when M < min(Az, Ay).
At last, we propose an all Mach correction which allows to recover the accuracy at low Mach number when
M < min(Az, Ay) and the Godunov scheme when the Mach number is of order one (when the porosity is
constant, we show in [3] that this all Mach correction may be more robust than the low Mach correction when
it is applied in the linear case with linear convection and in the non-linear case (1)). These three points are
detailed in the following theorem:

Theorem 7.1. Let q(t, ) be the solution of (18) with the initial condition ¢°. We have:

1) The Godunov scheme — obtained with k =1 in (17) — is accurate at low Mach number when
max(Az, Ay) = O(M).
More precisely:

Ax < C’o]\47
V(Co,cl,CQ) € (R:_)?), 3C5 > 0 such that Ay < CoM,

1¢° = Pag®|| , = C1M

= Vte [O,CQM], ||q — IP)OéqOHL2 (t) < CsM (36)
where C3 does not depend on M, Ax and Ay.

2) The low Mach Godunov scheme — obtained with k = 0 in (17) — is accurate at low Mach number. More
precisely:
VO eRY, ||¢° —Pad®||. =C1M = Vit >0,

¢ —Pad’(| , (1) < C1M. (37)
3) The all Mach Godunov scheme — obtained with k = min(1, M) in (17) - is accurate at low Mach number.
More precisely:

Y(Cy,Cq) € (Rj)z, 3C3 > 0 such that ||q0 fPaqOHLQ =C\M
=Vt € [0,CoM],

0= Pad®|| [, () < C3M (38)
where C3 does not depend on M.
Proof. By linearity, the solution ¢(t,x) of (18) with the initial condition ¢° can be written as
q(t,x) = q1(t, %) + q2(t, x)
where ¢; is the solution of (25) and ¢ is the solution of (26). We have

vt >0, Hq - PaQOHLi t) = H(h +q2 — PaQOHLZ (t) < ”quLi (t) + ||qQ - ]P)O‘quLi (t)
(39)

IN

l6° = Pag”|[ 5 + [laz = Pag®|| 5 (1)
because Equation (18) is dissipative when k > 0 (see Lemma 5.2). Then, if ||qO — ]P’OlqOHL2 = C1 M, we just
have to study the function ¢ — qu - }P’aqOHL2 (t), where g is the solution of (26). Since P,q° € &, = Ker L,
we have L,(P,q°) = 0 and

L,
at(a]P)oqu) + M(Paqo) =0,
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which implies, by using (26), that

Lo
at (Oé((]g - ]Paqo)) + M((D - Paqo) = Bn,a((D - Paqo) + Bn,a(Paqo)' (40)

By multiplying (40) with (g2 — P,q°), by integrating over T and by using (13), we obtain

- P, 0 — P, 0 —Pa 0
<qgaq,6t (alge —IPaqO))> +0 = <C]2aq73ma(Q2 —Paq°)> + <q2q,BH,a(Paq0)>

[0 o [e3%

—P,q°
Since (20) allows to write that <QQq, By o(q2 — ]P’aqo)> < 0, we obtain
o

[e3

1d on2 q2 — Paqo 0 Bn,a(PaqO) 0
57 92 = Pad®[l 7z (1) < <a,BK,a(IP’aq ) S| , [laz = Pag®l| 2 ()
o [e3
that is to say
d By.o(Poq®)
a _P 0 < r,a\ Lo 41
dt ||Q2 adq HL%Y (t) = H o L ( )
Since V (Par?) = 0, we deduce from (20) that
0 0 0y (P ul
By o(Paq?) < max RCL*A:C ’ Ra*Ay lla, Oz (aPpuy) <o, (o uy)
«@ 12 2 2M «a L2 a
s o L2

Thus, by using the fact that Hqg - PaquLz (0) = 0, we obtain by using (41)

a Ay

a,Ax
* ]P) 0
T DCQ( aq’)

oM

)

vt € [0, CoM], Hq2 — I[DaqOHL2 (t) < C3M max (

(P ul Oy (aPqul
where C,(Pnq°) := ‘(’91 <M> + ||0y <y(auy)) . Thus, when ||¢° — Poq®||: = C1 M,
a 2 « @
e L?x
by using (39), we obtain
Vi€ [0,CoM],  |lg—Pag®||,. (1) < M (01 + 0252% max (Az, Ay) ca(PaqO)) . (42)

Let us now suppose that k = 1. In that case, Inequality (42) becomes

vt € [07 CQM]7 ||q - ]P)O‘qOHLQ (t) < M (Cl + OQCa(PaqO)Zaiz\} maX(Axa Ay))
which allows to obtain (36) with C5 = C; + CQC(X(PQQO)%CO when Az < CyM and Ay < CoM. We now
assume that k = M. In this case, (42) can be written as

Ve [0,CoM], [lg—Pag®|| . () < M (01 + C’gca(ﬂj’aqo)% max(Az, Ay))

which allows to obtain (38) with C3 = Cy + C3C, (Puqo)% max(Az, Ay). When x = 0, we have

=0.

L3,

Bn:O,a (Paqo)
«

Then, we deduce from (41) that
d
77 laz = Pad’l| 5 (8) =0

which implies that qu — IP’aquL2 (t) = 0 for any non-negative time since ||q2 — ]P’oéqOHL2 (0) = 0. As a conse-

quence, we deduce from (39) that
V620, g —Pad®(|; (1) < [¢" — Pag®|| .5 -

which gives (37) since [¢° — Pog®||2 = C1 M. O
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8 Numerical results

We illustrate Theorem 6.2 and Theorem 7.1 with an initial condition ¢°. We choose an initial condition ¢°

such that ¢¥ = Mq? + ¢§ where ¢? € &L, Hq?HL2 =1 and ¢} € &, The function ¢¢ := (r?,u?)? is given by
q? = _Q1 with
A
sin(2mx) cos(2m 1 1
Mz, y) = ( a()x,y)( y)’ alz,y) = 3 + Zsin(wm)sin(%ry),
where
) = Vo o(z,y) = sin(2nz) cos(2my).
The functions «, r; and ¢ are defined at the cell center. The function ¢ := (3, u3)7 is given by
TS =1, 1
_ 1o 2
. Vxy where (z,y) = —sin (mz) sin”(7y).
U2 = a 3

By construction, we have ¢f € £+ with ||q(1]||L§ =1 and ¢ € £,. Moreover, we choose the parameters a, = 1,

M = 1072 and CFL = 0.4 where At = CFL x G*W' We compare the results obtained with the
Godunov scheme (k = 1), the all Mach scheme (k = M) and the low Mach scheme (x = 0).

In Figure 1, Figure 2 and Figure 3, we plot the norm of au in each cell at the initial time and at the final time
tinal = M = 1072. On a 30 x 30 cartesian mesh, the solution given by the Godunov scheme (k = 1) is very
diffused over time while the solution on a 300 x 300 cartesian mesh seems to be close to the initial condition (see
Figure 1 and Figure 2). These numerical results illustrate the inaccuracy of the Godunov scheme (x = 1) at low
Mach number when M < min(Az, Ay) (see Theorem 6.2) and its good behaviour if we use a very fine mesh (i.e.
such that min(Axz, Ay) = O(M): see Point 1 of Theorem 7.1). Moreover, the low Mach Godunov scheme and
the all Mach Godunov scheme allow to keep the accuracy at low Mach number even when M < min(Az, Ay)
(see Points 2 and 3 of Theorem 7.1) since the numerical solutions given by these schemes are near the initial
condition (see Figure 1 and Figure 3).

9 Conclusion

We proposed a low Mach correction and an all Mach correction for the Godunov scheme applied on a cartesian
mesh to the linear wave equation with porosity. These corrections have been justified by studying the time
behaviour of a solution of the first order modified equations associated to these schemes. It remains to justify
these corrections in the discrete cartesian case. The triangular case is also important since we know that the
Godunov scheme with a constant porosity is accurate at low Mach number on a triangular (or tetrahedral)
mesh [7, 5]. These two points are studied in [2].
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Figure 1: Norm of the velocity au at initial time.
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Figure 2: Norm of the velocity au at final time tgn, = M = 1072 with the Godunov scheme (k = 1) on a
30 x 30 cartesian mesh (left picture) and on a 300 x 300 cartesian mesh (right picture). On the coarse mesh, the
velocity field is very diffused over time while it seems to be close to the initial condition (see Figure 1) for a fine
mesh. These numerical results illustrate the inaccuracy of the Godunov scheme (x = 1) at low Mach number
when M < min(Az, Ay) (see Theorem 6.2) and its good behaviour if we use a very fine mesh i.e. such that
max(Az, Ay) = O(M) (see Point 1 of Theorem 7.1).
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Figure 3: Norm of the velocity au at final time tg,. = M = 1072 with the low Mach Godunov scheme (left
picture, k = 0) and the all Mach Godunov scheme (right picture, K = M) on a 30 x 30 cartesian mesh. The low
Mach Godunov scheme (k = 0) and the all Mach Godunov scheme (k = M) allow to keep the accuracy at low
Mach number even when M < min(Az, Ay) (see Points 2 and 3 of Theorem 7.1) since the numerical solutions
given by these schemes are near the initial condition (see Figure 1).
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Appendix

Poincaré-Wirtinger inequality for weighted space

Proposition. Assume that Q is an open convex bounded space in R¥€1:23Y and that p is a probabilistic measure

1
on § such that p and — are in L*°(Y). Then, we have:
L

. 1
voe @) [ 16@) - oPule)de < 2dion(@)?l HNH | [wePuta)da (43)
where ¢ := / d(x)u(x)de and diam(QY) := ( 51)1pQ |z — 9|
z,y)€N?

Proof. The proof is done for d € {1,2,3}. We have for all (x,y) € Q2
1
6(x) - Bly) = / Vo((1— t)x+ty) - (x—y)dt = d(x)— b = / / Vo((1— t)x + ty) - (x — y)dtu(y)dy
— (o)~ )’ < / / Vo (1~ Dx -+ ty) - (x ~y)) di(y)dy

= (6(x) — 4)° < /Q/O1 ‘W((l —t)x +ty) ‘Q\X — y|*dtu(y)dy

with a Jensen inequality (with the function squared) and a Cauchy-Schwartz inequality. By multiplying by p(x)
and by integrating on €2, we find

/Q (6(x) — 6)° p(x)dx < /Q /Q/O Vo ((1— t)x + ty) *[x — y[Pdtu(y)dyu(x)dx

which implies that

/Q (¢(x) — 8)” u(x)dx < diam(€)? /Q /Q/O V(1 — t)x + ty) | dtu(y)dyp(x)dx.

We split the integral by integrating on [0, %] and on [ , ] This gives

| (6 =6)” i < diam(@ //(/ V(1 — ) + ty) 2t

+A Vo ((1 - t)x+ty)|2dt>u(y)dyu(x)dx
< dian (@2l ([ [ [ 1901 1% + 1) Fdtaxuy)dy
+ / / / "ve(a t)x+ty)}2dtdyu(x>dx)
= diam(Q ”“”‘”(/A /w(ty)|v¢ |—dm dy+///w(tx)|v¢ |2d—zdt )

where w(t,x) and w(t y) are included in Q. Thus, by replacing w(t,x) and w(t,y) with , and since 1= > 1
when t € [O ] and >1whente [ 1], we can write

: < (@2l [ Vo) aa( [ | L iy L L xax)
(@l [ V6 @) P [ utniay + [ uixiix)
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which finally gives

/ (6(x) - 3)% u(x)dx < 2 diam ()2 1] / V6 (2) da.
Q Q

We obtain (43) by using the previous inequality and by noting that for all z € Q, we have 1 < Hi” w(z). O
(oo}
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