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ON THE BOLTZMANN GAS MIXTURE EQUATION: LINKING THE
KINETIC AND FLUID REGIMES

CARLO BIANCA AND CHRISTIAN DOGBE

ABSTRACT. This paper aims at developing a new connection between the-Boltzmann
equation and the Navier-Stokes equation. Specifically the paper deals with the derivation
of the macroscopic equations from asymptotic limits of the Boltzmann equation for a
binary gas mixture of hard-sphere gases. By extending the methgdology ofuthe single-
component gases case and by employing different time and space scalings, we show that
it is possible to recover, under suitable technical assumptions, various fluid dynamics
equations like the incompressible linearized and nonlinear Navier-Stokes equations, the
incompressible linearized and nonlinear Euler equations. /The novelty of this paper is the
method that we propose, which differs from the Hilbert and €hapman-Enskog expansions.
Future research directions are also discussed in the last'section, of the paper with special
attention at the different scalings that can be employed in order to obtain equations
presenting a ghost effect.

Keywords: Kinetic theory of gases; Boltzmann’equation; gas mixtures; rarefied gas
dynamics., hydrodynamics limits.

AMS Subject Classification (2010)::82C40, 76P05, 35Q35

1. INTRODUCTION

The statistical description/of a rarefied gas, but in general of a thermodynamic system
not in thermodynamic equilibrium, dates back to Ludwig Boltzmann when in 1872 proposed
his celebrated equation.” Since,the derivation of the classical Boltzmann equation various
issues have remained £lusive but’a very substantial progress has been made in the study of
kinetic models for a“gas composed of a very large number of identical particles, moving in
a three-dimensional space. In this context the interest in the statistical description of a gas
mixture has gdined much attention and the theory for a simple gas has been generalized for
gas mixtures, se€ the paper of Sirovich and Thurber [29].

A gas/mixturelis‘a physical system more complex than a single fluid, even if one considers
non-reactive (igert) mixtures. To the best of our knowledge, the first investigation on the
dynédmics of @/gas mixture goes back to Fick [20] in 1855. Subsequently the derivation of the
Boltzmann equation for binary gas mixtures has been devised, see [15]. Recently, Kosuge et
al. [28].have investigated the case of a binary mixture of hard-sphere gases confined between
two, parallel plates for a large difference of temperature. The interested reader in a more
deeper understanding of this topic is referred to, among others, papers [1], [2], [16].

The present paper deals with the mathematical derivation of incompressible fluid mechan-
ics equations, such as the Navier-Stokes (or Euler) equations, from the Boltzmann equation
for binary inert gas mixture. The paper thus aims at developing a new connection between
the Boltzmann equation and the Navier-Stokes equation. Specifically the paper deals with
the derivation of the macroscopic equations for a binary gas mixture of hard-sphere gases
from asymptotic limits of the Boltzmann equation. By extending the methodology of the
single-component gases case proposed in [17] and by employing different time and space
scalings, we show that it is possible to recover, under suitable technical assumptions, vari-
ous fluid dynamics equations like the incompressible linearized and nonlinear Navier-Stokes
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equations, the incompressible linearized and nonlinear Euler equations. It is also worth men-
tioning the papers [3, 4, 18] where a general class of kinetic models with collisional integral
having the classical collision invariants is considered and whose asymptotic limit leads to
the classical equations of the incompressible fluid mechanics.

Differently from the single-component gases case, the pertinent literature for the gaseotis
mixtures case is more limited. In [32, 36] the condensation-vaporization problem for the
mixture of vapors of different species has been considered. The derivation of incompressible
Navier-Stokes equations from Boltzmann equations that model the dynamics of gases whose
particles may undergo nonelastic collisions has been proposed in [9]. In [11], starting from a
kinetic model for a chemical reaction, the authors have derived multi-temperature reactive
Euler equations. In [23, 25, 37] the authors have considered the Vlasov-Boltzmann system
for a fluid of two species of interacting particles and have performed diffusive, expansions,
in terms of Knudsen numbers, for the solutions of the rescaled system around Maxwellians
of equal weights for the two species. The formal passage from a kineti¢ model to the
incompressible Navier-Stokes equations for a mixture of monoatemiéigases with different
masses has been performed in [10]. In [34] the authors deals with.an interesting proof
of an almost exponential decay rate of solutions near theyMaxwellian equilibrium. It is
worth stressing that in the multispecies Boltzmann equation, each/species does not conserve
the momentum and energy, although these quantitiessare.conserved for the entire systems,
making difficult the hydrodynamic limit when, for example, the characteristic microscopic
time is of the order of the relaxation time of the'temperature among the species [26].

The novelty of this paper is the method that we/propose for deriving the hydrodynamic
equations from the Boltzmann equation, which'differs from the Hilbert and Chapman-Enskog
expansions. Specifically the method consists in passing to the limit as the Knudsen number
vanishes in the local conservation laws of mass, momentum and energy that are satisfied by
“well-behaved” solutions of the Boltzmann gas mixture equations system.

It is worth stressing that a general strategy for deriving global hydrodynamic limits lead-
ing to incompressible modelswas proposed by Bardos, Golse and Levermore [4, 5, 3] who
have considered the hydrodynamic, limit problems related to single species cases by consid-
ering as underlying framework the Chapman and Enskog framework [15] with more general
collision kernels. In particular in [4, 5, 3] the authors have shown that the compressible
Navier-Stokes equations is the governing hydrodynamic equations if the first order approxi-
mation is included, when the Mach number is a constant and the Knudsen number goes to
zero, and the hydrodynamic equation is the incompressible Navier-Stokes equations when
the Mach number goes to zero with the same rate as the Knudsen number. A different ap-
proach has been xecently proposed for the asymptotic limit of generalized Boltzmann-type
equations in which the action of a thermostat has been taken into account, see [7], [8].

The-contents of this paper are organized as follows. After this introduction, Section
2 deals with the underlying framework, which is the binary gaseous mixture Boltzmann
equationy and we collect some basic ingredients and known results that we will use later
into the paper. In Section 3 we consider various scalings which lead to the derivation of the
hydrodynamic models by introducing the dimensionless parameter in the problem: the scaled
interaction mean-free path €. The scalings that are of interest are the hyperbolic scaling and
the parabolic scaling. The proof of the main result is given in Section 4. Finally Section 5 is
concerned with further research directions on the possibility to derive macroscopic equations
by employing generalized scaling with the aim to obtain the limiting ghost effect system.

2. THE BINARY GASEOUS MIXTURE BOLTZMANN EQUATION

This section is concerned with the presentation of the underlying framework that will
be subjected to the asymptotic analysis. Specifically we consider the evolution of a binary
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gaseous mixture, e.g. the mixture of the L-component and the H-component. In what
follows, the Greek letters «, £ are symbolically used to represent the two species having
masses m® and m’, that is say {a, ¢} € {L, H}.

Let F™ = F“(t,x,v) be the distribution function of the a-component that is solution of
the following binary gaseous mixture Boltzmann equations system (see Kogan [27], Chapman
and Cowling [15], Ferziger and Kaper [19], Hirschfelder et al. [24]):

2

OF" + vV, F' = —— (Q(F", F*) + Q(F", F")) (2.1a)

O FY + .V, F = (Q(F*, F*) + Q(F*, FY)) (2.1b)

1
T Kn
2 1
V7 Kn
where Kn is the Knudsen number and Q(F%, F*) = Q(F%, F*)(t,z{v) is the"Boltzmann

collision operator:

Q(F™, F*) = / [F(0))F*(v') — F*(v,)F*(v)] B (Jus — 0], w) dwdv,,  (2.2a)
S+ xR3
F(v,)=F(t,z,v.), F®')=F(xv), F.)=F{tnv.)mFv)=Ftmzv), (2.2b)

where ST is the half-sphere defined by (v — v.)-w, with w an unit vector, v := v, — v is
the relative velocity, dw is the solid angle element in the direction of w, B (= B*) is
a nonnegative function, whose functional form is determined by the intermolecular force
between species ¢ and a. In particular B is the'collision kernel that corresponds to the
hard-sphere gas case (cross-section). The integration in Eq. (2.2) is carried out over the
whole space of v, and the whole direction 6f w. The domain of integration appearing in
the sequel is, unless otherwise stated, the whole space of the integration variables. Since
we are not dealing with free particles,hat least because of collisions, under some physical
assumptions, the Boltzmann collision gperator, is an operator acting only w.r.t. velocity
variable v.

Assuming elastic collisions ameng the particles, the post-collisional velocities v’ and v/, reads:

«

, 2m* 2m

vV =+ ———— (wv)w, vl = v, —

o (w-v)w. (2.3)

me +mt
Relation (2.3)an be'obtained from momentum and energy conservation during the collision
(v,v4) < (V' 0L)] that'read:

mev’ +m, = m*v 4+ mbo,
ma|v/|2+m€|v;|2:ma|v‘2+mf|v*‘2

where m% is the molecular mass of the a-component.
As already mentioned, in this paper we consider the following hard-sphere form for the
fnction B appearing in the collision term (2.2) (see [15]):
)2
Bfa — (d ) ‘W'V‘, déoz
2
being d* the molecular diameter of species a.
It is worth stressing that if the right-hand side of (2.1) is set to zero, then this equation
would describe the free behavior of particles; one then obtains a transport equation.
The main aim of this paper is to investigate the steady behavior for small values of the
Knudsen number Kn, especially in the continuum limit where Kn vanishes. We underline
that there is no external force in the system.

CdPa”
2

(2.4)
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2.1. Properties of the collision operators. Denoting F = (FX F%)T (in which “T”
means vector transpose), the collision operator can be written in compact form as follows:

_ (QUFLFE)+Q(FY, FY)
%(F) T (Q(FL,FH)+Q(FH7FH)> (25)

and consequently the “two-species” Boltzmann equation now reads:

OF + vV, F =€ (F). (2.6)

In order to clarify the collisions between two types of particles we use the following notations:
QF =Q(F FY), Q"=Q(F" FY), Q" =Q(F'LF'), Q' =Q(F,F").
Setting
Y = mEF" + mPFH and G =mrFt —(mPER
the system (2.1) can be rewritten as follows:

O + -V = mH(Q" + Q) + m*(Q™ +.Q¥) (2.7a)
8,G +v-V,G = m*(Q" + Q') — Qi QF). (2.7b)

We remark that, when mt = m! = m, i.e. the particles have unit mass then, the right-hand-
sides of (2.7) can be significantly simplified:’

Opp +v-Vaurth =Q (¥ ¢) (2.8a)
8,G + v VeG=Q(G, G). (2.8b)

In what follows we summarizesthe main properties of the collision operator @ that are
fundamental in the study of thé 'mixture equation (for details see, for instance the articles

by [22], [21], [31], [2], [17]):

(i) Mass conservation:

QY dv =05 QY dv = 0, Q™dv =0, Q%dv = 0, (2.9)
R3 R3 R3 R3

(ii) Moméntum conservation:
/ QFmtodv = 0, / (Q" " m™v + Q"™ m™v)dv = 0, / Q"mPudv = 0, (2.10)
RS RS RS
(iii) Emergy conservation:
/QL Mol2dv = 0, /(QLHmLM2 + Q"™ mM|v|?)dv = 0, /QHmH|v\2dv =0, (2.11)
RS RS

(iv) Entropy inequalities: For any function G € €5° (Rt xR?) and for any G = (G*, G!)7,
the following inequality holds:

log G*
(¢(G),log G)(Lz(RS))z = (%(G% <1(;g GH)> <0. (2.12)
g (L2(R3))2

11t turns out that it is convenient to consider the sum and difference of Ft and F H as proposed in [6]
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(v) Local thermal equilibria: As a consequence of the entropy inequality, any equilibrium
distribution, namely any distribution which maximizes the entropy, has the form of
a locally Maxwellian distribution. That is, for any G = (G*,G*)T, (€(G),logG) =
0 & G “is bi-Maxwellian”:

L 3/2 2
LM . v —ul
" <27r9> eXp( BT >

G= , (2.13)

H\ 3/2 2
u(m _ wlv—ul
" <27r9> exP( BEY >

where ut = v = u € R3, 0% = 0" = § € R for any L and H and n* =4/ G%v € Rt

"
is the number density of gas «; that is the two Maxwellians have thRe same local
temperature and mean velocities, with n® > 0 to maintain the positivity of the
distribution function and # > 0 to guarantee its integrability, with respect to v.
Here (-,-) denotes the inner product in (L?*(R3))2.

For simplicity we set:

L L mt i Lo —uf?
= L = — -m"— 2.14
M M g (v) =n <27r9> exp< m 59 ) ( a)
H\ 872 2
M= My ) (v) = 0 (%) exp <—mH [v 2:‘ > . (2.14b)
The density n®, the mean velocity u® =u _and the temperature 6% = 6 are such that
1 ne
/M[na’u7g] (v) | m*v /| dv= menu . (2.15)
m&|v|? men®|ul? + 360

! 3
The quantities m*n*u® and Wgy = “m®n®|u|? + =0 are the momentum and energy den-

sities of the Maxwelliand We hayethe same property for the species H.
When u = 0, we define

L\ 3/2 2 H\ 3/2 2
Ly o L W2 7 LYl Hy B[ T . u vl
w(v) =mn (’2779) exp< m g ) , pw)=n <27r9> exp < m g (2.16)

It is worth*noting that if we define the scaling transformations of the functions defined on
R3 by
£

M) = fE =), maf(€) =A"°f <A>

we'get
Mnu,0)(v) =nm zM M)
Hence it is enough to study the linearization of the collision integral at the Gaussian,
v 2

M(Lo_,l)(v) = ﬁe_%
which greatly simplifies the calculations involved.
Bearing all above in mind, we thus define M, Eyi,o,l) as an absolute normalized Maxwellians
with number density equal to 1, mass velocity equal to 0, temperature equal to 1, i.e.

M = My 0.1 (0)(v) = ( a>3/2 exp (-W'”z) . (2.17)

m_
2 2
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2.2. Moments and conservation laws. Macroscopic quantities such as the number, mo-
mentum and energy densities can be constructed from integrals of the distribution function
with respect to the velocity. We call such quantities “moments”. The density n®, mean
velocity u® and the energy density W of the species o can be computed from the a-species
distribution function f® according to

no 1
mon*u® | = /Fa(v) 1mava dv. (2.18)
we 5,rnz)4|1}|2

The quantity m®n®u® is the a-species momentum density and W is the‘energy.density.
Moreover the following fields can be defined:

c=v—u” (random velocity ‘with bulk velocity w)

1
¢ = 5/ cile|*F*dv (1=1,2), (heat flow vecter)
R3

pij = / c;,c; F*dv (1,7 =1,2), (stress tensor with components pf}).
R3

It is common to separate the drift motion (defined by the average velocity u®) and the
random kinetic motion (defined by the velocity ¢) inevaltating these integrals. By definition
of u®, one has

/v Q vF*“m“dv=m“n“u® Q@ u* +P*

where
P := trace(p;;) = /(v —u?) ® (v —u*)mFdv, (1,5 =1,2),
and
1
/ 5m"‘\v|2vF“‘madv =W +P*u® + Q“
with

m&|v — u®|?
Q~ ;:/7| 5 | (v —u*)Fdv.
The internalfenergy per particle e* and the temperature 6% of a-species gas are defined as:
ma

et = o / |v — u®|>F* dv (2.19)
R3

where, and in the sequel unless otherwise stated, the domain of integration is the whole space
of v (or'of the variable of integration). We define the mass density ¢ by ¢* = m®n®. We also
defin€ global quantities for the mixture: the counterparts of the mixture, i.e., the molecular
number density n, mass density p, mass average velocity v, pressure p and temperature 6,
are expressed by a proper combination of the quantities above as

1
n Zn, 0 ZQ, nd Z<p+3|u v|>
a€{L,H} ae{L,H} a€{L,H}
The following proposition holds true, see [17] for the proof.

Proposition 2.1. Let F* = F(t,z,v) be a solution of the Boltzmann mizture system (2.1)
that is locally integrable and rapidly decaying in v for each (t,x). Then the following local
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conservation laws hold :

8,5/ F%dv + V,T/ vF% v =0 (2.20a)
R3 R3

d [ mwFdv+V, [ m*w@uvF%v= [ m*vQ(F*, F*)dv (2.20b)
RS RS RS

1 1 1
8t/ m® = |v]2F®dv + Vw/ m®=|v|L*vF*dv = / m® = |w]2Q(F*, F*)dv (2:20c)
R3 2 R3 2 R3 2
respectively the local conservation of mass, momentum and energy.

Bearing the previous notations for the thermodynamic fields in mind,«these continuity
equations are, for the L-species:

Ot + V- (ntu) =0 (2.21a)
Oy (mtntu) + V, </v ® vFLdev> =gH (2.21b)

L mol® LH
OW" 4+ V- 2 vFdv | = 2 (2.21¢)

and similarly for the species H:

On® + V- (nu) =0 (2.22a)
O (mnfu) + V, </ v vFHdev> = Q" (2.22b)

H miof Ty HL
OW" + V- TUF dv | = 2%, (2.220)

where Q¢ and 2°¢ are the momentum and energy transfer rates toward species o from

species /:
Qaé meuv
(S )= Jr i (o) o (223
2
so that, because of the momentum- and energy conservation properties of the unlike-collision
operators (2.10) and (2.11), we have

Qwe + Qéa _ 07 Qa@ + Qea =0. (224)

2.3. Linearization near global Maxwellians. In this subsection, we recall briefly some
basic ingredients on/the linearized Boltzmann equation for a binary gaseous mixture.

Firstly we simplify the far field in (2.14). We further normalize the collision operator
(2.2). a8

Q(F~, F*) = / |(ve — v),w| [F(WL)F*(v') — F*(v.) F*(v)]dwdvs,. (2.25)
S+ xR3
@Qur/main concern will be to study the operator (2.25) “close” to the equilibrium position.

We will reformulate the problem (2.1) as a perturbation of the equilibria. More explicitly,
if we define

F® = pio+ iafor € {LH}. (2.26)
as the standard perturbation of F*(t,xz,v) to \/liq, we observe that the quadratic collision
operator (2.2) satisfies

QUM M) + QHF(ME, M) =0, and  QF(MT, M) + QF(MF, M¥) = 0.
Therefore, the linearized collision operator Lg, for g = [¢%, g%, is defined by
Lg = [Lg, Hg], Lg = —Ag — K"g, Hg = —A%g — K (2.27)
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where
Atg = PQ( gt ) + i Qg 1) (2.28a)
Aty = 1P Q(img®, i) + 1P Q(img® ) (2:28b)
Krg = g Qs Ving®) + Qs img") (2.28¢)
K9 = pg 2 Qs /1img™) + piy 2 Qw1 "), (2:28d)
and the nonlinear part of the collision operator (2.2) is defined by
(g, h) = pp *Q(/High, VELR®) + 1y > Q(/Hig", /imh") (2.292)
T%(g,h) = pg > Q(v/Hmg®, Vimh™) + g /> Q(/Iimg®, /ih®): (2.29D)

As expected from the H-theorem, £ is non-negative and for every fixedy(t, x)/the null space
of L is given by the six dimensional space.

We denote by L%vt the associated Hilbert space, (-,-) denotes the_usual L? inner prod-
uct without the weight. We summarize the properties of )L in the following lemma (see
Proposition 2.1, pp. 635-638, [1]):

Lemma 2.2. We assume the hard-sphere interaction“for the collision kernel.

1. L is the sum of a diagonal operator f —"Af

(RO G ot 1 s
ar = (Jute) S S o) ~ 1410

and a compact operator K. The domain of L is given by
1
DLY=Af A+ )2 fllry, < oo}

2. L is self-adjoint indL3 4

W) (), = (0) 2 ()., 20

L is nonnegative.
3. Thedkernel of L is a siz-dimensional linear space:

ker(L) = Span{¢;, i=0,...,5}
where

L,,. L 2
o= (g) o= (1) o= (o) =123 as= (Tlth).

4. Any function f € D(L) can be written as f = qy + wy with g € ker(L) and
1
w € (ker(L))* and we have (Lf, f)am = dol|(1+ |v]) 2wy |?.

3. LINKING THE KINETIC AND FLUID REGIMES: MULTISCALE ANALYSIS

This section aims at showing how to connect the kinetic and fluid regimes via the method
of asymptotic expansions. The derivations (2.21) and (2.22) can be rigorous, if we take a
sequence of solutions F, « € {L,H} of (2.1), where the Knudsen number ¢ := gKn goes
to 0. The Knudsen number Kn is a small parameter defined by the ratio £y/L where £; is
the mean free path and L is the typical length of the system.
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3.1. The rescaling problem. Different macroscopic models correspond to different scaling
assumptions. The so-called parabolic (low field) limit of kinetic equations leads to a drift-
diffusion type system (or reaction-diffusion system) in which the diffusion processes dominate
the behavior of the solutions. On the other hand, in the hyperbolic (high field) limit the
influence of the diffusion terms is of lower (or equal) order of magnitude in comparison with
other convective or interaction terms and the aim is the derivation of hyperbolic macros¢opie
models.

Since all the collisions are completely elastic, we have the following scattering cross sec-

tions: o (self collision for two L species); o (self collision for two H species); ¢ (cross
collision for H specie and L specie). We define:
g L oL LB 6.1)
Van = —4 WL = — L = — “n = 7+ .
mt’ mt mb’ mt

where, 11y and vy are the frequencies of self-collisions, vy is frequency of’ collisions of L
molecules with H molecules, and vy is frequency of collisions of H meleeules with L molecules.

In order to take into account the collision between the species, we rewrite (2.1) as
OF" + vV, F*' = uvgQ(F F*) + vmQ(F", F") (3.2a)
atFL+’U'VzFL = VLLQ(FL,FL) +VLHQLH(FL7FH). (32b)

We will look at the solution of (3.2a) at time £~'t and space ¢ ~!x (hyperbolic scaling or
Euler scaling) by setting

Fi(t,x,v) = B (e M, e ta,v) (3.3)
together with the following choice of the frequency of collisions:
Uy = Eq, > 1, Vg — 0(1) (34)

We will look at the solution of (3.2b) at a time £~ 2¢ and space ¢ 'z (diffusion scaling) by
setting

Flltyr, v) = FH(e 7%t e 'a,v) (3.5)
together with the following choice of the frequency of collisions:

VL = Eq+17 q > 1, vy = O(l) (36)

The rescaled distribtitions FE(Z, z,v) and FE(¢,z,v) have to solve the rescaled equation:

1
WFE+ vV, F! = 1Q(FY Fr) + gQ(F;*, FH (3.7a)
1

g0 FL + vV, Fr = gQ(F;,Fg) + Tt Q(FE, FY). (3.7b)

We are looking for the diffusion/hydrodynamic asymptotic limit as e — 0. Clearly, Maxweliza-
tion for the L-species occurs faster than for the H-species, which is consistent with the
physical evidence. This choice is mainly guided by the structure of the collision operator.
We introduce the scaled time variable defined by

t/
where v > 0 is the strength parameter of the scaling; this time scaling which is related to
the Strouhal number (ratio of the oscillation frequency to the bulk velocity) is introduced
to suppress, when v # 0, the acoustic modes varying in a faster timescale than rotational
modes of the fluid. The Boltzmann mixture equations (3.7a)-(3.7b) become

1
VO F! + vV, FY = eIQ(FY FL) + EQ(FE,F{?) (3.9a)

1
MO + vV, Fr = EQ(FEL,FEL) + 1T Q(FE, ). (3.9b)
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We expect to recover the hydrodynamical equations in the limit ¢ — 0. Formally, it

is clear that in this limit the right-hand side of (3.9a) would become singular. The only
possibility to avoid this singularity is that

. H opHY _
g%Q(FS,FE) =0. (3.10)
Then, by (2.13), the limit must be a Maxwellian, namely,

Fl'= M[n" u,0), (3.11)

for some (n#,u,6) which can be function of ¢ and x and similarly for the specie L.

First, if F- and FY solve respectively the binary gas mixture Boltzmgann equations (3.9b)
and (3.9a) then Fr satisfies the local conservation laws of mass, momentum, and energy:

1o, / Frdv + V- / vF dv = 0, (3.12a)
R3 R3
57"'1@/ vm*Frdv + Vz-/ v @ vm Frdv =€ it Q(FL, FY), (3.12b)
R3 R3
1 1
e”“@t/ §\v|2mLFELdv + Vz~/ v§|v|2mLFELdv =t (FE FY),  (3.12¢)
R3 R3

and for F¥ one has:

57815/ Fldv + V- uEldv = 0, (3.13a)
RS RS
E”’@t/ vm P FRdy + VI-/ v @ vm Fidy = eIm " Q(FE, FL), (3.13b)
RS RS
1 1
67@/ §\U|2mHF§dv + VI-/ v§|v|2mHF€Hdv =cIm" Q(F¥, FL). (3.13¢)
RS RS

Since the solutions of theiasymptotic equations are not guaranteed to exist or to be regular,
our proof is only fermal. We assume that for each € > 0, F¢ is a solution of (3.9a) and
(3.9b) that satisftes the local conservation laws of mass, momentum, and energy, as well as
the local entropy, relation. Assume that

F¥ - F* ae

as well as
/ Ffdv— | F%v in €(R*; 2'(R%)),
R3 R3
/ vF&dv — vFdv in €(R"; 7' (R?)),
R3 R3
/ |2 Fdv — / [v|> F*dv in €(R*; 2/ (R?)),
R3 R3
while
/ vRuFXdv — | v®vF%dv in ¢(RT; 7'(R?)),
R3 R3

/ vv|PFdv — / vo?F%v  in €(RT; 2'(R?)),
as e — 0. * ®
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3.2. The Hydrodynamic Regime. We start from Boltzmann gas mixture system of
equations (3.9b)-(3.9a). Asshown by Bardos et al. [4] starting from the nonlinear Boltzmann
equation, a whole family of scaled kinetic equations could be considered in general, with
different scales in time, space and departure of the initial data from p corresponding to
different powers of €. At the formal level of description it is then possible to recover, under
suitable hypothesis, various fluid limits like the incompressible linearized and nonlinear
Navier-Stokes equations, the incompressible linearized and nonlinear Euler equations.

The small Mach number (ratio of the bulk velocity to the sound speed) is realized if F*
is close to an absolute Maxwellian. If one takes the standard Maxwellian, the distance-to
this absolute Maxwellian can be scaled in the unit of the Knudsen number & as

Fo(t,2,0) = po + P ul/2(0)ge (¢, z,v), ae{L,H} (3.14)
where 3 > 0 is the strength parameter of the scaling. The distribution function g can be
viewed as the microscopic response of the system to gradients of macroscropic variables.

Varying the strengths of these two scalings yields different limits as ¢ — 0. One can
derive different fluid equations (and in particular incompressible models) depending on the
chosen scaling.

It is worth stressing that we did not try to get all possible scalings. In particular, one
can easily derive simplified models to those we have here.

Before going further into the analysis, a linearization of F¥ is required.

3.3. Solution near absolute Maxwellian. We,willilook for the solution F&* near p, that
is, the solution having the form

1 1
FE =y + eP g, \ FE = pu +e™pg gk, (3.15)
with g¢¢ = O(1) as e — 0.
Plugging the scaling (3.15) inte’the mixture system (3.9) to deduce the governing equation
of the new unknown ¢<&, one finds:

1
I OgE +v- Vgl = glL(gf)+8m’1F(gf)+(uL)*1/2{eﬁ+q*m“QLH(u T
1
QI (U208 ) 4 PHIIQ (2 g i g:>} (3.16)
1 B 3 B 1
VO F! + #V R = gH(geH)JreB (g + (im) 1/2{6“‘*“‘ BQIL (g, p? gb)

1 1 1
QMg ) + Qg i ) | (317)
For notatibnal convenience, we set:

LG = (o) 2@ (e u;lq/QgeH) L3 (g = (NL)_I/QQLH(:U'lL/2geLa pa) (318

M (g) = () 72Q" " (1, uggé) M3 (ge) = (uu)’l/QQLH(MH?g?, pr) - (3.19)
1 1 1

1 1 1 1
T (9) = () 7 2Q M (u2 g md 68), TH(9) = () ™2Q" " (2 g2, 1 g%). (3.20)
Here, €7 allows us to choose the phenomenon we want to emphasize. By varying ¢, f we can
formally derive the systems of the fluids dynamics.

The main result of the present paper is to perform the asymptotic limit when v = 3 = 0,
m = 1. Specifically the main result shows that we obtain compressible Euler equation for
FY and Incompressible Navier-Stokes equations for F*. The above formal derivation can be
stated more precisely as follows.
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Theorem 3.1. Let F¥ be smooth and assume that it converges to a limit, say FY, in a
sufficiently strong norm. Then, when v = =0, m = 1, the limit of Eq. (3.9a) is a local
Mazwellian
Ff = M[nf u, 0], (3.21)

and the fluid quantities (n",u,0) are governed by the compressible Euler equation

Oy 4 div, (nfu) = 0

Oy (mnu) + V- (mnfu @ u) + Vp =0 (3.22)

OIW+ V- (WF+ p™u) = 0.

Moreover, the fluid quantities (n*,u,0) satisfy the incompressible Navier-Stokes<Fourier
equations
Div,((n* +0)I) = Vi(n*+6) =0

Ay +u - Vou — vAu = —V,pt (3.23)
g(@te—i—u-VG) — kA =0
where u = (g*v) and § = —n* = <(% - 1) g> and

k== [ B-L(B)udv,
3 Jus

where p > 0 is the kinematic viscosity and k> 0 is/the thermal diffusivity.

Corollary 3.2. Let F¥ be smooth and assume, that it converges to a limit, say FZ, in
a sufficiently strong norm. Then, wheny'=p =0, m > 1, the fluid quantities (n*,u,0)
satisfy the Stokes equation, that is:

divy,u =0 (3.24)

g@tu = rkA,0.

This is a system of linearsheat equations where the kinematic viscosity p and the thermal
diffusivity k have_the same values as in the Navier-Stokes-Fourier system.

4. PROOF OF THEOREM 3.1

This section isydevoted to the proof of the main result of the present paper. As already
mentioned in the introduction, the method for deriving the hydrodynamic equations from
the/Boltzmann equation differs from the Hilbert and Chapman-Enskog expansions.

Our proofjof the Theorem 3.1 consists in the following five steps:

(L)..Showing the asymptotic fluctuations;

(2) Establishing the incompressibility and Boussinesq’s relations;

(3) Evaluating the limit for moments of the form (L&g.)/e for every & € Dom(L) N
Null(£)+;

(4) Determining the motion equation and heat equations;

(5) Determining Euler equation for the species H and Navier-Stokes and Stokes equations
for species L.

Before starting the derivation of our differents equations, let’s note that from g. — ¢
in w — L2([0, T); L?>(Mdv)), it follows that the velocity moments ¢g. converge to {@g) in
w — L%([0,T); L*(dz)) and hence in the sense of distributions, for any ¢ polynomial in v.

B Limit for the species H.
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Acting directly on the system of conservation laws deduced from Boltzlann mixture equa-
tion for the species H, we will show first that the moments of F¥, the weak limit of the
sequence FY, solve the compressible Euler system.

We divide this part of the proof into two main steps.
Step 1. Convergence to local equilibrium. Writing (3.9) as
(O FE + vV, FE) = Q(FE FY) + ™ Q(FE, FY) (4.1)
and assuming that F are sufficiently smooth and converge to a limit, say F{, in a sufficiently
strong norm, we deduce that
QFYFH)=0 = F'=M[n" u,6 (4.2)
for some (n*,u,6) which can be function of ¢ and =.

Step 2. Passing to the limit in the local conservation laws. Taking the inner/product (-) of
(4.1) with the collision invariants of Q¥ one deduces:

Ol + V- (nfu) =0 (4.3a)
O (mntu.) + V, (m*nlu. @ u.) + Vap! = Q™ (4.3b)
OWE+ V- (Whue + Plu. + Q) =7 2%, (4.3¢)
Additionally, we obviously have that
nt - n, Ua, VU (4.4)
We also see that
Wi —— W= nf <mH|u|2 + 3/{9) : (4.5)
€ 50 2 2
Finally, a direct calculation gives
P — BY .= nfkpol = p"L (4.6)
Letting € — 0, in (4.3), one concludes that
O+ div, (nfu) = 0, (4.7a)
Oy (mPnu) + V- (mPnfu @ u) + Vp" = 0, (4.7b)
MWW + V- (W + ph)u) = 0. (4.7¢)

B Limit for thesspécies L.
In terms of the'relative number density fluctuation fr, and after dividing by €, we obtain

v 1 m— —m
0198 W2V .gPE SL(gh) + T (gh) 4 LR () 4 LF () + TG, (48)

Thelocal consérvation laws are written in terms of the relative number density fluctuation
gt (defined by (3.15) as

£0;(gL) + div,{vg.) =0 (4.9a)
ey (vgr) + divy (v @ vge) = RE (4.9b)
1 1
g0y <20|le5“> + div, <1)2|v|2915“> =Rz, (4.9¢)
where
RZy = el (ge)) + M LS (gF7)) + e (ol (ge)) (4.10)
and

1 1 1
Ry = 041 (SRPLR(E ) +0 (GIoPLP ) + oo (GPTEGE) ). ()

The argument is split in several steps.
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Step 1: The limiting number density fluctuations. The first step shows that the limit g is
an infinitesimal Maxwellian.
Upon multiplying the equation (4.8) by ¢ and letting € — 0, this suggests that

g- — ¢ in the sense of distributions on R*t x R3 x R3 with Lg =10
which says that
Ker(L) = {¢*, " =a+b-v+cv]?, where (a,b,c)€ R xR?xR}.

By Hilbert’s theorem, g* is an infinitesimal Mazwellian, meaning that g“(¢, z;v),is of the

form
L_ ). L v]? B §
g =qn +u-v+6 5 T o) (VR (4.12)

for some (n*,u,0)in L>(dt; L?(dx;R x R3 x R)).
Step 2: The incompressibility condition. The second step shows(that (n";u, ) satisfies the
incompressibility and Boussinesq relations.

Passing to the limit in the sense of distributions in the gontinuity ‘equation, i.e. the first
equality in (4.9), we obtain

div,(vg) =0 or equivalently wudivg, v =0 (4.13)

which is the incompressibility condition in the Nayvier-Stokes equations.
Passing to the limit in the sense of distributions“imythe momentum equation, i.e. the
second equality in (4.9), we obtain

divy{(v ® vg) =0 omequivaleritly — div,(n* 4+ u) = 0. (4.14)

Since g € L*(dt; L*(pdvdzx)), nt + 6 € L*(dt; L?>(x)); the only a.e. constant function in
L?(R3) being 0. The Boussinesg'Telation implies that the infinitesimal Maxwellian form
(4.12) of g reduces to

w* 5

nt £0=0 and gL:v-u+<2—2)0, (4.15)

for some (u,0) € L (dt; L4(dz; R? x R)).

Step 3: The limiting fluctuations of density and temperature. The next three steps show
that the evolution ofy(u, ) is governed by the motion and heat equations. The difficulty
here is that“when the local conservation laws (4.9) are written so that the time derivatives
are order 1, the fluXes become order 1/e.

Notelthat the¢ asymptotic limit can be formally derived from (3.16) using the asymptotic
expansion

gt =g" +eh + %k 4+ O(%). (4.16)
Besides;, to first order, we obtain
Org" +v - Vioh = —Lk + 2T"(¢", h) (4.17)

from which we deduce that

¢ (vg") + V- (v@vh) =0, (4.18a)

at< <|”5|2 — 1>gL>+Vx : <v<|”52 - 1) h>: 0. (4.18b)

To get a closed equation for g*, we have to inverse the operator L.

The next Lemma claims that the integral equation L¢ = v, 1 € L?(udv) satisfies the
Fredholm alternative.
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Lemma 4.1. Let A = v ®v — 3[vf’T (resp. B = <v7‘2 - %) v) in L*((udv) N Nullt (L) ).
The Fredholm alternative holds for I namely, that Range(L) = Null(L)*. In particular, it
implies that unique A € L2(udv;R¥3) and B € L2(udv;R3) exist which solve

LA=A A € Null* (L) entrywise, (4.19a)
LB =B B e Null* (L) entrywise. (4°19b)
The solution A or B of the equation (4.19a) can then be written as

A(v) = v(Jo)) A(v). (4.20)

The higher order terms of € tend to zero, when € — 0. We finally obtain inythe limit:

2
O(gtvi) + V- (Ai;(T (g%, g") —v - Vb)) + V<%h> (4.21a)
2

o (1= 1)a ) o (Bt -0 ST)0. )

The crucial ingredient needed to compute the term (A;;(T(g", ¢"))) in Eq. (4.21a) is the
following result whose proof can be found in [4].

Lemma 4.2. For each ¢, ¥ € Laq, one has
Cam(9,9) = 3l (69) -

Proof. Differentiate twice the relation C'(My,u,9)) = 0, and observe that the range of the
differential d M, 4 ¢ is equal to Ker(L).

Bearing all above in mind, one has
(AT(g" g") = 3(AL((¢")?)) =,3(A(g")*) = 3(A® A) : (u@u— 3[ulT) .
Therefore
(AT(g", g*) 4 LAQAY: (u@u— Lu*l) — L(A® A): D(u).
Thus, in view of the previous computation, the second term in (4.21a) becomes
Vo (A (D(g8 g5 — v Ngh) — 3(A®A): (u@u— Lul*]) - L(A® A): D(u)
= (u®u—3[ul’I) —vD(u)
where v is defined-by
v = 1%@1 L LA).
Uponyplacing this expression in the momentum conservation laws, we obtain
dpu+ divy (u® u) — vdivy D(u) + dive (5 |u’T) + Vo1 (% |v]?ge) =0,
or equivalently
Ou+divy(u®@u) —vAzu = -V, (%<%|v|296> - %|u|2) .
Indeed, the divergence free condition div, u = 0 implies that
div, D(u) = Azu+ Vi (Divy u) — %Vm(divm u) = Ayu.

Equivalently
Opu + divy(u @ u) — vAgzu =0 (modulo gradient fields)

which is Navier-Stokes equation and the Fourier equation namely (3.23).

Case m > 1. Derivation of the Stokes equation (the momentum equation) for L.

Step 1. The starting point in our analysis is Eq. (4.8).
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Accordingly, we split the tensor v ® v into its traceless and scalar component:
vov=(vev—jPI) + 3P,
so that the local conservation of momentum becomes
Ovg) + 1V - (v — D)) + TVal3loPe.)
= el (LT (ge™) + €(L5(ge)) + €1 (TT (g2™))

where the trace of the tensor v ® v has been separated out. The term V. (3|v|2g.) has the
2

(422)

form V.p. for p. = %|v ge it vanishes when, according to our prescription, we integrate
(4.22) against a divergence-free test function. Therefore, we are going to ignore this térm in
the computation below.

The goal is to replace the second term in the equation (4.22) withan expression whose
limit we can compute. To this end let’s now define

Bv) =L (v @v— é|v|2l).

Next, multiply (4.22) by ® and average it over the velocity demain. Using the selfadjointness
of IL, we obtain

()92 + Va0 © Bg) =~ (0 © VEIIRDG.) + T LG )
e (G + T (ge). (4.23)

Upon formally letting € — 0 in this equationg enly the second and third terms do not vanish,
so that

1 1
Vool ® 80.) = “Stpae” LoD} +0(). (1.21)
One can then pass to the limit in (4.8) to get
9f(ug) — Vo (Vi (v ® @g)) = 0. (4.25)

To conclude, we need to comipute thetterm V,-(v ® ®g). Observe that
1
Vol @ @9y = (L7 (v @ v — §|U|2I) ® (v®v):Vyu. (4.26)

One can add to the expression (4.26), without altering it, the term —%|v|2I since the latter
is in Null(IL), whichyis orthogonal to the range of L=1. We can rewrite

1 1
V. (0@ ®g) = (L (v @v — §|U|21) ®@vev— g\v|21):vzu. (4.27)
By virtue of (4.20), we can set
1 1
Ewew — 2olP) ® (e v - 3luD)
L2 L2
=Bvev-pfhevev- T =T

where T is fourth order tensor. Taking into account the fact that L~! is a positive definite
operator, the diagonal entries of T are positive quantities, as one expects them to be, given
their physical interpretation in relation with the kinematic viscosity v, as we are going to
see. Componentwise, we have

1 1
Tijim = (B(Jv]) (viv; — §|U|25z‘j)(vwm - g\v|25lm)>,

which, because of the oddness of the integrand, vanishes whenever there is an unpaired
index. The many symmetries of the tensor T allow to write, by inspection,

ﬁjlm = a(;ij(slm + b(;il(sjm + Céim(;jl-



18 C. BIANCA AND C. DOGBE

But Tijim = Tijmi implies ¢ = b, 50 Tijim = c(6im0;1+0i10m) +ad;;01m. Since (v®v—%\v|21)
is a traceless tensor, it has to be that 7;;; =y;5= 0, which yields 2¢d;9;; + ad;;6; = 0, that
isa= —%c, so that
2
Tijim = ¢(0imdj1 + 6516jm — §5z‘j5lm)~

The value of c is obtained by taking the double trace of 7. One writes 7;;;; = 20c, from
which the positivity of ¢ follows.

To compute (7 : Vgu), notice that 0;md;i0tum = jui, 0:10;mOiuym = O;uj, while the
incompressibility condition yields 6;;0;m 0t = 0. Therefore one gets

T :Veu = c(Veu+ (Veu)h).
Taking the divergence of the expression (4.27), we finally obtain
Ve (Ve (0@ ®g)) = eV, (Veu + (Veu)') = vAu(t, ); (4.28)

where we used the incompressibilty condition and set ¢ = v.
From equation (4.25) because of the weak notion of solution derived from the Boltzmann

equation, one has
%/¢~udx:V/Am¢>-udw,

valid for any ¢ € V = {u € (C*(Q))3, V. -u =0} /ud:zc = 0}, where  C R3, so that, for
almost every t1,ts the relation

ta
/(;S-u(tg)da:—/qﬁ-u(tl)dx—y/ Ay - udtde =0
ty

holds. One can therefore write
Opult, z) 4 Vaep(t,z) = vALu(t, ).

To obtain the heat €quation we start with equation (4.12). One easily checks that

ol = 5)E) = (S —5)g*) = 26 (4:29)
and one finds that
(Bo-Veg") = (2AV.6) (4.30)
and like
® L L 1 ® L\2 1 D L\2 1 L\2 5
(BQU*6) = & (BL(6)) = 3 (LuB)H)) = L (B = oud. (431)

Combining (4.29), (4.30) with (4.31), we thereby finish the proof of the first part of our
theorem:

g@ﬁ + div(uf) — kA0 =0,
with

R =

(B-LB).

G|

Step 2. Derivation of the energy equation

This step shows that the evolution of (u, ) is governed by the motion and heat equations
(3.24).
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Combining the conservation laws for mass and energy
5 1
5 <f9t<gs> + ng-<vge>> =0 (4.32a)

1 1
O <2|v|298> + ng'@gg) = RI;Q (4.32b)

Lop-2 o, ((vkpp -2 — R
at<(2|v| 2>ge>+€vm<<v2|v| 2>g5>_7z€,2. (4.33)

Upon formally letting ¢ — 0 in the equation (4.33), the first term of (4.33).converges to

0 {31uf - Dt + v-utta) + (3o - S} )

yields

= gata — 0 <n(t, z) +v-u(t,r) + (;W - g)ﬁ(t,x)>>

3 5
1., 35 3 ,1, ., 3 . . :
where we used ((5 |v|* — 5) ) = 2 ((§|v\ — 5)) = 0 and the integrated Boussinesq relation

n = —40.

For the second term of (4.33) we make use 6f a technique similar to the one employed for
the corresponding term in the momentum equation;namely write

20 (o35 ) o) = HoLa), (435)

where now
1 5
=L -] 4.
(38 -3) (4:36)

It can be checked that (§]v[> —§)vis in Null(L)* and so it is in the range of L™!. Eliminate
(PLLge) using the Boltzmann equation, which gives
(VLg.) = —e(VOg.) — (Vv - V,ge). (4.37)

The first terma on)the right-hand side goes to zero, while taking the limit in the second term
and bringing the gradient outside, one sees that (Vv-V,g.) converges to V,-(v® ¥g). Direct
calculation shows that

Ve (u@Tg) = V- (0@ ¥(n(t,z)+v-ult,z)+ (Lo - 2)(t, z)))
= Vo (wa@ L7 (zlv]* = $)vl(v-ult,z) + (5]v]* = 3)0(t, 2)),

where again, the Boussinesq relation has been used. Since L.=! preserves the parity, the only
surviving term is

V(0@ L (3of? — 3ol ol? - (¢ 2))
= WGP - ] @ v(3fol? — §) - Vablt, ) = orVLb. (4.38)

Tt follows directly from Lemma 4.1 and relation (4.20) and the symmetry properties of the
integrand, that

LGRP =Pl @ vzl = 3)

= {allel (3Rl - Do ® (bl ~ ) = 24T, (439)
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with

2
= ﬁ(
Taking the divergence of the expression (4.38) and gathering the limiting terms in (4.33),
we finally get

K

T L),

O0(t, x) = KA(L, z).
We have thus recovered the Stokes equation. This concludes the proof of the Theorem 3.1
and of the related corollary. [ ]

5. CONCLUSIONS AND RESEARCH PERSPECTIVES

This paper has been concerned with a hydrodynamic limit for a binary inert/gas mixture
by employing a new mathematical method. This study revealsasignificant physical and
mathematical features which result from the interaction of the component gases as described
by the kinetic models. Our analysis has been limited to the case v = =0, m > 1 that
has shown an important macroscopic dynamics related to the Navier-Stokes equations. The
derivation of macroscopic equation for further general cases is‘the main research perspective.

In particular we are interested in showing that at the“hydrodynamic scale the system
shows that the flow of the mixture vanishes in the continuum limit, but the vanishing flow
gives a finite effect on the behavior of the mixture in thislimit. This is a kind of phenomena
called “ghost effects” (the effect of an infinitesimal flow field on other physical quantities,
such as the temperature field) discovered regently by Sone [33], [30] in the continuum limit
that has been studied in [35].

The analysis of the ghost effect in a single'@emponent gas is one of the classical problems in
modern kinetic theory and has been tackled by various methods, including moment methods.
It is well known that rarefied gases, in ‘which the molecular mean free path is not negligible
compared to the typical scale ‘ofithe flow, should be dealt with the Boltzmann equation
and not by the system of conventional fluid-dynamic equations. The analysis of the latter
equation is, however, not an easy task, mainly because of the complexity of the collision term,
which represents effects of molecular interactions on a change of the velocity distribution
function of molecules [31]:4This effect is particularly important because it reveals the fatal
defect contained in the Navier-Stokes system for a gas. The effect manifests itself in a wide
class of problemis.

Moreover.ave are interested in showing that the sequence: Euler equations, Navier-Stokes
equations,Burnett equations, etc. breaks down at the Burnett level since these equations are
ill-posed  [12]. In fact, it is well known (see [12], [13], [14]) that the Burnett hydrodynamic
equations violate the basic physics behind the Boltzmann equation. Namely, sufficiently
short acoustic waves are amplified with time instead of decaying.

The rigorous proofs are in progress and the results will be presented in due course.
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