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Abstract

In a previous paper, the authors introduced an approach to prove that the statistics
of the extremes of a log-correlated Gaussian field converge to a Poisson-Dirichlet
variable at the level of the Gibbs measure at low temperature and under suitable
test functions. The method is based on showing that the model admits a one-step
replica symmetry breaking in spin glass terminology. This implies Poisson-Dirichlet
statistics by general spin glass arguments. In this note, this approach is used to prove
Poisson-Dirichlet statistics for the two-dimensional discrete Gaussian free field, where
boundary effects demand a more delicate analysis.
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1 Introduction

1.1 The model

Consider a finite box A of Z2. The Gaussian free field (GFF) on A with Dirichlet
boundary condition is the centered Gaussian field (¢,,v € A) with the covariance matrix

Zlv/(Sk)] : (1.1)
k=0

where (Sk, k > 0) is a simple random walk with Sy = v of law P, killed at the first exit
time of A, 74, i.e. the first time where the walk reaches the boundary dA. Throughout
the paper, for any A C Z?2, A will denote the set of vertices in A° that share an edge with
a vertex of A. We will write IP for the law of the Gaussian field and IE for the expectation.
For B C A, we denote the o-algebra generated by {¢,,v € B} by F5.

Ga(v,0') = E,
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Poisson-Dirichlet statistics and 2D Gaussian free field

We are interested in the case where A = Viy := {1,..., N}? in the limit N — co. For
0 < § < 1/2, we denote by Vji the set of the points of Vy whose distance to the boundary
JVy is greater than JN. In this set, the variance of the field diverges logarithmically
with N (cf. Lemma 2.1 in [13])
1
E[¢%] = Gy, (v,0) = —log N> + On(1), Yo e Vg, (1.2)
™
where Oy (1) will always be a term which is uniformly bounded in N and in v € V.
(The term oy (1) will denote a term which goes to 0 as N — oo uniformly in all other
parameters.) In addition, there exists ¢y > 0 independent of N such that (see Lemma 1
in [7])

1
sup IE[@%] < —log N? + c. (1.3)
veEVN s

In Vﬁ,, the covariances can be estimated by (cf. Lemma 2.1 in [13])

1 2 5
E[¢py¢v] = Gyy (v,0) = - log oo +O0n(1), Vv, €VyR, (1.4)
where || - | denotes the Euclidean norm on Z2. In view of (1.2) and (1.4), the Gaussian

field (¢,,v € V) is said to be log-correlated. On the other hand, there are many points
that are outside V]‘\S, (of the order of N2 points) for which the estimates (1.2) and (1.4)
are not correct. Essentially, the closer the points are to the boundary the lesser are the
variance and covariance as the simple random walk in (1.1) has a higher probability of
exiting Vv early. This decoupling effect close to the boundary complicates the analysis of
the extrema of the GFF by comparison with log-correlated Gaussian fields with stationary
distribution.

1.2 Main results

It was shown by Bolthausen, Deuschel, and Giacomin [7] that the maximum of the
GFF in V) satisfies

v v 2 . e
A}i_{noo % =4/ o in probability. (1.5)

Their technique was later refined by Daviaud [13] who computed the log-number of high
pointsin VJ: for 0 < A < 1,

i
Ngnoo log N2

2
log#{ve Vi ¢, > )\\/;log N2} =1- )%, in probability.  (1.6)

It is a simple exercise using Laplace’s method to show that the free energy in Vy of
the model is given by

1 1+ 2, ifg <o,
= lim lo ePov = 2
T8 = Jm log N2 8 2 \/EB, if 8 > /2m,

veVN ™

(1.7)

in probability and in L!. Indeed, there is the clear lower bound log ZUGVN eftv >
log>", evs ef?>, which can be evaluated using the estimate on the log-number of high
points (1.6). The upper bound follows from a first moment calculation on the number of
high points.

EJP 20 (2015), paper 59. ejp.ejpecp.org
Page 2/19


http://dx.doi.org/10.1214/EJP.v20-3077
http://ejp.ejpecp.org/

Poisson-Dirichlet statistics and 2D Gaussian free field

A striking fact is that the three above results correspond to the expressions for N?
independent Gaussian variables of variance %log N?2. In other words, correlations have
no effects on the above observables of the extremes. The purpose of the paper is to
extend this correspondence to observables related to the Gibbs measure.

To this aim, consider the normalized Gibbs weights or Gibbs measure

B
Zn(B)

where Zy (8) := Yy, €’%". We consider the normalized covariance or overlap

E[(bvd)v’]
Llog N2 +¢o’

Gs.n({v}) = v e Vy,

q(v,v') = Yo, v € Vy, (1.8)

where ¢ is introduced in Equation (1.3). This is the covariance divided by the uniform
upper bound of the variance. Note that % log N? is the dominant term of the variance in
the bulk. It is clear that ¢(v,v’) € [0,1] for any v, v’ € Vy.

In spin-glass theory, the relevant object to classify the extreme value statistics of
strongly correlated variables is the two-overlap distribution function

n(0) =B [G53 {aw) <qt|,  0<g<t (1.9)

The main result shows that the 2D GFF falls within the class of models that exhibit a
one-step replica symmetry breaking at low temperature.

Theorem 1.1. For § > (3. = /2w,

% for0<r <1,
1 forr =1.

Jim zpn(r) = lim E[G53 {g(v,0)) <7}| = {

Note that for g < 3., it follows from (1.7) that the overlap is 0 almost surely. The
result is the analogue for the 2D GFF of the results obtained by Derrida & Spohn [15]
and Bovier & Kurkova [9, 10] for the branching Brownian motion and for Derrida’s
Generalized Random Energy models (GREM) [14]. In [4], such a result was proved for a
non-hierarchical log-correlated Gaussian field constructed from the multifractal random
measure of Bacry & Muzy [5], see also [20] for a closely related model. This type of
result was conjectured by Carpentier & Le Doussal [12]. We also remark that Theorem
1.1 shows that at low temperature two points sampled with the Gibbs measure have
overlaps 0 or 1 in the limit N — oco. More precisely, Theorem 1.1 implies that, for all
e >0,

Q§7%V{s<q(v,v’)<1—s}—>0, N — o0,

and
Be
/B K
in probability, which is consistent with the result of Ding & Zeitouni [17] who showed
that the extremal values of GFF are at distance from each other of order one or of order
N.

A general method to prove Poisson-Dirichlet statistics for the distribution of the
overlaps from the one-step replica symmetry breaking was laid out in [4]. This connection
is done via the Ghirlanda-Guerra identities. Another equivalent approach would be using
stochastic stability as developed in [1, 2, 3]. The reader is referred to Section 2.3 of [4]
where the connection is explained in details for general Gaussian fields. For the sake of
conciseness, we simply state the consequence for the 2D GFFE.

ggf\, {qg(v,v") < e} — N — oo,
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Consider the product measure Gy on s replicas (vy, ..., vs) € Vy*. Let F : [0, 1] e,

R be a continuous function. Write F'((qy);<;) for the function evaluated at q;;- := g(v,vy),
1<, for (vi,...,vs) € Vy°. We write EG} % [F((qu)i<r)] for the averaged expectation.
Recall that a Poisson-Dirichlet variable ¢ of parameter x € (0, 1) is a random variable on
the space of decreasing weights s = (s1,52,...) with1 > s, > s, >--->0and ) s, <1

which has the same law as (771‘ /> j 7,1 € ]N)L where | stands for the decreasing rear-

rangement and n = (1;,7 € IN) are the atoms of a Poisson random measure on (0, cc) of
intensity measure s~*! ds.

The theorem below is a direct consequence of the Theorem 1.1, the differentiability
of the free energy (1.7) as well as Corollary 2.5 and Theorem 2.6 of [4].

Theorem 1.2. Let 8 > (. and £ = (¢, k € IN) be a Poisson-Dirichlet variable of param-
eter 8./8 € (0,1). Denote by E the expectation with respect to £. For any continuous

function F' : [0, 1] 7 L R of the overlaps of s replicas:

Aim EG N [F((qu)icr)] = E S &k F((Okry hi<r)
o k1€N, . k€N

The above is one of the few rigorous results known on the Gibbs measure of log-
correlated fields at low temperature. Theorem 1.2 is a step closer to the conjecture
of Duplantier, Rhodes, Sheffield & Vargas (see Conjecture 11 in [18] and Conjecture
6.3 in [25]) that the Gibbs measure, as a random probability measure on Vy, should be
atomic in the limit with the size of the atoms being Poisson-Dirichlet. Theorem 1.2 falls
short of the full conjecture because only test-functions of the overlaps are considered.
Finally, it is expected that the Poisson-Dirichlet statistics emerging here is related to the
Poissonian statistics of the thinned extrema of the 2D GFF proved by Biskup & Louidor in
[6] based on the convergence of the maximum established by Bramson, Ding & Zeitouni
[11]. To recover the Gibbs measure from the extremal process, some properties of the
cluster of points near the maxima must be known.

1.3 Outline of the proof

The proof of Theorem 1.1 relies on a technique introduced by Bovier & Kurkova in
[10] for GREM’s. The idea of the method is to relate the overlap distribution of a given
model to the free energy of a perturbed version of the model. The main advantage of the
approach is that computing free energies is in general a much simpler task than a direct
computation of overlaps.

With this in mind, we define in Section 2 a perturbed version of the GFF that we
call the («, o)-generalized GFF. The generalization is close in spirit to the GREM and
also to a non-hierarchical version introduced by Fyodorov & Bouchaud in [21]. In
essence, the parameter o = (01, 02) controls the strength of the perturbation, whereas
the parameter « specifies at what scale the perturbation is applied. The pivotal equation
in this approach is the following identity relating the overlap distribution x of the
original model to the limiting free energy f(*:?)(3) of the perturbed model for o = o (u)
depending on a small parameter u:

1
T 0 oo

/a wa(r)dr = z5 50 @), (1.10)

In the case of the 2D GFF, the identity (1.10) is approximate due to the dependence of

the covariances on the relative position of the points in the box. To control the effect

of the boundary, we need to limit the analysis to a box Ay, in Vi containing the points
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at distance greater than N'~* from the boundary for some p > 0. We have a good
control of the overlap as a function of the distance between the points in that box, cf.
Lemma 3.4. In Section 3.1, we show that the Gibbs measure samples in Ay , with
large probability so that the overlap distribution is well approximated by the overlap
distribution in Ay ,. In Section 3.2, we derive the relation corresponding to (1.10) for
the overlap distribution in Ay ,, cf. Proposition 3.2. The proof of Theorem 1.1 follows
from this and the explicit formula for the free energy of the generalized model given in
Theorem 2.1. The derivation of this formula is given in Section 4 and is the same as the
one of a GREM with two levels.

2 The multiscale decomposition and a generalized GFF

In this section, we construct a Gaussian field from the GFF whose variance is scale-
dependent. The construction uses a multiscale decomposition along each vertex. The
construction is analogous to a GREM, but where correlations are non-hierarchical. Here,
only two different values of the variance will be needed though the construction can be
directly generalized to any finite number of values.

Consider 0 < a < 1. We assume to simplify the notation that N'~¢ is an even integer
and that N divides N. The case of general a’s can also be done by making trivial
corrections along the construction.

For v € Vy, we write [v], for the unique box with N~ vertices in Z? on each side
and centered at v. If [v], is not entirely contained in Vy, we take the convention that
[v]o is the intersection of the square box with V. For a = 1, take [v]; = v. The o-algebra
Flv)e is the o-algebra generated by the field outside [v],. We define

Ple = E [¢0 | Fope] = E b0 | Fop]

where the second equality holds by the Markov property of the Gaussian free field, see
Lemma 5.1. Clearly, for any v € Vly, the random variable ¢, is Gaussian. Moreover, by
Lemma 5.1,

Ola = D Paw(t)du (2.1)

u€ED[v]a

where pg ., (u) = PU(STM& = u) is the probability that a simple random walk starting at v
hits u at the first exit time of [v],.
The following multiscale decomposition holds trivially

bv = Ol + (G0 — P).) (2.2)

where ¢}, and ¢, — ¢[,], are independent. The decomposition suggests the following
scale-dependent perturbation of the field. For 0 < a < 1 and o = (07,02) € R2, consider
forv e VN,

Uy 1= 010, + 02 (d0 — Du)..) - (2.3)
The Gaussian field (¢, v € Vi) will be called the («, o)-GFF on Vy.

To control the boundary effects, it is necessary to consider the field in a box slightly
smaller than V. For p € (0,1), let

AN, ={v € Vy :di(v,0VyN) > N' 7P}, (2.4)

where d; (v, B) := inf{||v — u|| ; u € B} for any set B C Z>. We always take p < « so that
[v]q is a square of side-length N'~° for any v € Ay, ,. We write Qéa]\?g() for the Gibbs
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measure of (¢, o)-GFF restricted to Ay ,
B

ST o)) == =,
o Zy7 (8)

RS ANJ;,

9)(BY) . v
where Zj(\ﬁfp” (B) =Y ean, N
The associated free energy is given by

SOF g Z&(B), VB> 0.

= log N2

(Note that log#An,, = (1 4+ on(1))log N2.) As it will be explained in Section 3.2, the

limit of its expectation is central to obtain the overlap distribution of the original model.

This limit is better expressed in terms of the free energy of the REM model consisting of
2

N?ii.d. Gaussian variables of variance £ log N2 with § > 0:

e {1 B0, B < Be(0%) = Y, 25
U R i8> 8.0, ‘

Theorem 2.1. Fixa € (0,1) and o = (01,02) € R} and let 'y := ofa + 03(1 — ). Then,
forany 0 < p < a, and forall 5 > 0

Jim B [f57(8)] = 1) (8) = {iiﬁ;:ﬁ) (-G ;{Zl i 7 (2.6)
y 01 y02), 1= 02.

The theorem is proved in Section 4. Note that the limit does not depend on p. We
expect that Theorem 2.1 also holds for the free energy in the whole box V. However,
this is not straightforward from our analysis. To do so, one would need to find an
upper bound for the field in Vy including vertices close to the boundary. Again, this
is complicated by the sensitivity of the Green’s function on the boundary. Since this
case is not necessary for the result on the overlaps, we have decided to omit it from our
treatment.

We observe that the right-hand side of (2.6) is exactly equal to the limiting free
energy of a 2-level GREM with the same parameters « and o = (01, 02). Precisely, let
(Xq(,}), v1 < N2%) and (quf?vz;vl < N2¢ py < N2(-9)) be i.i.d. centered Gaussian random
variables with variance log N. The corresponding 2-level GREM on N2 points is the
Gaussian field of the form

X, = UIXS) + oy X2 v = (v1,03), (2.7)

v1,v2 )

where 01,02 > 0. The correlations of this Gaussian field have an exact underlying tree
structure with two levels. This is not the case for the («, 0)-GFF for finite N. However,
a tree structure emerges, at least at the level of the free energy, in the limit N — oo.
We refer to [8] for a nice introduction to the 2-level GREM, the study of its maximum,
high-points, free energy and Gibbs measure.

3 Proof of Theorem 1.1

3.1 The Gibbs measure close to the boundary

The first step in the proof of Theorem 1.1 is to show that points close to the boundary
do not carry any weight in the Gibbs measure of the GFF in V). The result would not
necessarily hold if we considered instead the complement of ij, which is much larger
than the complement of Ay ,.
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Lemma 3.1. For any p > 0,

lim Gg n(A%N p) =0, in IP-probability. (3.1)
N—oo ’

Before turning to the proof, we claim that the lemma implies that, for any r € [0, 1]
and p € (0,1),

Jim lzg,n(r) —xaN,(r)| =0, (3.2)
where
zp,N,(r) = EGS Np{q(v,v’) <r}, rel0,1] . (3.3)

is the two-overlap distribution of the Gibbs measure of the GFF (¢,,v € Vy) restricted

to AN_’p
e/3¢7)

ZN p(ﬁ),

for Zn,p(B) ==X oeay, ef? . Indeed, introducing an auxiliary term

Ga,n,p({v}) ==

v E AN,p,

[zp.n (1) = z.n,(r)] < [BEGS A {a(v,v") <r} —EGF {q(v,v') <rv,0" € Ax )|
—|—‘Eg {q ) <rjv,v EANP} EgﬁNp{q(v,v’)STH.

The first term is smaller than 2 EGs n (A% ,). The second term equals

gs Np{q v,v) <r}— Eg viaw,v') <rv, v € An )

Gi3daw ) Srv v eAn,}
X?V{U’U/ c AN,p} (1 — gﬁ,N{”’” S AN,p}) ,

which is also smaller than 2 EGg n (A% ,). Lemma 3.1 then implies (3.2) as claimed.

=E

Proof of Lemma 3.1. Let ¢ > 0 and A > 0. The probability can be split as follows

P (Gow(A%y,) > ) <P <gm “) > 6

g 2 108 25(0) ~ 1(9) <2
(| loe () - 11| > 1)

where f(() is defined in (1.7). The second term converges to zero by (1.7). The first
term is smaller than

log e
log N2

P logN2 log Z exp B, > f(B) —

vGAC

(3.4)

Since the free energy is a Lipschitz function of the variables ¢,, see e.g. Theorem 2.2.4
in [26], the free energy self-averages, that is for any ¢ > 0

Jim P g V2 ~z log g: exp By — 5B |log E; expfBo, || >t | =0.

To conclude the proof, it remains to show that for some C' < 1 (independent of N but
dependent on p)

o2 log D exp oy | < CF(B). (3.5)

UEA?V,p

limsup ———
N—oc0 1
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Note that by Lemma 5.1, the maximal variance of ¢, in Vy is %log N2 + Oyn(1). Pick
(9v,v € AR, p) independent centered Gaussians (and independent of (¢, ),c A?v‘p) with
variance given by E[g?] = Llog N? + On(1) — E[¢?]. Jensen’s inequality applied to the
Gibbs measure (exp S¢,/ ZueAc exp BQSH)UGAC implies that E[log ZveAC exp (¢, +
gv)] > Eflog}”, a5, ©XP By Moreover by a standard comparison argument (see
Lemma 5.3 in the Appendlx) Eflog ), ¢ a5, €XP B(¢dy+gy)] is smaller than the expectation
for i.i.d. variables with identical variances. The two last observations imply that

1 1 ~
g ek [l > expBo| < e o E |lo8 > expBo|
UEAfva veAﬁ'\,)p
where (qbv, v € A% ,) are i.i.d. centered Gaussians of variance = Llog N% 4+ On(1). Since
#AY , = \AN ol =4N?7P(1+on(1)), the free energy of these 1.i.d. Gaussians in the
limit N — oo is given by (2.5)

. I Z oo 57| - 1+§j(1—§2/21, /5<\/ﬂ(1—§)1;z,
v g AN | P8 L A R (ED
The last two equations then imply
2
limsup ——F |log Z exp B, | < (1_B)+§’£}2 g var(l- 5>1ﬁ§
e e | 3 VEQ=9"8 pzvar(i-4)"”.
It is then straightforward to check that, for every 3, the right side is strictly smaller than
f(B) as claimed. O

3.2 An adaptation of the Bovier-Kurkova technique

The Bovier-Kurkova technique is a way to compute the overlap distribution of a model
in terms of the free energy of a perturbed version of that model. In the context of this
paper, this connection is established by Proposition 3.2 below. One difficulty in the
present case is the fact that the Green’s function depends on the relative position to the
boundary. The restriction to the set Ay , is a way to control this, cf. Lemma 3.4.

Proposition 3.2. Let 0 = (1,1 + u) where |u| < 1 and consider the («,0)-GFF as in
Theorem 2.1. Then for every 0 < p < «, every e > p, and N large enough,

<c(zpnplate)—apnpla—e))+0(p)+on(1),

(3.6)
where the two-overlap distribution xg y , is defined in (3.3), O(p) is uniform in N, and ¢
is an absolute constant.

u=0

1
ng,N7p(r)dr 523 f(ac(ﬁ)‘

The proof of Proposition 3.2 is based on combining the following identities. It is
convenient for the statement and the proof to define

-1
Go(v,0") = (71r log N2) El¢y (¢v — Ppu],)] forv, v’ e Vy.

Lemma 3.3. Foreveryp<a <land N € IN,

1
/ zaNp(r)dr = 1—a-— ]Egﬁ Np[ (v,0") — a; q(v,v") > a], 3.7)
«
T 0 (oo
o BINTB| ) = 1 BGIR faa(,0) 0 € W] ox(1), 3.8)
EJP 20 (2015), paper 59. ejp.ejpecp.org
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where E[X; A] stands for the expectation of a random variable X on the event A.
Proof. The identity (3.7) holds since by Fubini’s theorem
1 1
/ zg..p(r)dr = BGFY, [/ 1{r2q<v,v'>}dr]

_EgﬁNp[ —a;q(v,0) < a] +E95Np[ — q(v,v'); qv,0") > a]
:(1—0l) EQBNP[ (’U,U)—a;q(vﬂ})za].

For the identity (3.8), direct differentiation gives

O (2 N2)1 Yk
820 u=0 s &

vEAN,p

(3.9)

(Pv — Bpu.)e”?
ZU’GAN,Q €xXp B(b'u’ '

The identity is then obtained using Gaussian integration by parts. Precisely, for a
centered Gaussian vector X = (Xi,...,X,,) and a twice-continuously differentiable
function F' on R", of moderate growth at infinity, we have the formula E[X;F(X)] =
> -1 E[X;X;] E[0x, F(X)]. Here the relevant Gaussian vector for a given v € Ay, is
(Po = P[] Plu]a; P, v" # v), and the function F is exp 8o,/ >, ‘cAy., XD B¢, . Note that
E[¢y (¢v — ¢[v].,)] = 0 for v" ¢ [v],. Applying the formula to the rlght hand side of (3.9)
yields

(% 10g NQ)_I (Egﬂ,N,p[E[((bvfgb[v]a) H Egﬁ Np[ [Q%/(@;*Qb[u]a)} ;U/ S [U]or]) . (310)

The field (¢, — E[¢u|Fv)c ], u € [v]4) has the law of a GFF in [v], by Lemma 5.1. Since
p < « implies that [v], is a square of side-length N'~° for any v € Ay, it follows from
Lemma 5.2 that

(% log NQ)_lE[(qu — b)Y =1—a+on(1).

This proves (3.8). O

To prove (3.6) from Lemma 3.3, we need to relate the overlap ¢(v,v') — a to the
covariance E[¢, (¢, — ¢[,],)] as well as relate the event {q(v,v') > «a} to the event
{v" € [v]o}. One obstacle is to establish an approximate correspondence between the
Green'’s function for two points v and v’ and their relative distance. The problem is that
Green'’s function is also sensitive to the relative position to the boundary. The restriction
to Ay, allows for a sufficient control of the Green’s function.

Lemma 3.4. Letv,v' € Ay .

() Ifq(v,v") > a + ¢ for some ¢ > 0, then ||v — v'||? < eN?(1=)~¢ for some constant ¢
independent of N and p. In particular, v’ € [v], for N large enough.

(ii) Ifv' € [v]4, then g(v,v") > a — p+ on(1).
Proof. For v,v" € Ay ,, Lemma 5.2 gives

log [|lv —v'||?

log N2

log [lv — v'||?

1—p—
P log N2

+O0n((log N)™1) < q(v,0") < 1— +On((log N)~1). (3.11)
The assertion (i) is direct from the right inequality. The claim (ii) follows from the left

inequality since v’ € [v],, implies ||v — v'||? < ¢N2(1=) for some constant c. O
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Proof of Proposition 3.2. Note that ¢, (v,v’) is bounded by a constant uniformly in N.
Indeed, by the Cauchy-Schwarz inequality, we get

—2
a0, < (108 BIGH] EI(6, - 000,71

and the boundedness follows from the upper bound (1.3) and Lemma 5.1. Fix ¢ > p.
Then, Lemma 3.4 (ii) implies that {v’ € [v]o} C {q(v,v') > a — ¢} for N large enough.
Since Lemma 3.4 (i) yields {g(v,v") > a + ¢} C {v' € [v]»}, one obtains, for N large
enough,

{v' € o} \{q(v,v") >a+e} C{a—ec<qv,v) <a+e}.

Because ¢, (v, ') is bounded, we get for all € > p and some constant ¢ > 0,

EG32 [0a(0,0);0" € [o]a] — EGE2 [ga(0,0'); a(v,0)) > a+ €] ] 512)

<clzgnplate) —zgnpla—e)).

If q(v,v") > a + ¢, then ||[v — v/||? < ¢N?(1=*)~¢ by Lemma 3.4 (i), and, in particular,
v' € [v], for N large enough. For such v and v/, we have by conditioning,

1
qa(v7 U/) = <7lr log NQ) E[(¢v’ - E[%/V{v]g])(% - ¢[U]a>] .

Since (¢, — E[py|Fjv)c ], u € [v]s) has the law of a GFF in [v], by Lemma 5.1 and since
v —v'[|? < eN?(1=)=¢, Lemma 5.2 gives

log ||lv — v'||?

log N2 +on(1) if g(v,0") > a+e.

Go(v,0) =1 —
Moreover, by (3.11), ¢(v,v") = 1 — % + on(1) + O(p), where the term O(p) is
uniform in N. This shows that

EG; % a0 (v, 0); q(v,v)) > a+e] = BGSY [a(v,0') = a; q(v,v') > a+e] +on(1) + O(p) .
(3.13)
Finally, because ¢(v,v’) — « is bounded by 1, we have
0 <EG3%, (v, v) — asq(v,0") > o] = EGFY  la(v,v') = a;q(v,0") > o+ €] (3.14)
<agnplate) —zgnpla—e).

The conclusion follows from Equations (3.7) and (3.8) by combining Equations (3.12),
(3.13), and (3.14).

O
3.3 Proof of Theorem 1.1
By Equation (3.2), it suffices to prove that
) ) Be/B, if0<r<l,
lim lim =z r) = 3.15
p—0 N—oo ﬁ,N,p( ) {17 ifr=1. ( )

Recall that the space of probability measures on [0, 1] is compact under the topology
induced by weak convergence. Consider a converging subsequence of the probability
measures on [0, 1] corresponding to the cumulative distribution functions zg v,, (When
N — oo and then p — 0). Write zg for the cumulative distribution function of the limiting
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probability measure. The proof is reduced to show that zg is given by the right-hand
side of (3.15). In fact, since x(1) = 1, it remains to show that z5(r) = 8./8 for 0 < r < 1.
The points of continuity of 3 are dense in [0,1] (because it is monotone) so it suffices to
show that z5(r) = B,/ for all points of continuity of s in [0, 1). Let « be such a point of
continuity. Proposition 3.2 implies that, after taking the limits N — oo, p — 0 and then
e—0, )
. - T Y pelao)
[ atriar = tim Jim_ % BATG)

for o = (1,1 + u). Recall Theorem 2.1. It is straightforward to check that u — f(a /) (B)
is a convex function. In particular,

9 preo) g~ 9 e

;1_% 1\}E>noo 8uEf (8) auf (8) (3.16)
at any points u where f (0‘7")([3) is differentiable. We calculate the derivative at © = 0
by computing the right and left derivatives at 0. In our case 01 = 1, 05 = 1 + v and
Il =a+ (1+u)?(1 —a). Ifu >0, we are in the case 0y < 02. Since 8 > 8. = /27, we
can pick u small enough such that 5 > v/27/y/T'15. Therefore Theorem 2.1 gives

\/7ﬂo¢+ (14 u)*(1— ) 1/2 \/7ﬂ1—oc. (3.17)

Similarly, for the left derivative, pick © < 0 so we are in the case o; > o3. Since
B8 > B. = V2w, we can pick |u| small enough such that 8 > +/27/(1 + u). Therefore
Theorem 2.1 gives

0

out

(ao’

0 2 0 2
_Y flao) —_./2p_ 2 _ —./z _
5= 7B —Bo—(at(+u(l-a)| =1/-B1l-a). (318
Equations (3.16), (3.17) and (3.18) imply
! B
/ zg(r)dr = ﬂc(l —a). (3.19)

Since 3 must be non-decreasing, this gives zg(«) < 5./6. If zg() < 8./, there would
exist another point of continuity o’ > « such that zg(a’) < 3./8 by the right-continuity

of zg. Therefore fs zg(r)dr < B./B(¢/ — «) contradicting (3.19). This means that
zg(a) = B/ at all points of continuity « and concludes the proof of the theorem.

4 The free energy of the (o, 0)-GFF: proof of Theorem 2.1

The computation of the expectation of the free energy of the («, o)-GFF is divided in
two steps. First, an upper bound is found by comparing the field ¢ in Ay , to a standard
2-level GREM as in (2.7). Second, we get a matching lower bound using the trivial
inequality f o) B) > mgﬁ log >, cys €¥». The limit of the expectation of the right
term is computed following the method of Daviaud [13].

4.1 Proof of the upper bound

For conciseness, we only prove the case g1 > 02. This is done by comparing the free
energy of the field ¢ in Ay , with a 2-level GREM as in (2.7). To account for the boundary
effect, the comparison is done via two intermediate Gaussian fields {E and ¢ defined
below. The field {/; will be a “non-homogeneous" GREM in the sense that o7 in (2.7) will
depend on v. On the other hand, the field ¢ will differ from (2.7) only by a factor Oy(1)
in the variance. The case o1 < 05 is done similarly by comparing with a REM.
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Divide the set Ay , into square boxes of side-length N'~*/100. (The factor 1/100 is a
convenient choice. We simply need these boxes to be smaller than the neighborhoods
[v]a, vet of the same order of length in N.) Pick the boxes in such a way that each
v € Ay, belongs to one and only one of these boxes. The collection of boxes is denoted
by B, and 9B, denotes (Jz.5 0B. Forv € Ay ,, we write B(v) for the box of B, to

which v belongs. For B € B,, denote by B O B the square box given by the intersections
of all [u],, u € B, see figure 1. Remark that the side-length of B is ¢N'~®, for some
constant c. For short, write ¢ 5 := E[¢,,|F5.] where vp is the center of the box B. The
idea in constructing the “non-homogeneous” GREM is to associate to each point v € B
the same contribution at scale a, namely ¢5. One problem is that ¢z will not have the
same variance for every B since it depends on the distance to the boundary. This is the
reason why the comparison with a 2-level GREM needs to be done using intermediate
fields.

Figure 1: The box B € B, and the corresponding box B which is the intersection of all
the neighborhoods [v],, v € B.

First, consider the hierarchical Gaussian field (QZU, vEAN,):

Vo = gl + 957, (4.1)

where the variables (gg), B € B,) are independent centered Gaussians with variance
chosen to be O'%E[(b%] + C (for some constant C' € R independent of B in B, and
independent of N) and (91(,2),1) € Ap,,) are independent centered Gaussians (also

independent from (gg), B € B,)) with variance

El(g®)%) = B2 - Bl(gh},,)?]

(Equations (4.4) and (4.5) below will guarantee that the right-hand term is non-negative.)
Note that with this definition E[¢)2] = E[)2] for all v € Ay ,. The next lemma ensures
that o

E[wv%’] > EW%%/] : (4.2)

Lemma 4.1. Consider the field (,,v € An,,) as in (2.3). Then E[y,,/] > 0. Moreover,
if v and v’ both belong to B € B, then

E[$, ] > 02E[¢] + C
for some constant C' € R independent of N.

Proof. For the first assertion, write

1/% = (01 - U2)¢[v]a + 02¢v .
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The representation ¢, = >, FER Pa,o(u) ¢, of Lemma 5.1 and the fact that o1 > o
imply that E[+,.] > 0 since the field ¢ is positively correlated by (1.1).
Suppose now that v,v" € B where B € B,. The covariance can be written as

E[¢ytpu] = 01E [0). O] | + O3E [(d0 — o)) (D0 — )]
+0102E [p), (¢ — b)) + 0102E [dp, (90 — dpu.)] -
We first prove that the last two terms of (4.3) are positive. By Lemma 5.1, we can write
Dl)a = 2ueds]. Paw () ¢u. Note that the vertices u that are in [v'], will not contribute
to the covariance E [¢[,, (¢ — ¢[1]. )] by conditioning. Thus

E [(b[v}a(d)'u’ - (Zs[v’]a)} = Z pa,v(u) E [¢u(¢u’ - (Zs[v’]a)}
w€I[v]aNv’]a

= Z pa,v(u) E [((bu - E[(bu']:[v’]gb((év’ - E[(bv"]:[v’]g]ﬂ .

u€d]aNv]a

(4.3)

Lemma 5.1 ensures that the covariances in the sum are positive (the field (¢, —
E[¢u|Fio)e ])uelo). has the law of a GFF on [v'],).

For the first term of (4.3), the idea is to show that qﬁ{v]a and ¢§ are close in the
L?-sense. Write

o — (z)[v]a = (¢v - E[(bvu:"c]) + (E[¢v|]:~c] - QS[U]Q) ,

and observe that, since ¢, — E[¢,|F.] is independent of Fz. and E[¢,|F5.] — ¢pu, is
F éc-measurable (indeed ]—'[1,]3 Cc F He)s this implies

E[(¢y — ¢u.)°] = El(¢v — E[¢o|F5.])%] + E[(E[¢|Fz.] — ¢p.)?] -

Moreover, E[(¢, — E[¢y|F5.])?] and E[(¢, — ¢[,],)?] are both equal to =% log N2 + On (1)
by Lemma 5.1, Lemma 5.2 and the fact that distances of v to vertices in OB and Ov]a

are both proportional to N'~¢ (here the condition p < o and the fact that the boxes in
B, have side-length N1—¢ /100 are used). Therefore

B {(%a - E[%Ifn]ﬂ =On(1) . (4.4)

Moreover, since v and vg are also at a distance smaller than N1~ /100 from each
other, Lemma 12 in [7] implies that

E [(% - E[%IFC])Q} =On(1). (4.5)

Equations (4.4) and (4.5) give E[(¢5 — ¢[,],)?] = On(1) and similarly for v’. All the above
sum up to
o1E ¢, 0. ] = oTE[9E] + On(1) . (4.6)
It remains to show that the second term of (4.3) is greater than Oy (1). Since ¢y,
and ¢, are Fg.-measurable by definition of the box B, we have the decomposition

E [(¢v - ¢[v]a)(¢'u’ - ¢[v’]u)} = E[(¢v - E[¢U|‘FNC])(¢'U’ - E[¢U'|]:Nc])}
+ E[(E[¢o| Fz.] — ¢pp1o) (Bl | Fie] — b, )] -

The first term is positive by Lemma 5.1. As for the second, Equation (4.4) shows that

E[ (BloulF5.] - 0. (Blow |z — d.) | = On (D).

This concludes the proof of the lemma. O
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Equation (4.2) implies that the expectation of the free energy of ¢ is smaller than the
one of ¢ by a standard comparison lemma, see Lemma 5.3 in the Appendix. It remains
to prove an upper bound for the expectation of the free energy of .

The field {/; is not a 2-level GREM as in (2.7) because the variances of gg), B € B,,
are not the same for every B, as it depends on the relative position of B to the boundary.
However, the variances of ¢, B € B,, are uniformly bounded above by < log N+ Oy (1);
indeed

B[0%] = E[¢3,] ~ B[(6u, - 05)’]
—E[¢2,] - =

% log N2 + O (1)
1 1-—
< flogNz — Jlogl\ﬂ—i—ON(l) = glogJ\TQ—i-OJ\f(l)7

where, in the second equality, Lemmas 5.1 and 5.2 imply that E[(¢,, — ¢B) | is equal
17r(’ log N? + On(1) (again the condition o > p guarantees that Bis a square of
side-length c¢N'1~%), and the inequality comes from Equation (1.3).
Moreover, note that for v € B,

El(¢®)?] = E[v2] - Bl(gl)?] = 0 (Blé?, ] — El6]) + 03— log N* — Co? .

The first term is of order Ox (1) by Equations (4.4) and (4.5). Thus one has

1—
E[(91)?) = 03— log N? + On(1)
™
The important point is that the variance of gf,Z) of zz is uniform in v, up to lower order
terms. Now consider the Gaussian field (¢,,v € Ay,,)

b, =7 +¢? 4.7)

where (§g), B € B,) are i.i.d. centered Gaussians of variance o< log N + On(1) and
(gf, ), vE AN’p) are as before. This field is not exactly a 2-level GREM as in (2.7) since the
Gaussians at each level have an additional Oy (1) term in their variances. It differs from
i[; only from the fact that the variance of gg) is the same for all B and is equal to the

maximal variance of (gg), B € B,). The calculation of the free energy of (¢,,v € Ay,,)
is a standard computation (the Oy (1) does not affect the free energy) and gives the
correct upper bound in the statement of Theorem 2.1. (We refer to [8] for the detailed
computation of the free energy of the GREM.) The fact that the expectation of the free
energy of 1 is larger than the one of 1; follows from the next lemma showing that the
free energy of a hierarchical field is an increasing function of the variance of each point
at the first level.

Lemma 4.2. Consider N1, N, € IN. Let (Xél),vl < Ny) and (X 51)@7@1 < Ny,vs < Ns) be
i.i.d. standard Gaussian random variables. Consider the Gaussian field of the form

X, =01 (vl)X( ) + Ungf)vz , v =(v1,v9),

where o3 > 0 and o1(v1) > 0, for all v; < Ni. Then E [log )", e’**] is an increasing
function in each variable o1 (vy).

Proof. Direct differentiation gives

IE |log Z ePXo

sz le ePXvive
501 Zn(B) ’
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where Zy(8) =5, efXv Gaussian integration by part then yields

X, e Y eXuws T ef X P X1 0h
pE | =2 | = 3% (0)E L — 2 5
Zn(B) Zn(B) Zn(B)
The right side is clearly positive, hence proving the lemma. O

4.2 Proof of the lower bound

Recall the definition of V;\S, given in the introduction. The two following propositions
are used to compute the log-number of high points of the field v in Vf,. The treatment
follows the treatment of Daviaud [13] for the standard GFF. The lower bound for the free
energy is then computed using Laplace’s method. Recall that I'1s = 0?a + 03(1 — ).

2
lim P (max Py > \/7fymaz logN2> =0,
N—o0 veVy us

VARTS ifo; < o9,
ora+ ol — ), ifo; > 09.

Proposition 4.3.

where

Ymaz = Vmam(av 0-) = {

Proof.~The case 01 < 09 is direct by a union bound. In the case g1 > o3, note that the

field ¢ defined in (4.1) but restricted to Vjé, is of the form (2.7) (up to Oy (1) terms in
2

the variance) with ¢N2® (for some ¢ > 0) Gaussian variables of variance % log N2 +

On(1) at the first level. Indeed, for the field restricted to V), the variance of ]E[(;S%] is

U%Ta log N2 + On(1) by Lemma 5.2 since the distance to the boundary is a constant times
N. Therefore, by Lemma 5.3 and Equation (4.2), we have

2 ~ 2
P (max Py > \/7'ymaz logN2> <P (max Py > \/7%1“ 10gN2> .
veVy T veVy ™

Then, the study of the first order of the maximum of ¢ restricted to V3 is a standard
GREM result (indeed the additional On(1) in the variance does not affect the first order
of the maximum). The proof is not hard and omitted for conciseness. The reader is
referred to Theorem 1.1 in [9] where a stronger result on the maximum is given. O

Proposition 4.4. Let’Hlf\’,"s(v) = {v eV, > \/gv log N2} be the set of y-high points
within V, and define

2

ifor <oy E@D(y):=1- L.
IRP)
2
1- L7 If’}/ < Q,
ifo; > o9 glao) (v) == { NP (rra)? . o
(1—a) = sy, ify =32

Then, for all 0 < v < Yyaz, and for any £ < £(“?)(~), there exists ¢ such that
P (|H}<’,’5(7)| < N25> < exp{—c(log N)?}. (4.8)

Proposition 4.4 is obtained by a two-step recursion. Two lemmas are needed. The
first is a straightforward generalization of the lower bound in Daviaud’s theorem (see
Theorem 1.2 in [13] and its proof). For all 0 < o < 1, denote by 11, the centers of the
square boxes in B, (as defined in Section 4.1) which also belong to V]%.
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Lemma 4.5. Let o/, a” € (0,1] such that0 < o/ < " <aora <o < o” < 1. Denote by
o the parameter o1 if 0 < o/ < o/’ < a and by ¢ the parameter o; ifa < o/ < o” < 1.
Assume that the event

2= {#{v €y 2 hy(a) > fy'\/zlogNQ} > NS/},

is such that
P(2°) < exp{—c/(log N)?},

for some~' >0, & > 0andc > 0.
Let

E() =&+ (" -d)— m > 0.

Then, for any v such that £(v") > 0 and any £ < £(v"), there exists ¢ such that

P (#{1} € Uy : Py (o) > ’y”\/Zlog N?} < N25> < exp{—c(log N)?}.

We stress that v/ may be such that £(7”) < £’. The second lemma, which follows,
serves as the starting point of the recursion and is proved in [7] (see Lemma 8 in [7]).

Lemma 4.6. For any o such that 0 < ag < «, there exists £y = Ey(ap) > 0 and ¢ = ¢(ap)
such that
P (#{v €Iy, : Yo(ag) >0} < N&’) < exp{—c(log N)Q}.

Proof of Proposition 4.4. Let v such that 0 < v < 74, @nd choose £ such that £ <
£(®9)(v). By Lemma 4.6, for oy < « arbitrarily close to 0, there exists & = & (ag) > 0
and ¢y = ¢p(ap) > 0, such that

P (#{v € Iy, : ¥y (ag) > 0} < Nggo) < exp{—co(log N)?}. 4.9)

Moreover, let
2
1

51(’}/1) =&+ (a — 040) —
Lemma 4.5 is applied from ag to «. For any 7; with £;(y1) > 0 and any & < &;(71), there
exists ¢; > 0 such that

P (#{v elly : Yp(a) > 'yl\/ZlogN2} < N251> < exp{—ci(log N)?}.

Therefore, Lemma 4.5 can be applied again from « to 1 for any ~; with & (y1) > 0.
Define similarly £ (v1,72) := £1(m1) + (1 — @) — (72 —71)?/03(1 — «). Then, for any ~y, with
Ea(1,72) >0, and & < E2(71,72), there exists ¢o > 0 such that

P (#{v eVy i, > ’yg\/ZlogNz} < N252> < exp{—ca(log N)?}. (4.11)

Observing that 0 < & < «ag, Equation (4.8) follows from (4.11) if it is proved that
lima, 0 E2(71,7) = FACH) (v) for an appropriate choice of 7; (in particular such that
E1(m) > 0). It is easily verified that, for a given v, the quantity & (y1,7) is maximized
at v = vo?(a — ap)/(T12 — 02ap). Plugging these back in (4.10) shows that & (v5) > 0

provided that v < T'12/01 =: Yerit, With o small enough (depending on ). Furthermore,
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since E5(7F,7) = & + (1 — ap) —v%/(T12 — o3 ap), we obtain lima, 0 &2 (7, 7) = £ (5),
which concludes the proof in the case 0 < v < Y¢pit-

If Yerit < < Ymaz, the condition & (v§) > 0 is violated as «g goes to zero. However,
the previous arguments can easily be adapted and we refer to subsection 3.1.2 in [4] for
more details. O

Proof of the lower bound of Theorem 2.1. Define v; := iYmax/M for 0 < i < M (M will
be chosen large enough). Notice that Proposition 4.3, Proposition 4.4 and the symmetry
property of centered Gaussian random variables imply that the event

M-1
(o) (n )y 2
By = ) {IH%’J(%)I > N0 00 /3} N {max ] < \/;vmax logNQ}

5
=0 veVy

satisfies
IP(BN,M,D) — ]., N — o0,

for all M € IN* and all v > 0. Since |Hy° ()| = 0 on By ar,,,, we have

M
- v 0 5 ..
ZI(V’:)(B) = Z e 2 Z(|H11z\)/ (vi-1)] — |'H% (’yi)|)]\72\/:7 18
veVS i=1

M—-1 . _ 2 2

Z (NQ\/;’WB _ N2\/;’Yi—1ﬂ)|7_[%,5(,yi)| + |'H%’6(A/O)‘N2\/;’Yoﬂ _ |H%’6(7M)‘N2\/;’71u,15
=1

M—-1

1 P
> = NQ\/;’Wﬂ

HQKT,(S (71)|a

where the last inequality holds for N large enough. Define Pj(7) := () () + \/267.
On the event By us,., this estimate for the logarithm becomes

M—-1
(@0) gy~ 1 N2Ps(w) | _ Y 1
Ny 8 2 o Og(% 5 Ton(D)

14
Ps(v;) — = 1.
| max 5 (i) 6+0N()

Y]

Using the expression of £(*9) in Proposition 4.4 on the different intervals, it is eas-
ily checked by differentiation that max,c(g ,,..] Ps(7) = f(®9)(3). Furthermore, the
continuity of v — Pg(7) on [0, Ymax] yields

Ps(yi) — Ps(y) = f@9(B), M — .
(g Paln) — | max  Py(y) = f27(6) 00

Therefore, choosing M large enough yields the result. O

5 Appendix

The conditional expectation of the GFF has nice features such as the Markov property,
see e.g. Theorems 1.2.1 and 1.2.2 in [19] for a general statement on Markov fields
constructed from symmetric Markov processes.

Lemma 5.1. Let B C A be subsets of Z>. Let (¢,,v € A) be a GFF on A. Then
E[¢y|Fpe] = E[¢y|Fop], Vv € B,
and

(90 — El¢y|Fopl,v € B)
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has the law of a GFF on B. Moreover, if P, is the law of a simple random walk starting
at v and 7p is the first exit time of B, we have

E[¢U|J:BB] = Z P’U(STB = u) ¢u .

uedB

The following estimate on the Green function can be found as Lemma 2.2 in [16] and
is a combination of Proposition 4.6.2 and Theorem 4.4.4 in [23].

Lemma 5.2. There exists a function a : Z? x Z? + [0, ) of the form
2 270 log 8
a(v,v') = Zlogllv — o' + 2252 4+ O(lfo — /)| )
™ T
(where v, denotes the Euler’s constant) such that a(v,v) = 0 and
GA(U7U/) =E, [a(vlv Sra)l — a(vvvl) :

The following Slepian’s comparison lemma for the tail of the maximum and the
expectation of the log-partition function of two Gaussian fields can be found in [24] and
in [22].

Lemma 5.3. Let (X3,--- ,Xn) and (Y1, --,Yyn) be two centered Gaussian vectors in N
variables such that

E[X?] =B Vi, E[XX;]>E[Y,Y;]Vi#j.
Then for all 5 >0

E <E

N
log Z ePXi
i=1

N
log Z eﬁYl] ,
i=1

and for all A > 0,
P <4_max X; > )\> <P (l_maXNYi > A) .

IRREE)
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