N

N

On the critical curves of the pinning and copolymer
models in correlated Gaussian environment

Quentin Berger, Julien Poisat

» To cite this version:

Quentin Berger, Julien Poisat. On the critical curves of the pinning and copolymer models in correlated
Gaussian environment. Electronic Journal of Probability, 2015, 20 (71), pp.1-35. 10.1214/EJP.v20-
3514 . hal-01214672

HAL Id: hal-01214672
https://hal.sorbonne-universite.fr/hal-01214672
Submitted on 12 Oct 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.sorbonne-universite.fr/hal-01214672
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

n b
Electr® 8biljty

Electron. J. Probab. 20 (2015), no. 71, 1-35.
ISSN: 1083-6489 DOI: 10.1214/EJP.v20-3514

On the critical curves of the pinning and copolymer
models in correlated Gaussian environment
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Abstract

We investigate the disordered copolymer and pinning models, in the case of a cor-
related Gaussian environment with summable correlations, and when the return
distribution of the underlying renewal process has a polynomial tail. As far as the
copolymer model is concerned, we prove disorder relevance both in terms of crit-
ical points and critical exponents, in the case of non-negative correlations. When
some of the correlations are negative, even the annealed model becomes non-trivial.
Moreover, when the return distribution has a finite mean, we are able to compute the
weak coupling limit of the critical curves for both models, with no restriction on the
correlations other than summability. This generalizes the result of Berger, Caravenna,
Poisat, Sun and Zygouras [7] to the correlated case. Interestingly, in the copolymer
model, the weak coupling limit of the critical curve turns out to be the maximum of
two quantities: one generalizing the limit found in the IID case [7], the other one
generalizing the so-called Monthus bound.
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1 Introduction

In this paper we denote by IN the set of positive integers, and Ny = INU {0}.

1.1 The copolymer and pinning models

We briefly present here a general version of the models. For a more complete
overview and physical motivations, we refer to [14, 19, 20, 28].
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Critical curve for correlated pinning and copolymer models

Renewal sequence. Let 7 = (7;); > o be a renewal process whose law is denoted by
P, with the property that 7o := 0, and the (1; — 7,_1); > 1’s are IID N-valued random
variables. The set 7 = {79, 71, ...} (with a slight abuse of notation) represents the set of
contact points of the polymer with the interface, and the intervals (7;_1, 7;] are referred
as excursions of the polymer away from the interface. We assume that the renewal
process is recurrent, and that its inter-arrival distribution verifies

¢(n)

K(n)=P(rp=n) = Tta for n € IN, (1.1)

where a € [0,+00), and ¢ : (0,00) — (0,00) is a slowly varying function (see [8] for a
definition). We also denote by {n € 7} the event that there exists k € INg such that 7, =n
and we write d,, = 1{,er}.

For the copolymer model, one also has to decide whether the excursions are above or
below the interface. Take (Xj); > 1 a sequence of IID Bernoulli random variables with
parameter 1/2, independent of the sequence 7, whose law will be denoted by P*. Here
if X, = 1, we identify the k*h excursion to be below the interface. We set A,, := X, for
all n € (74—1, 7], so that A, is the indicator function that the n'® monomer is below the
interface. The sequences 7 and X (with joint law P ® PX) therefore describe the ran-
dom shape of a free polymer. From now on, we write P instead of PQP~, for conciseness.

Disorder sequence. Letw = (w,)n > o be a centered and unitary Gaussian stationary
sequence, whose law is denoted by IP: for the copolymer model, one interprets w,, as the
(random) charge carried by the n'" monomer, and for the pinning model as the charge
at site n of the interface. Its correlation function is p,, := E[wow,], defined for n € Z,
with p_,, = p,. The assumption that E[wg] = 0 and E[w?] = pp = 1 is just a matter of
renormalization, and do not hide anything deep. For notational convenience, we also
write T := (ps;)i,; > 0 the covariance matrix, where p;; := E[w;w;] = p|;_;, and T}, the
covariance matrix of the Gaussian vector (w1, ...,wy). An example of valid choice for a
correlation structure is pp = (1 + k)~* for all k£ > 0, with a > 0 a fixed constant, since it
is convex, cf. [32].

Assumption 1.1. We assume that correlations are summable, thatis ) _, |pn| < +00,
and we define the constant Y, := EnEZ pn- This means that T is a bounded operator.
We also make the additional technical assumption that Y is invertible.

Note that Assumption 1.1 implies that lim, ., p, = 0, which entails ergodicity of w,
see [17, Ch. 14 §2, Th. 2]. For the choice p; = (1 + k)~%, Assumption 1.1 corresponds to
having a > 1.

Remark 1.2. The condition that T is invertible is a bit delicate, and enables us to get
uniform bounds on the eigenvalues of T}, and T,;l. Indeed, T is a bounded and invertible
operator on the Banach space ¢;(IN), so that T~! is a bounded operator. Therefore,
Assumption 1.1 yields that the eigenvalues of T are uniformly bounded away from 0.

For example, one has
A Tg1g, 1g)
Tyo:= lim ——= = >0, 1.2
k}i)HOIO <1k;1k> Zpk ( )
keZ
where (-, -) denotes the usual Euclidean scalar product, and 1; is the k-dimensional
vector constituted of only 1’s.

A simple case when T is invertible is when 1 = py > 2", .\ [px|: it is then diagonally
dominant. More generally, one has to consider the Laurent series associated to the
Toeplitz matrix T, namely f(\) =1+ 2, . pn cos(An) (we used that py = 1, and that
p—n = pn). Then, the fundamental eigenvalue distribution theorem of Szego [25, Ch.
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Critical curve for correlated pinning and copolymer models

5] tells that the Toeplitz operator T is invertible if and only if miny¢(g 25 f(A) > 0. For
example, if pg = 1,p1 = 1/2 and px, = 0 for k > 2, then Assumption 1.1 is not verified:
indeed, one then has that f(A) = 1+ cos(}), and its minimum is 0 so that the operator T
is not invertible.

The copolymer model. For a fixed sequence w (quenched disorder) and parameters
AERT, h€R, and N € NN, define the following Gibbs measures
dPN Yk 1 (
: exp

*— >w,cop
dpP ZN)\’h

N
— 2 Z(wn + h)An> 6N 3 (13)

n=1

with the partition function used to normalize the measure to a probability measure,

N
Z]“\),”C/\O’z =E [eXp < — 2\ Z(w” + h)A”> 5N] . (1.4)

n=1

This measure corresponds to giving a penalty/reward (depending on its sign) w,, + h if
the n*" monomer is below the interface.
One then defines the free energy of the system.

Proposition 1.3 (cf. [19], Theorem 4.6). The following limit exists and is constant IP-a.s.

FP(A\ h) := A}gnoo % log Z;J]f\‘fz = A}gnoo %]E log Z;;’,C/\OE (1.5)
It is called the quenched free energy of the system. The map h — F®P(\, h) is non-
negative, non-increasing and convex. There exists a quenched critical point h2°P(\) :=
inf{h; F°P(X\, h) = 0}, such that F*°P(\, h) > 0 if and only if h < h¢°P(A).

Since the condition that the polymer must visit the interface at time N does not
change the value of the free energy, we work in some places with the free version of the
model, which is obtained by removing the constraint {N € 7} in (1.3) and (1.4).

A straightforward computation shows that 9,F°P(\, h) is the limiting fraction of
monomers below the interface under the measure P\ (and 9,F°P(), h) exists for
h < h&P()), see [24]; differentiability at the critical i)oint is a consequence of the
smoothing inequality, see Proposition 1.7). Therefore, the critical point A%°P(\) marks
the transition between a delocalized phase (9,F°°P? = 0), where most of the monomers lie
above the interface, and a localized phase (9,F°? > 0), where the polymer sticks around
the interface.

One also introduces the annealed counterpart of the model, to be compared with the
quenched one. The annealed partition function is

N N
E[Zj;f;fg] =E {exp ( —2\h Z A, + 202 Z pnmAnAm>6N} , (1.6)

n=1 n,m=1

and the annealed free energy is

FOPOLR) = Jim L Tog B[Z550] > 0. (1.7)
The existence of this limit (which is a non-trivial fact if correlations can be negative) can
be proved using Hammersley’s approximate subadditive lemma (Theorem 2 in [26]). We
refer to Proposition 2.1 in [31] for a detailed proof in the context of the correlated pinning
model. The annealed critical point is then defined as hZ°P(A) := inf{h; FE°P(A\, h) = 0}.
Moreover, a simple application of Jensen’s inequality gives

FOP(\, h) < FP(A,h), sothat hSP(\) < heP(A). (1.8)
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The pinning model. The pinning model follows similar definitions, that we state
very briefly. Although the parametrization we use is a bit different than that of the
copolymer model, it conforms to the existing literature.

For a fixed sequence w (quenched disorder) and parameters 8 € R, h € R, one
defines the Gibbs measures

AP, 1 N
dl:; — = Zw’pin €xp (Z(ﬁwn + h)6n> 5N7 (1.9

where the partition function is

N
Z35 =B {exp (Z(ﬂwn + h)én) 5N] : (1.10)

n=1

and which corresponds to giving a reward/penalty Sw, + h if the polymer touches the
defect line at site n. The quenched free energy is defined as the P-a.s limit

; 1 , 1 .
FP(B,h) == Jim 5 log Zyh, = Jim NIE)log Zyoh =0, (1.11)

and the quenched critical point kP (3) := sup{h; FP*(3, h) = 0} separates a delocalized
phase (h < h2(B3), FP(3,h) = 0) and a localized phase (h > h2™(3), FP(S3, h) > 0).
One also defines the annealed free energy FP''(S3,h) = limy_ o0 %logE[Z]“\J,”%if,‘J,
and the annealed critical point h2™(3) := sup{h; FP®®(3,h) = 0}. Analogously to the
copolymer model, hR()\) > hPR()\).
Remark 1.4. The choice of a Gaussian structure for the disorder w is very natural, and
in addition, is essential. In the Gaussian case, the two-point correlation function is
enough to describe the whole correlation structure and to compute explicitly exponential
moments. In particular, it allows us to get an explicit annealed model, see (1.6), which is
a central tool in this work. We also stress that when correlations are not summable, the
annealed model is degenerate, and the quenched free energy is always positive. We refer
to [5, 6] for an explanation of this so-called infinite disorder phenomenon in the pinning
model (the copolymer model follows the same features). This degenerate behavior is
actually due to more complex properties of the correlation structure (cf. Definition 1.5 in
[6]), and avoiding this issue is another reason to restrict to the Gaussian case.

1.2 The main results

A question of importance in these two models is that of the influence of disorder: one
compares the characteristics of the quenched and annealed models, to see if they differ.
In the copolymer and pinning models, this question is addressed both in terms of critical
points and in terms of the order of the phase transition (that is, the lack of regularity
of the free energy at the critical point). When disorder is relevant, the question of the
weak-coupling asymptotic behavior of the quenched critical point is also investigated.
We present here results on disorder relevance for both pinning and copolymer models.
For each model, we give a short overview of the existing literature, and expose our
results.

1.2.1 The Copolymer Model

So far, the copolymer model has been studied only in the case of an IID sequence w. In
that case, disorder has been shown to be relevant for all « > 0. Indeed, the annealed
phase transition is trivially of order 1 whereas the quenched phase transition is, by the
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smoothing inequality [23], at least of order 2. Moreover, it has been shown in [10, 35]
that hS°P(A) < hS°P()) for all A > 0 . Much attention has then been given to the weak
coupling behavior (A | 0) of the critical curve.

In [11], Bolthausen and den Hollander focused on the special case where the un-
derlying renewal is given by the return times of the simple symmetric random walk
on Z (where a = 1/2), and where the w,,’s are IID, {+1}-valued and symmetric. They
proved the existence of a continuum copolymer model, in which the random walk is
replaced by a Brownian motion and the disorder sequence w by white noise, as a scaling
limit of the discrete model. They showed in particular that the slope of the critical
curve limy o hS°P(A) /A exists, and is equal to the critical point of the continuum model.
This result has been extended by Caravenna and Giacomin [13] for the general class of
copolymer models that we consider in this paper, with a € (0, 1): the slope of the critical
curve exists, and is the critical point of a suitable a-continuum copolymer model. In
particular, the slope is shown to be a universal quantity, depending only on «, and not on
the fine details of the renewal process 7 or on the law of the disorder w. We then define,
at least for a € (0, 1),

w. (1.12)

Mgy = 1)}%1

The value of m, has been the subject of many investigations and debates the past
few years. In [30], Monthus conjectured that m,,, = 2/3, and a generalization of her
non-rigorous renormalization argument predicts m, = 1/(1+«). Bodineau and Giacomin
[9] proved the lower bound m, > 1/(a + 1), for every a > 0. Monthus’ conjecture
was ruled out first by Bodineau, Giacomin, Lacoin and Toninelli [10, Theorem 2.9] for
a > 0.801, and more recently by Bolthausen, den Hollander and Opoku [12] for o > 0.
We also refer to [10] for earlier, partial results, and [14] for a numerical study in the
case o = 1/2.

The case a > 1 was not considered until recently, in particular because no non-trivial
continuum model is expected to exist, due to the finite mean of the excursions of the
renewal process. However, it was proved recently in [7] that the slope m, exists also for
a > 1, and the exact value was found to be m, = % This answered a conjecture of
Bolthausen, den Hollander and Opoku [12], who had already proved the matching lower
bound for the slope.

We now turn to the correlated version of the copolymer model. The annealed model
already presents some surprising features. When correlations are non-negative, it is still
a trivial model to study, but the case with negative correlations is challenging, and more
investigation would be needed (see Remark 1.10). Propositions 1.5 to 1.7 are valid for
all A > 0 whereas Theorems 1.8 and 1.9 deal with the weak-coupling regime (A | 0).

Proposition 1.5. If correlations are non-negative, then for any A € R* and h € R, the
annealed free energy is
FRP(\h) = 20 (Yoo A — ), (1.13)

where we used the notation x = max(z,0). Therefore, the annealed critical point is
ha?P(A) = Ao, (1.14)
and the annealed phase transition is of order 1.

Proof From (1.6), one has the easy lower bound,

N
E[Zy5%] > P(r = N, Ay = Dexp (22N — h+ % > b)) (1.15)

n,m=1
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as well as E[Zy 7] > P(m1 = N, A; = 0), which directly gives that
FP(Ah) 2 20 (Toh — h) (1.16)

using in particular the assumption on the renewal (1.1). Note that this does not re-
quire the non-negativity assumption. For the upper bound, one uses that for n € N,
Zm >1 PmAm < Yo, which is valid only for non-negative correlations. O

Our next result is a general bound on the quenched critical curve, which is analogous
to that of Bodineau and Giacomin [9] in the correlated case, with no restriction on the
sign of correlations.

Proposition 1.6. For o > 0 and any X\ > 0,
cop cop
Too PO _ BEPO).
1+« A A

(1.17)
and we stress that w > T (see (1.16)), with equality when correlations are non-
negative.

The upper bound is standard and has been already pointed out in (1.8). The lower
bound is the so-called Monthus bound, adapted to the correlated case. Its proof is
postponed to Section 2. Note that if « = 0 and the correlations are non-negative we get
hEPP(A) = hEPP(A) = Too A, for all A > 0.

Another general result on the quenched copolymer model is the so-called smoothing
inequality [23], which is also valid in the correlated case, without any restriction on the
sign of the correlations.

Proposition 1.7. For every A > 0 and ¢ > 0, one has

1+a 4
T 6°. (1.18)
It is proved in the same way as in the pinning model, see [5, Sec. 4], and a brief
sketch of the proof is given in Section 2.1. Together with Proposition 1.5, this result
also shows disorder relevance for all & > 0 in terms of critical exponents, in the case of
non-negative correlations, since the annealed phase transition is then known to be of
order 1.
We are also able to show disorder relevance in terms of critical points, with the
following result, similar to [35, Theorem 2.1] in the IID case.

0 <F(AhP(N) — 8) <

Theorem 1.8. If correlations are non-negative, then for all « > 0, there exists 6(a) < 1

such that
heP(N)

lim sup < 0(a)Y . (1.19)
ALO A

Since hi°P(A) = T A when correlations are non-negative, this proves in particular
that hS°P(A\) < h°P(N) for A small enough, that is disorder relevance in terms of critical
points for all a > 0.

As far as the slope of the critical curve is concerned, we strongly believe that the
proof of [13] is still valid with correlated disorder, and that the slope exists for « € (0, 1).
Reproducing Step 2 in [13, Section 3.2.], one would presumably end up with a continuum
a-copolymer where the disorder is given by a standard Brownian motion multiplied by a
corrected variance Y.,. We therefore suspect that for « € (0, 1), the slope for correlated
disorder is the slope for IID disorder multiplied by a factor Y.

We focus now on the case p := E[r1] < 400, for which we manage to identify the
weak-coupling limit of the critical curve, without any restriction on the signs of the
correlations. This result is analogous to [7, Theorem 1.4], the uncorrelated case.
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Theorem 1.9. For the correlated copolymer model with u = E[r] < +o0,

heop ()) Too 1 To 1
1' C — LR . 7CCOp 12
D) max{1+a’2l+a+2 P } (1.20)

with

1 &
CooP = E[ > pnm] =Y pukin, (1.21)
K n,m=1 nez
where we defined, forn € Z, k,, = %Zk > o P(m1 2 k+1) € [0,1]. We stress that the
k'S have a probabilistic interpretation in terms of the tail of the invariant measure of
the backward recurrence time, see Appendix A.

Let us make a few remarks about this result:

1. One recovers that m, = % in the IID case, because then To, = C{P = 1. It
slightly improves Theorem 1.4 in [7], replacing the condition o« > 1 by p < 4o0. This
comes from an improvement in (3.61) and (3.69), where we use that « = 1 and p < +o©

imply that ¢(n) | 0 as n 1 oo, see [8, Proposition 1.5.9b].

2. The slope is the maximum of two terms: the first term is the generalization of the
Monthus bound to the correlated case, whereas the second term is the generalization of
the slope found in the IID case [7, Theorem 1.4].

3. The Monthus bound 1T % was ruled out in the IID case, except in degenerate examples

(v = 0, or the “reduced" wetting model, see [34, Theorem 3.4]). In the correlated case,
it turns out to be the correct limit in some cases, namely when

T 17 1 1/ 7
x© _[Z_ == —Qeer | = = ©_ _ Qeop 1.22
1+a (21—|—a+2 P ) 2<1+a P )>07 ( )
a condition that we can rewrite as:
1 1
—_— oy, < ——— ,1/2]. 1.23
TOOEP,H<1+QG(0/] (1.23)

neZ

At least when the correlations are non-negative, the left-hand side of (1.23) can be inter-
preted as a probability: let U and V be independent random variables with distribution

1

vne Ny, P{U=n)=-P(rp>n+1), (sothatx,=PU > |n|)) (1.24)
W

VneZ, PV=n)=p,/Te, (1.25)

then (1.23) is equivalent to P(U > |V|) < 1/(1 + «). Besides,
PUZ|IV)KPUZ1)+P(V|=0)=1—1/p+T, (1.26)

and it can be made arbitrarily small by choosing K (1) close to 1 and T, large enough,
so that (1.23) holds.
REOP(X) < _2+a Too

4. In the case of non-negative correlations, Cff’f’ < Too, so that limy g =5~ < 5(ita)

(with possibly a strict inequality, as mentioned above). However, with negative correla-
tions, it might be the case that C{°" > T.: take for instance po = 1, p1 < 0 and px =0
for k > 2, so that C°* =1+ 2p1(1 — 1/p) > 1+ 2p1 = T (since g = 1, k1 = 1 — 1/p).

One then would have lim) o hZO:(A) > 2(2;;‘2) Too.

Remark 1.10. Annealed system with negative correlations. The lower bound in (1.16)
comes from the trajectories that makes one large excursion below the interface. This
strategy is optimal when the correlations are non-negative, because returning to the
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interface would only result in a loss of some positive p,,,. Other strategies may actually
give better bounds when correlations are allowed to be negative. For example, using
Jensen'’s inequality on the free annealed partition function, one gets

N

n,m=1

If 4 = E[n] < 400, Lemma A.1 gives that Fi(\, h) > A[(3 T + 5CP)A — b, and

hEoP(\) > /\(TOO + %(C;"p - TOO)+). (1.28)

One therefore gets that h.(\) > T\ if C°® > T (which can happen, see point
4 above). The strategy highlighted in (1.27) is for the renewal to come back to the
origin in a typical manner (and lose some negative p,,,’s), and simply use the fact that
2 % E[ZnN,mzl PmnAnAy,] is strictly greater than Yo N (this doesn’t apply when a < 1,
because on average, you don’t return enough to the origin, cf. Remark A.3). Further
investigation needs to be carried out to understand the annealed phase transition in
presence of negative correlations.

1.2.2 The Pinning Model

For the pinning model with an IID sequence w, the question of the influence of disor-
der has been extensively studied, and the so-called Harris prediction [27] has been
mathematically settled. First, it is known that the annealed phase transition is of order
max(1,1/a), and hP®(B) = —log E[e?*1]~—f2/2, as 3 | 0. Disorder has been proved to
be irrelevant if & < 1/2 or if a = 1/2 and Y n~1p(n)~2 is finite, in which case, for 3
small enough, hP"(3) = hP"(3) and the critical behavior of the quenched free energy is
that of the annealed one [1, 3, 16, 29, 33]. The relevant disorder counterpart of these
results has also been proved. In [23], the disordered phase transition is shown to be of
order at least 2, proving disorder relevance for « > 1/2. In terms of critical points, it
has been proved that when o > 1/2 or @ = 1/2 and ¢(n) = o((logn)*/?~") for some 7 > 0,
then AP (3) > hP"(3), see [2, 16, 18, 21, 22]. Moreover, the weak-coupling asymptotic
of hP"(3) has been computed in [7], when a > 1, u = E[r1] < +o0:

pin __ 1,pin
810 B2 2ul+a

(1.29)

For the case « € (1/2,1), we refer to Conjecture 3.5 in the recent paper [15], which
also provides a new perspective in the study of disorder relevance (and beyond pinning
models).

In the correlated case, a few steps have been made towards the same type of criterion.
First, the annealed model is not trivial, and is still not completely solved: in particular,
although a spectral characterization of the annealed critical curve is given in [31], there
is no explicit formula as in the IID case.

Proposition 1.11 (cf. [5, 31]). The following limit holds:

: hl;)in(ﬁ) _ 1 pin . pin . __
lim 2 —5 G, with Cj ._gzpnp(\m e ). (1.30)

Moreover, if ) . n|pn| is finite then for all 3 > 0, there exist cg,Cp € (0,00) such that
foru >0,
s umax(l,l/a) < Fa(ﬁ» hgm(ﬁ) + u) < CB umax(l,l/a). (1.31)
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The smoothing inequality [23] has also been extended to the correlated case:

Proposition 1.12 (See [5], Theorem 2.3). For every 5 > 0 and § > 0,

0 <F(B.hP" () + 6) < (H“) -

o7 @ (1.32)

Therefore, from (1.31) and (1.32), one deduces disorder relevance (in terms of critical
exponents) for a > 1/2 and ) . n|pn| < 00.

Our main result concerning the correlated pinning model is that we identify the small
coupling asymptotic of the quenched critical point when p < 400, in analogy with (1.29).

Theorem 1.13. For the correlated pinning model with u = E[r] < 400,
hgin(ﬂ) _ hgm(ﬂ) Toc «a

li = — . 1.33
510 B2 2u 1+« ( )

Notice that the asymptotics given in Theorem 1.13 and that of (1.29) only differ
through the multiplicative constant Y,. In particular, one recovers (1.29) in the IID
case, where Y., = 1. Theorem 1.13 proves disorder relevance in terms of critical points
if 4 < 400 (in particular if a > 1), under Assumption 1.1.

1.3 Outline of the proofs

We mostly focus on the copolymer model, which has not been investigated so far in
the correlated case, and we give a detailed proof only in that case. The pinning model
essentially follows the same scheme.

In Section 2, we deal with lower bounds on the free energy, leading to lower bounds
on the critical curve. The basic ingredient is a rare-stretch strategy, already widely used
in the literature. This approach was initiated in [9, 23] in the context of the pinning
and copolymer models. We briefly recall how to use this technique and explain how
it is modified by the presence of correlations. It is then applied to get the smoothing
inequality of Proposition 1.7, the Monthus bound of Proposition 1.6, and thanks to the
additional estimate in Lemma 2.1 (analogous to [7, Lemma 5.1] in the uncorrelated case),
we get the second lower bound of Theorem 1.9, that is liminf) o hc)(\’\) > %1%; %C;Op.

In Section 3, we deal with the upper bound in Theorem 1.9. We employ a standard
technique which was introduced by [18] in the context of the pinning model, and
developed in [21, 22, 7]: it is the so-called fractional moment method, combined with a
coarse-graining argument. However, the adaptation of this technique to the correlated
case requires considerable work: Lemma 3.1 allows us to control the fractional moment
of the partition function on length scale 1/\?, whereas Lemma 3.3 helps us to control
the correlation terms in the coarse-graining argument, which is a necessary step to glue
the finite-size estimates together.

Section 4 adapts the proofs to the pinning model. We begin with Lemma 4.1 (analo-
gous to [7, Lemma 3.1]), which is the pinning model counterpart of Lemma 2.1. Our proof
relies on Gaussian interpolation techniques. Combining this lemma with the smoothing
inequality of Proposition 1.12 is the key to obtain the upper bound in Theorem 1.13, that
is limsup, | w < g—;"p%a The lower bound for the pinning model follows the
same fractional moment/coarse-graining scheme as for the copolymer model, and one
mostly needs to adapt the finite-size estimates of the fractional moment, see Lemma
4.3. Together with minor changes in the coarse-graining procedure, this yields the right

lower bound in Theorem 1.13.
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2 On the copolymer model: lower bound

2.1 Rare-stretch strategy

To get a lower bound on the free energy, it is enough to highlight particular trajecto-
ries, and show that these contribute enough to the free energy to make it positive. To
that purpose, we use a rare stretch strategy: we only consider trajectories which stay
above the interface (where there is no interaction) until they reach favorable regions of
the interface and localize. We now describe how to implement this idea for the sake of
completeness, but we omit details, since the procedure is standard (since [23]), and was
already used in a correlated framework in [6].

Let us fix L a large constant integer, and divide the system in blocks of length L,
denoted by (B;)ien, Bi :={(i — 1)L +1,...,iL}. Then, one restricts the trajectories to
visit only blocks B; for which (w;);ep, € A, where A is an event corresponding to a
“good" property of w on B;. There are many ways to define A, but for our purpose, we
consider

1
A= {(%‘)1 <j<rs plogZpy 2 FP(A h—a) —E}a 2.1

for some a € R, and ¢ > 0 fixed but meant to be small. Let us denote by (ix)ren the
(random) indices of the good blocks ((w;);e B, € A). Restricting the partition function to
trajectories which only visit the blocks (B;, )xen gives

Z25% = [ K((ix — ik-1 — 1)L) Zp,, (2.2)
k=1
where Zp, = ZZ;L,:J “°P with 0 is the shift operator (fw = (wnt1)nen), and where we

used the convention that K(0) = 1. We may now choose L large enough such that
(14 a+¢e?)flogL < ¢, and by (1.1), write

1 nl ¢ 1 1
w,cop 2 S
iniLIOgZi"L*A’h > in E (— I+a+e )Zlog ((ix —ip—1)L) + LlogZBik)

1« 1 o co
>innz<(1+a+52)L10g(zk1k1)+F p()\,ha)25>, (2.3)

where we used the definition of the event A to estimate %log Zp,, . Taking the limit
n — oo, and using (twice) Birkhoff’s ergodic Theorem, one gets

CO . . ]' w,CO ]'
FP(A\ h) = l}wgofﬁlog ZNSh = ]

](—(1+a+62)%]E10gi1+FC°p()\,h—a)—25). (2.4)
11

Since Elogi; < logEi; and Ei; = P(A)~!, one is left to estimate IP(A). To that end,
one uses a change of measure argument. Let us consider P, the measure consisting in
shifting (w1, ...,wr) by —a, so that under P L, the event A is typical. Indeed, shifting w by
—a corresponds to a shift of the parameter h by —a in the partition function. Therefore,
when L goes to infinity, P L(A) =1+ o(1). Then, we use the standard entropy inequality

P(A) > Py (A) exp (—]?L(A)*l(H(IT’LHP) T e’l)) : (2.5)

where H(P_|P) denotes the relative entropy of P, with respect to P, and verifies

a2

2T

- 2
H(P,|P) = %(TgllL 1) = (1+0(1) s L, (2.6)
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where the last equality comes from Lemma A.1 in [5] (and uses Assumption 1.1). In the

end, we get
2

2T

Then, for a fixed ¢ > 0 chosen small enough, the following lower bound holds for
A,a € RT, provided that L = L(¢) is large enough,

%logIP(A) = (14 0(1)). (2.7)

2
F“mpxh)>E%A)(HAJz—a)—(1+¢m2§ —35), (2.8)
It is then straightforward to get the smoothing inequality, Proposition 1.7. Indeed,
evaluating (2.8) at h = hS°P()), we get F(\ hSP(A\)) = 0 in the left-hand side, and

therefore,
2

FP(A B (V) = a) = (L4 ) o

The result follows by letting € go to 0. O

—3e<0. (2.9)

2.2 Application: lower bounds on the critical point

Non-trivial bounds on the critical point follow from (2.8). In particular, it is straight-
forward to get

2

sup {FCOP()\, h—a)— (14 a) a

h < hSP(N). 2.10
a€R 2,roo} >0 - < ¢ ( ) ( )

Lower bound in Proposition 1.6. One may plug in (2.10) the inequality F(A\, h) > —
2Ah, which holds for & € R. This comes from the contribution of trajectories making one
large excursion below the interface: Zy'\') > P(n1 > N)P(X; = 1)e=2AnN+2X Yooi@n g0
that liminf e %Elog ZX,CAOIZ > — 2)\h (since the disorder is centered). One therefore
has

a2

27

2

sup {FCOP()\, h—a)—(14+a)

a>0

Yoo
}::AQAh+2A?———.
1+«

(2.11)
Therefore, (2.10) and (2.11) yield that hS°P(\) > 1%3)‘ for all A > 0, which is the Monthus
bound in Proposition 1.6, and gives the first part of the lower bound in Theorem 1.9. O

a
> _ ) —
}/225{ 2A(h=a) = (1+0) 57—

Lower bound in Theorem 1.9. More precise linear estimates on F(, h) give sharper
lower bounds for hS°P(A). The following lemma is analogous to [7, Lem. 5.1]. Important
refinements were made to deal with correlations, with the help of the Gaussian nature of
the disorder.

Lemma 2.1. If p = E[ry] < +o0, then for any c € R,

1 1
liriliionf FFCOP()\7 cA) = 50;‘)" —c, (2.12)

where Cff)p has been introduced in (1.21).

Let (A )nen be a sequence of positive real numbers such that
hCOp A

lim A\, =0 and lim M = lim inf

n—so00 n— 00 n Al0

heP(A)
— (2.13)

Simply using that h — F°P(), h) is non-increasing and Lemma 2.1, one gets that

lim1i ftiop()\ thp(/\ )) > lccop — liminf hgop()\) (2 14)
0o AZ o fte T An)) 2 9% T AL : :
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Combining this with the smoothing inequality of Proposition 1.7, one obtains, for all
u =0,

1 1 1 heop (A
2;:162 > liminf 5F O, B () — wha) > 5C57 = lir)r\liionf%() tu. (2.15)
Then,
heoP(A) 1 1+a , Too
lim inf > S Ceop e G fCCOP o 2.16
i 2O+ o fu- g tta @1
O

Proof of Lemma 2.1. Here, we adapt an idea of [19, Theorem 6.3]. Let
Ny :=max{n € No: 7, < N} = |7 N{L,...,N}|. (2.17)

Simply using Jensen’s inequality on the (free) partition function, and then the law of
large numbers for Ay, we obtain

Ny gy =2 Sl (@nth)
Ccop -
FP(\R) > lim ! Blog EH:[ 5 }
1 14+ e 222 L (wath)
> “EE 10g< te - . (2.18)
I 2
If h = c\ and k is fixed, a Taylor expansion in A gives
14 e~ 22 Thoi(wnth) k
E{log( 5 +)\Zl(wn+h)}
,\w 1 1.5 k
an = §>\ Z Pnm- (2.19)
n=1 n,m=1

We can then apply Fatou’s lemma (note that the expression in the expectation is non-
negative) and get

Z 5

2

lim inf L lEIE)
A0 A2

—2A7L (wnth) 1
log<1+e >+>\Z(wn+h

Bl ﬂmnl :

n,m=1
(2.20)
Therefore, combining (2.18) with (2.20) (recall that the w,’s are centered and that
h = ¢)\), one obtains

n=1

o 1 co 1 S 1 €O
hrﬁlonf FF P(A, cA) 2 mE{nglpnm} —c= 50” P_ . (2.21)
O

3 On the copolymer model: upper bound

In this section we prove the upper bound part of Theorem 1.9, that is

_ heoR()) To 1 Te 1
1 c < Zceor | 3.1
BV LD fax {1+a 311a T390 } (3-1)
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We use an idea from [18], later improved in [21, 22, 7] and known as the fractional
moment method. To prove that hS°P(\) < hg (with hg = w)), one needs to prove that
F°P()\ hg) = 0. It is actually enough to show that for some ¢ € (0, 1),

l}g&fE[(Z}‘\),’)C)SZD)C} < +o0. (3.2)
Indeed, by Jensen’s inequality,

1 W.CO 1 w,co 1
N]Elog ZNShe = WEIOg(ZN,A,ZO)C < N

If (3.2) holds then we get F(A, ho) = 0 by letting NV go to o0 in (3.3), thus h2P(A) < ho.

log E[(Zy5h,)°]; (3.3)

The proof consists in two main steps: (a) we estimate the fractional moment on the
finite length scale 1/ A2 (Section 3.1) and (b) we glue finite-size estimates together thanks
to a coarse-graining argument (Section 3.2). The qualitative picture is the following.
First, Lemma 3.1 suggests that blocks of length #/A? have a negative contribution as
long as u > %Too + %C;"P. Another bound, namely v > (Y, is then necessary to control
the contribution of large excursions below the interface and between two consecutive
visited blocks. Besides, we need ¢ > 1/(1 + «) in order to make the coarse-graining
argument work. All in all, we get the condition u > max{§{£= + ;C&°P; =1

3.1 Finite-size estimates of fractional moments
To increase readibility, we shall often omit the symbol of the integer part.
Lemma 3.1. For any constants u € R and t > 0, let hy = uX and k) = t/)\2. Then

1. ]E Zw,cop C < C lccop + g’r _ t (3 4)

1r1;f&1p ks Ak < exp 5 & g Loo U . .
Proof Let I?’M be the law P on (w,...,wy) where the w;’s are shifted by —d: under INPM,
(w1,...,wk) is a Gaussian vector of mean —d1; (1 is a vector consisting of k 1’s), and

covariance matrix Y. The Radon-Nikodym derivative is given by

dPs .. e— 3 (Y5 (wHdly), w+d1y) . R
df;k (wlv'-'vw) = *l<T_1w w) - 676<Tk w’]'k’)i%d <T’“ lk”lm, (35)
e 2 k ’

Using Hoélder’s inequality, one has for all ¢ € (0, 1),

1=
w,co ™ w,co dp — w,co ™ dp 1=e
Bl(Z5) ] = B[ (Bsn)* S| < B Bu(5-) | 6o
4,k &,k

We also pick § = a\ for some constant a that we optimize later on.

(1) Let us first estimate the second term in (3.6), for large k (that is small ). With (3.5),
one obtains

oqi¢ S\ e 1¢

~ ¢ -¢

]Eé,k[( P ) } :E[(dPé’k) }
AP, ar

_ 1=¢ 2, 2
:E[elgiw’“lw’l”] e (Ti'Leli) = 335 (T 1) (3.7)

Using Assumption 1.1, (Y, '1,,1,) = (1 + o(1))¢Y%! when ¢ goes to infinity, see [5,
Lemma A.1]. We obtain (recall that &k = k) = t//\2 and 6 = a)):

82T 1, 1) 2 a2 Y+ o(1), (3.8)
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which, in combination with (3.7), gives
eq1-¢
~ dP 1\ =< 1
lim Ej 4 [( — ) } = exp ( ¢ tazTOO1> . (3.9)
A0 dP; 21-¢

(2) For the first factor in (3.6), since under ]NP(;’k (w149, ...,wi+9) is a centered Gaussian
vector with covariance Y, one obtains similarly to (1.6)

Eé,k [Z,:i’;?hp] - FE [6—2)\2(1;—@ ELI Ai+2X2 Ef,J:l piin,Ajl{keT} 7 (3.10)

where we also used that h = h) = uA.
Recall that A? = ¢/k. By Lemma A.1 (which gives the a.s. limits lim,, oo 1 37" | A; =1

for the first sum in the exponential in (3.10), and lim, o + Z?ﬂ.:l pii ANA; = iCZop +
iTOO for the second sum in the exponential in (3.10)), one gets
lime(;k[Z‘”’COp} :lexp t afqulCCOpr}T ) (3.11)
Ao PR ARE T, 2P 27> '

Combining (3.6) with (3.7) and (3.11), we get

. w,cop) ¢ 1 1 a?
hn;\IfOUPE[(Zk,;JS) ] < exp (Ct{QToo+2CZOp—U+a+ M}) (3.12)

The optimal choice a = T, (¢ — 1) finally gives Lemma 3.1. O

3.2 The coarse-graining procedure

We proceed through several steps.

STEP 0: Preliminaries. Let us abbreviate

{ Too Too
Co = max — +

gy corl o= . £>0. 3.13
1+a’ 21+ a) } ¢ Cote ¢ ( )

1
9P
We need to show that there exists A\g = Ag(e) sufficiently small such that FP(\, c.A) =0
for A € (0, \g). As explained at the beginning of this section, it is actually enough to find
¢ € (0,1) such that

. . w,Ccop Ce
l}ﬂlgofE[(ZN,/\,ch) ] < 4o0. (3.14)
We now fix € > 0 and set
1
he = he(N) = ¢\, .= 2 3.15
N =¢c ¢ Ta +e ( )

The coarse-graining correlation length is chosen to be k = k) . = t. /A2, where t. is a
(large) constant, whose value is specified at the end of the proof.

In the rest of this section, the constants Cy, C1, ... do not depend on £. We shall add a
subscript ¢ for constants that do depend on ¢.

STEP 1: Setting up the coarse-graining. The size of the system is going to be a
multiple of the correlation length: N = mk, ., where m € IN is the macroscopic size.
The system is then partitioned into m blocks By, ..., By, of size k) ., defined by

B == {(i—1)kxe+1,...,ikx.} € {1,...,N}, (3.16)
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so that the macroscopic (coarse-grained) “configuration space” is {1,...,m}. A macro-
scopic configuration is then a subset J C {1,...,m}. Let us define for a,b € IN; with
a<b:
ZZ E[exp{—Q)\ Z (wn +h)A }|E|k: 0: 71 =a,Tk+1 =bl, (3.17)
n=a+1

which is the contribution of a large excursion between a and b. By decomposing the
partition function according to the blocks visited by the polymer, we get

ZNen = Z 2, (3.18)
JC{1,...,om}: meJ
where for J = {ji1,...,je}, with 1 < ji < j2 < ... <j,=mand { = |J|, we set

Y4

Zy= Y .. > ZB <HK(di—fi_1)z?ZIZd“fi>, (3.19)

di,f1€Bj, de—1,fe-1€Bj,_; de€Bj,=Bp, \i=1
di < f1 de—1 < fo—1

with the conventions

fo=0, fe=N,  Zag =205 . (3.20)
mﬁv"v"/—\w"/\ Awval 1 1 N
0 k 2k dv fr dy  fa ds f3

Figure 1: Ilustration of the coarse-graining decomposition of trajectories presented in (3.19).
The blocks B;, with j; € J are highlighted in the picture above: j; = 3, jo = 5, j3 = 6... The
trajectories are decomposed according to the first and last renewals in every B, (for 1 < i < ),
respectively at d; and f;.

It follows that

E[(Z550 )] < S E[(Z)]. 3.21)
JCA1,....m}: meJ

We now focus on providing an upper bound on ]E[(Z])ﬂ. Defining f; = jikx. and
di = (ji — 1)kx. fori € {1,..., ¢}, notice that

d; f1 1 d d;
25 S 4zf7 R (3.22)

cf. [35, Equation (3.16)]. Let us then define

7y = Z Z Z HK — fii1 zfl " Za,. 5,2 d, (3.23)

dy,f1€Bj, d¢—1,fe—1€Bj,_, de€Bj,=Bp, 1=1
di < f1 de—1 < fo—1

so that ZJ 47, H -1 z}i- ~To decouple Z; and the zf- ’s we use the following lemma,
which relies on Lemma B.1 and is proved in Appendix B

Lemma 3.2. There exists \; = \1(g) > 0 such that, for all A < Ay,

E{(ﬁZﬁl)CE(ZJ)CE} < 241E[H (z%ﬁl)ﬂE[(ZJ)CE]. (3.24)

i=1

EJP 20 (2015), paper 71. ejp.ejpecp.org
Page 15/35


http://dx.doi.org/10.1214/EJP.v20-3514
http://ejp.ejpecp.org/

Critical curve for correlated pinning and copolymer models

We therefore get, using that 4% < 4,

~ 7 Ce .
E[(ZJ)%} < SZE{H (z7> }E[(ZJ)@] (3.25)
i=1
We first estimate the term E[[]/_ I(Zf %], Let us write z? = 2(1 + ™), with
H; = —2A Z@i:ﬁ,1+1(wu+cs)‘)' Then, since (. < 1, we get that (zfll)@ 276 (1+eSeMe),

Using a binomial expansion of Hle(l + e%<™i), we obtain

“i (=) } 27" Y {HeXpCE ] (3.26)

IC{1,...y <€l

where the product in the right-hand side is 1 when I = (). Recalling the definition of #;,
we may write

B[ [Texp(c.1)] < exp{wcsz (cs fj puv+C D pu] —eo(di —ﬁ-l))}.

iel i€l N yw=Ffi_1+1 u€(fi—1+1,d;]
v@(fio141,d4]
(3.27)

Since the correlations are summable, there exists ny; = n;(¢) such that, for n > ny, one
has 370 ,_1 puv < n(Too + e/4) as well as 320, 3" o1y v |puw| < en/4. Therefore,
there exists A2 = A\z(¢) such that, for A < Ay, one has ky . > n;. Then, in (3.27), since
eitherd;;, — f; =0ord; 1 — f; > ki, & = n1, we obtain

B[ [T exp(c.H)] < Hexp{zvce(csroo +e/2 - e) (i~ fi)}
el i

~IJew {2/\ CE(— YT e/2— o — 5)( 1 — fz)} <1, (3.28)

i€l

where, at first, we used the definitions of (. and c., and then we chose ¢ small enough so
that 2T, — £/2 < 0. Note that the condition ¢y > Y., /(1 + ) (the so-called Monthus
bound) is crucial here: otherwise the terms in (3.28) would diverge when d; — f;_1 goes
to infinity. Plugging this estimate in (3.26) gives

z —
BI[TGE ) <2« 3 =g (3.29)

i=1 I1C{1,....0}

Combining this with (3.25), we have for A < min{A, A2},

E[(Zs)“] < (16)'B[(Z,)%], (3.30)
and we are now left with estimating E[(Z,)%].

STEP 2: Applying the change of measure. Recall the definition of the shifted
measures given in (3.5). Here, we denote by IP; the law on (wy, . ..,wy) obtained from P
by shifting the w, for each n € | J,.; B; by
— 0= —a\, where a. = —(1 — ()T wo. (3.31)

Note that this value of a. is chosen according to the proof of Lemma 3.1. By Holder’s
inequality,

E[(2)*] < [Bs(Z1)]“E, K;;) C] - (3.32)
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(1) The second factor in (3.32) is computable, since, as in (3.5)
dP,
dp

1
= exp ( — (5w, 1) — 56431, 1J>), (3.33)

where 1; is the indicator function of U;¢ ;B;. Similarly to (3.7), we have

= dP ﬁ 1—Ce 1 Cs ) .
B de%) } = oxXp <2 1—C Ty 1, 1J>>- (3.34)

We now estimate <T&11J, 1,) using the idea of [5, Lemma A.3]. Define
R;y=7"Tn1;—"Y,1;. (3.35)

Because of the summability of correlations, the ¢!-norm of R; is bounded from above by
D ics 2oneB; 2amgB; |Prml; o(k<,\) as k. x goes to infinity. Then, multiplying
(3.35) by T, one gets that

Yoo Xyly=1; TN Ry (3.36)
so that one obtains
Yoo (YN'17,15) = (15,15) — (YN Ry, 15) = (1 +0(1))]J|kxe. (3.37)

To obtain the last equality, we use that (1;,1,) = |J|kx., and that 1, = T 1 (Tn1; — Ry)
to get
(YN Ry 1) =Y (R 15) — (YN Ry, Ry)| = || o(kxc). (3.38)

NN Ry, R < I IR er = |J] o(ke,»), because Assumption 1.1 gives a
uniform bound on |||Y'|||. On the other hand, (Ynx1;,1;5) ~ Yoo(1;,1) as k — oo, SO
that (Ry,1;) = (Ynly,15) — Too(ls,15) = |J] o(ke 5).

Therefore, there exists A3 = A3(¢) such that, for A < A3, we have (T'1;,1;) < (1 +
€2)Y 1| J|kx.. Plugging this in (3.34), and recalling that § = —(1 — () Yoo\, ke = te /A2,
we have, for A < A3,

E dr e 2 CE Y
E; [( dPJ) ] < exp ((1 +ef) (1~ CE)TOOt5€> <(C.), (3.39)
with .
= 2y Qoo
CE = exp <t€<€(1+5 )2(1“—0[))7 (340)

(weusedthat 1 — (. <1—-1/(14+a) =a/(1+ a)).

(2) Let us now deal with the first factor in (3.32), that is EJ[ZJ]. From (3.23), we need
to estimate in particular

E,

Z —
11271 2a..s, ij] (3.41)
i=1

for every d; < f; in B;,, where j; € J. An extra difficulty comes from the lack of
independence of the w’s. The following lemma, proved in Appendix B thanks to Lemma
B.1, allows to decouple the factors in the product above.

Lemma 3.3. There exists A\; = \i(¢) (the same as in Lemma 3.2) such that, for all
A< A,

L
IEJ{HZ Y Za, 4,7 } SKHEJ By [ Za, g ) Es 23] (3.42)
i=1
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Let us now estimate the different terms in this product.

(a) We first take care of the first and third terms, that is IE; (28], setting n = fi_1 — fi1
orn =d; —d;. Writing 2} = 2 + S exp (= 2A X", (w; — ¢ \)), one directly has

~ 1 1 -

E; [Zg] = 3 + 3 exp (2)\2n(a5 — Cg) +2)2 Azl Pij) . (3.43)
1,j=

Note that a. —c. < — Too +2T —e < — Yo — 3¢/4, provided that ¢ is chosen small

enough (we used here that c. > 1%;). There exists ny = ny(e) such that for n > nq,

>oij=1Pij < (Yoo +€/2). For n > ny, one has

E;[25] < % + %exp (2)\271('1‘00 —3e/4+ Yoo + 5/2)> <1 (3.44)

On the other hand, for n < n4, the uniform bound >77';_, pi; < n Y ;.4 |px| holds, and

~ 1 1
E; [zg] < 3 + 5 exp (2/\2n1 Z \pk|). (3.45)
kEZ

Therefore, for all A < A\y(e) = 1/4/n1(g), we have
Es[z5] <C1,  where Cj:=e?Zuezlrel, (3.46)

Using Lemma 3.3, one therefore has for A < min{\;, \4},

¢ ¢
IEJ |:szf‘:_11Zdufzzil:| < (80’12)Z H]EJ [Zdi,fi]' (3.47)
i=1

i=1

(b) We now turn to £, [Zon] forn = f; —d; € {0,...,kx}. Bounding 1y,c,) by 1, we
have

n

ij=

E;[Zo..]) <E [exp { — 2N (e —ae) YA 42N piinAjH . (3.48)
=1 1
We now distinguish according to the value of n.
(i) Case n € {(1 —&?)kxc,...,kxrc}. By Lemma A.1, there exists A5 = A\5(¢) > 0 such
that, for A < A5 and n € {(1 — ?)ky,...,kx .}, we have (recall k) . = t./\?)

By Zo.n] < exp{(1 =)t (a: - . + Céop + TT“’)} (3.49)

The fact that the bound is uniform comes from the Lipschitz character of the functions
z — e“®, when C and z both range over a bounded set. Recall the definitions of ¢. and
ae in (3.13) and (3.31), a straightforward computation gives

cr T aY

LI LT a2y <_O[r700_
2 2 2(1+a) T 2(1+a)

a: —c. + €/2, (3.50)

where in the last inequality we took ¢ small enough. In the end, we get that for A < A5

~ Too
¥ne {1—Dkrs,.. . hneh By[Zon] < exp{ —(1-e)t, (h +a/2)}. (3.51)

(ii) General bound for n < k) .: we show that ]E;[Zom] < Ciforallne {1,...,kx:},
provided that A is small enough (with the constant C; defined in (3.46)). Indeed, by
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Lemma A.1, there exists ns = ny(e) such that, for n > no,

1 & 1
P(nZAi < 1/2—8) <3 ~2te Xez lonl (3.52)
1 cop 1 —2t: > lp |
meAA > G + Too+5 < e e Dnea o (3.53)
zg 1

Therefore, if no < n < k., let us decompose the expectation in (3.48) according to
whether 23" | A; >1/2 —¢? and + Do Pig A < $C5°P + 1T + £ or not, which
gives

IEJ[ZO n] < 67)\277,{(CE7(15)(17252)4’,%0;01)4,%'roo+2€2} + 672t5 Znez‘pnlezts Znellp"‘. (3.54)

For the second part of the sum, we used the uniform upper bounds 2\?(c. —ay.) Z?zl A; >0,
szzl pii A < NZHEZ lonl, < t.. Recalling (3.50), and taking ¢ small enough,
we conclude that E;[Z ] < 2ifny <n < kype.

For the case n < na(e), let us set A\ = 1/,/nz. Then, (3.48) gives the following
uniform bound, for A < \g and n < no,

E;[Zo.n] < exp (2/\2712 3 |pn|) <Oy = exp (2 3 |pk|). (3.55)

nez keZ

To summarize, we collect the estimates in (3.23), (3.47), (3.51) and (3.55). We get
that if ¢ is fixed and small enough, then there exists A\7(¢) = min();,i € {1,...,6}) such
that for A < A7(e),

E,[Z)]) <(C)t > o > > HK — fis))U(d; — fi), (3.56)

di,f1€Bj; de—1,fe—1€Bj,_, de€Bj,=Bp i=1
di < f1 de—1 < fo-1

where Cy := (8C%)¢, and

. _ 2 )
Un) = D, ifne{(l—e?)kre, ..., krct; (3.57)
1 foralln < (1 —¢&?)ky.;
with (recall (3.51))
Too
D.:= exp{ —(1-eYt. (ﬁﬂﬂ)} (3.58)

STEP 3: Simplifying E J[Z ;] as a coarse-grained system. In this part we trans-
form (3.56) into a partition function for a coarse-grained system, where the set J plays
the role of a renewal set.

Let us denote by J the set of indices j € J suchthatj— 1€ J U{0}and j+1 €
J U {m + 1}. Recall that we denote by ji1,j2,...,jr the elements of J. If j, € J\ J, we
bound U(d; — f;) uniformly by 1. On the other hand, if j; € J, then j;_; € J U {0}, and as
in [7, Section 2, STEP 3], one shows that:

(Step 3.1) The main contribution in (3.56) comes from the d;’s and f;_1’s such that
|d; — fi—1] < €2kx.c/2. We recall this idea for the sake of completeness. Using that for all
n, U(n) > D., we get

Z U(fie1 —di—1)K(d; — fi—)U(fi — di) = K(1)D2 (3.59)
fi—1€By,_, ,di€Bj,
ldi—fio1] < e2kr.e/2
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where in the sum we kept only the term corresponding to d; — f;_1 = 1. Let us now turn
to the sum restricted to |d; — fi—1| > £2kx /2. By (1.1), there is a constant C3 such that

Vn > e%kyn.,  K(n) < C3p(e%kn.)(e%kye) (T, (3.60)

Therefore,

Z K(d; — fi1) < Csp(%kn o) (€%kn )~ RS
fi-1€Bj;_, ,di€By;
‘diffi71|>€2k)\,s/2

< Oy 2 (e Qk,\s)k,l\gaa (3.61)

where we used that there were at most k?\ﬁ terms in the sum. Notice that (,0(52]{7)\’5)]{3/1\;(}
can be made arbitrarily small by choosing k) . large (in the case a = 1, one uses that
lim,,_,, ¢(n) = 0, see [8, Proposition 1.5.9b]). Therefore there exists A\g = Ag(¢) such
that for A < g,

Cse™ T p(e%ky k) * < K(1)DZ. (3.62)

Then, the sum in (3.61) is smaller than the sum in (3.59), which proves our claim.
(Step 3.2) If A < )Ag, one may therefore restrict the summation in (3.56) to |d; —

fi—1] <e%kn /2 and |di41 — fi| < e%ka /2 whenever j; € J at the cost of an extra factor
2 each time. The total factor thereby introduced in (3.56) is then smaller than 2¢. Thus,

for j; € J, the summation is only over d;’s and f;’s verifying f; — d; > (1 — %)k, ., and
(3.57) allows us to replace U(f; — d;) by D.. This is the crucial replacement. Dropping
the restriction in the summation yields

Bi[Z) <o) o)’ Y Y > HK — fi-1).  (3.63)

d1,f1€Bj; de—1,fe-1€Bj, | de€Bj, =By, i=1
di < de—1 < fe—1

Note that the sum above is now close to the probability of a renewal event. One could
actually insert in (3.63) the terms P(f; — d; € 7), each time only at the cost of a factor
C4 > 0. Indeed, the Renewal Theorem tells that lim,, .., P(n € 7) = 1/u > 0, so there
exists a constant C4 such that P(n € 7) > 1/C4 for all n. We actually deal with this sum
more directly. Since the K(d; — f;_1)’s are the only terms containing d; and f;_;, one
can drop the restriction f; > d; and get

£

E;[Z,] <) @)Y T Y. K(di— fio), (3.64)
=1 fi—1eBj,_,
diij,i

where we used the notation B;, = {0}, so that f, = 0.

(Step 3.3) Now, we estimate each sum, depending on whether j; — j;_1 = 1 or not.
e If j;, — j;_1 = 1, then we can assume by translation invariance that j;_; = 1 and
ji = 2. One uses that P(n € 7) > 1/C4 for all n € N, to get that

> Kd-f<a Y, P(fer)K(d- )

fE€B1,dEBy fE€B1,dEBy
<CP(TNBL #0, 7N By #0) < Cy. (3.65)
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o If j; —ji—1 > 2, thend; — fi_1 > (ji — ji—1 — 1)ka. By (1.1) there is a constant Cs
such that

Cs  o((ji — Ji1 — Dka ) < 2705 o((ji — jim1 — 1)kae)
(kxe)t e (G — jim1 — D)1 7 (kyo)tte (Ji — Ji—1)tHe
where the last inequality holds because n — 1 > n/2 for n > 2. Then, since there are at
most k3 _ terms in the sum,

K(d; — fi—1) < , (3.66)

21+a
(Ji — i)'t (ke

> K(d; = fi-1) <

fi—1€B;,_,,d:€By,

)% ((Ji — Jie1 — Dkae). (3.67)

We need to deal with cases @ = 1 and « > 1 in slightly diffferent ways.

(@) If « =1, since u = E[n1] < 400, necessarily lim,,_, . ¢(n) = 0, see [8, Proposition
1.5.9b]. Moreover, (j; — ji—1 — 1)kx e = kx . = t-A"2. Therefore, there exists A\g = Ag(¢)
such that for A € (0, A\g),

@((ji — ji1 — D)ke) < 27 D2, (3.68)
and one finds

(D:)®
(Ji = Jimp)treme?/2

> K(di — fi-1) < D2(ji — jim1) 72 <
fi—1€B;,_,,d;€By,

(3.69)

(b) If o > 1, we use that (n) < Cgn® /2, for some constant Cg = Cg(¢), and get

1
(,]z _ ji_1)1+o¢—52/2 :

Z K(di — fio1) < 29705 C(ky 0) 7ot/
fi—1€Bj;_,,di€By;

(3.70)

Then, one can choose ¢ small enough so that 1 — o + 52/2 < 0, and pick A1g = A1p(e) such
that for A < Ao, 2170 C5C5(kxc) '~ 4" /2 < (D.)2.
In the end, for A < min(\s, Ag, A1g), one has

(D:)?
(Ji = Jim1)tHo—s2/2"

Z K(d; — fi—1) <

fi—1€Bj,_,,di€By,

(3.71)

By inserting (3.65) and (3.69)-(3.71) in (3.64), one obtains, for A < A\o(g) := min(A7, Ag, Ag, A10)

L

~ . ° , . 1
]EJ I:ZJ} < (20204)Z(DE)|J|(DE)Ql{'LE{lv“we}731 Ji—1 = 2}' H - - 1+a—52/2
i (Ji = Ji—1)
‘ 1
< (20504 D.)* — , (3.72)
( 244 5) g (]i —ji71)1+0‘_52/2
where for the second inequality, we noticed that D. < 1 and

C= 1l =1I\JI<2[{ie{l,....0};5 ji — Jimr 2 2} (3.73)

STEP 4: Conclusion of the proof. We can now combine (3.32) with (3.39) and
(3.72) to estimate E[(ZJ)CE], and plug that estimate in (3.21) and (3.30). One ends up,
for A < Ao(e), with

||

w Ce G,
Sz 1< Y (Mgoyyeeme) 0

Jc{1,....m};meJ “i=1
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where, recalling the definitions of C. and D, in (3.39) and (3.57), one has
G. :=16(20,C4D.)%C.
= 16(205C4)%* exp [tgcg{u + 52)m —(1-¢?) (m + 5/2) }]
< 32C5Cy exp { — (. %(1 + 0(1))}. (3.75)
Here, o(1) is a quantity which goes to zero as ¢ goes to zero (containing all the €2 terms).

If € is chosen small enough, then G. < 3202046*‘555/4(1“"). Therefore, we may choose t.
large enough to make G. arbitrarily small, in particular such that

“+o0
G-
d tream <l (3.76)
n=1
Define K(n) := G.n~(+2=°/2) for n € N, which we interpret as the inter-arrival

distribution of a transient renewal process, since ), .\ K(n) < 1. Then, one recognizes
in the right hand side of (3.74) the probability for this renewal to visit m, hence smaller
than 1.

To summarize, we proved that if ¢ has been fixed small enough, and ¢. large enough,
then, for all A < A\g(g), liminfy o0 ]E[(Z;i,f\olc’k)c] < 1. This establishes (3.14) and
concludes the proof.

3.3 Proof of Theorem 1.8

Here, we assume that correlations (p,,), > 1 are non-negative, and that o > 0. The
annealed critical point is then h,(\) = Yo A. The proof also follows a coarse-graining
scheme, as that of Toninelli [35]. We now sketch how to adapt the proof of [35] to the
correlated case, using ideas presented in Section 3.2.

Letus fix € (ﬁ, 1), and set h = h) := 0T, A for some 0 = 6(a) € (¢, 1) chosen later
in the proof and depending only on a. We show that, if X is small enough, then

. w,co ¢
liminf B [(Z35%,)¢] < +o0. (3.77)

which enforces Theorem 1.8, by the fractional moment argument explained at the
beginning of Section 3.
We then set up a coarse-graining procedure, with a block length defined as

1

and consider a system of length N := mk), in the same way as in Section 3.2. Step 1 is
identical and similarly leads to (3.30). Note that we use that 8 > ¢ > 1/(1 + «), with the
same computations as in (3.28), which is analogous to Equation (3.21) in [35]. In Step 2,
we apply a change of measure with tilting parameter § = 1/1/ky. The cost of this change
of measure, according to (3.34) and (3.37), gives a constant C|7‘]| (C; substitutes C. in
(3.39)), where Cr := exp (375 1))

We are therefore left with estimating the remaining terms (see (3.41)), for which we
can apply the decoupling inequality of Lemma 3.3. Then, using that h)y = 0T\, and
Ezjzl piiAiA; < Yo < nYo, then for any n > 0, one has

B2y = % + %exp{fQ)\n()\QToo +6-ATo)} < 1. (3.79)
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One therefore ends up with

Bl(zzsn) ] < Y s
Jc{1,....m}

¢ ¢
[ Y oYY [[Kd V-], G0

di,f1€Bj; de-1,fe-1€Bj,_, de€Bj,=Bm 1=1
di < fa de—1 < fe-1

where U(-) is now defined by U (n) := E;[Z* o) = E[Z:’;"Z’AH/\/E]. Note that (3.80) is
the analogous to Equations (3.27-3.28) in [35], and we are left with showing that U(n)
satisfies conditions (3.30)-(3.31) in [35].

Using again the non-negativity of correlations and the fact that h) = 6T\, we get

(2A2 Y o

U(n) < E[e Vi) D & (54

- E[e—””m“—"—vl—@)ZLlAf 54 < E[e*ﬁﬁbﬁ Tt 1 (3.81)

where for the second equality, we used the definition (3.78) of k), and for the last one,
we chose 6 close enough to 1 so that 24/1 — 8 < 1. This gives the exact same estimate
for U(+) as in Equation (3.48) of [35], with To,v/1 — 6 instead of v/1 — 6. Then, the proof
proceeds identically as in [35], since one can make W arbitrarily large by choosing
f close to 1, which was the key to proving Proposition 3.3 and conditions (3.30)-(3.31)
in [35].

4 Adaptation to the pinning model
In this section we sketch how to adapt the techniques of Sections 2 and 3 to the

pinning model, and prove Theorem 1.13.

4.1 Upper bound in the pinning model
We first focus on proving

hpin _ hpin Too
I D S
510 B 20 1+«
As in Section 2, the result comes as a combination of the smoothing inequality in
Proposition 1.12 and a lower bound on the free energy, which in this case is given by:

(4.1)

Lemma 4.1. For any c € R,
1. 1 1 : T
liminf —FP(3,¢6%) > — |c+ <Cp‘“ - “)] 4.2
nint Z5E (B, > [+ 5 (O - S 4.2)
where Cgin has been defined in (1.30).

Combining Lemma 4.1 and Proposition 1.12, as done in (2.15)-(2.16) for the copolymer
model, gives the right bound, (4.1).

Proof of Lemma 4.1. Define for N € IN, h € R and 8 > 0 the finite-volume free

energies:
in in in 1 in,a
FR(B,h) =E [NlogZN’p W, Fan(B, )—NlogZR[”B”h, (4.3)
where
ZR = BlZ5h ] = E {exp{ Zaﬁ Z PrmOnOm } } (4.4)
n=1 n,m=1

The proof relies on the following lemma, which is proven in Appendix C.
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Lemma 4.2. Let P®? be the law of two independent copies of the renewal process,
denoted by T and 7'. For any N, M € NN,

M q el/M

. ; ; e 1
pin > pin > pin _ .
FPR(B,h) = Fy" (B, h) 2 Fyn (8, h) — — =5 log Ay + —— 5= log By (4.5)

with

N N
Ay = E®? {exp {<M 1B D pumOnly, +h Y (8, +0,)
n=1

n,m=1 =

B <
+ ? Z pnm(dndm +6»/n6:n)}:|7 (4.6)

n,m=1

N 9 N
By i B {exp {h;(én v+ n;; prom (6 + 5;5;)}5@;4 @y
The first inequality in (4.5) comes from the super-additivity of E[log ZN g, »), which
gives that FP"(8,h) = supyen F%“(ﬁﬁ). The other inequality in (4.5) is dealt with
via interpolation techniques, developed in Appendix C. Using Lemma 4.2, the proof
of Lemma 4.1 consists in giving a second order estimate of (4.5), for 5 ~\, 0, and for
appropriate values of h and N. Namely, set h = ¢8? and N = Ng = t/3%, where t > 0,
and apply Lemma 4.2 to get that

1 .
lim inf —FP"(3, ¢3?
minf 5P (3, c8°)

el/M ol/M

1 . . in7a, . 1 . .
> n hrélilonf log 2%3757652 R Yary hngf()llp log Ay, + TR hr/r}llbnflog[j’NB. (4.8)

Using the convergence results in Lemma A.2, and the definition of Ng =t/ B? and h = 82,

we get

t T .
lim log Ay, = {(M+ 1)—= +2c+c,ljm}. (4.9)
510 1 1

Also, bounding the §,,’s by 1, we get

Npg

liminflog By, > liminf { logP(Ng € 7)% — 2|¢|82 N3z — 32 nm}
n inflog By, Bw{g(ﬁ ) Hﬁﬁﬁn%;'p'
=—2logp—2lclt —t Y |pn|. (4.10)
nez
Then, letting M go to infinity in (4.8), we obtain that for all ¢ > 0,
Jim inf — FPIN (3, ¢8%) > L lim inf log Z2im Too (4.11)
1m inr — Z — 11min ’ - . .
B0 32 e ¢ B BNgBep? T g
Using Jensen’s inequality, we may write
pin,a
108 Zy, 5,062 2
t & t &
C
logP(Ng € — E[6, | Ng € — nmBE[0,0m | Ng € 7], (4.12
og P(Njg T)+N5nz::1 [0n | N3 T]+2Nﬂn;1p [ | Ng 7], (4.12)
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and then use the following limits

pin

N
.1 1.1
lim N;E[aﬂNer}:;, ngnooﬁn;IpWE[andm|NeT]: Z (4.13)

The first limit comes from writing E[6,, | N € 7] = P(n € 7)P(N —n € 7)/P(N € 1),
together with dominated convergence and Cesaro summation. A similar reasoning holds
for the second limit. Hence, (4.12) gives that liminf s log Z]‘z,i:”;’cﬁz > —logpu+ ﬁ(c +
Cgi"/Q), and Lemma 4.1 follows from (4.11) by letting t — oc. O

4.2 Lower bound in the pinning model

We now turn to the proof of

pin _ Kpin T
lim inf he™(B) — h™(B) > e @

> . 4.14
BL0 52 2 1+« ( )

We use the same techniques as for the copolymer model: we control lim infn_, o ]E[(Z;{’,%”;l)c]
by gluing finite-size estimates (found as in Section 3.1), with the help of a coarse-graining
procedure (as in Section 3.2). We only focus here on the modifications that are necessary
to adapt this scheme to the pinning model.

4.2.1 Finite-size annealed estimate

Let us estimate the fractional moment on one block whose length is of order 1/32,
analogous to Section 3.1. Recall the expression of the annealed partition function as
given in (4.4).

Lemma 4.3 (Analogue of Lemma 3.1). Let u € R, t > 0 and set

Cpin
hg = (_ > +“)52, kg =t/6% (4.15)
2
Then, for ¢ € (0,1),
. i ¢ ¢ 1-¢
w,pin < S o -5
hrél\sng[(ZkBﬂha) } < exp{u<u T o >t} (4.16)

The proof follows exactly the same lines as for Lemma 3.1, except that we use Lemma
A.2 instead of Lemma A.1 (in particular in (3.11)). Details are left to the reader.
Recall Proposition 1.11. According to Lemma 4.3, the fractional moment of the

Cpin Yoo (1—C)
—_r —=\- 5/
2 + pm

to make the full coarse-graining procedure work (see Section 3.2), we

partition function should therefore stay bounded when h < 62( —

we need ¢ > H%
get (4.14).

). Since

4.2.2 Coarse-graining procedure.

We only stress the main modifications of the steps in Section 3.2 that are needed to
adapt the proof to the pinning model.

STEP 0. We set )
" Ya a
2 2u 1+a’
We need to show that there exists A = A\o(¢) and (. € (0, 1) such that for A € (0, \o),

co = ce=cy—¢e, €>0. (4.17)

lim inf B{(Z7 5" g2)%] < +o0. (4.18)
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Similarly to (3.15), we write h = h.(3) = c./3%, and set (. = 1_%0 + €2, kg = t./B?, where
t. is chosen large enough at the end of the proof.

STEP 1. The coarse-graining decomposition in (3.19) is still valid, with (3.20) and (3.17)
replaced by

09, pi
a < b, zZ = b = Pwrth, Zap = Zb—i,gtzg,e' (4.19)

The steps (3.22-3.30) are no longer necessary, and one is left with estimating E[(Z,)%].

STEP 2. We use the same type of change of measure procedure. Here, the law P 7 hasa
tilting parameter
0 = a.p, where a. = —(1—()Too/ 10 (4.20)

Equation (3.39) stills holds, with

te T «
_ 2y te Loo
The quantity to estimate is now, analogous to (3.41),
E; {H Zdi,fizdi} <2 [ Es(Za,.1.)Es[2%] (4.22)
i=1 i=1

where the inequality holds for § small enough. Here we use the decoupling inequalities
(see Lemma B.1, and Remark B.2). Since E;[z%] < 2 if § is small enough, we focus on
E;[Z4, s,]. One has

- n 2 n
B[ Zo,1] = B[ exp ((ec + 0083 6, + % > pitids)on]s me o kac) (4.23)
=1 )

4,j=1

Using the convergence in Lemma A.2 together with the definition of kg . = t. /3%, one
can find 31 = f1(¢) such that for 8 < (1, one gets that for any n € {(1 — kg, ..., ksc},

t. t. Cpin te (Too « €
Ey[Zon] < { 1o ep }< {—i(—oo f)} 4.24
7 Z0n) < exp 9 (ce + ac)( 8)u+u 5 exp P 2u1+a+2 (4.24)

where for the second inequality, we used the definitions of c. and a., and chose £ small.
Provided that S is small enough, one also has a uniform bound E JZon] < Cy for
n €{1,...,kgc}, where the constant C; does not depend on ¢, as in STEP 2. (2.b.ii) (the
analogue of (3.52)-(3.53) hold here thanks to Lemma A.2).
In the end, we obtain the analogue of (3.56) and (3.57), where the constant D,

becomes oo
(0% g
D, = (—i(—"" f)) 4.25
==~ 9 T1a 2 (4.25)

STEP 3 is identical to the copolymer case, and one ends up in STEP 4 with the analogue
of (3.74), with

G. = Os(D)¥"C = Cyexp | — %g(

T « €
20 1+ 2

< Cyexp (- %ci) (4.26)

where (i) Cg is a constant which does not depend on ¢ and (ii) we took ¢ small enough so
that all the terms on order 2 become negligible. Then one can make G, arbitrarily small
by choosing ¢. large, so that (3.76) holds. This concludes the proof. O
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A Convergence results

Lemma A.1 (Convergence in the copolymer model). If u = E[r;] < +oc0, then P-a.s.,

1
Ay ac)
lim i Z Prm Ay, = lim — Z PrnmBE[ALA ]: +1CCOP (A.2)
N;)OO Bl . nm m N*)oo N el ) nm m 4 P b

where Cg‘)p is defined in (1.21).

Lemma A.2 (Convergence in the pinning model). Let P®? refer to the law of two inde-
pendent copies of the renewal process, denoted by T and 7. If u = E[r] < +0c0, then
P%2.a.s,

1
Jim Z On (A.3)
' I)ill
Nliﬂoo*n;lf’”md nOm :Nlinooﬁn;f”m [3r9m (Aa4)
]\;lm — Z PrmOnly, = lim — Z PrmE®2[6,0)] = T—D;, (A.5)
—00 p——1 N —oc0 N o1 12

where Cgin has been defined in (1.30).

Proof of Lemmas A.1 and A.2. We borrow here an idea that can be used to prove the
Renewal Theorem, see [4]. We recall the definition of the backward recurrence time
process (Ag)ren,- It is a Markov chain which indicates the time elapsed since the last
renewal: Ay =k — 7p;,, where N, = |7 N {1,...,k}|. We can decorate the Markov chain
(Ak)ken, by adding the “sign” Ay, defining Ek := (A, Ag) which is also a Markov chain.
Since K(n) > 0 for all large n € IN (see (1.1)) and K(c0) = 0, (ﬁk)k > o is recurrent,
irreducible, and aperiodic, and with the additional assumption that u = E[r;] < oo, the
stationary probability measure 7 is explicit: 7(a, A) = 5 5. P(m 2 a).

Let us now define a generalization of this process, Wthh memorizes the last ¢ states,
for some given 1nteger q (arbitrarily large): let W, := (Ak, Ak 1y Ak q¢), where by
convention we set A, = (0,0) for k < 0. Then, (Wk)ken, is also a positive recurrent
irreducible aperiodic Markov chain, with an explicit stationary probability measure
denoted by II. If we write W = ((ag, Ao); - - -, (aq, Ay)) and denote by j1 < jo < -+ < jim,
the (ordered) indices such that a;, = 0 (the renewal points), then

m—1

IL(W) = m(ao, Ao) H §K(J'k+1 — Jk) H Liajii=a;-131{a 1=} (A.6)
k=1 JE{G1,2dm }

By using the ergodic theorem for Markov chains, we get that for any bounded function
G:N" - R, & Zi,v:l G(W},) converges P-a.s. to En[G(W)] as N — oco. Applying this
result to the test functions G(W) = 1{40—0) and G(W) = Ay, one gets (A.1) and (A.3)
respectively. To prove (A.4), we write

1 N 1 N 9 N q
N Z an5n5m = Nnglén + Nnglénj;pj(srwrj +RN; (A7)

n.m=1
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where the error term Ry satisfies |[Ry| <23 ;5 |pjl + % 22, 5 1 [p;|- Taking the limit
N — 00, and then letting ¢ — oo, we obtain (A. 4) since

m [1{%:0} zq: pjl{aj:O}i|

1 q
o Z (jer) (A.8)
j=1 j=1

We proceed in the same way to obtain (A.2). Compute first

n

H[Aojilijj}_iji ii(ij)iP(ﬁ>n+1)

1 q
+3 ; ) Y SP(mzk+1). (A9)

k:>q+1u

N N =
Then, one can write + Zn et PemBn D = 30 A+ 23 A, > piAnsj RN,
where, similarly to the above, one has lim,_, limy_oc Rx = 0.

Therefore, we have P-a.s.

N—oco N

lim i Z PrmAnAy, = ; + 2 hm Eq {Aozpj }

n,m=1 7j=1

:i+ Too+ o ZIP n+1)(zn:pj>. (A.10)
j=1

nE]N

This actually gives exactly (A.2), because

c;op_iE{ Z p?]] =1+ E{ii/’k]

i,j=1 i=1 k=1
n i—1 n
=14 = ZPTl—n ZZpk—l—i— S P(rzn+1)Y pr (A1)
nE]N i=1 k=1 nG]N k=1

where the last inequality is obtained via an Abel summation by parts.

The convergence in (A.5) is obtained by the same lines of reasoning, using two
independent copies of the backward recurrence time process. Details are left to the
reader. O

Remark A.3. We want to stress that if 4 = +o00, then the following convergence holds:

ngnoof Z PrmE[AAL] = T (A.12)

n,m=1

suggesting the interpretation CCOp = T, in that case. The limit in (A.12) can be proved
by observing that E[A,A,,] = 2 — 1P (7 N [n,m) # 0). A union bound gives that, for any

fixed p > 1, P(7 N [n,n +p) # (Z)) SIEPP(k e 1) "7 0, because j = 4oo implies that
P(k € 7) converges to 0. Since ), |px| < +00, we get by dominated convergence that

+oo
lim > pamP(r N [n,m) # 0) = lim > pP(rn[nn+k) #0) =0. (A.13)
m=n kelN

Using Cesaro summation together with the symmetry in n, m, one gets (A.12).
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B Decoupling inequalities

We first state a general decoupling inequality, that we prove using standard in-
terpolation techniques, and then explain how to apply it to obtain Lemmas 3.2 and
3.3.

Let us first recall the Gaussian integration-by-part formula. If w = (w,)nez is a
stationary Gaussian sequence with correlation matrix T = (p;;)i jez, and f a sufficiently
smooth function, then

VEe€Z, Elupfw)]= pnBdw, f(w)]. (B.1)

nezZ

Lemma B.1 (General Decoupling Inequality). Let IP be the law of a centered Gaus-
sian sequence w = (wy, )nez, With a correlation matrix T = (p;;); jez. If Z and J are two
disjoint subsets of Z.,, we define

CITI)= > lrjl- (B.2)

€L, j€T

Let f : R?T — R and g : R7 — R be two functions which are C? and such that, for some
constant ¢ € (0, 00),

VZGI,jej, |aw,f|<cf, |aw7g|gcga (B3)
vi,i' €Z, 5,5 €T, |02, ., <&, \af,j,wj,g\ <cyg. ’
Denoting by wr the vector (wy,)nez, for any subset T of Z, we have
E[f(wr)g(ws)] < e TN B[f(wr)]Elg(wys)). (B.4)

Proof By using two independent copies of w, one can build a centered Gaussian sequence
w, independent of w, with the following covariance structure:

Vi,j €eZUJ,  Elwiws] = pi(1gjery + 1 jeqy)- (B.5)

For convenience we still use the symbol PP for the law of (w,@). We interpolate between
w and w by defining

Vn € Z,Vt € [0,1],  wu(t) =Vto, + VI —tw,, and  ¢(t) = B[f(wz(t))g(ws(1))].
(B.6)
Note that ¢(0) = E[f(wz)g(wz)] and ¢(1) = E[f(wz)]E[g(ws)], so what we want to prove
is
©(0) < Cp(1), where C =~ CTI), (B.7)

By Gronwall’s lemma, it is enough to prove the following inequality:
vt e (0,1),  ¢'(t) = —Co(t). (B.8)
Let us first compute ¢'(t):

¢'(t) = E[0f (wz (1)) g(ws ()] + Blf (wz(t)) Org(wg (1))]
= > EDwi(t) du, fwz(t) glws (8)] + D Eldw; (1) f(wz(t)) o, 9(ws (1)), (B.9)

i€ JET
and since ) )
Vn € Z, Oywn (t) = —= Wy, — ——— Whn, B.10
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we obtain

¢ = 5 SB[ (S - 725 o flur) a(ws ()]

1€L

3 L B[(% - ) ) dates ()] B1D

]EJ

Using (B.1) and (B.5), we obtain for: € Z,

Elw; 9o, f(wz(t)) g( = VY piElOZ, o, fwz(t)) g(ws (8)], (B.12)

JET

Elw; 9y, f(wz(t)) g(ws (t))] = V1 -t pr 02,0, F(wz(t)) 9(wy (t))]

+v1l-—t Z pijE[awif(wI(t)) awjg(wj(t))]’ (B.13)
jeg
and for j € J,
B[, f(wr(t) 0w, 9(wa (D)) = VEY  pi Bf (wr(t) 02, ., 9(ws ()], (B.14)
ieJ

Elw; f(wz(t) du, 9(ws ()] = VI=1)_ piE[f(wz(1) 82, o, 9(ws ()]

i€J
VT8 pi B, f(wz(t) By 9(ws (1)) (B.15)
i€l
Adding everything up, we get
Ct)=— > pijE0u, f(wr(t)ds,g(ws (1)), (B.16)
i€, jeT
from which we deduce (B.8), thanks to (B.3). O

Proof of Lemmas 3.2 and 3.3. We apply iteratively Lemma B.1 to specific functions
of w. Observe that, in any decoupling lemma that we are using (Lemmas 3.2 and 3.3),
the functions to which we apply Lemma B.1 are of the form Z(w)?, where 0 < v < 1 and
Z(w) is a finite positive linear combination of finite products of functions of the form

Z1.(w) = E[e” 2 Zner, (wnth)on] (B.17)

for disjoint intervals Z,., and where o, is a random variable taking values in {0, 1}. Note
that the choice o, = J,, gives the partition function of the pinning model (up to a change
of parameters); o, = A,, the partition function of the copolymer model; and finally
P(o, =1,Vn € Iy) =P(o, =0, Vn € I;) = 1/2 leads to the partition function restricted

It is then easy to check that for all i,7' € Z,,

awl.ZL,(w)| < 2/\ZL,(W>, and |

92, 0, Z1,(W)| <4N°Zz,(w). Therefore, fori,i’ € U, Z,
00, 2(w)7|= 7 [0, Z2(W)]2(w) 7Y <220 2(w)7, and |5 ,, 2w)"| <42 Z(w)7,
(B.18)
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which proves that (B.3) is fulfilled in our context, with a constant ¢ = 2.
Now, we can use Lemma B.1, and only the different constants C(Z,7) involved
remain to be estimated. Note that C(Z,J) < 3 ;o7 > ¢7 |pij|. so that the definition of J

does not matter. To obtain Lemma 3.2, we apply Lemma B.1 only once, with Z = Ule B;,
(as defined in Section 3.2): one gets C(Z, J) < {Vj, ., where Vj := 22:?:1 > i lpizl. To
obtain Lemma 3.3, we apply Lemma B.1 repeatedly (3¢ — 1 times), with each time some
constant C'(Z, J) where 7 is an interval of length s < k) ., so that C(Z, J) < V. For both
lemmas, we are therefore only left to show that if ) is small enough, then 4)\?V, < log2,
forall s € {1,...,kx.}.

Indeed, Vi = ¢(s)s, where ¢(s) goes to 0 as s goes to infinity, because of the
summability of the correlations. One controls 4\?V (s) = 4t.e(s)s/ky.. Let us write
so = (4t. maxsen{e(s)}) "t log2: if s < s ka e, then 4X2V (s) < log2 ; if s € (sg ke, kre),
then 4\2V (s) < 4t.€(s), which can be made arbitrarily small by taking s > sok, . large,
in other words by taking A small. O

Remark B.2. For the sake of conciseness, we do not detail the case of the pinning model,
and leave it to the reader to check that analogues of Lemmas 3.2-3.3 hold, with an almost
identical proof. Let us point out that the case of the pinning model is even simpler since
the polymer does not collect any charge during the large excursions that occur between
the visits of coarse-grained blocks.

C Proof of Lemma 4.2

The interpolation techniques we use here are inspired by [33], but many adaptations
are however needed to deal with the correlated case. One writes

Fy'(B,h) =
_ 1 N g X
FZ:?\/ (/87 h) + IEN 10g EN,B,}L [eXp {B Z Wnlp — ? Z pnmandm}} s (C.1)
n=1 n,m=1
where
E [ exp {h SN S+ is N pnman(sm} 5N}
Engnl] = (C.2)

E {exp {h 25:1 On + %52 Zﬁimzl an5n5m} 5N} .

Let us denote by 7’ an independent copy of 7. We define for ¢ € [0, 1], which plays the role
of an interpolation parameter, and for « € R, which can be seen as a coupling constant:

N N
tp?
H2(B,t, k,w) := V1 Wi (8 + 00) — —— v (00 6m + 01,61

N

+ 582D PumOndly, (C.3)
n,m=1
and for g > 0,
1
(N, hB;t, k) = IEﬁ log E%’?ﬁ’h {exp{H}?f(ﬁ, t, K, w)}} ) (C.4)
Since
1 N 152

IEN 1Og EN,B,h |:8Xp {\/Eﬁ nZ::l oJn(sn - 7 n;l pnméném}} ) (CS)
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we have
FP™(8,h) = FR"(8,h) = FRN (B, 1) + (N, h, it = 1,k = 0). (C.6)

To control ¢(N, h,8;t =1,k = 0), we use

0 0
al/)(]\L h76;t7"£) < %Qb(thHB?ta KJ)a (C7)
0 0

The proofs of (C.6) and (C.7) are postponed to the end of this section.

Then, since for all N, h, 8,¢, the map « — (N, h; 8,t, k) is convex and non-decreasing
on Rt (as it is clear by computing the first and second order derivatives with respect to
k, see (C.18)), one gets for all M > 0 and ¢ € [0, 1],

YN, h,Bit, 1+ M —t) — (N, h, 5;,0)

0
a[{w(Nﬂhﬁﬁvta’i O)\

1+M—1t
= 1+M—t

where for the second inequality, we used that for « > 0, (N, h, 8;x,k) < (N, h, 5;0,k +
x), which is a consequence of (C.7). Therefore, setting

f(t) = —(N,h; 8,t, k= 0), (M) :=y(N,h; 8,t =0,k =M +1), (C.10)

and using (C.8) and (C.9), we get %f(t) = % (N, h; B,t,k = 0) < % + % so that
the derivative of f(t)e~*/™ is uniformly bounded by c(M)/M. Since f(0) = 0, we get by

integrating between ¢t = 0 and ¢ = 1 that f(1) < C(—A]/Vf)el/ M that is

1/M

M

e

O(N,h, Byt =1,k=0)> — W(N, h;B,t=0,1+ M). (C.11)

The combination of (C.6) and (C.11) gives Lemma 4.2, because (N, h; 8,t = 0,1+ M) =
7w log “g—g, where
Aly = E®? {62“” NG INT IS AT SINCEARE T SNV S AF NP

(C.12)

By = E®? {6h251(6n,+6;)+§[32 et f’nm(‘sném‘*‘%%,)(;Ng;V} ) (C.13)

Proof of Equations (C.7) and (C.8) We are now left with computing %1/1(N, h;B,t, k)
and a% (N, h; 8,t, k). Recall the definition (C.2) and (C.3), to get

LI B 1 I HURRAL U U
at T 4\/EN n=1 E%?B7h[exp{H]%2(ﬂ7tvHaw)}]
2 n L [EREO0 + 80 iR Gt )]
AN n,m=1 o E%,Qﬁ,h[exp{HJ%2(/Ba t7 Ky w)}] . .
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By the Gaussian integration by part formula, we have

Wn exp{H%2(ﬁ,t K, w Z eXp{H]Q\?Q(B’th?w)}
B ulexp{HR? (8,1, x,w) pomlt awm B ulexp{HY2 (8,1, 5,w)}]

N.B,h

N

VB(Sn + 6;n>exp{H®2(/3,t, K,w)}
Bmz:: g E%Qﬁ Wlexp{HR?(B,t, k,w)}]
\/>5 exp{H®2(ﬁ,t R w)}ENB h[(ém + 6;71) eXp{HJ%Q(ﬁatv ,‘{,UJ)}] (C 15)
EX% nlexp{H (8,1, k,w) }2 -
Therefore, using the notation

®2 . ®2

()= 3, = gl OB (0 L) (C.16)

E%,Qﬁ,h[exp{HJ%Z (6’ tv Ky w)}]

we end up with

0
ot V(N h, Bit, k) N Z PrmE[((0n +5/ ) (6m +5;n)> = (0n +6’;L><5m +6;n>]

n,m=1

N
> ramBl(500m) + (6,67,)]

n,m=1
B«
Z PrmB[(0n07,)] — N Z PrmE[(0n) (0m)], (C.17)
n,m=1 n,m=1

where we used that (6,) = (d),) (by symmetry in ¢ and ¢’) to simplify the last sum.
Similarly (and more easily, no Gaussian integration by part being needed), one gets

)
SN B, Bt k) = o Z PrumB[(80) (0m)]- (C.18)

n,m=1
From (C.17)-(C.18), one gets (C.7) since Zi\imzl Prm{0n){(0m) = 0 (T is positive semi-

definite). To obtain (C.8), one simply realizes that when x = 0, (0,0,,) = (d,){0},) =
(0n) (). O
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