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Abstract

The present paper is devoted to the proposal of a theoretical formulation for an isotropic damage model
with strain gradient. The approach is based on the non-local estimates of Drugan and Willis [1], exposed
in terms of energetic methods, for the purpose of damage modelling. We first focus on the derivation of
the non-local constitutive equations for the damage model which is fully analysed from the thermodynamics
point of view. It is shown that the positive definiteness of the thermodynamic potential and the intrinsic
dissipation are not ensured for every loading paths. The choice of the damage variable is briefly discussed.
The equilibrium equation and the boundary conditions are presented. Then, the model is applied to the
study of strain gradient torsion problem, for which the axi-symmetric solution is established. This allows us
to study the size effect and to evaluate the impact of the non-local term on the damage evolution and the
non-linear behaviour of the bar.

Keywords: Micro-mechanics, damage model, strain gradient

1. Introduction

In the context of durability studies of civil engineering buildings, damage mechanics offer an interesting
framework to model the irreversible deterioration of quasi-brittle materials. However, when softening occurs,
strain localisation can be observed and local damage theory becomes unreliable. From the numerical point
of view, the loss of objectivity implies a dependency between the amount of dissipated energy and the
mesh refinement. Non-local damage models are widely used to overcome those issues and can be split into
three different categories: regularisation of the strain variable as in the integral non-local model [2] or in
the implicit gradient model [3, 4], introduction of the damage gradient in the strain energy [5, 6, 7] or
introduction of the strain gradient in the strain energy [8].

Another important motivation of nonlocality is the need to capture size effects observed in fracture
experiments on concrete [9]. Indeed, the size of the fracture process zone is independent of the size of the
structure – provided it does not interfere with its boundaries – and therefore it can be observed that the
nominal strength of geometrically similar specimens is dependent on the structure size. A characteristic
length, related to the size of the fracture process zone, is needed to describe the transitional type of size
effect. A review on nonlocality, including an historical summary of its main motivations can be found in
[10].

These regularised models introduce additional material parameters whose calibration can be difficult
to carry out. Indeed, the identification of these material parameters cannot be achieved through simple
experiments due to the localisation of the fields, which generally introduce structural effects in the mechanical
response. Moreover, most of the time the additional parameters are independent of the level of damage or

∗Corresponding author
Email address: cecile.oliver-leblond@dalembert.upmc.fr (C. Oliver-Leblond)

Preprint submitted to Elsevier August 21, 2015



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

stress – a proposal can be found for the non-local integral regularisation method where the internal length
depends on the stress level [11] – even though the non-local interactions are expected to change according
to the state of the medium.

A key question concerning non-local damage models of quasi-brittle materials is that of the physical
origin of the non-locality and its proper incorporation in the continuum damage mechanics framework.
This question has been earlier pointed out in several papers among which [12] for the non-local integral
regularisation, [13] for the regularisation with a damage gradient and [14] for the regularisation with a
strain gradient in 2D.

An appropriate way to establish physical-based regularised damage models – and then to circumvent
the aforementioned problems of the non-local material parameters – is to derive the constitutive law by
means of homogenisation techniques. Therefore, the main objective of the present paper is to formulate and
study a micro-mechanics based non-local damage model with strain gradient from the non-local estimates
of Drugan and Willis [1]. The relevance of such a model, to which numerous works refer in the litterature,
and its ability to capture the size effects due to nonlocality is investigated in this work.

The paper is organised as follows. First, from the non-local micro-mechanical analysis of Drugan and
Willis, we derive the basic elements of the proposed macroscopic non-local damage model. The thermody-
namic potential and the state laws are presented, as well as the damage criterion and the evolution laws. A
careful use of the model is done in order to guarantee the positiveness of the thermodynamic potential and
of the intrinsic dissipation. Then, we present the equilibrium equation and the boundary conditions which
are classically deduced from the principle of virtual work. Finally, we establish the exact solution for the
torsion of a cylindrical bar which obeys the non-local law. Size effects due to the non-local behaviour are
illustrated. The impact of the non-local term on the damage evolution and the non-linear behaviour of the
bar is also evaluated.

2. Formulation of a micro-mechanics based strain gradient damage model

2.1. Drugan and Willis non-local elasticity model (1996)

The present study is based on the micro-mechanical non-local constitutive equations established by
Drugan and Willis [1]. Considering a class of two-phase composites with an isotropic and statistically
uniform distribution of phases, these authors showed that the macroscopic strain energy depends on both
the macroscopic strain state E and the macroscopic strain gradient state ∇E:

w(E,∇E) =
1

2
E �2

(4)Chom �2 E +
1

2
∇E �3

(6)Bhom �3 ∇E (1)

where �n is the nth tensor contraction between a tensor A of order greater than n and a tensor a of order n
such that [A�n a]i,...,j = Ai,...,jk,...,lak,...,l. For clarification, the energy potential given in equation (1) can

be rewritten in indicial notation : w(Eij , Eij,k) = 1
2Eij

(4)ChomijpqEpq + 1
2Eij,k

(6)BhomijkpqrEpq,r.
The energy potential (1) is continuously differentiable with respect to the macroscopic strain tensor E

and the macroscopic strain gradient tensor ∇E. State laws can therefore be derived, thus providing the
macroscopic stress tensor Σ and the macroscopic double stress tensor T :

Σ =
∂w

∂E
= (4)Chom �2 E; T =

∂w

∂∇E
= (6)Bhom �3 ∇E (2)

If the structure is made of an isotropic matrix reinforced or weakened by a uniform dispersion of non-
overlapping identical isotropic spheres, both the 4th order tensor (4)Chom and the 6th order tensor (6)Bhom
can be explicitly constructed.

Let us consider a linear elastic matrix whose properties are the shear modulus µ0 and the bulk modulus
κ0. This matrix contains an uniform dispersion of non-overlapping identical spherical voids of volume
concentration c defined by:
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c =
4

3
Nπa3 (3)

where a and N respectively stand for the voids radius and the voids density i.e. the number of voids per
unit of volume.

The classical Hashin-Shtrikhman upper bound provides the macroscopic stiffness tensor of the porous
material:

(4)Chom = 3κhom (4)J + 2µhom (4)K (4)

where (4)J = I ⊗ I/3 and (4)K = (4)I − (4)J are the two isotropic 4th order projectors, (4)I = I ⊗s I is
the symmetric 4th order unit tensor, I is the second order unit tensor, ⊗ is the tensor product and ⊗s the
symmetric tensor product. The homogenised shear modulus and bulk modulus are respectively given by:

µhom = µ0
(1− c)(9κ0 + 8µ0)

9κ0 + 8µ0 + 6c(κ0 + 2µ0)
(5)

κhom = κ0
4(1− c)µ0

3cκ0 + 4µ0
(6)

The isotropic 6th order tensor obtained by Drugan and Willis reads:

(6)Bhom = −βhom((6)K2 +
7

4
(6)K4 −

7

2
(6)K6)− (

3

4
γhom +

11

4
βhom)((6)J1 + (6)J2 + (6)J4 + (6)J5)

− (
9

4
γhom + 3βhom)((6)J3 + (6)J6)− (2γhom +

3

2
βhom)((6)J7 + (6)J8)− (

3

2
γhom + 2βhom)(6)J9

(7)

where the 6th order tensors (6)Kn for n = 1, ..., 6 and (6)Jm for m = 1, ..., 9 constitute an irreducible basis
for the 6th isotropic order tensors as proposed by [15]. Their expressions are given in Appendix A.

The non-local parameters βhom and γhom depend on the porosity c and the voids radius a and are given
by:

γhom = 4ca2
(2− c)(1− c)2

5(1 + 2c)
µ2
0(3κ0 + 4µ0)

× 5(3κ0 + 4µ0) [21κ0µ0 − 2µ0(3κ0 + 8µ0)]− 12(1− c)κ0µ0(3κ0 + µ0)

21(3cκ0 + 4µ0) [5µ0(3κ0 + 4µ0)− 6(1− c)µ0(κ0 + 2µ0)]
2

(8)

βhom = 10ca2
(2− c)(1− c)2

5(1 + 2c)
µ0

(3κ0 + 4µ0)(3κ0 + 8µ0)

7 [5(3κ0 + 4µ0)− 6(1− c)(κ0 + 2µ0)]
2 (9)

2.2. Coupling with isotropic damage

The formulation of a macroscopic strain gradient damage model requires the definition of the damage
variable d. As Drugan and Willis’s model is based on a micro-mechanical approach, with a micro-structure
made of an isotropic matrix weakened by a random dispersion of non-overlapping spherical voids, the porosity
c appears as a natural candidate. To take into account c0, the initial porosity of the material, it appears
necessary to define the damage variable as:

d =
c− c0
1− c0

(10)

The expressions of (4)Chom(d) and (6)Bhom(d) are deduced from equations (4) and (7) by replacing the
porosity c by its expression as a function of d:

3
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c(d) = d(1− c0) + c0 (11)

The porosity c ranges from c0 (virgin porous material) to 1 (ruined material) and is strictly increasing.
Therefore, the damage variable ranges from 0 to 1 and is also strictly increasing.

It can be noted that a more common definition of the damage variable is obtained if the initial porosity
c0 tends towards 0. In this case, the damage variable is equal to the porosity c (see for example [16]).

The following rewriting of the free energy function (1) indicates its dependency on the internal variable
d:

w(E,∇E, d) =
1

2
E �2

(4)Chom(d)�2 E +
1

2
∇E �3

(6)Bhom(d)�3 ∇E (12)

where the tensors (4)Chom and (6)Bhom are dependant on the damage variable d = c according to equations
(4), (5), (6), (7), (8) and (9).

State laws can therefore be rewritten to recall the macroscopic stress tensor Σ and the macroscopic
double stress tensor T and to define the damage energy release rate Fd:

Σ =
∂w

∂E
= (4)Chom(d)�2 E

T =
∂w

∂∇E
= (6)Bhom(d)�3 ∇E

Fd = −∂w
∂d

= −1

2
E �2

(4)Chom,d (d)�2 E −
1

2
∇E �3

(6)Bhom,d (d)�3 ∇E

(13)

It can observed that the damage energy release rate consists in the sum of the classical local term and
a non-local term due to the dependency of Bhom on d.

2.3. Positiveness of the thermodynamic potential

The free energy w(E,∇E, d) must be positive for any arbitrary displacement field and damage level.
The macroscopic strain tensor E and the macroscopic strain gradient tensor ∇E being independent internal
variables, both the local part of the free energy wl(E, d) = E �2

(4)Chom(d) �2 E/2 and its non-local
part wnl(∇E, d) = ∇E �3

(6)Bhom(d) �3 ∇E/2 must remain positive for any damage level. Therefore, the
positiveness of the free energy implies that both the 4th order tensor (4)Chom(d) and the 6th order tensor
(6)Bhom(d) are positive definite for d ∈ [0; 1].

The positiveness of the 4th order tensor (4)Chom(d) relies on those of κhom(d) and µhom(d) which are
ensured as long as d ∈ [0; 1] (see equations (4), (6) and (5)).

The study of the positiveness of the 6th order tensor (6)Bhom(d) can be performed by taking advantage
of the work of [15]. These authors showed that the previously introduced irreducible basis for isotropic 6th

order tensors allows the definition of the spherical part and the deviatoric part of a 3rd order tensor such
as ∇E. It follows that the sign of the quadratic form associated with the 6th order tensor can be easily
analysed by noting that any isotropic 6th order tensor (6)A can be decomposed as:

(6)A =

6∑
i=1

αi
(6)Ki +

9∑
i=1

αi+6
(6)Ji (14)

where α1, ..., α15 are the components of (6)A in the (K1, ...,K6, J1, ..., J9) basis.
The positiveness of the 6th order tensor (6)A is verified if and only if the following conditions are fulfilled:

0 ≤ α1

0 ≤ α2

0 ≤ 2α3 + α5

0 ≤ α4 + 2α6

0 ≤ Ψ1; 0 ≤ Ψ2; 0 ≤ Ψ3

(15)
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where Ψ1, Ψ2 and Ψ3 are the eigenvalues of matrix Ψ defined by:

Ψ =

3α7 + α10 + α13 α7 + 3α10 + α8 α7 + α10 + 3α13

α7 + 3α10 + α8 α8 + 3α11 + α14 α8 + α11 + 3α14

α7 + α10 + 3α13 α8 + α11 + 3α14 α9 + α12 + 3α15

 (16)

The coefficients α1, ..., α15 of the tensor (6)Bhom(d) being given in equation (7), the conditions for this
tensor are reduced to:

0 ≤ −βhom(d)

0 ≤ 21

4
βhom(d)

0 ≤ βhom(d)− γhom(d)

0 ≤ −7γhom(d)− 21βhom(d) +
√

337γhom(d)2 + 1062γhom(d)βhom(d) + 953βhom(d)2

0 ≤ −7γhom(d)− 21βhom(d)−
√

337γhom(d)2 + 1062γhom(d)βhom(d) + 953βhom(d)2

(17)

for d ∈ [0; 1[.
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Figure 1: Variation of the non-local properties with damage (E0 = 30 GPa, c0 = 0)

According to the variation of γhom(d) and βhom(d) with d (see figure 1), the first condition of equation
(17) is violated. Moreover, the last three conditions of equation (17) cannot be simultaneously satisfied.
Therefore, the positiveness of the 6th order tensor (6)Bhom(d) – and thus of the thermodynamical potential
– cannot be achieved for an arbitrary loading. This lack of positiveness constitutes a strong limitation of the
basic strain gradient elastic model proposed by [1] and therefore of the derived strain gradient damage model
proposed in this paper. Indeed, certain loadings lead to a negative value of the thermodynamic potential.
This is the case of the uni-dimensional traction of a bar for example.

In this paper, the torsion of a cylindrical bar will be later studied. In this case, only the second condition
of equation (17) needs to be verified. We will show that the second deviatoric sub-part of the strain gradient
tensor (6)K2 �3 ∇E is equal to zero – then the first condition of (17) no longer raises any problem – and
that the spherical sub-parts of the strain gradient tensor (6)Ji �3 ∇E are all equal to zero for i = 1,...,9 –
then the last three conditions of (17) also no longer raise any problem.

2.4. Damage criterion and evolution law
The Clausius-Duhem inequality for an isothermal process involves a local term depending on the strain

tensor rate Ė and the stress tensor Σ and a non-local term depending on the strain gradient tensor rate ∇Ė
and the double stress tensor T :

5
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D = Σ�2 Ė + T �3 ∇Ė − ẇ ≥ 0 (18)

where D is the intrinsic dissipation.
The potential being continuously differentiable with respect to the macroscopic strain tensor E, the

macroscopic strain gradient tensor ∇E and the damage variable d, (18) reads:

D =

(
Σ− ∂w

∂E

)
�2 Ė +

(
T − ∂w

∂∇E

)
�3 ∇Ė −

∂w

∂d
ḋ ≥ 0 (19)

According to the state laws (13), the intrinsic dissipation (19) can be rewritten in order to show its
dependency on the damage mechanism:

D = Fdḋ (20)

In order to ensure the positiveness of the intrinsic dissipation, the damage yield function must be convex
with respect to Fd and the corresponding damage domain must contain zero. Following [17] in the context
of local damage models, the simplest form of the damage yield function is adopted:

f(Fd, d) = Fd −Gc (21)

where Gc is the critical damage energy.
The irreversible evolution of the damage variable is obtained by adopting the normality rule:

ḋ = λ̇
∂f

∂Fd
= λ̇ with

{
λ̇ = 0 if f < 0 or ḟ < 0

λ̇ > 0 if f = 0 and ḟ = 0
(22)

where λ̇ is the damage multiplier.
Classically, the damage rate is deduced from the consistency condition, ḟ = 0, which allows the deter-

mination of the damage multiplier. This leads to:

ḋ = −
∂Fd
∂E �2 Ė + ∂Fd

∂∇E �3 ∇Ė
∂Fd
∂d

(23)

Given the expression (13) of the damage energy release rate Fd, we note the dependency of the damage
rate on the first and second derivatives of tensors (4)Chom(d) and (6)Bhom(d) with respect to d:

ḋ = −
(4)Chom,d (d)�2 E �2 Ė + (6)Bhom,d (d)�3 ∇E �3 ∇Ė

1
2E �2

(4)Chom,dd (d)�2 E + 1
2∇E �3

(6)Bhom,dd (d)�3 ∇E
(24)

2.5. Irreversibility of damage and positiveness of dissipation

The stability of the damage evolution must be ensured. We suppose that the condition ensuring that
the loading is causing damage, f = 0 and ḟ = 0, is fulfilled. It follows that:

∂Fd
∂E
�2 Ė +

∂Fd
∂∇E

�3 ∇Ė > 0 (25)

According to the damage rate formulae during loading (see equations (23) and (24)), the irreversibility
of damage ḋ > 0 is then ensured if:

1

2
E �2

(4)Chom,dd (d)�2 E +
1

2
∇E �3

(6)Bhom,dd (d)�3 ∇E > 0 (26)

Consequently, both (4)Chom,dd (d) and (6)Bhom,dd (d) must be positive definite, E and ∇E being independent
internal variables.

6
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Owing to the convexity of κhom(d) and µhom(d) with d for d ∈ [0; 1] (see equations (6) and (5)), it is
readily proved that the positive definiteness of (4)Chom,dd (d) is ensured.

Concerning (6)Bhom,dd (d) and in agreement with the conditions obtained in subsection 2.3, the second

derivative of the non-local 6th order tensor (6)Bhom(d) is positive definite if and only if:

0 < −βhom,dd (d)

0 <
21

4
βhom,dd (d)

0 < βhom,dd (d)− γhom,dd (d)

0 < −7γhom,dd (d)− 21βhom,dd (d)±
√

337γhom,dd (d)2 + 1062γhom,dd (d)βhom,dd (d) + 953βhom,dd (d)2

(27)

Obviously, the first and the second conditions cannot both be verified and thus the irreversibility of
damage is not ensured for any arbitrary loading. Furthermore, γhom(d) and βhom(d) are not convex with
respect to d for d ∈ [0; 1] (see figure 1) and thus it is impossible to find a loading which ensures (26).

To verify (26) for at least certain loadings such as the torsion test case, the studied material must have
an initial porosity c0 strictly greater than the inflection point cconv given by βhom,dd (cconv) = 0. Therefore,
the use of this micromechanical non-local damage model is limited not only to a certain range of loadings
but also to a certain class of materials.

Finally, according to equation (20), the positiveness of the intrinsic dissipation D is ensured if the damage
rate ḋ and the damage energy release rate Fd are positive. The first condition ḋ ≥ 0 requires that the second
derivatives of tensors (4)Chom(d) and (6)Bhom(d) with respect to d are positive. The second condition Fd ≥ 0
requires that the first derivatives of those tensors with respect to d are negative. Given the expression of
κhom(d), µhom(d), γhom(d) and βhom(d), the positiveness of the first derivatives of tensors (4)Chom(d) and
(6)Bhom(d) with respect to d is satisfied when their second derivatives are positive. Therefore, the solution
presented above to ensure the irreversibility of damage is necessary and sufficient to ensure the positiveness
of the intrinsic dissipation.

Remark: as demonstrated before, the positiveness of the intrinsic dissipation depends on the convexity
of the non-local functions γhom(d) and βhom(d). According to [1], the non-local parameters γhom(d) and
βhom(d) depend on a radial integral of the two-point correlation function h(r). Willis [18] showed that this
two-point correlation function must satisfy the relation:

h(r) =
P (r)− d2

d(1− d)
(28)

where d is the damage variable and P (r) is the probability that two points separated by the radial coordinate
r fall within the same phase (inclusion or matrix). An analytical approximation of this two-point correlation
function is proposed in [19]. This approximation is then used in [1] to analytically compute the non-local
parameters γhom(d) and βhom(d) used in this study. However, other choices can be made on the approxima-
tion of the two-point correlation function h(r) (see for instance the work of [20]) and thus it may be worth
considering further works in order to formulate an approximation of the two-point correlation function which
guarantees the positiveness of the intrinsic dissipation.

2.6. Link between the damage variable and the voids’ radius

According to equations (5), (6), (8), (9) and (11), the material parameters of the non-local damage
model are the elastic properties of matrices µ0 and κ0, the initial porosity c0 and the radius of the voids a.
However, depending on the type of damage mechanism that takes place at the micro-level, the radius of the
voids can be a function a(d) of the damage variable.

Therefore, the non-local tensor (6)Bhom(d) will be chosen accordingly to the type of degradation that
occurs at the micro-level:

7
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• Nucleation of the micro-voids: The radius of the voids is a fixed material parameter a(d) = a and
an evolution of the damage variable is understood as an increase of the void density N . The 6th order
homogenised tensor reads:

(6)Bhom∗ (d) = (6)Bhomnuc (d) = a2 (6)B̄hom(d) (29)

where (6)B̄hom(d) = (6)Bhom(d)/a(d)2.

• Growth of the micro-voids: The void density N is a fixed material parameter and an evolution of
the damage variable is understood as an uniform growth of the micro-voids. Therefore, the radius of
the voids is given by a(d) = (3c(d)/4Nπ)1/3. The 6th order homogenised tensor then reads:

(6)Bhom∗ (d) = (6)Bhomgr (d) =

(
3c(d)

4Nπ

)2/3
(6)B̄hom(d) (30)

Remark: in the case of the growth of the voids, the average distance between the nearest voids appears
in the definition of the non-local 6th order homogenised tensor. Indeed, this mean distance is equal to(

3
4Nπ

)1/3
Γ(4/3) as demonstrated in [21] and reminded in Appendix B.
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Figure 2: Variation of the non-local properties with the damage for each type of damage mechanism (E0 = 30 GPa, ν0 = 0.21,
a = 1 μm and N = 5.1 1016)

The type of damage mechanisms only influences the evolution of the non-local damage parameters with
d. Indeed, the voids’ radius does not appear in the definition of the local part of the model. As seen on figure
2, the evolution of the non-local parameters with damage in the voids growth case and in the nucleation
case are quite similar and thus the same conclusions can be made in terms of positive definiteness, damage
irreversibility and thermodynamic admissibility. Since the maximum of the function is reached at different
damage levels according to the damage mechanisms, the definition of the initial porosity c0 is dependent on
the damage mechanisms.

2.7. Equilibrium and boundary conditions

The introduction of higher order gradients of the displacement field U in the formulation of a damage
model leads to non-classical equilibrium equation and boundary conditions. In [22, 23], those equations are
obtained for elasticity with a second displacement gradient.

In order to derive the equilibrium equation and the boundary conditions associated with the strain
gradient elasticity, the principle of virtual work is written to show its dependency on the symmetric strain
tensor E = (∇U + U∇)/2 and the strain gradient ∇E:

8
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∫
V

(Σ�2 δE + T �3 δ∇E) dV =

∫
V

f · δU dV +

∫
S

(t · δU + r · (DδU)) dS (31)

where the stress tensor Σ and the double stress tensor T balance the body force f , the surface traction t
and the surface double force traction r.

Following [22], the gradient of the displacement variation on the boundary surface which is decomposed
into a surface gradient and a normal gradient is introduced:

∇δU =
s

∇δU + nDδU ;
s

∇ = ((2)I− n⊗ n) · ∇; D = n · ∇ (32)

where n is a unit vector orthogonal to surface S
Applying (31) Gauss’s divergence theorem on the volume integrals and Stokes’s surface divergence the-

orem on the closed smooth surface integral (see definition in [24]), one gets the equilibrium equation:

∇∇T −∇Σ = f in V (33)

and the boundary conditions:

(Σ−∇T −
s

∇(T · n)) · n+
s

∇nT · n · n = t or U = U on S

T · n · n = r or DU = DU on S
(34)

where U is the applied displacement and DU is the applied normal gradient of the displacement.
The distinction between a natural condition and an essential condition is generalised as proposed by

[25]. Four kinds of boundary conditions may be applied on each surface combining t-natural or U -essential
conditions and r-natural or DU -essential conditions.

2.8. Local integration of the strain gradient damage model

In order to capture the evolution of the state variables, let us introduce an iterative scheme which aims
at determining the mechanical state {En+1,∇En+1, dn+1,Σn+1, Tn+1} at time tn+1 from the mechanical
state {En,∇En, dn,Σn, Tn} at time tn and the loading increments ∆E and ∆∇E.

Iterative algorithm

State at time tn: {En,∇En, dn,Σn, Tn}

(1) Apply the loading increments: ∆E and ∆∇E:

En+1 = En + ∆E and ∇En+1 = ∇En +∇∆E

(2) Test felasn+1 = f(Fd(En+1,∇En+1, dn), dn):

• If felasn+1 ≤ 0

dn+1 = dn

• If felasn+1 > 0

Solve fn+1 = f(Fd(En+1,∇En+1, dn+1), dn+1) = 0 for dn+1

(3) Compute Σn+1 = Σ(En+1, dn+1) and Tn+1 = T (∇En+1, dn+1)

State at time tn+1: {En+1,∇En+1, dn+1,Σn+1, Tn+1}
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3. Exact elastic solution for the torsion of a cylindrical bar at fixed damage level

The constitutive equations with strain gradient presented in the previous section are now applied to the
study of a cylindrical bar of radius R and height h under torsion (see figure 3). Following [26], the boundary
conditions read:

a. Fixed displacements on base S0 ;

b. Applied twist angle α on base Sh ;

c. No surface double force traction on S0 and Sh ;

d. No surface force traction and double surface force traction on lateral surface Sl ;

e. No body forces.

h

R

x

y

z
α

Figure 3: Cylindrical bar under torsion: geometry, loading and coordinate system

Torsion experiments on various materials – such as metals [27], polymeric foams [28] or bones [29] –have
been used to highlight size effects and confirm the need to introduce non-local effects through a characteristic
length linked to the micro-structure.

3.1. Analytical solution for the elastic problem at fixed damage level

In order to construct the elastic non-local solution to the torsion problem, the damage is first fixed to a
value d0 strictly greater than zero.

The displacement field is assumed to be axisymmetric:

Ux = −yθ(z); Uy = xθ(z); Uz = 0 (35)

where θ is the rotation angle of the bar around the z-axis.
The non-vanishing components of the strain tensor and the strain gradient tensor are then:

Exz = Ezx = −y
2

dθ

dz
; Eyz = Ezy =

x

2

dθ

dz
(36)

Exz,y = Ezx,y = −1

2

dθ

dz
; Eyz,x = Ezy,x =

1

2

dθ

dz

Exz,z = Ezx,z = −y
2

d2θ

dz2
; Eyz,z = Ezy,z =

x

2

d2θ

dz2

(37)

In the case of torsion, Tr(E) = 0 and thus the strain energy density can be rewritten as:

w(E,∇E) = µhom(d0)E �2 E +
7

4
βhom(d0)∇E �3 ∇E (38)
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It can be readily verified that the positive definitiveness is ensured for d0 ∈ [0; 1]. Therefore, the model
can be applied to the study of torsion at fixed damage level without any restriction.

We can observe that (38) has a form similar to that of many energy potentials proposed in the literature
for elasticity models with strain gradient [30, 31]:

w(E,∇E) = µhom(d0)E �2 E + l(d0)2µhom(d0)∇E �3 ∇E (39)

where l is usually a phenomenological internal length. Here, the internal length is deduced from a micro-
mechanical analysis for the torsion problem by noticing that the dimension of βhom(d0) is a pressure times
length squared:

l(d0) =

√
7βhom(d0)

4µhom(d0)
(40)

This internal length is proportional to the radius of the voids a, and depends on the Poisson’s ratio of
the matrix ν0, the initial porosity c0 and on the damage level d0.

According to (2), the non-vanishing components of the stress tensor and the double stress tensor are:

Σxz = Σzx = −µhom(d0)y
dθ

dz
; Σyz = Σzy = µhom(d0)x

dθ

dz
(41)

and:

Txxx = Tzzx =
3y

4
(γhom(d0) + 2βhom(d0))

d2θ

dz2
; Tyyy = Tzzy = −3x

4
(γhom(d0) + 2βhom(d0))

d2θ

dz2

Txxy = −3x

4
γhom(d0)

d2θ

dz2
; Tyyx =

3y

4
γhom(d0)

d2θ

dz2

Txyx = Tyxx = −3x

4
βhom(d0)

d2θ

dz2
; Txyy = Tyxy =

3y

4
βhom(d0)

d2θ

dz2

Txzy = Tzxy = −7

4
βhom(d0)

dθ

dz
; Tyzx = Tzyx =

7

4
βhom(d0)

dθ

dz

Txzz = Tzxz =
y

2
βhom(d0)

d2θ

dz2
; Tyzz = Tzyz = −x

2
βhom(d0)

d2θ

dz2

(42)

The equilibrium equation (33) reduces to:

µhom(d0)
d2θ

dz2
+ βhom(d0)

d4θ

dz4
= 0 (43)

The form of the solution to (43) is:

θ(z) = c1 cosωz + c2 sinωz + c3z + c4 (44)

where ω =
√

2µhom(d0)
βhom(d0)

and c1 ,...,c4 are constants which will be obtained from the boundary conditions.

Applying boundary conditions (c), (a) and (b), we obtain:

d2θ

dz2
(0) = 0;

d2θ

dz2
(h) = 0; θ(0) = 0; θ(h) = α (45)

The solution for the twist angle, which also satisfies boundary conditions (d) on lateral surface Sl, is
thus the same as for the local problem, namely:

θ(z) =
αz

h
(46)
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The resultant torque in the bar, noted M , is obtained by applying the virtual work principle on cross
section S(z):

M(z)
dθ(z)

dz
=

1

2

∫
S(z)

(Σ�2 E + T �3 ∇E) dS (47)

It follows that:

M(α) = M0(1 + 4
l2

R2
) (48)

where M0 is the resultant torque for the local problem:

M0(α) = µhom
πR4

2

α

h
(49)

3.2. Illustration of the results at fixed damage level

We here study the evolution of the normalised torque M/M0 with the normalised radius R/a for a matrix
of Young modulus E0 = 50 GPa and Poisson ratio ν0 = 0.2 weakened by voids. The initial porosity of the
material is c0 and the damage level is d0 = 0. Therefore, following equation (40), the normalised internal
length is l(d0)/a = 0.14.

1 2 3 4 5
1

1.02

1.04

1.06

1.08

1.1

R/a

M
/
M

0

Figure 4: Effect of the normalised radius on the torsional rigidity of the cylindrical bar at fixed damage level

We can observe on figure 4 that the influence of the non-local term is negligible – less than 1% – if the
radius of the cylinder R is more than three times the radius a of the voids. Those results are in agreement
with the work of Drugan and Willis [1] who showed that the representative volume element size – defined
as the minimum ensemble for which the non-local term produces a negligible correction to the local term –
is approximately four radius for any type of inclusions and for all volume fractions.

On figure 4, the non-local effect increases when the radius of the cylinder R decreases towards zero.
However, those results are clearly non-physical if R is not superior to at least two times the radius of the
inclusion a.

4. Axisymmetric solution for the torsion of a damageable cylindrical bar

4.1. Analytical solution for the damage problem

In this part, the torsion problem is studied in the context of an evolving damage. To this end, let us
assume that the displacement field is the same as the one obtained for an elastic case at fixed damage level:
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Ux = −yαz
h

; Uy = x
αz

h
; Uz = 0 (50)

The non-vanishing components of the strain tensor and the gradient of strain tensor are:

Exz = Ezx = −y
2

α

h
; Eyz = Ezy =

x

2

α

h
(51)

Exz,y = Ezx,y = − α

2h
; Eyz,x = Ezy,x =

α

2h
(52)

Similarly to the form (38) for the fixed damage case, the free energy function for the torsional problem
can be rewritten in the case of an evolving damage as:

w(E,∇E, d) = µhom(d)E �2 E +
7

4
βhom(d)∇E �3 ∇E (53)

The positiveness of this reduced potential is unconditionally ensured for d ∈ [0; 1].
The internal length introduced in equation (40) is now a function of the damage:

l(d) =

√
7βhom(d)

4µhom(d)
(54)

According to (13), the non-vanishing components of the stress tensor and the double stress tensor are:

Σxz = Σzx = −µhom(d)y
α

h
; Σyz = Σzy = µhom(d)x

α

h
(55)

Txzy = Tzxy = −7

4
βhom(d)

α

h
; Tyzx = Tzyx =

7

4
βhom(d)

α

h
(56)

The shear stress Σsh and the shear hyper-stress T sh are obtained with:

Σsh = µhom(d)r
α

h
; T sh =

7

4
βhom(d)

α

h
(57)

where r =
√
x2 + y2 is the radial distance to the z-axis.

The damage energy release rate Fd takes the form:

Fd = −µhom,d (d)E �2 E −
7

4
βhom,d (d)∇E �3 ∇E (58)

As seen before in subsection 2.5, the damage irreversibility and the positiveness of the intrinsic dissipation
are ensured if Fd is positive and if (26) is verified. Given the evolution of the local parameter with the damage,
the conditions on the local part of Fd are verified. However, an initial porosity c0 has to be defined in order
the verify the conditions on the non-local part of Fd.

The damage criterion is:

−1

2

(
µhom,d (d)r2 +

7

2
βhom,d (d)

)(α
h

)2
−Gc ≤ 0 (59)

From this damage criterion, it is readily seen that d is function of the imposed twist angle α and of the
radial position r.

Remark: in order to find a solution to the non-local damage problem, the displacement field has been
assumed to be in the form of the non-local elastic one obtained in subsection 3.1. The damage field obtained
with (59) ensures the validation of this hypothesis. Indeed, the equilibrium and the boundary conditions are
satisfied because d is independent of the angular position and the z-position.
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Finally, the evolution of the torque with the twist angle M(α) is obtained by computing the following
integral:

M(α) = 2π
α

h

∫ R

0

µhom(d(r, α))

(
1 + 2

l(d(r, α))2

r4

)
r3 dr (60)

The computation of the torque M0(α) predicted by the local model is also recalled:

M0(α) = 2π
α

h

∫ R

0

µhom(d(r, α))r3 dr (61)

In the case of the local model, it is possible to analytically find the relation between the twist angle and
the resulting torque [32]. However, given the expression of βhom,d (d), the integral (60) does not admit an
analytical expression and thus the evolution of the non-local torque with the twist angle will be obtained
numerically.

4.2. Illustration of the results: mechanical field and damage distribution

The following results have been obtained for a typical material whose characteristics are presented in
table 1. As seen on figure 2, the choice of damage mechanism only has a small influence on the evolution of
βhom(d) and thus we restrict our analysis to the case of nucleation. Therefore, the radius of the voids is a
fixed material parameter.

Taking into account the results obtained at fixed damage level (see figure 4), the dimensions of the
cylinder are set to R = 2µm and h = 10R in order to observe the influence of non-local term on the torsional
behaviour.

Symbol Physical meaning Value Unit

E0 Matrix Young Modulus 50 GPa

ν0 Matrix Poisson ratio 0.2 -

a Radius of the voids 1 µm

c0 Initial porosity 0.35 -

Gc Critical energy 0.001 J.m−2

Table 1: Properties of the material

Remark: the typical material studied here is supposed to be initially porous. Therefore, the initial elastic
properties of the homogenised material µhom(0) and κhom(0) when the material is sound are not equal to
the elastic properties of the matrix µ0 and κ0. However, if µhom(0) and κhom(0) have been experimentally
obtained by studying the initial porous material, µ0 and κ0 can be derived from eq (5) and (6) with d = 0 or
c = c0.

The evolution of the internal length with the damage (see figure 5) is explained by its dependency on
statistical factor H =

∫∞
0
h(r)r dr (given in [1]) where h(r) is the two-point correlation function which

indicates the probability that two points separated by a distance r are in the same phase. Obviously, when
d→ 1 then c(d)→ 1 and thus the probability of finding two points in the matrix phase approaches 0.

The evolution of the damage is obtained by implementing the iterative algorithm presented in subsection
2.8. When the damage reaches 1 on radius R, one can pursue the computation by removing the totally
damaged zone and calculating the behaviour on the inner part of the cylinder which is not fully damaged
as proposed by [32]. The associated critical twist angle is:

αcr =
h

R

√
− 2Gc
µhom,d (1)

(62)
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Figure 5: Evolution of the torsional internal length with the damage

For the set of parameters given in table 1, the critical twist angle is 4.88 10−6 rad.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

α2

α1

r/R

d

Local

Non-Local

Figure 6: Distribution of the damage along the radius for α1 = 4 10−6 rad and α2 = 8 10−6 rad

The distribution of damage along the radius for two level of loadings α1 = 4 10−6 rad and α2 = 8 10−6 rad
is given on figure 6. As expected, the damaged area is initially formed outside of the cylinder and moves
inwards in the form of an annular ring. For α1 = 8 10−6 rad, which is greater than the critical value, the
cylinder is composed of a sound inner part, a ruined outer part and a damaged part in between. According
to the damage criterion (see equation (59)), the evolution of the damage is more influenced by the non-local
parameter for small radii.

The distribution of the shear stress Σsh and the shear hyper-stress T sh along the radius for two level of
loadings α1 = 4 10−6 rad and α2 = 8 10−6 rad is given on figure 7. The shear stress is influenced by the
non-local term only through the damage variable. Therefore, in the inner undamaged part of the cylinder,
the non-local term has no impact on the shear stress distribution. After the damage initiation radius, the
shear stress decreases with the radius and reaches zero if the twist angle is greater than the critical value.
Because the addition of the non-local term leads to a slight advance in the initiation of the damage, the
decrease of the shear stress with the radius appears sooner in the non-local case. The shear hyper-stress
is not equal to zero in the inner undamaged part of the cylinder because we take into account an initial
porosity. The shear hyper-stress is proportional to non-local parameter βhom and thus decreases with the
evolution of damage.

The evolution of the torque with the twist angle is given on figure 8. According to the torque formula
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Figure 7: Distribution of the shear stress (left) and the shear hyper-stress (right) along the radius for α1 = 4 10−6 rad and
α2 = 8 10−6 rad
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Figure 8: Variation of the torque with the twist angle (left: complete response, right: zoom on the peak)

(see equation (60)), the influence of the non-local modelling intervenes not only through the addition of a
non-local term but also through the damage evolution. Although the non-local effect is hardly noticeable,
the presence of the non-local term impacts the complete torque evolution, even in the elastic phase, because
the initial porosity is not equal to zero. The non-local term also implies an advance in the initiation of the
damage and therefore on the peak.

In order to study the size effect, the evolution of the maximal normalised torque max(M)/max(M0)
with the normalised radius R/a is plotted on figure 9. As observed for the case at fixed damage level (on
figure 4), the non-local effect disappears if R/a increases.

5. Conclusions

In this paper, we present a non-local damage model whose formulation is based on the micro-mechanical
results obtained by Drugan and Willis [1] for a matrix containing an uniform dispersion of non-overlapping
identical isotropic spherical voids. The thermodynamic potential obtained is the sum of the classical local
part and a non-local part depending on the strain gradient. This second part does not introduce a simple
characteristic length but a 6th order tensor depending on the properties of the elastic matrix and on the
radius of the voids.
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Figure 9: Effect of the normalised radius on the torsional behaviour of the cylindrical bar

A general study of the non-local model shows the lack of positiveness of the thermodynamic potential
and of the intrinsic dissipation. The strain gradient model is thus applied to the study of the torsion of a
cylindrical bar to ensure the positiveness of the thermodynamic potential. Moreover, the damage variable is
defined as a function of the porosity and a non-zero initial porosity is needed to guarantee the positiveness
of the intrinsic dissipation.

The study of a cylindrical bar under torsion is first performed at a fixed damage level to demonstrate
that the non-local elastic displacement solution is the same as the local elastic displacement solution. The
size effect, caused by the presence of the strain gradient term, is studied. The non-local damage model is
then applied to the study of the torsion of a cylindrical bar. The impact of the non-local term on the damage
evolution and the mechanical field is found to be quite small. Indeed, the equivalent torsional characteristic
length obtained with this strain gradient damage model is of the order of the voids’ radius. Thus, the higher-
order effects due to the introduction of the strain gradient can be expected to come into play when the length
scale of the strain field becomes comparable to the micro-structural length scale [33, 23]. To further explore
the role of those higher-order effects, the authors believe that the comparison with experiments on micro-
specimen of porous material subjected to damage would be necessary. Those experiments could follow the
ones proposed by Lakes [28] for microelasticity.

For further developments, it is necessary to work on the micro-mechanical analysis in order to define
a thermodynamic potential which remains positive definite for any loading. For example, it would be
interesting to formulate and study a regularised damage model derived from the non-local exact constitutive
equations proposed by Drugan [34] – which are not gradient approximated as in the present paper. These
equations may ensure the positiveness of the thermodynamic potential and the intrinsic dissipation.

Once those thermodynamical properties are ensured, an analysis of the bifurcation and stability of the
non-local damage model may be performed following for instance the work of [35].
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Appendix A. Basis for isotropic sixth-order tensors

The 6th order tensors (6)Kn for n = 1, ..., 6 and (6)Jm for m = 1, ..., 9 proposed by [15] are given by:
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[
(6)K1

]
ijkpqr

=
1

6
(δipδjqδkr + δirδjpδkq + δiqδjrδkp − δirδjqδkp − δipδjrδkq − δiqδjpδkr)[

(6)K2

]
ijkpqr

=
1

6
(δipδjqδkr + δirδjpδkq + δiqδjrδkp + δirδjqδkp + δipδjrδkq + δiqδjpδkr)

− 1

15
(δijδkrδpq + δijδkpδqr + δijδkqδpr + δijδjrδpq

+ δijδjpδqr + δikδjqδpr + δjkδirδpq + δjkδipδqr + δjkδiqδpr)[
(6)K3

]
ijkpqr

=
1

6
(δijδjrδpq + δijδjpδqr − δjkδirδpq − δjkδipδqr)

+
1

3
(δipδjqδkr + δirδjqδkp + δjkδiqδpr − δiqδjrδkp − δiqδjpδkr − δikδjqδpr)[

(6)K4

]
ijkpqr

=
1

6
(δijδjpδqr + δikδjqδpr − δjkδipδqr − δjkδiqδpr)

+
1

3
(δiqδjrδkp + δipδjrδkq + δjkδirδpq − δirδjpδkq − δirδjqδkp − δijδjrδpq)[

(6)K5

]
ijkpqr

=
1

6
(δijδkrδpq + δijδkpδqr − δjkδirδpq − δjkδipδqr)

+
1

3
(δirδjpδkq + δipδjrδkq + δjkδiqδpr − δiqδjrδkp − δiqδjpδkr − δijδkqδpr)[

(6)K6

]
ijkpqr

=
1

6
(δijδkpδqr + δijδkqδpr − δjkδipδqr − δjkδiqδpr)

+
1

3
(δipδjqδkr + δiqδjpδkr + δjkδirδpq − δirδjpδkq − δirδjqδkp − δijδkrδpq)

(63)

[
(6)J1

]
ijkpqr

=
1

10
(4δjkδipδqr − δjkδirδpq − δjkδiqδpr)[

(6)J2
]
ijkpqr

=
1

10
(4δjkδiqδpr − δjkδipδqr − δjkδirδpq)[

(6)J3
]
ijkpqr

=
1

10
(4δjkδirδpq − δjkδiqδpr − δjkδipδqr)[

(6)J4
]
ijkpqr

=
1

10
(4δijδjpδqr − δijδjrδpq − δikδjqδpr)[

(6)J5
]
ijkpqr

=
1

10
(4δikδjqδpr − δijδjrδpq − δijδjpδqr)[

(6)J6
]
ijkpqr

=
1

10
(4δijδjrδpq − δijδjpδqr − δikδjqδpr)[

(6)J7
]
ijkpqr

=
1

10
(4δijδkpδqr − δijδkrδpq − δijδkqδpr)[

(6)J8
]
ijkpqr

=
1

10
(4δijδkqδpr − δijδkrδpq − δijδkpδqr)[

(6)J9
]
ijkpqr

=
1

10
(4δijδkrδpq − δijδkpδqr − δijδkqδpr)

(64)

Appendix B. Mean distance between nearest neighbours

We are looking for the mean distance between nearest neighbours of a a set of points distributed according
to a Poisson distribution in 3D with a density N . Therefore, the number of points in a volume V also follows
a Poisson distribution of mean NV . The probability of finding k points in the volume V is:

P (V, k) =
(NV )ke−NV

k!
(65)
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The nearest neighbour of a random point is situated between r and r + dr if there is no point before r
and at least one between r and r + dr. The probability is:

dP (r) = P (4Nπr3/3, 0)(1− P (4Nπr2dr, 0))

= e−4Nπr
3/3(1− e−4Nπr

2dr)

' 4Nπe−4Nπr
3/3r2dr

(66)

The mean distance between nearest neighbours is given by:

l =

∫ ∞
0

rdP (r) =

∫ ∞
0

4Nπe−4Nπr
3/3r2dr (67)

Performing the change of variable s = 4Nπr3/3 we obtain:

l =

(
3

4Nπ

)1/3 ∫ ∞
0

s1/3e−sds =

(
3

4Nπ

)1/3

Γ(4/3) (68)
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Highlights
A micro-mechanics based strain gradient damage model: formulation and

solution for the torsion of a cylindrical bar

• We propose a theoretical formulation for an isotropic damage model with strain gradient.

• We derive the basic elements of the proposed macroscopic non-local damage model from the non-local
micro-mechanical analysis of Drugan and Willis (1996).

• We study the size effect, caused by the presence of the strain gradient term, on the torsion problem.
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