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Abstract

The initial value problem and global properties of solutions are studied for the
!/
vector equation: (Hu'Hlu’) + | A2u||® Au+ g(u/) = 0 in a finite dimensional Hilbert

space under suitable assumptions on g.
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1 Introduction

Let H be a finite dimensional real Hilbert space, with norm denoted by ||.||. We consider
the following nonlinear equation

A% Los N o_
[w']['u”) +[[A2u]” Au+ g(u’) =0, (1.1)

where [ and [ are positive constants, and A is a positive and symmetric linear operator
on H. We denote by (-,-) the inner product in H. The operator A is coercive, which
means :

N> 0, Yue D(A), (Au,u) > \|ul?.

We also define

Vu € H, || A2l = lull 8y

a norm equivalent to the norm in H. We assume that g : H — H is locally Lipschitz
continuous.

When [ = 0 and g(u') = c|u/|*u Haraux [5] studied the rate of decay of the energy
of non—trivial solutions to the scalar second order ODE. In addition he showed that if
o > 5 5 all non-trivial solutions are oscillatory and if o < JEES) +2 they are non-oscillatory.
In the oscillatory case he established that all non-trivial solutions have the same decay
rates, while in the non-oscillatory case he showed the coexistence of exactly two different
decay rates, calling slow solutions those which have the lowest decay rate, and fast
solutions the others.

Abdelli and Haraux [1] studied the scalar second order ODE where g(u’) = c|u/|*/,
they proved the existence and uniqueness of a global solution with initial data (ug,u1) €
R2. They used some modified energy function to estimate the rate of decay and they
used the method introduced by Haraux [5] to study the oscillatory or non-oscillatory
of non-trivial solutions. If @ > 20D+

B+2
a < % they are non-oscillatory. In the non-oscillatory rate, as in the case [ = 0,

the coexistence of exactly two different decay rates was established.

all non-trivial solutions are oscillatory and if

In this article, we use some techniques from Abdelli and Haraux [1] to establish
a global existence and uniqueness result of the solutions, and under some additional
conditions on g (typically g(s) ~ ¢||s||*s), we study the asymptotic behavior as t — co.
A basic role will be played by the total energy of the solution u given by the formula

[+1

1
s AR (1.2)

/ +2
Tl O + 55

E(t) =

The plan of this paper is as follows: In Section 2 we establish some basic preliminary
inequalities, and in Section 3 we prove the existence of a solution v € C*(R*, H) with
| ||' € CH(RT, H) for any initial data (ug,u1) € H x H under relevant conditions on g
and the conservation of total energy for each such solution. In Section 4 we establish the
uniqueness of the solution in the same regularity class under additional conditions on
g. In Section 5 we prove convergence of all solutions to 0 under more specific conditions
on g and we estimate the decay rate of the energy. Finally, in Section 6, we discuss the



optimality of these estimates when g(s) = ¢||s||%s and | < a < B (IBJ:LI%H; in particular,

by relying on a technique introduced by Ghisi, Gobbino and Haraux [3], we prove the
existence of a open set of initial states giving rise to slow decaying solutions. In our
last result, by relying on a technique introduced by Ghisi, Gobbino and Haraux [4], we
prove that all non-zero solutions are either slow solutions or fast solutions.

2 Some basic inequalities

In this section, we establish some easy but powerful lemmas which generalize Lemma
2.2 and Lemma 2.3 from [2] and will be essential for the existence and uniqueness proofs
of the next section. Troughout this section, H denotes an arbitrary (not necessary finite
dimensional) real Hilbert space with norm denoted by ||.|.

Proposition 2.1. Let (u,v) € H x H and (o, 8) € RY x IR". Then the condition
(= B)(Ilull = [lvl}) = 0,
mplies

(ou = Bv)(u —v) > S(a+ B)u— vl

N | =

Proof. An easy calculation gives the identity

(o — o) — v) = 2 (e = B)(ul” ~ [[ol]2) + 5 (e + ) u — o]/

Since
(= B)([[ull® = [[o[*) = (flll + [l (e = B[]l = [,

the result follows immediately. O

For the next results, we consider a number R > 0 and we set
Jr=[0,R]; Br:={ue€H, |u| <R}

Proposition 2.2. Let f : Jg — IR™ be non increasing and such that for some positive
numbers p, c:
Vs e Jr, f(s)>csP.

Then we have

V(u,v) € Br x Br,  (f([lul)u = f(v])v)(u —v) > g(Hqu + olP)llu = v

Proof. Applying the previous result with a = f(||u||) and 8 = f(||v||) the result follows
immediately. O

Corollary 2.3. Let f : Jg — IR™ be non increasing and such that for some positive
numbers p, c:
Vs € Jr, f(s)>csP.

Then we have

V(u,v) € Br x Br, [lf([ullu = f(lvlo)ll = 5 (lull” + [[0]P)lu = ]|

c
2



Proof. This inequality follows immediately from Cauchy-Schwarz inequality combined
with the conclusion of the previous proposition. O

Proposition 2.4. Let f : Jg — IR™ be non increasing and such that for some positive
numbers p, c:
Vs € Jr, f(s)>csP.

Then we have
V(u,v) € Br x Br,  (f(lul)u — f(lv[))v)(u —v) > §|lu — v|[P*?,

with § = <

omax{p,1} -
Proof. 1t is sufficient to apply the previous result combined with the inequality
lu = o] < 27O (Jlu [P 4 [|o]|P).
O

Corollary 2.5. Let f : Jg — IRt be non increasing and such that for some positive
numbers p, c:
Vs e Jr, f(s)>csP.

Then we have for some constant C' = C(c,p) > 0,
1
V(u,v) € Br X Br, |lu—vl < C[[f(lul)u— f(v)o)ll7+.

Proof. This inequality follows immediately from Cauchy-Schwarz inequality combined
with the conclusion of the previous proposition. ]

Lemma 2.6. Assume that A is a positive, symmetric, bounded operator on H. for
some constant D > 0 we have ¥Y(w,v) € H x H

V(w,v) € H x H, |[|AZw]|® Aw — || AZ0])® Av|| < D max(||AZ o]}, || AZw]])? |Jw — o).

Proof. We can write
I|A2w]|® Aw — || AZ0]|® Av|| = [|A% (| A2 w|P AZw — [|A%v]|PAS0))|
< || A% ||| A2 w]|P AZw — [|AZv]|P Az o]
Direct calculations (see also [2], Lemma 2.2) yield
A2 w||® A2w — [|A20||P A% v|| < Oy max(|AZ o], | AT w])?||ATw — ATl
< Cymax([|A2 o], [|AZw])? |w — o],

and the result is proved. ]



3 Global existence and energy conservation for equation (1.1)

In this section, we study the existence of a solution for the initial value problem associ-
ated to equation (1.1) where g : H — H is a locally Lipschitz continuous function which
satisfies the following hypothesis:

k1 >0, ko >0, Yo, (9(v),v) > —ki — kol|v|'T2. (3.1)

Theorem 3.1. Let (ug,u1) € Hx H. The problem (1.1) has a global solution satisfying
we CHRY H), |u|%W eCHRY, H) and u(0) =uy, u'(0)=u.

Proof. To show the existence of the solution for (1.1), we consider the auxiliary problem

{ (2 -+l 2ul + dul, ul) (e 4 Jul )72l + | A% el |? Aue + g(ul) = 0, (3.2)

ue(0) = up, ul(0) = u;.

Here, € > 0 is a small parameter, devoted to tend to zero. For simplicity in the sequel

we shall write
[/2:=m > 0.

Assuming the existence of such a solution ., multiplying (3.2) by u., we find
. 1
[(e A+ [[ull*)™ 4+ 2m(e + [lul )™l ]?] (u, ul) + | AZue | (Aue, ul) + (g(ul), ul) =0,

then )
 A2u P (Aug, ul) + (g(ul), ul)
(e + [lutl|®)™1(e + (1 + 1)|ull?)

From (3.2), we obtain that u. is a solution of

(uz, ul) =

ZHA%ugHﬁ(Aug, ul) + (g(ul), ul)
e+ (U4 1)[ull?

(e + gyt - 4 LA A o) =0,
ue(0) = ug, ul(0) = uy.
Conversely, (3.4) implies (3.3). Then, replacing (3.3) in (3.4), we obtain (3.2). Therefore
(3.2) is equivalent to (3.4).
i) A priori estimates:

Next, we introduce

1 1
= ZHA2u€H5(AuE,ué) + (g(ué),u’e)u, _ |42 uc||P Au + g(ul)
(& + Julll)™ (e + (L + Dflutf?) = (€ + [lutl|)™

F-(ug,ul)

€

Then (3.4), can be rewritten as

U/E/ = F‘g(u&u;)7
{ us(0) = up, ul(0) =uy. (3.5)



i)

Since the vector field F; is locally Lipschitz continuous, the existence and unique-
ness of u. in the class C2([0,T), H), for some T > 0 is classical. Multiplying (3.2)
by u., we obtain by a simple calculation the following energy identity:

d ! !
EQGH%M%@L%QD:Q
where
Eo(t) = F L 2 — e 4+ )™+ o A (1) P2
[+2 € € B+2

Indeed, for any function v € C'([0,T"), H) we have the following sequence of iden-
tities

(e + [I0l*)™0)', v) = 2m(e + o)™ o]*(v, ') + (e + [[v]*)™ (v, )
= 2m(e+ o)™ (e + Jo]*) (v, 0") = 2me(e + [[0]*)" 7 (0, 0) + (e + [|v]]*)™ (v, ')
= (2m +1)(e + [|ol*)™ (v, ") — 2me(e + [[vl*)™ " (v, ")

o dJl+1
Cdt |[1+2

Moreover for some constant C' > (0 independent of €, we have

(e ) = ee + o)™

[+1
E >
5(t)+c—l+2

1
(e + flull?)™ = ele + lucl)™ + € > L ()]

and then as a consequence of (3.1)

%Ea(t) = —(g(uL(t), u(t)) <k + kolul(t)]"*

< ks + k4E&(t).
By Gronwall’s inequality, this implies
Vte[0,T), |lue(®)] <My, [luz(t)]] < Mo, (3.6)

for some constants M, My independent of . Hence, u. and u. are uniformly
bounded and wu. is a global solution, in particular 7" > 0 can be taken arbitrarily
large.

Passage to the limit:

In order to pass to the limit as ¢ — 0 we need to know that u. and u. are
uniformly equicontinous on (0,7') for any 7" > 0. For u. it is clear, since ||u’]| is
bounded.

Moreover we have
l 1/2— l
(e + L) 20l + U(ul, ul) (e + ull®)? 1l = ((e + |ull®)?ul),

hence by the equation

(e + I/ 2ut)' | < Az ()| Aue (8)]] + llg(ul (eI



and since ¢ is locally Lipschitz continuous, hence bounded on bounded sets, we
obtain
1((e + [l |*)2ul)|| < Ms.

Therefore the functions (e + ||u’||?)™u’. are uniformly Lipschitz continuous on R+.
We claim that u. is a uniformly (with respect to ¢) locally Holder continuous
function of t. Indeed by applying Corollary 2.5 with f(s) = (¢ + s?)" and p =
2m = [ we find for some C' > 0

1 1
[l (t) —ul(t2) | < Clle+{ull®)™ ul(ts) = (e+[[ull|*) ™ ul (t2) | +7 < Ot —ta| =1

As a consequence of Ascoli’s theorem and a priori estimate (3.6) combined with
(3.5), we may extract a subsequence which is still denoted for simplicity by (u.)
such that for every T'> 0

u. —u in CY((0,T), H),
as € tends to 0. Integrating (3.2) over (0,t), we get
(e + lullP)™ul(t) — (e + [lull*)™ul(t)(0) (3.7)

= — ' %ues B Ue (S S — t u's S.
/OHA (5)1° Aug(s) d /Og<€<>>d

From (3.7), we then have, as ¢ tends to 0
t t
(eHlluz )™ uz () — —/ 1Az u(s)[| Au(s) dS—/ g(u/(5)) ds+[|u'(0) "/ (0) in €C°((0,T), H).
0 0
Hence
t t
l'[[' = —/ 1Az u(s)[|” Au(s) ds—/ g(u/(s))ds + [[u'(0)]'w/(0),  (3.8)
0 0

and ||«'||'v’ € C*((0,T), H). Finally by differentiating (3.8) we conclude that u is
a solution of (1.1).

O

Remark 3.2. [t is not difficult to see that the solution u constructed in the existence
theorem satisfies the energy identity %E(t) = —(g(u'(t)),u/(t)). The following stronger
result shows that this identity is true for any solution even if uniqueness is not known.
For infinite dimensional equations such as the Kirchhoff equation, both uniqueness and
the energy identity for general weak solutions are old open problems.

Theorem 3.3. Let (ug,u;) € H x H. Then any solution u of (1.1) such that
we CHRT H), || € CHRT, H) and u(0) =ug, u'(0)=1u,

satisfies the formula
B0 = = (g (), (1))- (3.9)



The proof of this new result relies on the following simple lemma

Lemma 3.4. Let J be any interval, assume that v € C(J, H) and |[v||'v € C'(J, H) then
lo(®)|I* € C*(J, H),

and

@0, 00) = 5 (F5IvOI?), Ve

Proof. Case 1. For any ty € J, if v(tp) # 0 then v(t) # 0 in the neighborhood of ¢
and in this neighborhood we have v € C!(.J, H) with

d 1oy d o\ 1/2+1

a (l@I™2) = 2 (@)™
= (5+1) @I (ool?) (3.10)
=2 (5 +1) 1ol (wle). /0

On the other hand, we find

((lv@®l"o@))', v(®)) = (@' (t), v(t) + (@I (v(B), (1)
= [lv@®1'(v' (), (1)) + U @I (V' (£), v (1) (3.11)
= (L+ DI @' (1), (1)),

and from (3.10)-(3.11), we obtain

<

[l—i—l

@I, for t=to.

((le®1'o(®),v(t)) =
Case 2. If v(tg) = 0 then since |[v(t)|'v(t) € C*(J, H) , we have clearly
((loll*v) (to), v(t0)) = 0.
Moreover in the neighborhood of ¢y we have
lo(®)"o(t) = 0(|¢ — to),

in other terms
lo(®)]|" < CJt = tol,

therefore s 1

[+ < CHE |t — tof o,
then

(lv@®)["2) =0, for t=to,
and finally

drl+1
l / l+2 o o
(o@1o®)v(6) = 5 [P o172 =0 for t=to.



We now give the proof of Theorem 3.3.

Proof. Setting v = v/, from Lemma 3.4, we deduce

d[l—i-l

(I @' @), ' (8)) = 7 H—Q\Iu’(t)lll“], vt € J.

By multiplying equation (1.1) by «/, we obtain easily

d
D B(1) = (ol (1)) (1),
U
4 Uniqueness of solution for (ug,u;) given
In this section we suppose that
YR € IRT,¥(u,v) € Br x Br, |lg(u) — g(v)|| < ks(R)|lu —vll, (4.1)

for some positive constant ks(R).

Theorem 4.1. Let (up,u1) € H x H, J an interval of R and ty € J. Then (1.1) has
at most one solution

weCHJ, H), || eCl(J H) and u(ty) =ug, u'(to)=us.

Remark 4.2. The uniqueness of solutions of (1.1) will be proved under conditions on
the initial data (ug,u1). The next proposition concerns the uniqueness result for uy # 0.

Proposition 4.3. Let 7 € RY and J = (1,T), T > 7. Then there is at most one
solution of (1.1) with u(t) = ug and /(1) = uy for T — 7 small enough such that

weCYJ,H), and |[u'||'W e C'(J, H).

Proof. Since u/(7) # 0, the second derivative u”(7) exists and u”(t) also exists for
7 <t < T+ ¢ with € small enough.
On (T,T +¢), (1.1) reduces to

1 1
! — 1 Py IR (A ) + (g, ) [ AsulPAu + g(u)
@+ DT el

the existence and uniqueness of u in the class C2(J, H) for this equation is classical. [

Proposition 4.4. Let a # 0. Then for J an interval containing 0 and such that |J| is
small enough, equation (1.1) has at most one solution satisfying

we CY(J H), || eC(J,H) and ug=a, u =D0.



Proof. From (1.1), we obtain
(1 [["a')'(0) = —[|A2a]® Aa = €,

where ||£]] # 0.
We set |[v/||'u’ = 9(t), then 1(0) = 0. For any ¢ # 0 we have

0.2 o
Y(t)

It follows that - ¢ as t — 0, therefore for |¢| small enough we have,
t
@1 = F1€]-
Hence, ||u/||' > ntl%l for |t| small enough and some 1 > 0.

Integrating (1.1) over (0,t), we have since u/(0) = 0
t
" (8" ( / | A2 u(r)|? Au(r) dr —/0 g(u'(r)) dr.
Let u(t) and v(t) be two solutions, then w(t) = u(t) — v(t) satisfies

I’ (1"’ () = [0 (O] (2) = —/0 (142 u(7)|* Au(r) = | AZo(7)||® Av(7)) dr

: (4.2)
- [t~ s an
Applying Corollary 2.3 with f(s) = s’ and p =1, we get
e
' @7 (£) = [l @I ()] = =1 |l () = o' @],
and applying Lemma 2.6, (4.1) and from (4.2), we now deduce
[’ (B < s)|| ds dr ()l dr
(4.3)

TWﬂﬁ/vamm.

Setting ¢(t) / |w'(7)|| dr, by solving (4.3) on [d,¢] we obtain

3(t) < (5)eCT) J3 s~/ D ds,

and by letting § — 0 we conclude that w(t) = 0. A similar argument gives the uniqueness
for t negative with |¢| small enough. O

Proposition 4.5. For any interval J and any tog € J if a solution u of (1.1) satisfies
weCl(J H), || eClJ H) and u(te) =(ty) =0,

then uw = 0.

10



Proof. From theorem 2.3 we know that

9 B(1) = ~(o(u/ (1), /().

Using (4.1), we have

LB = (9 (1)), ()] < kil |+2 < ks (1),

Now, let ty € J such that E(tg) = 0. By integration we get

E@#)] < |E(tg)|efslt—tol = g,
|E()] < |

5 Energy estimates for equation (1.1)

In this section, we suppose that
Im >0, Vo, [lg@)| <mlo|**,

and
3772 > 0, VU, (g(?}),?)) > nZ”U”a+27

for some o > 0.

(5.1)

(5.2)

Theorem 5.1. Assuming o > [, there exists a positive constant n such that if u is any

solution of (1.1) with E(0) # 0

142
liminf te=1 E(t) > n.

t—+o00

(5.3)

(i) If a > BULDI " then there is a constant C(E(0)) depending on E(0) such that

B+2

142

Vt>1, E(t) < C(E(0))t a-i.

(ii) If a < BULDHL then there is a constant C(E(0)) depending on E(0) such that

B+2
_ (e 1D)(B+2)
Vi>1, E(t) <C(E0)t — Fa .
Proof. From the definition of E(t) we have

I ()]|°2 < C(1, ) B(t) 72,

where C(l, «) is a positive constant, hence from (3.9) and (5.1) we deduce

d at2
Bl = =Cla,m)E(X) 2.

11



Assuming a > [ we derive

d a—1 Ozfl a+2

YBw)y -t = Y BB

dt()” 12 (E) 2
a—1

< H—Qc(l,aﬂh) =0y

By integrating, we get

implying
N +2 o=l
liminfte—tE(t) >n=C, .

t—-+o0

Hence (5.3) is proved. Now, we show (i) and (i7), we consider the perturbed energy

function
E.(t) = E(t) + e(||u]*u, [|o']|"s), (5.4)

where [ > 0, v > 0 and ¢ > 0.

[+2
By Young’s inequality, with the conjugate exponents [ + 2 and li—l’ we get

1
|l u, [lo/[a)] < CLIAZul| D) 4 e[| 42,

We choose v so that (2y +1)(l +2) > 8 + 2, which reduces to

v > 25;2). (5.5)

Then, for some C7 > 0, M > 0, we have

[l o' 'a')] < O AZul| P2 + ealu’[[+2

< ME(t). (5.6)
By using (5.6), we obtain from (5.4)
(1-Me)E(t) < E.(t) < (1+ Me)E(t).
Taking € < ﬁ, we deduce
Wt > 0, %E(t) < E.(t) < 2E(b). (5.7)

On the other hand, we have
EL(t) = —(g(u'),u") +e(([ful® ), [o'[["a") + (] *Vu, (/]| "«")').
We observe that
(luall®Yw) = ((full?)?Yw + [fu] >’
= 29]Jul 07V (u, ' Yu + ul 7,
and we have
(P ||’y = 29[l PO’ | (, w) (o' o) + (7o, 1| '’)

l l
= 2yl /|2 + (lulPY [l "").

12



Then, we can deduce that
BL(t) = —(9(u),u") + e2y|Ju] 2 [Ju' |2 + e(|ful o, ||u'||*«")
—e([ull®u, A% u]|” Au) — e([lu]Tu, ().

We now estimate the right side of (5.8),
The fourth term:

—e(flul|®ru, | A2 ul|® Au) = —l|u)| 2| AZu|® (u, Au)
= —el|ul|?|| A2 u P+ (5.9)

< —ce|| Az |22,
The second term:
1
[l > (| |F2 < Col| Az ul |||+

The third term:

[l 2 )| = [l 2o [ o) < Cogl| A2l [ +2.
Applying Young’s inequality, with the conjugate exponents f‘x—t% and ?T*;, we have

[AZu|27 |l |F2 < 6| AzulPY ST 4+ C(8)|u | D ES

We assume
(o +2)27y

>2y+ B +2,
a—1

which reduces to the condition

S B+2)(a—-])

=T 20+2) (5.10)

and taking § small enough, we have for some P > 0, therefore the second and the third
terms becomes
e2yJull® [l 2 + e(flulPMe, ') < eC(2y + 1) Azul||u/||'+2

< b eppeers, M
Using (5.2), (5.8), (5.9) and (5.11), we have

L) < (=1 + P/ |+ — e ABu 25742 4 S A2 — e (u] P g(u). (5.12)
Applying Young’s inequality, with the conjugate exponents a + 2 and g—ﬁ and using
(5.1), we have

o at2
— ([l u, g(u')) < 8([Juf 7D 4 C7(6) g ()] 55T
< 045HA%UH(27+1)(0¢+2) + C/(5)|‘U/||a+2.

This term will be dominated by the negative terms assuming

2y+D(a+2)>229y+ 42 (a+1)(2y+1) > B+ 1.

13



This is equivalent to the condition

i
and taking § small enough, we have
el o)) < S4Bl HE52 4 Pl |2,

By replacing in (5.12), we have

EL(t) < (=1 + Qo) |42 — S || A%l 7742,
where Q = P + P’. By choosing ¢ small, we get

BL) < —5 (I + AR +542)

(5.14)

< =S (A2 T 4 (ara)Pe2) )

This inequality will be satisfied under the assumptions (5.5), (5.10) and (5.13) which
lead to the sufficient condition

B—1 (B+2)(a—1) ﬁ—a}_

(12 20+2) '2(atl) (5.15)

’YZ’YOZIH&X{Q

We now distinguish 2 cases.

. B(l+1)+1 (B+2)(a—1) B —1
If « > ————~—— then clearl > .
(i) If a > 512 en clearly 20+ S+
Moreover
b —« 1/8+1 1 B+1 B—1
= — 1)< | -1]| = .
20a+1) 2\a+1 2 %4_1 2(0+2)
2N (e —
In this case v9 = % and choosing v = g, we find
mrpr2="T2519
i 142 ’
2 2 —1
since % =1+ (ly%——2’ replacing in (5.14), we obtain for some p > 0

a—=l a—=l

EL(t) < —pB(t) "% < —p'E.() 1,

where p and p’ are positive constants.
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ﬁU+ﬂJ+QtMm(ﬁ+2Xa—U p—1

i) I .
(i) o< =777 It2  “1t2

Moreover

-« p-l  _ B=a)+2)-B-Dla+1)

20 +1)  2(0+2) 2(a+1)(1 +2)

CBU+D+I—a(B+2)
= T Satniry Y

In this case v9 = and choosing v = ~g, we find

0 — «
2(a+1)

27+5+2:(ﬁ+m<1+3%%>:(5+m<1+aﬂéig:5>, (5.16)

(6+2)(a—1)

42 , we have

since vy >

2 2 2 —1 2
h+p+r2 g 2 g ool _ot2
B+2 B+2 1+2 1+2

replacing in (5.14), we obtain

2v+6+2

BL(t) < —0e(||u|+2 + || AZu|P+2) 75

for some § > 0. Using (5.16), we have
EL(t) < —pE(1+(a+€)_(g+2)) < —p’Ee(t)(H(aﬁ)_(gw)),

where p and p’ are positive constants.

6 Slow and fast solutions for equation (1.1)

In the case where a < 2 (};jrg“, Theorem 5.1 gives two different decay rates for the

lower and the upper estimates of the energy. In the scalar case, this fact was explained
in [1] by the existence of two (and only two) different decay rates of the solutions, cor-
responding precisely to the lower and upper estimates. The solutions behaving as the
lower estimate were called “fast solutions” and those behaving as the upper estimate
were called “slow solutions.” Moreover in the scalar case, it was shown that the set of
initial data giving rise to “slow solutions” has non-empty interior in the phase space IR%.

In the general case, by reducing the problem to a related scalar equation, it is rather
immediate to show the coexistence of slow and fast solutions in the special case of power
nonlinearities. More precisely we have
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Proposition 6.1. Let a < B(IBJ;I%H and ¢ > 0. Then the equation

(e I1'')’ + | A2 ul)? Au + el " = 0

42

has an infinity of “fast solutions” with energy comparable to t =1 and an infinity of
_ (a+1)(B+2)

“slow solutions” with energy comparable to t B—a qs t tends to infinity.

Proof. Let A > 0 be any eigenvalue of A and Ap = A\ with |¢|| = 1. Let (vg,v;) € IR?
and v be the solution of

(Jo'|") + Cy|v|Pv + Calv'|* = 0,

where C,Cy are positive constants to be chosen later. Then u(t) = v(t)p satisfies

1 1
(M) + | A2 ull® Au + el |2 = (10'2) llgll'p + o)l AZl|P Ap + clo! ||| %o
= [(|v'") + A2+ oo + o[ ).

. B .
Choosing C; = A2 ™! and Cy = ¢, u(t) = v(t)e becomes a solution of the vector equa-
tion. The existence of an infinity of “fast solutions” and an infinity of “slow solutions”
are then an immediate consequence of the same result for the scalar equation proven in
[1]. O

Remark 6.2. In the special case A = AI, we can take for ¢ any vector of the sphere
¢l = 1. We obtain in this way an open set of slow solutions in RN*! corresponding
to the initial data of the form (vgp,v1p). Actually, in the general case, by generalizing
a modified energy method introduced in [3] , under the additional condition [ < 1 we
shall now prove the existence of an open set of slow solutions.

Theorem 6.3. Assume that g satisfies (5.2) and 1 < 1,1 < o < 6(};;2“. Then, there
exist a nonempty open set S C H X H and a constant M such that, for every (ug,u1) € S,
the unique global solution of equation (1.1) with initial data (ug,u1) satisfies

M
a+1

lu(®)l| =2 ———5%
(14¢)ie

vt > 0. (6.1)

Proof. Assuming (ug,u1) € H x H and uy # 0, we consider the following constants
1
2)(1+1 B+2
00 1= <‘Lz N 2 4 ||A%u0||6+2> ,
and

2
[l |

g1 = — .
| A3 |21 +1)

For any ¢y > 0, &1 > 0, the set S C H x H of initial data such that og < ¢¢, 01 < &1 is
clearly a nonempty open set which contains at least all pairs (ug,u1) with u; = 0 and

16



ug 7# 0 with |lug|| small enough. We claim that if ¢y and ¢; are small enough, for any
(ug,u1) € S, the global solution of (1.1) satisfies (6.1).

First of all, from (3.9) and (5.2), we see that

d

450 < O] <o,

hence E(t) < E(0) for every t > 0, and from (1.2), we deduce that
| AZu(t)]| < [(B +2)E(0)72 = 0q Vi > 0. (6.2)
Then, we shall establish that if &g and €1 are small enough, we have
u(t) 0 Vt >0, (6.3)

and for some C' > 0

o/ ()]
|4z u(t)] P o5+

<C vt>0. (6.4)

Assuming this inequality, it follows immediately that « is a slow solution. Indeed let us
set y(t) := |Ju(t)]|*. We observe that

WOl = 2|W®.u0)] <2[d] - fu]
< 2Ol b 5 o)
[Abu(e)| =

B— B=a
2VClu(t)]| 717 < 2V/Cly(n)| T

IN

and in particular

y(t) = —2V/Cly(r) 20" vz o.

Taking into account that

) 2o Bty
(w0757 ) = == 0,

we have

ot ) < Vel
(y(t) ( )> <\/_a+1

Integrating between 0 and t and since y(0) > 0, we deduce that there exists a constant
M such that

__B=«
y(£) 7@ D < My(t+1) V> 0.

This inequality concludes the proof. So we are left to prove (6.3) and (6.4).
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Let us set
T :=sup{t >0:Vr € [0,t], u(r)F#0}.
Since u(0) # 0, we have that 7' > 0 and if T' < +o0, then «(7") = 0.
Let us consider, for all ¢t € (0,7"), the energy

@l
H(t) = ——— 6.5
" |42 u(®)]2r o

where v := o)

If v/(t) = 0, then we claim that H is differentiable at ¢t with H'(t) = 0. Indeed by
the equation

Y !
(Il + 45l A+ g(u') =0,
we find that [[u/|'/(s) = O(s — t) for s close to t, then since I < 1 we deduce
[/ (£)]|* = O(s — t), thereby proving the claim.

If '(t) # 0 , then again H is differentiable at ¢ with

S (W@l 2 (4R o ol

H'(t) =

| AZu(t) |2 | (2)]) | AZu(t) |2 | (£)])
Taking into account (1.2) and (3.9), we deduce
, (g(u' (1)), /(1)) 1Az u(®)]|P~27 (u/ (1), Au(t))
H'(t) = —p—3 —
” p\|Am<t>||M|u'<t>||l g ' (2))]
a1 abue) P
aoryon)
- 1 = ) (6.6)
| ABu(t)|2 [l (t)] e
[ +2
where p := 1

Let us estimate Hi, Hy and Hs. Using (5.2) and (6.5), we observe that

a+2-—1
2—1 1 _
N 7ol ey 7451 W 7O R
1S P2 T o P12 5 T 5
[Azu(®)||> |42 ()2 [Azu(t)|*
- AR, (6.7)
In order to estimate Ho, we use Young’s inequality applied with the conjugate exponents
I and <3
1 1-1 1 1
< et JATOIP @ AT R
|Hy| < pll/@t)| - TP ESTEE 5
[Azu(t)|* |Azu(t)| =2 1Az u(t)|>
a+2-—1
1-1 - at2-l
t 1 1) a+1
< 51( ‘1| “Ol e l)> + 02 <HA2u( I B 27) ,
[AZu(t)[| =+

18



1-— 1

where 01 := pno <ﬁ> and 09 := £ (%), and taking into account that
« — no \ & —

v = g—ﬁ, we deduce
2\ 4l (a+2-1)
u'(t Az ()| 1 o
s <M> e o
[Azu(t)[[* [Azu(t)[[*
= HTE () Azu(@) [/ + ]| Azu(t) . (6.8)

For simplicity in the sequel we shall write
[/2:=m > 0.

In order to estimate Hs, we use (6.5) and we have that

& (abu e m )
- 1
[AFu(O]> o (1)
1 |47 () |20
)]

We observe that taking into account (6.5), we have

| Az u(t) |2
' (t))]

(u'(t), Au(t)) =: Hy + Hs.

H(t) = —mH(t)"H'(t)

—2v(1+m)H (t)

Hy = —mH'(t), (6.9)

and

1 2ym !

(
H 2v(1 +m)H ' 1 N
|Hs| < 2v(1+m)H(1) [/ (8] | A2 u(t)]|

We observe that the hypothesis

BL+1)+1
B+2

implies
v=1>y(a—1),
and taking into account (6.2), we obtain
[H| < 29(1+ m)og " OV H ()2 ARu(n) . (6.10)

Then, taking into account (6.7)-(6.10) in (6.6), we deduce that

~

H'(t) < [Azu(t)|["@) | ~ppeH =3 <t>+£+2wa‘1‘““‘”H<t>% . (611)

~. (a+1)
where p = (l‘f’fﬂ)(m
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Here we observe that (6.11) is still valid if «/(¢) = 0, since then H(t) = 0 = H'(t)
and the RHS is non-negative. Now, let

t2-1 P 3
2

h(s,T) = —pms 2+ +2T's2,
2

where I' := 037177(&4).

r

We observe that h((2/n3)%(@+2=D T) = -
2

3
+ 27T (2/77%) at+2-l In particular

h ((2/773)2/(&”*’),1“) L <0, T 0.
2

Let us therefore assume that o is sufficiently small to achieve

h((2/77%)2/(a+27l)’ O,’Oy—l—“/(a—l)) < 0.

We claim that if H(0) = oy < &1 := (2/13)%/(@+2=0 then H(t) is bounded for all
t € (0,7). Indeed if H is not bounded for all ¢t € (0,7T), then there exists T € (0,7)
such that H(T) = &1 and H(t) < &1 for all t € (0,T). By (6.11) and taking into account
that u € CLY(R*, H) and ||u/||' v/ € CL(RT, H), we have

H'(T) < [|AZu(T) " Dh(er, o) < (@) her,of 1) <0,

then since 7' € (0,7) implies ||u(T)| > 0, H decreases near 7. This contradicts the
definition of T' and we can claim that H is bounded for all ¢ € (0,T).

Finally, we claim that T' = +o00. Let us assume by contradiction that this is not the
case. Then, taking into account that H is bounded for all t € [0,T"), we observe that

[/ @)]]” < ClAZu(®)|*" < C u®)|* ¥Vt e [0,T).

Therefore, from the continuity of the vector (u',u) with values in H x H it now
follows that u(T) = 0 implies v (T) = 0, hence u = 0 by backward uniqueness, a
contradiction. Hence, T' = +o00, we obtain (6.3) and (6.4), and the conclusion follows.

O

Our next result is the generalization to the vector case of the slow-fast alternative
established in [1] for the scalar equation. By relying on a technique introduced by Ghisi,
Gobbino and Haraux [4], we prove that all non-zero solutions to (1.1) are either slow
solutions or fast solutions.

Theorem 6.4 (The slow-fast alternative). Assume that g is locally Lipschitz continuous

and satisfies (5.2) and 1 < 1,1 < a < B(};jrgﬂ. Let u(t) be a global solution to (1.1).

Then, one and only one of the following statements apply:
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1. (Fast solutions) There exist some positive constants 1, C and T such that
I @I = gl Abu()*(52), e,

and
vt > 0. (6.12)

2. (Slow solutions) There exist some positive constants M, ¢ and T such that
/@)1 < M| AR P72, vt =T,

and
T e ——) (6.13)

Proof. Fast solutions:

We first establish that if for some 1 > 0 we have
]
I @ > nllAbu@|P(52), v > T, (6.14)
then (6.12) holds.
Using (1.2), we obtain

l+1

2 —— I 42u(®)|7*? + B@) > B(t) - o/ (8)]'*,

/ 142
WO+ = ~55

where 6 := {(5 + 2)77HTQ] . Then

a+2
1 ) N
\wmw“z<ﬁé+ﬁ By,

From the energy identity, we deduce

a+2
~ I+1 T2
where C' := 17 <l——::—2 + 5> . Integrating between 7" and ¢ and since E(t) > 0, we

deduce that there exists a constant C; such that
+2
B(t) < Cy(t —T) o=, Vt>T+1.

The result follows immediately.

— 1
Slow solutions: In addition to the already defined number v = +1= b+ ,
l a+1 a+1
let us introduce 4 = % +1= % + 1. The condition
BA+1)+1

B+2 7
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implies immediately

-1 pB—a«
[+ 2 < a-+1
Therefore
¥ <7

In this section, we consider the energies H(t) and

@l

K(t) = —————
i |AZu(t)||2

(6.15)

defined whenever u(t) # 0. In this part of the proof, it remains to consider the case
where (6.14) is false for every n. Then, assuming the solution to be non-trivial there
exists a sequence t, — +oo such that u(t,) # 0 and K(t,) — 0. Therefore, for
any €1 > 0 there exists N(e1) € N such that

u(ty) #0 and K(t,) < Vn > N(ep). (6.16)

€1
2 7
Under this assumption, we prove that a similar estimate holds true for all sufficiently
large times, namely for some ng € N

u(t) #0 and K(t) < M, Vt>t,,, (6.17)

for a suitable constant M > 5. In order to achieve this property, we select another

positive number, €9, to be fixed later in the proof, and we consider ng € N large enough
to achieve the additional condition

1Az u(t)|| < es.
Let us set
T :=sup{t > tp, : V7 € [tng,t], u(r) # 0}

By (6.16), we deduce that u(t,,) # 0 and we have that T > 0. If T < +o0, then
u(T) = 0. Let us consider the energy K, which is defined by (6.15) for every t € [tp,,T).

If v/(t) = 0, then we claim that K is differentiable at ¢ with K'(¢) = 0. Indeed by
the equation we find that ||u/[|'u/(s) = O(s —t) for s close to ¢, then since [ < 1 we
deduce [|u/(t)]|* = O(s — t), thereby proving the claim.

If W/ (t) # 0, then again K is differentiable at ¢ with:

7 (Mol F (o vol’)

K'(t) = 1 N ] 1
[ AZu ()] [Ju'(2)]] | AZu(t) |2 | (£)])
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Taking into account (1.2) and the energy identity, we deduce

I/ @) > puA%u@)HM (w/(), Au(t))
| AZu(t) |27 [/ (8)]"

d 1
i (RO o)

1AZu(t) |27 ' ()]

K'(t) < —pmp

Kt)=K'+ K*> 4+ K3, (6.18)

h [+2
where p i= ——.
[+1

Let us estimate K, K2 and K3. Using (6.15), we observe

a+2-1
1 5 —
K! = _p772< (1)) ) 2 ||Azu(t)|Fet2D)
- 1 -
1Az u(t)|[23 |Azu(t)|?
- T lAadu@)e. (6.19)
In order to estimate K2, we use Young’s inequality applied with the conjugate exponents
at+2-1 and at+2-1
1-1 a+1 7
1 A2
K2 < plld @) e
[Azu()][*
! - B+ (at2-1)
1Az u ()]

1-1
where 61 := pno <7Z> and 09 1= L <L>, and taking into account that

at2-— at+2-1
v = g—ﬂ, we deduce
e (a2-1)
F(a+2—
‘K2| < & ( Hu()H ) HAQU( )H . +62HA%U( )H 5+1( a+1lil+%)7[+%
|AZu(t)]|27 |AZu()]|>Y

SO AzTu(@)] VD + 8| Azu(t)||F,

o 2—1 2 2 B+1) (o421 N
Where ju = (5+1)<a3+1 —l+_2> y = P -,

B+ +I
712 that

By simple calculations, we deduce from o <
Yo =1) <,
therefore

K2 < Azu(®)|P DG KT (1) + 6| Azu(t)]), (6.20)

with v =p—9(a—1) >0
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For simplicity in the sequel we shall write
1/2:=m > 0. (6.21)
In order to estimate K3, we use (6.15) and we have that
d 1 29(1+m) zrm
= (IAzu@ PO k)
K¥ = —dt\ K(t) = —mK™#)K'(t)
1Az u(®)|27 ' (2)]
A u(o) 26
()11

We observe that taking account of (6.15), we have

|AZu(t)|2m
| (2)])

(u'(t), Au(t)) =: K*+ K5,

~24(1+ m)K™ (1)

K* = —mK'(t), (6.22)
and

Az u()|P™ [l (1))

1 =25(1 mK%t A%ut -1
Ol Tadaq ROl

|K®| < 25(1 4+ m)K™ (1)

We observe that our condition on « can be written in the form
af+2)<B+2)1+1)-(1+2)=>B+2)1+l—a)>1+2
=>51+1l-a)>1=F—-1>Fa-1).

Using (6.2) we therefore obtain
| K| < CoK 3 (1) A u(t)|| 7). (6.23)

Then, taking into account (6.19)-(6.23) in (6.18), we deduce that

a+2-—1

K'(O)< [ A5u(t) ) om0+ AR + CER (1], (6.24)

~. (a+1)
where p = (l‘f’fﬂ)(m

Here we observe that (6.24) is still valid if «/(¢t) = 0, since then K(t) = 0 = K'(t)
and the RHS is non-negative. Now, let

at

h(s) = —pips™ 3 + Ol + COas3,

and . o ,
h(s) = —pmnas 2 + Cas2.
Since a < 6(}#%“, we have
l 1
a<l1l+ (B+1) = a+2-1<3.

B+2
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We observe that .
h(s) <0, if s — 0.

Fixing ¢ sufficiently small to achieve h(e;) < 0, we can then adjust g5 so that h(e;) < 0.

Now, if K is not bounded for all t € (t,,,T), then there exists T} € (t,,,T) such
that K(T1) = &1 and K(t) < &1 for all t € (tpy, T1)-

By (6.24) and taking into account that v € C*(R*, H) and |[o/|' v/ € CL(RT, H), we
have ) A A
K'(T1) < [ Azu(T) [ Dher) < (T ber) <0,

then since Ty € (tp,,T) implies ||u(T1)| > 0, K decreases near T;. This contradicts the
definition of T} and we can claim that K is bounded for all t € (t,,,T).

We claim that T = +oo. Let us assume by contradiction that this is not the case.
Then, taking into account that K is bounded for all ¢ € [t,,,T"), we observe that

[/ @) < MIAZu()PY, Vit € [ta, T).

Therefore, from the continuity of the vector (u/,u) with values in H x H it now
follows that u(T) = 0 implies u/(T) = 0, hence u = 0 by backward uniqueness, a
contradiction. Hence, T' = +o00. Then, we obtain (6.17).

So we are left to prove that for some M > 0

')
Az u()) ()

<M Vt>ty,. (6.25)

Let us consider the energy H, which is defined by (6.5) for every ¢ > t,,.
Assuming first u/(t) # 0, we can differentiate H at t, and we find

7 (o) F(abor ol

H'(t) = 1 ] 1
[ AZu ()] [Ju'(2)]] | AZu(t) |27 | (£)])

Taking into account (1.2) and the energy identity, we deduce

lw' @) * > pIIA%u(t)Hﬁ‘27 (u'(t), Au(t))
| AZu(t)||2Y [ ()]

d
i (s o))

1AZu(t) |2 || (2)])

H'(t) < —pmn

H(t)=: H' + H*> + H3, (6.26)

[+2

where p = l_|_—1

Let us estimate H', H? and H®. Using (6.5), we observe that

a+2—1

H' = —pn2< e > o Azu(|rety
||A2U( )l el |Azu(t)]|2Y
= (0| Az u(t) . (6.27)
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In order to estimate H?, we use Young’s inequality applied with the conjugate exponents
oz—ll—2l—l and a+2—1

a+1l
_ 24(1-1)
12| < pllw )] JAzu@ P @I Az s A
n - 27(1-1) T
lAzu@2 - Cpazu@) AR

2-1 a+2—1

at
-1 e
Hu’(t)”l 1 2(1-1) 1—2y) oft
= (IIAI Il PHEED) + 62 (| Azu(t)] et AT ,
2u(t)|| ot2-

N

1-1 1
where 01 := pno <m> and 09 := L4 <%>, and taking into account that

v = Bﬁ,we deduce
2=t 1 2.1
|H?| < & @l 1Az u(t)|+2-0 + 8| AZu(t)|V@D
B |AZu(t) ]2 A u(t)|[2
= SLHTET ()| A2u(t) 7D + Sy Azu(t) 0. (6.28)

In order to estimate H3, using (6.21) and (6.5), we have that

d 1
— (lAzu(@) P ™ (¢) Yu(t) 2™
[AZu(t)][>7 [l ()] [ (8)]]

| Az u(t) ]| 20m—D)
' (t))]

We observe that taking into account (6.5), we have

H3

—2y(1 +m)H™1(¢) u'(t), Au(t)) =: H* 4 H°.

H* = —mH'(t), (6.29)

and using (6.15), we obtain

S

Az u()>™ |
@) A
= 29(1+m)H()K (1| Azu(t)| .

‘@l
u(t)]|

|H?| < 2y(1+m)H™(t) (6.30)

N[

We observe, after some calculations, that
A—1l—vla=1)>0<=a(f+2)1+) <I(B+1)(1+2)+5—1,
which reduces easily to the condition

B(L+1)+1
B2

Then, taking into account (6.27)-(6.30) in (6.26), we deduce that

1 o +2-1 D ok N
(1) < | Abu)e H+ L mmortolatup-e)
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where p := %. Now, we estimate the third term. We have that K is bounded

for all ¢ > ¢,,. Then, using Young’s inequality applied with the conjugate exponents

oz+22—l and a;[l—zl—l7
2VH (8) K2 (1) AZu(t) 717D < MH(#)
< @HM;—L ; _ 4(a —1) ngfl
2 pa(a+2—1)°

where M = QWM%e;/*l*’Y(afl).
Then, we obtain

a+2—1

1. ~
H'(t) < A2 | —5pmH "2 (1) + K|,

~ p A(a—1 ~a+t2-
where K 1= £ 4+ _ (a—1) s M ol If u/(t) = 0, since as previously H is differ-
n2 - pmp(a+2—1)
entiable at ¢ with H'(t) = 0 = H(t), the inequality is still valid.

It remains to prove that H(t) is bounded for all ¢ > ¢,,,. Indeed if H is not bounded
for all t > t,,,, then there exist 15 > t,, such that

1 at2— 1 b2 ~
T2 = lnf{t > tno : VT € [tnoat]a 52)\7721{ +22 l(T) < 52)\772[—[ +22 l(tno) + K + 1}
We have
1 _ 1. at2-1 ~
(D) < JAb e | o 1) + K]

a+2—1

1
= AT 14 Gt ()] <0,

and since Ty > tp,, implies u(T5) # 0, H decreases near Th. This contradicts the
definition of 75 and we can claim that H is bounded for all ¢ > ¢,,,. The end of the
proof is identical to that of Theorem 6.3.

O

Remark 6.5. In the special case A = AI, by using the scalar equation we can prove
the existence of an N - dimensional variety of fast solutions. Actually, by Theorem 5.4,
(4) of [4] we know that the same result is true in general for the non-singular linearly

damped equation
u" 4+ + ||AY?u))® Au = 0.

The question now arises of whether the dimensionality of the variety of fast solutions is
exactly equal to N or possibly larger. The special case of the equation

w4+ ||ul|fu=0 (6.31)

shows it is exactly equal to N at least in some cases. Indeed we claim that in this case,
all fast solutions have their N components proportional to the same fast solution of a
related scalar equation.
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Proof. Given a solution u of (6.31), any component y of u satisfies

' +y +lul’y = 0.
Considering two different components (y,z) we obtain that the Wronskian function
w(t) := (y'z — y2')(t) is a solution of

w +w=0.
Hence w(t) = w(0) exp(—t). Since on the other hand w, being a quadratic combination
of 4 functions decaying like exp(—t), has to decay like exp(—2t), the only possibility is
w(0) = 0, hence w = 0. Hence any two components are proportional. Let us set
Y = a;Y,

where y is one of the non-zero components. Then we have

' +y +mlyl’y =0

2
with m := {Z;VZI a? B2 Let us introduce ¢ := py where p > 0 will be chosen later.
Then ¢ satisfies ¢ + ¢ + pml|y||®y = 0 or
¢" + ¢ +n"Imllo)%¢ = 0,

so that the choice p = m'/? leads to

¢ +¢ + o6 =0.
Finally we have

yj = bjo,

with b; = m~1/8 a; and ¢ a fast solution of the scalar equation. Since the set of such fast
solutions ¢ is invariant by translation in ¢, for the moment we reduced the dimension
to N + 1 instead of N and we know that this is not relevant since in the scalar case

the dimension is 1. Actually the numbers b; are constrained by an additional condition:
indeed we have for all j the equation

yj + 5+ lulPy; = bi(6" + ¢ + |lulP¢) = 0,
and since at least one of the b; is not 0, we obtain ¢” + ¢ + |lul|’¢ = 0. Now
B/2

N
lall® = {302} ol
j=1

Since slow solutions do not vanish for ¢ large we conclude that z;vzl b? = 1, the ad-
ditional constraint we were looking for, reducing the dimension to N. The set of slow
solutions has the structure of a 1D curve fibrated by the (N — 1)-dimensional unit

sphere. O
However, when either ¢ is non-linear or A is not a multiple of the identity, we have

no information on the dimension of this set. This is one of the last open problems of
this theory.
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