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We theoretically analyze the effect of inter-subband couplings on the eigenstates of a terahertz het-
erostructure in the presence of coulombic donors. We find that the inter-subband electron-donor
interaction causes a drastic reorganization of the eigenenergies and a strong admixture between the
subbands that decisively influences the optical absorption spectrum of the structure. These results
illustrate the importance of the inter-subband couplings in the formulation of the eigenstates of
imperfect terahertz heterostructures. © 2016 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4942848]

I. INTRODUCTION

While Quantum Cascade Lasers (QCLs) emitting in the
mid-infrared are now well-established devices operating at
room temperature,lf3 such is not the case for terahertz (THz)
emitting QCLs.*” There is one obvious reason which is the
energy spacing between the upper and lower laser levels that
becomes comparable or smaller than the thermal energy kpr
and its concomitant difficulties to achieve a population inver-
sion between these two levels.® A less obvious reason is the
matching between this energy spacing and typical coulombic
impurity effects (for instance, the binding energy of bulk
GaAs-like materials is ~5 meV, which is ~1.2 THz). This
coincidence between the relevant energy spacings and the
typical coulombic effects suggests that the usual carrier dy-
namics in these THz emitting materials might be quite differ-
ent from the ones that prevails in mid-infrared emitting
structures. In the latter, the carrier gets scattered very effi-
ciently in a given subband and only occasionally undergoes
an inter-subband transfer. In THz emitting structures, the
inter-subband scattering times shorten and become compara-
ble to the intra-subband ones.

In the present paper, we wish to examine the consequen-
ces of the growing efficiency of inter-subband scattering
effects on the modification of the impurity-related optical
properties. To be specific, we shall confine ourselves to
Double Quantum Well structures (DQWs), where the pair of
lower lying states is well separated from the other states. An
example is the GaAs/GaggsAly1sAs DQW structure with
layer thicknesses 17/2.5/16.5 nm (see Fig. 1). Measured from
the GaAs conduction band edge (the bottom of the wells in
the DQW), the two lower lying states of interest have an
energy E; = 10.22 meV and E; = 13.49 meV. These two
states are dipole-coupled when the electric field of the elec-
tromagnetic wave is parallel to the growth axis (z polariza-
tion). Such a DQW could be useful for THz emission
or detection.”'” Our first task will be to ascertain the magni-
tude of the inter-subband coupling on the bound state(s) cre-
ated by a coulombic donor screened by a 2D electron gas
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with a fixed areal concentration of 7 = ngee = 2 X 10" cm 2.
These carriers are supplied to the DQW by injection and
removed from the DQW by extraction. The injection and
extraction currents are equal in magnitude in the steady state.
We shall assume thermal equilibrium at a temperature 7. For
a given T, the fixed concentration of mobile electrons
imposes the chemical potential (see the Appendix). The lat-
ter, in turn fixes the concentration of electrons bound to do-
nor impurities. Section II briefly summarizes the model we
use for electronic state as well as the shape of the screened
coulombic bound state. Section III will display the pro-
nounced subband coupling effects in the built up of the
bound state as well as the optical response that involves the
coulombic bound states. After dealing with bound states, we
shall discuss the effects of subband coupling on delocalized
states in Section IV.

Il. TWO SUBBAND MODEL

The one electron Hamiltonian we shall use is

1 pi+p; .
z Vcon‘ Vim 1
2m*(z)p' 2m*(z) * i(5) + P(r) 0

=Hy + Vimp(F)7 2

H=p,

where m*(z) is the position-dependent effective mass and
Veonf(z) is the DQW conduction band profile depicted in
Fig.1. The eigenstates of H, factorize

WF) = 1,()JzenpiE 7). @)
E, and E, are the two lower lying subband edges, the lower
eigenstates of H at k, = k, = 0. In GaAs/Ga(Al)As hetero-
structures, the effective masses in the wells and barriers are
close from each other. Hence, it is an excellent approxima-
tion (perturbative estimate) to write the I;—dependent eigen-
values as''

© 2016 AIP Publishing LLC
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FIG. 1. Conduction band edge profile of the DQW and plots of the X%(z) and
73 (z) probability densities versus z.

E,(K) ~ E, + , @)
2m;;
1 1 1 arri
o= e P P (5)
m, Myen Myarrier

where P¥!! and PP™r are the probability to find the electron
of the nth subband in the well material and in the barrier ma-
terial, respectively. The structures we shall numerically ana-
lyze will contain 1,2, ... impurities. This corresponds to an
areal concentration of nimp = (1,2, ...) X 2.5 x 10° cm 2

These are light dopings and when several impurities are
considered they are far away from each other and without
any interaction. A donor impurity located at R; = (5, z4)
creates a screened coulombic potential due to the presence of
mobile electrons.'? Following Nelander and Wacker,"? we
adopt a Debye type of screening

e? |7 — R
Vimp(F) = ——————exp( ——= |,  (6)
P 47T808,-|7 — Rl‘| P ( AD
1 2
=, )
iD 808,~kBT

where n3p = n/L with n being the 2D areal concentration of
mobile electrons and L being the length of the DQW struc-
ture. We note that our assumption of fixed n (external supply
of electrons) implies a decreasing screening efficiency with
increasing temperature. Note that in the case of a DQW not
supplied with carriers, the concentration of mobile electrons
would have to adjust to the concentration of thermally
depopulated donors. This would result in a decreasing n with
decreasing T and therefore a decreasing screening efficiency
with decreasing temperature. For low carrier concentration
and temperatures considered in the paper, the electron gas is
non degenerate.

Taking into account the two lowest subbands of the
DQW, the solutions of (1) are searched in the form

J. Appl. Phys. 119, 095703 (2016)

¥, () = 0 @fw(B) + 12(2)f2 () 8)
The functions f; and f, are the solutions of the system

( Hip, mmmm)G) (ﬁ) o
<X2|Vimp‘X1> H<(2> ) b

mtra

2 2
v
Hl(nird =E; - it + <Xi V

mplzi);  i=1,2, (10)

where Vi, () = ?ﬁ’l Vimp (77 — ﬁ,) is actually a sum over all
the impurity sites R,. To solve (9), we expand f and f; on the
eigenfunctions of the intra-subband Hamiltonians. We note
that these eigenstates contain a continuum as well as bound
states'* ' since Vimp 1s the sum of screened coulombic terms
with long screening lengths due to the low carrier concentra-
tion. For simplicity, we shall assume that each impurity binds
only one state below each subband edge; the generalization to
several bound states per impurity would not be a difficulty

Na
1
=3 o o) + > cPlo,), (D)
=1 i
Ncl
2
= Z C;bz)und|£100,l> + Z C;(z) |é,uj>' (12)
I=1 7

In the presence of inter-subband coupling, the allowed
energies will be the solutions of the linear system

1 1
C§0 |>30und(81(9> - ) + C§0 l))ound<q010c IU|</CI| 1mp|72>|€100,lo>
+ZC (@roc., | (11 1mp|42>|fuj>: ; (13)

Na
2
8) + Z C;bz)und<(pl/i

D (e - IV 12 Et0e)
=1
4—§gjc$>«vmwxlndmpv Méy) =0, (14)
I
2 2 1
5(] l>)ound(81(7 )~ 8) + 650 l>)0und<5100710|<X2|Vi[;)np L >|(ploc,/0>
+ 3 e oo Vil @,,) = 0, (15)
i

Na
1
A =0+ Hipuna ({12 Vimpl10) | @10c.)

C1</,1)<5H|</62|V11mp L >|(p1/,> = Oa (16)

il

where in (13) and (15), the impurity dilution has been used
to neglect the inter-subband coupling between bound states

associated with distinct impurities. In Eqs. (13) (16), a,(,l)
(H

and &y, ({-‘2 mtra)
respectively, for the bound state and the continuum states.
We shall analyze below the structure of these equations for
the bound states and extended states.

In the presence of impurities, there are no exact solu-
tions of (9)—(16). We have numerically solved the {DQW +

impurity} Hamiltonian by expanding the eigenstates of (9)

and ¢,) are the eigenvalues of Hlmra
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on the basis |X1,I€m,,), }52,/;,,7”> where |lgm,,> are the plane
waves made periodic on a 200 x 200nm” surface. The
dimension of the Hilbert space is 200 states for the numerical
computations with inter-subband couplings (i.e., 200 x 200
matrices for the computations with inter-subband couplings
and 100 x 100 matrices for intra-subband couplings only).
The largest k values retained in the calculations are such that
the in-plane kinetic energy is 15meV, i.e., both E; and E,
dispersions extend 15 meV above their edges.

Once the eigenstates and eigenvalues of (1) are known,
the optical properties can be calculated. The absorption coef-
ficient o) is proportional to'”

w(w) o Y [f (e) —f ()],

v

V) 6(e, — 8, — ho).

a7

P

lll. EFFECT OF SUBBAND COUPLING ON BOUND
STATES

For a single impurity, we consider the position de-
pendence of the impurity binding energy against the impu-
rity position along the growth direction. Three main cases
will be discussed (see Fig. 2): when the impurity is placed
in the injection barrier (z; = —8 nm), at the maximum of
%3(z) (z4 = 9.3 nm) or at the maximum of 3(z) (z4 = 28.2
nm).

The impurity potential admits intra-subband and inter-
subband matrix elements. We have previously shown that in
the case of large E, — E| splittings compared to typical
inter-subband impurity matrix elements, the intra-subband
contributions are dominant and the inter-subband ones
merely blur the bound states attached to E, that results from
the diagonalization of the intra-E, subband Hamiltonian.'®"*

We follow the same approach and solve first the intra-
subband Hamiltonian. For an impurity placed at the maxi-
mum of y5(z) (respectively, y3(z)) probability density, we

find a bound state 81(71> below E; at 9meV (8.35meV) and a

350

intra— and inter—subband

300} couplings

_ . intra—subband couplings
only

5]

wn

=
T

§

z.=9.3 nm
d

—

wn

=
T

Absorption (cm_')

=

50

4 5 6 7 8 9 10 11 12
Photon energy (meV)

FIG. 2. Absorption coefficient versus photon energy for three different im-
purity positions: z; = 9.3 nm and z; = 28.2 nm correspond to the maximum
of #3(z) and y3(z), respectively, z; = —8 nm corresponds to a position in the
injection barrier of the DQW. Dashed lines: intra-subband couplings only.
Solid lines: full calculations including inter-subband couplings. 7= 3 K.
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bound state 8}()2) below E, at 11.66 meV (12.33meV). In the
decoupled subband scheme at low temperature (T =3K),

only sLl) is occupied and we find in the z polarization a 8,(71>

— 8;,2) bound-to-bound transition at 2.65meV (3.88 meV)
reminiscent of the 1s — 2p, transition of hydrogenic atoms.
When T increases to 30K (see Fig. 3), the lower extended
states of the E; subband become populated and a second
peak develops. It corresponds to the “regular” inter-subband
transition centered at £, — E; = 3.27 meV. Increasing fur-
ther T leads to a disappearance of the bound-to-bound transi-
tion and to a decrease of the inter-subband absorption
strength due to the thermal activation of the stimulated
emission.

Turning on the inter-subband coupling leads to a drastic
reorganization of the eigenenergies as well as to important
changes of the absorption spectra. The sﬁ)l)
red shift and, in the presence of inter-subband couplings, is
now found at 7.79meV (7.39 meV) when the impurity posi-
tion is at the maximum of y3(z) (x3(z)), see Fig. 4. It is

impossible to securely follow what happens for 8;12> since the

state (if it exists) is now a resonance superimposed to the E;
continuum. However, the coupling to the continuum states of-
ten results in a broadening of this state while only a marginally
small shift of its position takes place. Such a small shift is not
expected for the bound-bound coupling. Hence, in a first
attempt, we neglect any coupling between the bound states and
the continuums. Thus, we describe the bound state with sub-
band mixing by a two-level model. We readily find that the two
bound (or quasi-bound) states are now found at the energies

level undergoes a

(1) ) (2) (1)

p . & — & 22
e, = * X 18
e 3 7 + 47, (18)
A |<(p10C,lg|<Xl ! il?np|xz>|5loc.lo>|v (19)

where 1 is the inter-subband coupling matrix element between
the two bound states of the intra-subband Hamiltonian for the

250 . - : -
___ intra— and inter—subband
couplings
200}f _ _, intra—subband couplings |
only

wn
(=]

2

Absorption (cm'[)

50

o 1 2 3 4 5 6 7 8 9 10 11 12
Photon energy (meV)

FIG. 3. Absorption coefficient versus photon energy at various temperatures.
Dashed lines: intra-subband couplings only. Solid lines: full calculations
including inter-subband couplings. z; = 28.2 nm.
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FIG. 4. Qualitative sketches of the bound states created by a screened cou-
lombic donor in the presence of two subbands. Dashed blue lines: result of
the intra-subband diagonalization. Red dashed lines: result including inter-
subband couplings. In the left panel, the inter-subband coupling is weak
enough to make that the states attached to E; and E, remain bound, i.e., with
an energy smaller than E;. Note that (right panel) there exist situations
where the upper bound state of the intra-subband Hamiltonian is pushed in
the (E; or E; and E;) continuum(s) due to the inter-subband coupling. In
practice, this can only happen when the subband separation is comparable to
the binding energy that results from intra-subband diagonalization.

same impurity. Since we know sgl), s,(,z), and ¢_ from the nu-
merical diagonalization, we immediately extract from (18)
that 4 ~ 2.2 meV for both impurity locations. This has the im-
portant consequence that in the presence of inter-subband cou-
plings the state bound to E, is actually pushed above E;
(¢+ > E) and becomes a resonance degenerate with the E;
continuum (see Fig. 4, right panel). This changes the nature of
the eigenstates of the imperfect THz designed heterostruc-
tures. The existence of a virtual bound state is an intrinsic
quantum mechanical property that is not affected by tempera-
ture. The effects on the transport properties associated with
the virtual bound state will be as affective at low as at high
temperature.

The inter-subband mixing drastically changes the
absorption spectra, because it allows a lot more optical tran-
sitions with a non-negligible oscillator strength. At the low-
est temperature (7" = 3K), there are two main absorption
peaks near 3.8 meV (4.1 meV) and SmeV (5.5meV) when
the impurity is located at the maximum of the y3(z) (3 (z))
probability density (see Fig. 2). Note that when the impurity
is in the injection barrier there is only a single peak found
near £, — E;. The most important peak seen in Fig. 3 is re-
markable because it occurs at an energy very close from the
&+ — &_ energy difference (5.08 meV and 5.80 meV, respec-
tively, from Egs. (18) and (19)) and therefore corresponds to
the “resonance” transition of the coulombic impurity (quasi
ls — 2p.). Note however, that the final (pseudo 2p.) state is
degenerate with the E; continuum. The 3.8 meV (4.1 meV)
feature corresponds to the “ionization” transition from ¢_ to
the E; continuum. It is blue shifted from the onset £ — ¢_
(2.43meV and 2.83meV, respectively) by a quantity of the
order of the binding energy and reminiscent of what is found
for the 1s — continuum transitions in hydrogenic atoms.?’
The occurrence of this peak is also remarkable because it
points out the existence of a strong admixture between the

J. Appl. Phys. 119, 095703 (2016)

subbands (without subband mixing this ionization transition
would be forbidden since (y;|p:|y;) =0). We note that a
similar peak corresponding to the ¢ — E; transition shows
up near 6.6 meV (7meV). These 6.6 meV (7 meV) peaks are
in fact roughly separated from the 3.8 meV (4.1 meV) peaks
by E, — E;. Fig. 3 shows a(w) at different temperatures.
When T increases all the impurity-related features decrease
to the benefit of the “regular” inter-subband transition near
E, — E;.

IV. EFFECT OF SUBBAND COUPLING ON THE
EXTENDED STATES

A possible way to assert the importance of subband mix-
ing consists in evaluating for each state ,, the square projec-

tions P = [d®p|(x; W, ). i=1, 2. There is of course

P 4 P = 1. In the case of large subband separation, the
departure from an initial state in one subband due to inter-
subband coupling can be handled perturbatively by the
Fermi golden rule.?' In the case of very close subbands, such
a simple approach has to be improved. Fig. 5 shows

P(1V>, P(ZV) versus the energy of the state when the DQW has
been doped with 1 donor in a 200 x 200nm” at z; = 28.2
nm. We see that the low lying part of the spectrum (i.e., from
below E; to few meVs above E;) displays very strong sub-
band mixing effects. This starts with the bound state where
Py =~ 0.77 (in agreement with the two level model (18)).
Note also the mixing occurring near E,. It arises from the
presence of the resonant state ¢, in the vicinity of the sub-
band edge E,. Fig. 6 shows a plot similar to Fig. 5 but where
the impurity potential has been divided by 10. No bound
state below E; is found due to the weakness of the donor
potential. Correlatively, the subband mixing displayed in
Fig. 6 is much weaker than the one shown in Fig. 5. A very
similar trend is observed in Fig. 7 that corresponds to an im-
purity placed in the injection barrier. These trends are
explained by the existence of a subband-admixed resonant
state between E;| and E,. The eigenstates of the DQW show
a significant subband admixture for energies between £, and

I s R ket b
a2 B g
* * *
0.8t * +
s * *# *+ f
) * *
2 06 z=282nmm * ¥
3 d +
k) * =1 * *
304 + i=2 *
o} A4r
# ¥
z + ¥
+ % 4x %
0.2} ++ * +* +_
+ R
0

6 8 10 12 14 16 18 20 22 24
Eigenvalue €, (meV)

FIG. 5. Squared projections P, and P, versus energy for a DQW doped by
one donor located at z; = 28.2 nm. ¢} = 9 meV, ¢ = 11.66 meV and ¢ =
7.8meV.T=3K.
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FIG. 6. Squared projections P; and P, versus energy for a DQW doped by
one donor located at z; = 28.2 nm. The strength of the impurity potential
has been divided by 10. &) = ¢_ = 10.2 meV (~E)) and &, = 13.47 meV
(=E»). T=3K.

E, because the subband mixing has lifted up the bound state

822) above the subband edge E;. Suppose we restrict the

expansion of (11) and (12) to

1
1) = Chomndl Procse) + > Vo, (20)
[2) = Chomnal o) @1

i.e., we remove the intra-subband E, continuum. Then, the
diagonalization of the subband coupling between the remain-
ing states is particularly simple since

(1)

gﬁ’l) A 0 0 e 0 Cbound
* 14 1% N (2)
A 8}(;2) ﬂl(lo ) ﬂEIOZ) e BE‘U ) Cbound
1
0 ﬂ;gul) &, 0 . 0 C(Vl)
(1)
0 ﬂ;f)llz) 0 81/2 e 0 Cl/z
0
0o g™ 0 0 0 g, e
1
céozmd
2
C}go)und
cf,})
=& o
v
e
N
B = (Cioes |12l ViSel) 0, 22)

and therefore,

85,2) — &+

&E— &

)v 2 (Vi) 2
RSP
b i i
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FIG. 7. Squared projections P; and P, versus energy for a DQW doped by
one donor located in the injection barrier. s}, = 10.03 meV, si =13.34 meV,
and e = 10.01 meV.T=3K.

We recall that the rest of the inter-subband coupling is
non resonant since it involves E, extended states that lay
higher in energy than the ones in (20)—(22). We see readily
from (22) that all the states derived from E; by diagonalizing
the intra-subband terms now acquire a non zero E, character
due to the presence of the £, bound state

=2 ) (24)

Fig. 8 shows the squared projections Py and P, versus
the eigenvalue when four donors stay at z; = 28.2 nm. As
expected, the subband mixing has increased significantly de-
spite the fact that niyp ~ 10'° ¢m™2. Actual THz devices
should therefore be characterized by a pronounced subband
mixing for electron states that are statistically relevant.
Instead, when E, — E| becomes much larger than the donor
binding energy, there should exist very little subband mixing
except near the E, edge.
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FIG. 8. Squared projections P; and P, versus energy for a DQW doped by
four donors located at z; = 28.2 nm. T=3K.
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V. CONCLUSION

We have shown that even at a very low doping concen-
tration (2.5 x 10° cm™?), there exists a substantial mixing
between the eigenstates of the £ and the E, subbands if the
subband separation is comparable to the impurity binding
energy. The electronic spectrum is completely reorganized
by impurity scattering over a 10meV range from the sub-
band edges. This leads to a drastic change of the subband
absorption lineshape. Moreover, because of the presence of
bound states, the absorption lineshape is strongly tempera-
ture dependent. Consequences on the transport data remain
to be evaluated.
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APPENDIX: CONCENTRATION OF NEUTRAL DONORS
AND CHEMICAL POTENTIALVERSUS T

Under the assumption of thermal equilibrium, there are
two different physical situations that lead to different values
of the chemical potential and of the concentration of neutral
impurities at a given temperature 7: the first situation corre-
sponds to a DQW that does not exchange any particle with
the surrounding. In this case, the areal concentration of mo-
bile electrons nge. adjusts to the concentration of ionized
donors njo,. The value of the chemical potential p results
from this charge neutrality. Once u is known, the concentra-
tion of electrons bound to the donor sites then follows from
(A2) and (A3).

The second situation corresponds to a DQW that is sup-
plied/depleted with electrons due to a permanent current
flowing in the structure. In this case, the concentration of
mobile electrons is fixed. The chemical potential adjusts to
this value at all T, and the concentration of neutral donors
follows from (A2) and (A3). There is always

1= eﬁ(”*E”, (A1)

J. Appl. Phys. 119, 095703 (2016)

Nim,
ooung = — 20—, (A2)
1 + 5eﬁ(EI*R *l‘)

ion = fimp A3
Nion = 11 20 BE—R 1)’ (A3)
where § = (kzT)~" and R* is the donor binding energy.
To draw the absorption coefficient versus T, we have
assumed that the second situation holds. Thus,

2nimp
e PR

(A4)

Npound =
2+

7Thznfree 1
eX —_— | —
P m*kBT
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