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Explicit expression for the N-point free energy distribution function in one dimensional directed polymers in a
random potential is derived in terms of the Bethe ansatz replica technique. The obtained result is equivalent to
the one derived earlier by Prolhac and Spohn [J. Stat. Mech., 2011, P03020].
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1. Introduction

In this paper we consider the model of one-dimensional directed polymers in a quenched random
potential. This model is defined in terms of an elastic string ¢(7) directed along the t-axis within an
interval [0, ] which passes through a random medium described by a random potential V (¢, 7). The
energy of a given polymer’s trajectory ¢(7) is

13
1
Hlgp(1),V]= de{E [0:0()] + V[(/)(T),T]}, (1
0

where the disorder potential V[¢, 7] is described by the Gaussian distribution with a zero mean V (¢, 7) =
0 and the §-correlations: V (¢, )V (¢, 1") = ué(t — 1')6(¢p — ¢') The parameter u describes the strength of
the disorder.

The system of this type as well as the equivalent problem of the KPZ-equation IE|] describing the
growth of an interface with time in the presence of noise have been the subject of intense investigations
for about the last three decades (see e.g. [B—IE]). Such a system exhibits numerous non-trivial features
due to the interplay between elasticity and disorder. In particular, in the limit # — oo, the polymer mean
squared displacement exhibits a universal scaling form ((/)2) o t*3 (where {...)and ﬁ denote the ther-
mal and the disorder averages) while the typical value of the free energy fluctuations scales as ¢'/3. Note
that in the corresponding pure system (with V (¢, 7) = 0) (¢*) o t while the free energy is proportional to
In(?).

A few years ago, an exact solution for the free energy probability distribution function (PDF) has
been found ]. It was shown that depending on the boundary conditions, this PDF is given by the
Tracy-Widom (TW) distribution [@] either of the Gaussian Unitary Ensemble (GUE) or of the Gaussian
Orthogonal Ensemble (GOE) or of the Gaussian Simplectic Ensemble (GSE). Besides, recently the two-point
free energy distribution function which describes the joint statistics of the free energies of the directed
polymers coming to two different endpoints has been derived in l29-31].
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For fixed boundary conditions, ¢(0) = 0; ¢(t) = x, the partition function of the model (I is
G=x
Zi(x) = f 2P(r) e PHI = exp[-BF,(x)], @)
$(0)=0

where f is the inverse temperature and F;(x) is the free energy. In the limit  — oo, the free energy scales
as

BF(x) = Bfot+Bx*12t + A, f(x), 3)
where fj is the selfaveraging free energy density and
1
At:E(ﬁsuzt)“Sm 3. 4)

It is the statistics of rescaled free energy fluctuations f(x) which in the limit # — oo is expected to be
described by a non-trivial universal distribution W (f). In fact, the first two trivial terms of this free
energy can be easily eliminated by simple redefinition of the partition function:

Z1(x) — exp{-Bfor - px* 12t} Z,(x) ®)

so that .
Zi(x) = exp{-A f(0)}. (6)

The aim of the present work is to study the N-point free energy probability distribution function
W(flr---ny;xlr---ny) = W(fyx) = tll'né.lo PrOb[f(XI) >f17 7f(xN) > fN]y (7)

which describes the joint statistics of the free energies of N directed polymers coming to N different
endpoints. Some time ago the result for this function has been derived in terms of the Bethe ansatz replica
technique under a particular decoupling assumption [@]. Here, I am going to recompute this function
using somewhat different computational tricks which do not require any supplementary assumptions
and which permit to represent the final result in somewhat more explicit form.

2. N-point distribution function

The probability distribution function, equation (7) can be defined as follows:

00 N (_l)Lk

W(fx) = lim > o1

N |
7, Ly=0k=1 Li!

exp(Mkfk)] (]f[1 Zr(xk)), (8)

where (...) denotes the average over random potentials. Indeed, substituting here equation (€) we get

N

[TO(f 0 - fi)

k=1

N
W (£;x) = lim (H exp{—exp[/lt(fk —f(xk))] }) = )
A=oolfoy
which coincides with the definition (@.
Performing the standard averaging over random potentials in equation (8) one obtains (for details

seee.g. ])

o0 N _1 Lk
W(f,X): lim Z [( 1 eXp(Akak) \P(XI,...,XI,x2,...,x2,...,x1\],...,xN; t)r (10)
AqOOL] ..... Ly=0k=1 k* N N — ———

L] L2 LN

where the time dependent n-point wave function W(xy,...,x,; 1) (n = Z;CVZI Ly) is the solution of the imag-
inary time Schrodinger equation

12 12
BO V(1) = [5 Zlaiu +=k Y 8xa—xp) | WD) 11)
pe

2 atb
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with x = f%u and the initial condition
n
P =0 =[] 6(xa). (12)
a=1

A generic eigenstate of such a system is characterized by n momenta {Q,} (a = 1,...,n) which split into
M (1 < M < n) clusters described by continuous real momenta ¢, (a¢ =1,..., M) and having n, discrete
imaginary parts

« ix
Qqur ZQa_E(na"'l_Z"); (r:1)---)na)) (13)

with the global constraint

Mz

Ng = 1. (14)

a=1

The time dependent solution ¥ (x, r) of the Schrédinger equation (TI) with the initial conditions, equation
(T2), can be represented in the form of a linear combination of eigenfunctions \Pgm (x):

Ny M [P, e M KM@ P o g0
voso= 3 ST 58 2 10 & e St B0 v8 w8 © expl- e
Alg=1 a

M=1 a=1 ng=1 a=1
—00
(15)
Here, 8 (k, m) is the Kronecker symbol, the normalization factor
s M |ga—as—"%a—np)*
ICu(@ml* =[] = 3 (16)
a<p |da = qp =5 (na + ng)|
and the eigenvalues:
En(qn) = %(1 L n3) an
Mm(q,
a=1 Zﬁ e “ 24ﬁ
For a given set of integers {M; ny,...., ny}, the eigenfunctions \I,g\/f) (x) can be represented as follows (for
details see I@—@]):
n . sgn(xg — Xp) L
yM () = 1+ik=—2 2| exp (1 Q%xa) , (18)
d ; }:[b Qz, - Q, a;

where the summation goes over n! permutations &2 of n momenta Q,, equation (I3), over rn particles x,.
Substituting equations I5)-(8) into equation we get

o) — Lk
W(f;x):l+lim{ > H ( ) exp /lkak)]

A—00 Ly+..+Ly=21k=1

Li+.. +LN 1 00
9 H Z

*1

x( L "2”) f 35" 1| ICutam?
Zﬁ (an: 24ﬁ & = k qu

TTK Ng

N Le L Q‘@U‘k)—Q@(LZ)—iK
a a
« ¥ o g i, zxkzo,k)} 19
L1 Ln) k=1 | gplp) | k<larp=1a;=1 Q'@;ikJ_Q'@xz) k=1 ag=1

In the above expression, the summation over permutations of n = L; +...+ Ly momenta Q, split
into the internal permutations 2L of [, momenta [taken at random out of the total list {Qg} (a =
1,...,n)] and the permutations 221-+L¥) of the momenta among the groups Ly. It is evident that due to
the symmetry of the expression in equation {@3), the summations over /¥ give just the factor L;!... Ly!.
On the other hand, the structure of the Bethe ansatz wave functions, equation ([8), is such that for the
positions of ordered particles in the summation over permutations, the momenta Q, belonging to the
same cluster also remain ordered (for details see e.g. [37]). Thus, in order to perform the summation over
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the permutations 22L1+IN) in equation it is sufficient to split the momenta of each cluster into N
parts:

a a . a
Wy s @ o ,qm1+m “"qul v ,c/)tk1 k}, (20

v v ~

1 2
Mg Mg my

where the integers m =0,1,...,n, are constrained by the conditions

M=
3

IS
I

n(l ’ (2 1)

k=1

M
Y omk = I, 22)

a=1
and the momenta of every group {qz R q } all belong to the particles whose coordinates

l 1M
are all equal to xj. Let us redefine:
a — ix = 1

Ottty = i = Gat na+1—zl§ma—2r . (23)

In this way, the summation over 22("1++In) is changed by the summation over the integers {mX}. Substi-
tuting equations 20)—(23) into equation after simple algebra, we find

+o00o

& (-pM M SN k1 dgq
W(Ex) =1+ lim (D& Ma f—
A—o0 MZ:I M! (Ql ZN%’;CH o 2mk (X mk)

Y ke L%k L& ook K[k ’
X exp AZmafk+1Zmaxkqa——K Z mama|xk—xl|—— Z ot — Zma
k=1 k=1 4 ¢ 2p% 24B \iz1
< |Cu(a imE) [P Gu(qs tmEy) |, (24)
where the normalization constant |CM q,{m | is given in equation {@6) (with ng, —Z g)and
k M- N m{; qkr_qlr Mo NN ‘]; ‘lx qkr_qlr
wlwimt) =111 (f) I (% %) e
a=1k<ir=17=1\ A, =4l Jacpi=ii=1r=1721\ 4, ~d},

Substituting the expressions for q,‘j’r, equation (2Z3), one can find an explicit formula for the above
factor Gp; which is rather cumbersome: it contains the products of all kinds of the Gamma functions of
the type ['[1+ 5 (ZN(+)m + ZN(+)m ) (qa qp)] [the example of this kind of the product is given in
[@], equation (A17)]. We do not reproduce it here as it turns out to be irrelevant in the limit £ — oo (see
below).

After rescaling

K
- = 2
qa Zlqa; (26)
212
Xk — — Xk, (27)
K
with
1 (x2%t 13 1 1/3
A=-|—]| ==(But 28
(5] =5 e @8)
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the normalization factor |CM (q; {mg}) |2, equation (with ng = ZQ’ m’;), can be represented as follows:
. .2
M |/121,Xm’(§ -AxyY m’é —iqq +iqp|
a<p |/12],2[ m]é + /lzlkv mlﬁ‘ —igq + iqﬁ|2

[

a=1

ICn(g; imEh

1 |
(=N AmE —iga) + (leg’/lm’ﬁ‘ +iqp) la,p=1,..M

det (29)

Substituting equation (25)-(28) into equation @3) and using the Airy function relation

15[ k3
5’1 (Zma)
k

A(% m{;) y] (30)

+00
= fdyAi(y) exp

we get
oo (_ M
WEx = 1+lm|Y “20] fqu“dy“Al Ya+da)
A—oo\yZy M o2 ~
ZNmk—l N k . 1 2 N k1
x Y (-D=kMalexp /IZma(ya+fk+1xkqa)—§/l > mgmy Ay
ZNmfi?l k=1 k=1
N Kq k
xdetK | (Y Amg, qa|; | 2_Amg, dp GM(ﬁ;{ma}) ) (31)
k a,p=1,..M
where
A = |xx—xi] (32)
and

N A N 1
K[(Xk:/lma, qa); (Xk:/lmﬂ, qﬁ)‘ = ) (33)

(ZN Amf —iqa) + (£ Amb +iqp)

The quadratic in m'oj term in the exponential of equation 3I) can be linearized as follows:

1. N
exp{—i/lz > mlﬁméAkl}

k=1

1 . N > 1 . N » N
exp{—z/lz > Akl(m§+mé) +5/IZZ (m'(;) ZAkl}
=

k,I=1 k=1

B N +°°d€gl 1 a2 dT] 1 )
kll_ll{_[o \/Z_EXp —E(fkl) ]} H{ \/—EXP —E(Uk) }
N i N B
xexpaAY | —= 2 VA (5 +¢0) — vYeng | ma (34)
T V23
where
N N
Ye =2 A=) |xe—x. (35)
I=1 =1

Substituting the representation (34) into equation 31D and redefining the integration parameters

ng — N+ W—WWZ 2re Ley ) (36)
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we get

I:IZ
—_—
—

=
D
=
|
\é’
s
oI
N —

o) 1 M M d
WEx) =1+ Y ( M)' (f f qa Ya — L Ai(yq + q2)
M=1 Coa= k,

NoA
K+ [+ €5

2
})5”(f,y,q, me}),

epl -2 3 (€0 1%
xexpy —— -
2k,l: ki 2 k=1 \/Yk =1
37

where

M - N

SLEy.q ) = Lim [[{ Y (D= lexp Z K (Ve + fe= VrEme)
A—00g=] Z,’;’m’,flzl k=1

Kq, et
MGM(M,{ma})} (38)

N N
x detK [(lemg, qa); (Z/lmlﬁc, 6/;3)
k

k

The summations over m'aj in the above expression can be performed as follows:

M N [eS) N [eS)
S (£y,q i) = lim [] H( 6m5,0)—(—1)N]_[{ > (=)™ exp [/lm (Ya + fi— \/_ﬂk)]}]
=1 k=1 k=0 k=1 | mk=o
N N
xdetK || Y Ams, qa); (Z/Imﬁ, qﬁ) x GM(K_q; {mg})
T T B 24
a,p=1,..M
M| N . v dzk .
=1Iim J] [T] fdz S |-DN]] fu—kexp Azg (Vo + fr = \/Y_kflk)]
A—o0q21 | iz1 k=1 |2 2isin(mwzy)
N
x detK Z/lzg, qa); (Z/lzk, qﬁ) GM(Q; {z{;}) , (39)
k k a,p=1,..M 22

K — 2K/, in the limit

..............
.....

! Y
a . . .
A\ 4 o ' -
0 1 2 3
A

Figure 1. The contours of integration in the complex plane used for summing the series equation
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A — oo, we get

M
y(ﬂy;qy {T]k}) = H
a=1

N N de
I1 fdz{;a(z{;) -] f <
k=1 & k=1 A 2mizy

)5

exp| 2k (va+ fi— v¥Eny)] H

x detK

xq k
lim G e 40
aﬁleHEOMZA{A} (40)

Taking into account the Gamma function property lim,—oI'(1+ z) = 1, one can easily demonstrate (see
e.g. 1) that

k
. Kq | 2z,
m — 33— =1. 41
JﬁlooGM(Z/l’{/l}) @0

Thus, in the limit A — oo, the expression (37) takes the form of the Fredholm determinant

dacdye (A | X[ dng
” Top NOwra kll(_f \/E)H([o m)
X 2
77%4'\/%%3%“2 \ 2vs 'Skl élk) }

N N 1
deéi {l_[ 6(zq) = DN [ S—— exp | za (va+ fi - \/7’_k77k)]}
k=1

k=1£T12q

00 (_DM
WEx) = 1+ ) —'
mm1 M

N N
x detK Zzﬁ, qa); (Zzﬁ, ap (42)
k k a,f=1,..M
A oA X1
= det[1-A] = exp{- Y —T1ra¥ (43)
=1 M

where A is the integral operator with the kernel

ST T E o | +ooﬂ- 2y T Facg | X[ dne
gz"’)’(?’q)] - fzfrAl(y””k,ll([o )H(f m)
1N
52

77k+—67axk+12\/ (fkl+flk)] }

N N 1
k N k
x { [T6Gz" - (-1 ]}:[1 Py exp[z (y+fi- \/Ykﬂk)]}

k=1

1
X .
YVzk—ig+ XY zk+ig

(44)

Correspondingly, for the trace of this operator in the M-th power [in the exponential representation of

33003-7
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the Fredholm determinant, equation @3)] we get
M +ood d N +oodé +00 d
TrAM = ff Y q“Ai(y+q2) f dokl f ang.
0[11[ Joo2m ¢ k,ll_ll Jov2 1:[ J Ven

2
i
+ﬁ%ﬂck Z\/ ((fkl+flk)]}

i e

k=1\;, = 2mizk

M 1
x 1 < ) : 45)

N . .
a=1 (Z zk —iqe + XX 2k +iqan

N

xexp{ Zé ZZ

k=1

. mm]}»]

where, by definition, z¥,, | = zF and gp1 = 1.
Substituting

1

N ~ N ~
YNk —ige + XY 2k, +idan

i Sk Yk
= fdwaexp{—wa (Z Zg —iqGa + ) Zg.q + iqa+1)} (46)
3 3
0

into equation we obtain

oo oo M
TrAM = ffdwlde l_[ Alwg; Wa+1), (47)
o 0 o=

where

+00

f_:f:osz/ Ai(y + ¢* +w+w')kﬁl(+fw(\l/€%) ﬁ (f %)

77k+—qu \/ (fkl+flk)] —iq(w—w’)}

eXp[Zk(JH'fk— \/Y_knk)]}- (48)

N

1Y, 1
X exp _Ek;fkl_iz

k=1

N de
1- (=N f
X{ b kl:[l 2mizk
€

Integrating over zh,...,ZN, we finally get
+Oodydq . 2 +Ood'fkl dni
ff Ai(y+q +w+w) H f—z f
T
XeXP{ Z e ZZ Nk + \/—_ \/ (s‘kl Elk)‘ —iq(w—w’)}

k,
x[l—(—l)NHH -y- fk+nk\/_)] (49)
k=1

where Ag; = |xk - xl| and yi = Zé\il AVAR
Thus, the N-point free energy distribution function W( fireeo NG X150, xN), equation (@, is given by
the Fredholm determinant

W (%) = det[l - 4], (50)

where A is the integral operator with the kernel A (w; ' ) (with w,w’ = 0) represented in equation (Z9).
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3. Conclusions

In this paper using the method developed in [@] we extended our result to the spatial N-point free
energy distribution function in the thermodynamic limit # — oco. It should be noted that following the
ideas of the proof [|3_1|] for the two-point function, one can easily demonstrate that the result @9)-(G0) ob-
tained in this paper is equivalent to that derived earlier by Prolhac and Spohn 132]. 1t should be stressed,
however, that since the obtained result for the kernel A (w; ' ), equation (3D, has a rather complicated
structure, its analytic properties are at present completely unclear and their study would require special
efforts.
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V. Dotsenko

N-toukoBa pyHKLiA po3noainy BinbHOI eHeprii
B OAHOBMMipHUX XaOTUYHO HanpsiMJIEHUX noJjlimepax

B. AoLeHKo™

L YHisepcuteT M. Mapux VI, 75252 Mapwx, PpaHuisa
2 IHCTUTYT TeopeTuyHoi ¢isuku im. J1.4. laHaay, 119334 Mocksa, P®

OTpumaHo aBHMI Bpa3 ans N-ToUukoBOi GyHKLT po3noginy BiNbHOI eHeprii B 04HOB/MipHOMY HanpsiMIeHOMY
nonimepi B TepMiHax aH3aLy bete B pamkax meTogy pennik. OTpuMaHwWii pesynbTaT eKBiBaNIeHTHWI pe3ynbTaTy,
paHiwe oTprmaHomy B poborTi Mponaka i LinoHa [J. Stat. Mech., 2011, P03020].

Knrou4oBi cnoBa: HanpsamaeHi noaimepu, XaoTu4dHuii noTeHyian, penikv, ¢aykTyauii, pyHKLis po3rnoginy
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