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Abstract

Vibrating wire sensors can operate in two modes, damped mode and sustained mode. In practice, the resonant
frequency measured in sustained mode is higher than the one measured in damped mode. In this paper, the
theoretical analysis indicates that average magnetic force and coil coupling are responsible for the frequency
difference. This prediction is experimentally confirmed by measuring the resonant frequencies for different
values of the two parameters. It is shown how to correct measurements in order to obtain the same results for

the two modes.

Keywords: Vibrating wire sensor; Damped mode; Sustained mode; Frequency difference; Magnetic force;

Coil coupling.

1 Introduction

Vibrating wire sensors are widely used to monitor deformations of large civil structures such as dams,
bridges and nuclear power plants [1]. This type of sensors is based on a stainless steel wire which is set into
vibration by an excitation coil and this vibration is detected by the same coil or an additional coil depending
on the measurement mode [2]. The wire is tightly stretched between two anchors installed in the monitored
structure, as shown in Figure 1. Small relative movements of the two anchors alter the mechanical tension of
the wire and hence its resonant frequency [3]. Therefore the deformation of the structure can be determined

by measuring the resulting change in the resonant frequency of the wire [4].
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Fig. 1 Vibrating wire sensor installed in the monitored structure

There are two modes of operation: damped mode that corresponds to a measurement when the wire is freely
vibrating after a pulsed excitation, and sustained mode that corresponds to a measurement when the wire is
continuously excited at its resonant frequency. Historically, the sensors operating in damped mode have been
in use since about 1930 [5], and those operating in sustained mode have been adopted around 1960 [6]. It is
commonly considered that the resonant frequency of the vibrating wire depends primarily on the wire
properties (length, density and tension), and very little on the operation mode of the sensors. However, this is
not exactly true. According to various experimental tests [7, 8], the resonant frequency measured in damped
mode differs from the one measured in sustained mode by 0.1-0.3%. Since the vibrating wire sensors are
expected to be accurate at 0.1%, this frequency difference is far from being negligible. Moreover this makes
it difficult to compare the measurements obtained in one mode and another. To properly interpret the
measurements, one needs to fully understand the sensor signals, thus finding out what causes the frequency
difference and how to correct it. In the case of two-coil sensors, if one of the coils fails, it is necessary to
switch from sustained mode to damped mode [9]. In that case, it is very important to compensate the

frequency difference.

In this paper, firstly the sensor operation in damped and sustained modes is analyzed in order to find the
possible parameters that may affect the resonant frequency. Secondly, the influence of the relevant

parameters on the resonant frequency is experimentally investigated in the two operating modes.

2 Relevant parameters of resonant frequency

The operation of vibrating wire sensors relies on the wire excitation and frequency measurement. Both can be
accomplished using magneto-mechanical coupling. There are two modes of operation commonly used today:
damped mode corresponding to pulsed excitation and sustained mode corresponding to continuous excitation

[10].



2.1 Damped mode

The damped mode consists in giving the wire an initial displacement and then measuring the frequency of the
damped free vibration [11]. The operating procedure in damped mode is illustrated in Figure 2. Initially a
single pulse or a burst is applied to the excitation coil [12], thereby creating a magnetic field that excites the
wire during a short period of time (Figure 2a). Then the wire vibrates until the vibration is completely
damped, within seconds. The damped vibration induces, due to the remaining magnetic field, for instance due
to the magnetization of the coil core produced by the excitation, a voltage in the same coil or a second coil
(Figure 2b). The frequency and the temporal evolution of this voltage are identical to those of the wire

vibration.
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Fig. 2 Damped mode. (a) Pulsed excitation. (b) Measurement of the damped vibration

After the pulsed excitation, the absence of external force (magnetic force) allows the wire to undergo damped
free vibration due to the mechanical tension in the wire. Consider a uniform stretched wire of mass density p,
cross sectional area A, under constant tension T. For the sake of simplicity, the gravity and the bending
stiffness of the wire are always ignored. The equation of motion of the wire undergoing free vibration can be

written as

A =T 1

PA%2 = " ax? M
where u,, (x,t) is the transverse vibration of the wire at position x at time t, Assuming that the ends of the
wire of length L are fixed at x = 0 and x = L, one has to impose the boundary conditions: u, (0,t) =
uy (L, t) = 0. Applying the boundary conditions to equation (1) leads to the expression of the fundamental

natural frequency [13]:
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In the damped vibration, the actual frequency measured by the coil is slightly lower than the natural
frequency f,, because of damping influence. The apparent damped frequency f,, related to the damping ratio

is given by

fa=f0\/1—{2 (3)
2.2 Sustained mode

The sustained mode consists in maintaining the wire at resonance and meanwhile measuring the resonant
frequency [14]. In this mode, it is necessary to use two coils, one to continuously excite the wire and the
other to simultaneously measure the frequency of the vibration. The operating procedure in sustained mode is
illustrated in Figure 3. The first coil is supplied by a sinusoidal voltage at the resonant frequency of the wire.
The continuous excitation generates a sinusoidally varying magnetic field which maintains the wire in
resonant vibration. The wire displacement induces an alternating voltage in the second coil. This induced

voltage has the same frequency as the wire vibration.
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Fig. 3 Sustained mode. Excitation and measurement are continuous and simultaneous

In sustained mode, the excitation always exists. Thus the magnetic force continues to act on the wire
periodically, and the wire is forced to vibrate at the excitation frequency. In theory, the resonance occurs
when the forced frequency is equal to the natural frequency of the wire [15]. However, in practice, we have

to consider two additional parameters: average magnetic force and mutual coupling between coils.



2.3 Effect of average magnetic force

The current passing through the excitation coil creates a magnetic field H around the wire. Since the stainless
steel wire has a magnetic permeability greater than that of air (1, = 4 X 1077 H/m), H is guided along the
wire. As a consequence, the magnetic field repartition is such that H is relatively large just under the wire but
much smaller just above and inside the wire. This results in a magnetic stress I'yag = 1/2 poH 2 [16] which is

larger on the bottom than on the top of the wire, as shown in Figure 4. Thus the wire is bent towards the coil.
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Fig. 4 Excitation of the wire with magnetic force

In sustained mode, equation (1) then becomes

A32uy Tazuy+f 1 H2d3 4
p atz - axz As(x)zﬂo S ( )

where As(x) is the surface of an elementary portion dx of the wire at position x. As the magnetic field
Hdepends on many geometrical parameters, equation (4) is difficult to resolve most of the time. Nevertheless,
an approximate expression of the resonant frequency can be deducted by investigating the increase in the
mechanical tension resulting from the magnetic force. During the free vibration in damped mode, no
magnetic force acts on the wire, therefore the wire lies straight and its resonant frequency depends only on
the mechanical tension T, as shown in Figure 5a. During the forced vibration in sustained mode, the wire is

subjected to the tension T as in damped mode and a magnetic force F,,4 that pulls the wire perpendicularly
towards the coil, as shown in Figure 5b. The magnetic force produces an elongation of the wire §L and thus a
variation of the wire tension 6T. When F,,, is applied perpendicularly to the wire at its center, one obtains
8L =~ 2y3 /L, where y, is the wire transverse displacement. With Hooke's law, the variation of the wire

tension is



ST = EA 8L 2EAy§ c

where E is the wire Young's modulus. Because 6T < T, the transverse displacement y, can be deduced from
the average magnetic force Fqy by Fpag = 2T sin@ = 4y,T/L, thus yo = Fpu4L/4T . According to
expression (2), the increase in tension 8T leads to an increase in resonant frequency. Moreover, as the
magnetic force is proportional to the power of the excitation, an increase in excitation amplitude (AC

component) or in offset (DC component) should cause an increase in resonant frequency.
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Fig. 5 Effects of the forces involved in the wire vibration in (a) damped mode and (b) sustained mode

As an illustration, let us consider a perfectly flexible wire of length L,, = 110 mm and radius r;, = 115 um,
stretched under tension T = 15 N. The material properties of stainless steel wire are: masse density p =
7800 kg/m’ and Young's modulus E = 210 GPa. The excitation coil of radius 7, = 1.5 mm, having 200000
turns per meter and a high permeability core of y,, = 1000, is located 2 mm above the center of the wire.
When a current of I = 50 mA is passing through the coil, the magnetic field at the wire is approximately
5 x 10° A/m. Considering also a surface on the wire regarding the coil of s = 0.5 mm’, one obtains an
average magnetic force applied at the wire midpoint m = sugH?/2 = 0.08 N. According to expressions
(2) and (5), the wire tension is increased by 0.05% and thus the resonant frequency is increased by about 1

Hz.
2.4 Effect of coil coupling

Two couplings must be taken into account in the measurement system. Firstly, the wire vibration produces a
modulation of the remaining magnetic field in the vicinity of the measurement coil. Therefore a coupling
takes place between the wire and the measurement coil (wire-coil coupling). Secondly, the continuous
sinusoidal voltage in the excitation coil produces an induced voltage in the measurement coil because of the

mutual inductance. Thus a coupling appears between the two coils (coil-coil coupling). The wire-coil



coupling exists in both damped and sustained modes, whereas the coil-coil coupling exists only in sustained

mode.

In damped mode, after an initial pulsed excitation, the remaining magnetic field along with the wire vibration
is the only cause of the variation of the magnetic flux ¢, in the measurement coil and thus of the voltage V},
induced in the measurement coil. The equivalent circuit includes a magnetic source d¢s/dt and the self-
inductance L of the coil which presents an internal resistance R. One has V;,, = d¢g/dt + d(Li,,) /0t + Riy,,
which corresponds to the equivalent circuit of the measurement set up shown in Figure 6a. Since the
magnetic source ¢ is driven by the wire resonance, it depends on frequency as a second order system. This
resonance can be modeled around the wire resonant frequency as a parallel RLC circuit excited by a constant

amplitude source ¢g,. The equivalent circuit of Figure 6a becomes the one of Figure 6b.
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Fig. 6 Equivalent circuit of vibrating wire sensor in damped mode

In sustained mode, the signal is due to the remaining magnetic field along with the wire vibration, like in
damped mode, and to the mutual coupling between the two coils. Accordingly the voltage 1, across the
measurement coil is V;,, = d¢p;/dt + d(Li,, + Mi,)/0t + Ri,, where M is the mutual inductance between
the coils. The equivalent circuit corresponding to this set up is presented in Figure 7a. As in the former case,
¢ depends on frequency which can be modeled around the wire resonant frequency as a parallel RLC
circuit. One obtains the equivalent circuit of Figure 7b. It can be seen that the excitation V, contributes

through M to the measured signal and thus shifts the resonant frequency.
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Fig. 7 Equivalent circuit of vibrating wire sensor in sustained mode

3. Experimental results

3.1 Experimental set up

An open sensor has been realized instead of industrial closed sensor for creating a test environment. Figure 8
shows the experimental set up. A stainless steel wire is stretched between two arms. Two equal weights are
respectively placed on each arm to give the wire a controlled mechanical tension. Two coils, positioned near
the wire, can be shifted along its axis. The excitation coil is connected to a signal generator, and the
measurement coil is connected to an oscilloscope. This makes it possible to control precisely the excitation of
the wire. The experiments aim to demonstrate that average magnetic force and coil coupling are responsible
for the frequency difference between two modes. For that purpose, firstly the resonant frequencies are
measured in damped and sustained modes. Then the effects of average magnetic force and coil coupling are

respectively investigated.

Excitation Measurement
Weight Arm coil coil Wire

Signal generator Oscilloscope

Fig. 8 Experimental set up for studying the wire vibration in damped and sustained mode



3.2 Results of resonant frequency

In damped mode, at first a burst of 200 cycles is sent to the excitation coil. Each cycle corresponds to a
sinusoidal voltage of 1-kHz frequency and 1.5-V amplitude, as shown in Figure 9a. After the pulsed
excitation, the output signal of the measurement coil is displayed on the oscilloscope, as shown in Figure 9b.
This signal is measured after the pulsed excitation and a dead time of approximately 50 ms, thus it is only the
free response of the wire. The wire response appears as a damped oscillation whose amplitude decreases
exponentially with time. The rate of decrease in amplitude is represented by the damping factor ¢, which is
equal to 2 X 10™%. Since a vibrating wire sensor has various resonant frequencies which are not integer
multiples of the fundamental resonant frequency due to the bending stiffness of the wire [17], the fast Fourier
transform algorithm is used for spectral analysis. The FFT time window is set to 4.8 s (only 2.5 s shown in
Figure 9b for the sake of clarity) so that the frequency accuracy is 0.21 Hz. This accuracy can be increased
using interpolated FFT. Here all frequencies determined using FFT are accurate at +0.21 Hz. The frequency
spectrum of the wire response is shown in Figure 10. The highest peak located at 999.64 Hz represents the
fundamental frequency of the damped free vibration. During the wire vibration, the distance between the
measurement coil and the wire changes within each period of vibration, and thus the induced signal has not
the same amplitude when the wire is close to the measurement coil or far from the measurement coil. The
non-linearity of the measurement system adds obviously harmonics which are perfectly integer multiples of
the fundamental resonant frequency [18], but we are only interested in the fundamental resonant frequency in
this study. Substituting f, = 999.64 Hz and { = 2 X 10~* into equation (3), one obtains f, = 999.64 Hz.
Since the damping factor is very small, the damped frequency is almost equal to the natural frequency of the

vibrating wire.
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Fig. 9 Damped mode (a) pulsed excitation and (b) free vibration of the wire
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Fig. 10 Frequency spectrum of the wire response in damped mode

In sustained mode, the signal generator continuously excites the wire via the excitation coil, and meanwhile
the forced vibration of the wire is detected by the measurement coil. In order to find the fundamental
resonant frequency, we set the frequency of the signal generator at the natural frequency 999.64 Hz. The
frequency is slowly adjusted in 0.01 Hz steps until the output signal of the measurement coil reaches its
maximum. Therefore the frequency accuracy when turning the signal generator is £0.01 Hz. The maximal
amplitude is reached at 1001.93 Hz. The dashed curve in Figure 11 represents the excitation signal which is
a sinusoidal voltage of 1.5-V amplitude, and the solid curve in the same figure denotes the measured signal
which is amplified 5 times. Figure 12 gives the frequency spectrum of the wire vibration in sustained mode.
Here again the small harmonic at twice the first resonant frequency is due to the non-linearity of the
measurement system. Compared to the natural resonant frequency measured in damped mode (see Figure 10),

the resonant frequency measured in sustained mode is increased by 2.29 + 0.22 Hz.
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Fig. 11 Excitation signal and measurement signal in sustained mode
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Fig. 12 Frequency spectrum of the wire response in sustained mode
3.3 Average magnetic force study

The effect of average magnetic force is studied by varying the excitation amplitude. Figure 13a and 13b show
respectively the resonant frequency measured in damped and sustained modes under different amplitudes of
excitation. To keep the same initial conditions of the wire vibration, each change of the excitation amplitude
is independent of all previous ones. For example, after finding the resonant frequency under the first
excitation of amplitude 0.75 V, the generator output is switched off in order to make the wire go back into
rest. When the wire is at rest, the generator output is set to 1.5 V and is switched on. Then we search for the
resonant frequency as previously done in the case of the first excitation. In addition, the transverse
displacement of the wire is never very large (< 0.2 mm) with respect to the wire diameter (= 0.2 mm). This
allows us to avoid non-linear vibration. During our measurements, non-linear vibrations were never observed.
All the observed harmonics are caused by the non-linearity of the measurement system. It can be seen that
the excitation amplitude does not influence the natural resonant frequency in damped mode (Figure 13a),
whereas the resonant frequency increases with the excitation amplitude in sustained mode. Above 6 V, the
wire touches one of the coils, thereby causing a slight step visible in both modes (Figure 13b). The
experimental results are in accordance with the theoretical prediction of section 2.3 since, as expected, the
resonant frequency varies with the excitation amplitude in sustained mode but not in damped mode. A linear
curve fitting is performed to predict the resonant frequency at 0 V, as indicated by the dashed line. When the
excitation amplitude decreases from 1.5 V, which corresponds to the excitation level in the experiment of
Figure 11, to 0 V, the resulting reduction in resonant frequency is 1001.93 — 1000.81 = 1.12Hz. The 95%
confidence interval for the predicted difference is 1.12 + 0.09 Hz. Notice that this frequency difference is

more than 10 times the expected accuracy of a vibrating wire sensor which is typically of 0.1 Hz.
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Fig. 13 Relationship between resonant frequency and excitation amplitude in (a) damped mode and (b)
sustained mode in the case of a resonant frequency of about 1 kHz

In order to confirm that the effects observed above are independent of that specific resonant frequency, the
measurements are remade for another working frequency. By adjusting the wire tension, the resonant
frequency of the experimental system is now set to 1207.51 Hz in damped mode (Figure 14a). The
difference between the resonant frequency under excitation of 1.5 V amplitude and the estimated resonant
frequency under excitation of 0 V amplitude is 1209.45 — 1208.47 = 0.98 Hz (Figure 14b). The 95%
confidence interval for the predicted difference is 0.98 + 0.11 Hz. Notice that this frequency difference is

also more than 10 times the expected accuracy of a vibrating wire sensor.

In order to mimic the effect of a mean magnetic force, another experiment is performed in which the wire is
excited by a sinusoidal voltage with constant amplitude superimposed to a variable offset voltage. For a
constant excitation amplitude of 1.5 V, the resonant frequency measured in sustained mode under different
offset voltages is shown in Figure 15 for a resonant frequency of about 1 kHz or 1.2 kHz. Since there is no
coupling at 0 Hz (DC), the results indicate that the frequency difference observed in Figures 13b and 14b is
attributed only to the average magnetic force due to the excitation. As expected the average magnetic force

applied to the wire modifies its tension and thus the wire resonant frequency.
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Fig. 14 Relationship between resonant frequency and excitation amplitude in (a) damped mode and (b)
sustained mode in the case of resonant frequency of about 1.2 kHz
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Fig. 15 Relationship between resonant frequency and offset voltage in the case of (a) resonant frequency of
about 1 kHz and (b) resonant frequency of about 1.2 kHz

3.4 Coil coupling study

To study the influence of coil coupling in sustained mode, one first needs to determine the mutual inductance
between the two coils. Then it is possible to subtract the induced voltage associated with the coil-coil
coupling, and thus to calculate the induced voltage associated with only the wire-coil coupling. It follows that

Vo = Vines(t = 7) — aVexc(2) (6)
where V. is the excitation signal, V;,,,s is the measurement signal and Vj, is the induced voltage without the
influence of coil coupling. The amplitude ratio a and the time delay 7 are characteristic of the coil coupling
and can vary with frequency. In order to plot the resonance curve of the vibrating wire, an experiment is
carried out by changing the frequency of the signal generator from 950 to 1050 Hz in steps of 1 Hz. At

fi = 950 Hz, the excitation frequency is too far from the resonant frequency (1001.93 Hz) to result in any
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significant wire response. Since the wire is at rest, only the coupling exists between the coils. The time delay
T between the signals in both coils is directly measured, and by setting V;, in equation (6) to zero, one obtains
7, = 8.47 X 107% s and @; = 0.0355. A similar situation occurs at f, = 1050 Hz, and the two coefficients
are calculated in the same way. One obtains 7, = 6.77 X 107> s and a, = 0.0357. Assuming that @ and T
vary slowly with frequency, the following linear interpolation is used to estimate a and 7 at any frequency

between 950 Hz and 1050 Hz:

I{a =a;+ (“2‘“1)u
T=T,+ (TZ_T1)ﬂ
l R

At the resonant frequency, one obtains T =~ 7.58 X 1075 s and a =~ 0.0356. During this process, the
amplitude of V,,. is fixed at 1.5 V. The amplitude of V,,.s and V, at different excitation frequencies are
presented by dashed and solid curves, respectively, in Figure 16. The difference between the two curves
corresponds to the elimination of the mutually induced voltage. It is clear that the amplitude of the measured
signal in sustained mode depends not only on the wire vibration but also on the mutual coupling between

coils.
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Fig. 16 Resonance curves of the vibrating wire (V.. = 1.5V and a = 0.0356 at resonance)

The mutual coupling coefficient @ between the coils can be modified by using an iron piece around the coils.
Figure 17a shows the relationship between the resonant frequency and the coil coupling in the case of a
resonant frequency of about 1 kHz. It can be seen that the resonant frequency becomes higher with increasing
coil coupling. A linear fit of the data (dashed line) yields a frequency of 1000.71 Hz when no mutual

coupling exists between coils. The difference between the resonant frequencies for @ = 0.0356 which
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corresponds to the coil coupling in the experiment of Figure 11 and for ¢ = 0 1s 1001.93 — 1000.71 = 1.22
Hz. The 95% confidence interval for the predicted difference is 1.22 + 0.08 Hz. By adjusting the wire
tension, the relationship between resonant frequency and coil coupling is studied in the case of a resonant
frequency of about 1.2 kHz, as shown in Figure 17b. The difference between the resonant frequency for
a = 0.0356 and the estimated resonant frequency for ¢ = 0 is 1209.45 — 1208.35 = 1.10 Hz. The 95%
confidence interval for the predicted difference is 1.10 + 0.08 Hz. Notice that the two frequency differences

are again both more than 10 times the expected accuracy of a vibrating wire sensor.
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Fig. 17 Relationship between resonant frequency and coil coupling (V,,. = 1.5 V) in the case of

(a) resonant frequency of about 1 kHz and (b) resonant frequency of about 1.2 kHz

3.5 Analysis of experimental results

In the case of the 1-kHz resonant frequency, in damped mode, under the condition that V,,, =0 Vand a = 0
during the measurement, the natural resonant frequency is 999.64 Hz. Actually, in damped mode there is no
magnetic force and no coil coupling during the measurement. Thus it is equivalent to a very low voltage
excitation V,,. — 0 and a very low coil coupling ¢ — 0 in sustained mode. In fact, it is not possible to realize
measurements in such conditions, but they can be extrapolated. Under the condition that V/,,. = 1.5V and
a = 0.0356 during the measurement, the resonant frequency is 1001.93 Hz. According to Figure 13b, a
reduction in the excitation amplitude from V,,. = 1.5to 0 V would lead to a frequency variation of Af =
1.12 £+ 0.09 Hz for unchanged coil coupling (&« = 0.0356). According to Figure 17a, a reduction in the coil
coupling from a = 0.0356 to 0 would lead to a frequency variation of Af = 1.22 + 0.08 Hz for unchanged
excitation amplitude (V,,. = 1.5 V). Without the influences of magnetic force and coil coupling, the resonant
frequency is totally reduced by 2.34 + 0.17 Hz. As mentioned above, the frequency difference between the

two modes corresponds to 2.29 + 0.22 Hz, which is well within the 95% confidence interval of the
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prediction. In the case of the 1.2-kHz resonant frequency, the resonant frequency in damped mode is 1207.51
Hz, whereas the resonant frequency in sustained mode under the condition that V,,. = 1.5 V and ¢ = 0.0356
is 1209.45 Hz. A reduction in the excitation amplitude from V,,. = 1.5t0 0 V would lead to a frequency
variation of Af = 0.98 + 0.11 Hz for unchanged coil coupling (Figure 14b), and a reduction in the coil
coupling from a = 0.0356 to 0 would lead to a frequency variation of Af = 1.10 + 0.08 Hz for unchanged
excitation amplitude (Figure 17b). Without the influences of magnetic force and coil coupling, the resonant
frequency is totally reduced by 2.08 £ 0.19 Hz. The frequency difference between the two modes

corresponds to 1.94 + 0.22 Hz, which is well within the 95% confidence interval of the prediction.

4. Conclusion

This paper deals with the problem of the relatively important frequency difference between damped and
sustained modes for vibrating wire sensors. It has been experimentally verified that the resonant frequency
measured in sustained mode is shifted towards higher values because of two factors: average magnetic force
that increases the wire tension and mutual coupling between coils. On the one hand, in damped mode the
natural resonant frequency is independent of the magnetic force, whereas in sustained mode the resonant
frequency increases with increasing magnetic force. On the other hand, the mutual coupling between the two
coils only exists in sustained mode. The higher the coil coupling, the greater the increase in the resonant
frequency. By removing the contribution of both magnetic force and coil coupling to the frequency difference,
one recovers the damped frequency of free vibration from measurements in sustained mode. This makes it
possible to use any of the two modes with confidence. For two-coil sensors, it also allows to switch from

sustained mode to damped mode in the case of a single coil failure.
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