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Abstract. Negation is a key element in the construction of logical sys-
tems and plays a central role in reasoning and information manipulation
tools. This paper considers the issue of negating graded beliefs, in the
framework of a graded doxastic logic. It studies three interpretations of
negation for these high level pieces of information, where negation is
transferred to the three components of graded beliefs: the formula about
which a belief is expressed, the belief modality and the belief level. The
paper discusses the choice of appropriate formal frameworks for each of
them, considering modal, fuzzy and many-valued logics; it characterises
their use and underlines their relations, in particular regarding their ef-
fects on the belief degrees.
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1 Introduction

One of the authors of this paper firmly believes unicorns exist, the other two do
not. One does not firmly believe they exist, the other firmly does not believe they
exist. Most people can tell the difference between these two points of view and
can even tell them apart from someone who firmly believes unicorns do not exist.
All three assertions are distinct negations of the original belief, which serves to
show how tricky it is to negate a high level concept like graded beliefs.

The very notion of graded belief is a complex one, for which several interpre-
tations can be considered: first, degrees of beliefs can be interpreted in terms of
certainty. They can for instance be related to the -subjective- certainty an agent
associates with the fact about which he expresses a belief [1]. Another type of
uncertainty arises when an agent reasons about the beliefs of another agent,
as revealed by the latter [2]: this uncertainty can be modelled in a possibilistic
framework, as offered by Generalised Possibilistic Logic [8, 9] a graded version
of Meta-Epistemic Logic [2].

This paper takes a different point of view: interpreting degrees of beliefs in
terms of belief strength. Graded beliefs are used to express partial beliefs, i.e.
beliefs that are more or less true, but all attached to the same level of certainty.

For this general type of graded beliefs, the paper offers a discussion of the
negation issue, proposing to model the three interpretations of the negation given
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in the introduction and, in particular, their cognitive underpinnings. It focuses on
choosing appropriate formal paradigms to model all three, specifically looking
at modal, many-valued and fuzzy logics: the former with its doxastic variant
for belief representation, the latter two weighted logics to help represent and
manipulate gradual concepts, with distinct truth degrees, beyond the classic
binary case. In these high level logics, negation models notions which cannot be
addressed in classical logics.

After setting a formal representation of the tackled issues in Section 2, the
paper reviews the principles of negation in these logics in Section 3. The three
interpretations of negation for graded beliefs are then discussed in turn in the
following three sections. Conclusion and future works are presented in Section 7.

2 Formalising the Graded Belief Negation Issue

In order to formalise the issue of graded belief negation, this section first intro-
duces the notation proposed to represent graded beliefs and then expresses the
three interpretations of their negation outlined in the introduction.

2.1 Notations for Graded Beliefs

A graded belief extends the notion of belief by introducing a measure of the
extent to which something is believed. We propose to denote this B(ϕ, α), read
‘ϕ is believed to a degree α’: this notation simultaneously represents (i) the
considered formula, ϕ, about which a modal assertion is expressed; (ii) the type
of non factual modality, belief, B; (iii) the degree to which belief is partially
held, α.

Using this notation, a sentence such as ‘I firmly believe that unicorns exist’
can be represented as B(ϕ, α) for which ϕ is the formula ‘unicorns exist’ and
α represents the belief degree ‘firmly’, e.g. 0.8 if a numerical transposition were
chosen, the choice of a correspondence between a numerical value and a linguistic
term being out of the scope of this paper, 0.8 is given here as a mere example.

This notation highlights the relation between graded beliefs and the doxastic
variant of modal logic [12], which aims at representing and reasoning about
beliefs, as well as to weighted logics, such as many-valued or fuzzy logics, which
manipulate degrees, respectively with ordinal and numerical values.

The negation of a graded belief is linguistically expressed as ‘it does not hold
that ϕ is believed to a degree α’. We formally denote this N (B(ϕ, α)) where
N is a general negation operator whose meaning is the topic of this paper: we
propose a special notation to distinguish it from the classical negation, so as
not to confuse it with ¬B(ϕ, α) and avoid implicitly transposing classical results
known for ¬ to the case of graded belief negation.

2.2 Objects of the Negation of Graded Beliefs

The challenge of negating graded beliefs comes from the fact that several inter-
pretations can be considered, depending on which of their components is seen as
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the negated object: formally, negation can be considered as transferred to each
of them, leading to examine the following formulae, illustrated below:

global negation transferred on modality formula degree
N (B(ϕ, α)) N (B)(ϕ, β) B(N (ϕ), γ) B(ϕ,N (α))

The purpose of this work is to discuss them, questioning the choice of appro-
priate formal frameworks and definitions for the three types of negation opera-
tors N . Note that, in the general notation above, different degrees, α, β, γ and
N (α), are used to avoid implicitly imposing a priori constraints. Establishing
their relations to one another, including the possibility of their being equal, is an
integral part of the problem of negation interpretation: the three object trans-
positions above show a simplified view of the problem. The three components
of graded beliefs are actually intertwined and their combination and mutual
influence matters.

First, note that, when considering the transfer to the believed formula ϕ, i.e.
B(N (ϕ), γ), the general negation N applies to a logical formula and is therefore
naturally interpreted as the logical negation, i.e. N ≡ ¬. The question is then
whether the statement N (B(ϕ, α)), read ‘it does not hold that ϕ is believed to
a degree α’, allows to draw some conclusion about the belief in ¬ϕ, formally
written B(¬ϕ, γ): if it does not hold that ‘I firmly believe that unicorns exist’,
do I believe that unicorns do not exist and, if so, how much?

Second, transferring the negation to the belief degree means that ‘I believe ϕ’
does hold, but to a degree other than α: using the running unicorn example, the
question is to specify the meaning of the level for which it holds that ‘I not
firmly believe that unicorns exist’. The general negation N then applies to the
belief degrees and is denoted N , some suitable negation operator for degrees,
to be defined. This interpretation questions the relationship between the global
negation N (B(ϕ, α)) and B(ϕ,N(α)).

Third, the modality itself comes into question, considering that the statement
‘it does not hold that ϕ is believed to a degree α’ gives some information about
a ‘non-belief’ of ϕ, written N (B)(ϕ, α), to indicate that the negation applies to
the modality. Depending on how it is taken, this interpretation may lead to the
introduction and manipulation of a second, opposite modality, on top of belief,
something along the lines of disbelief.

3 Literature Review of Negation Principles

Negation is a central component of reasoning and information manipulation tools
and constitutes an essential part of any logical system: its specification, together
with, e.g., that of implication and the definition of an inference rule, suffices
to define fully such a logical system. If, in classical logic, it establishes simple
relations from true to false formulae, for systems with higher expressive power,
it offers more complex, and richer, options and behaviours.

Since graded beliefs are related to both the formal frameworks of modal and
weighted logics, the interpretation of their negation is related to the negation
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they respectively define: after reviewing the reference case of classical logic, this
section discusses the richness of negation meaning when applied to high level
notions e.g. representing knowledge or beliefs in the case of modal logics, and to
truth degrees for many-valued and fuzzy logics.

3.1 Negation in Classical Logic

In classical logic, the manipulation of negation relies on the laws of excluded
middle (EM) and non-contradiction (NC) which respectively state that ϕ ∨ ¬ϕ
is a tautology and that ϕ ∧ ¬ϕ is a contradiction. (EM) imposes that any for-
mula is either true or its negation is; (NC) imposes that they cannot be true
simultaneously. Together they mean that exactly one among ϕ and ¬ϕ is true.

This principle can also be expressed in terms of truth values: denoting by F
the set of all well-formed formulae and d : F → B, the function that computes the
truth value of any formula, the negation principle can be expressed as d(¬ϕ) =
n(d(ϕ)), where n:{0, 1} → {0, 1} is the function n(x) = 1− x.

From an informational point of view, ¬ϕ is usually taken as the opposite
piece of information with respect to ϕ: if, e.g., ϕ is ‘unicorns exist’, ¬ϕ usually
means ‘unicorns do not exist’.

3.2 Negation in Modal Logic

Modal logics [7, 3] manipulate non factual pieces of information, such as knowl-
edge and beliefs, through the modal operator �. Their combination with negation
then raises the issue of the relations between the formulae F1 = �ϕ, F2 = ¬�ϕ,
F3 = �¬ϕ and, applying negation both before and after the modal operator,
F4 = ¬�¬ϕ = �ϕ. The mere existence of these four variants underlines the
richness of meaning negation can express in modal logics.

The negation behaviours expressed in classical logic still hold in modal logics.
In particular, applying (EM) to the modal formula �ϕ implies that �ϕ ∨ ¬�ϕ
is a tautology, which establishes a relation between F1 and F2, and similarly
between F3 and F4.

Relations between F1 and F4 are established by axioms (D) and (CD), re-
ciprocal of each other, which state that:

(D) ` �ϕ→ ¬�¬ϕ (CD) ` ¬�¬ϕ→ �ϕ (1)

Since ϕ is any formula, taking it to be a negated one and using the double
negation property ¬¬ϕ = ϕ makes it possible to establish relations between F3

and F2, when similarly applying (D) and (CD) to �¬ϕ.
Among the variants of modal logics, doxastic logic [12] interprets the modal

operator as a belief operator, offering a formalism to represent and reason with
beliefs. The doxastic reading of axiom (D) expresses that if ϕ is believed, then its
contrary is not: it conveys the impossibility of believing both a formula and its
contrary. (D) is thus considered as modelling one facet of the assumed rationality



Negation of Graded Beliefs 5

of the agent whose beliefs are represented. It is known as the consistency axiom
and is included in the usual axiomatic definition of doxastic logic, viz. KD45.

Its reciprocal, (CD), conveys a similar, if complementary, consistency: in a
doxastic reading, it would state that if a formula is not believed, then its contrary
is. Its premise applies to an absence of belief and its conclusion to a belief.
Rewriting the implication with negation and disjunction, it, therefore, imposes
that an agent either believe a formula or its contrary, leading to a modal form
of (EM), stating that �¬ϕ ∨�ϕ is a tautology. This constraint, which requires
he take a stance on his belief in ϕ, excludes modelling a neutral, perplexed or
undetermined frame of mind, i.e. the absence of belief. It is considered as too
restrictive and generally not included in the axiomatic definition of doxastic logic.

These axioms illustrate the fact that processing non factual pieces of infor-
mation leads to discussions and allows the expression of negations with specific
behaviours, as opposed to what classical logic offers.

3.3 Negation in Many-Valued Logic

Graded logics, including many-valued [18] and fuzzy [20] logics, respectively re-
viewed in this subsection and the next, consider factual pieces of information,
like classical logic does, but extend the set of admissible truth values beyond the
binary case {0, 1}. They thus manipulate truth degrees, with major consequences
on the behaviour of the negation: they relax the law of non-contradiction, al-
lowing both ϕ and ¬ϕ to be partially true together. The negation principles are
thus redefined to set how far a formula and its negation can simultaneously hold.

Formally, for many-valued logics [18] the set of admissible truth values is the
totally ordered set LM = {τ0, . . . , τM−1}, where M is a predefined positive inte-
ger and ∀α, β ∈ {0, . . . ,M −1}, (α ≤ β ⇔ τα ≤ τβ). LM represents intermediary
truth values between ‘false’, written τ0, and ‘true’, τM−1, at various levels of
granularity, depending on the total number of levels, M .

As in classical logic, the negation principle can be written d(¬ϕ) = n(d(ϕ)).
The truth negation function n is modified, compared to the classic negation (see
Section 3.1), to process truth degrees and no longer just binary truth values.
The usual definition is:

n : LM → LM
τi 7→ τM−1−i

(2)

This extension preserves compatibility with classical logic: the negation of ‘false’,
n(τ0) = τM−1, is still ‘true’, and vice-versa. For intermediary truth degrees, this
negation operator can be seen as computing the symmetrical value with respect
to the scale’s middle value τM−1

2
. In the case where the number of truth levels

M is odd, i.e. when this middle value indeed belongs to the scale, it is its own
negation n(τM−1

2
) = τM−1

2
. This means that a formula whose truth degree is

τM−1
2

has the same truth degree as its negation. This specific behaviour of the

negation, allowing a formula and its negation to be somewhat true together, can
be interpreted in terms of a generalised law of non-contradiction.
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Many-valued logic is further motivated by its capacity to provide linguistic
representations of truth degrees, using a correspondence between the discrete
ordered scale LM and a set of linguistic labels, e.g. based on adverbs qualifying
the truth degree: for instance, L5 is in bijection with the set {‘false’, ‘rather false’,
‘neither’, ‘rather true’, ‘true’}. Taken thus, the negation operation expressed in
Eq. (2) can be interpreted in terms of the linguistic notion of antonymy [17].

3.4 Negation in Fuzzy Logic

Fuzzy logic [20] is an infinitely many-valued logic, for which truth values are not
defined on a discrete scale but on the real interval [0, 1]. As detailed below, two
levels account for the richness of its negation behaviour: fuzzy logic offers many
negation operators on truth degree, as well as two negation types for predicates.

As in classical and many-valued logics, the negation principle can be ex-
pressed as d(¬ϕ) = n(d(ϕ)), where the truth negation function n is adapted
to manipulate values in [0, 1]. Such a function is called a fuzzy negator [19]
and is defined by three properties: (i) domain and co-domains: n is a function
n : [0, 1] → [0, 1]; (ii) monotonicity: n is non-increasing; (iii) boundary condi-
tions: n(0) = 1 and n(1) = 0.

Note that the general definition does not impose involutivity, which makes
a major difference with the classic case when processing double negations: the
truth degree of ¬¬ϕ can be different from ϕ’s.

However, the most usual definition of a fuzzy negator [20],

n : [0, 1]→ [0, 1]
x 7→ 1− x (3)

is both involutive and strict (i.e. strictly decreasing and continuous). Note that
it is a straightforward generalisation of the negation operator defined for classic
logic (see Section 3.1) from the domain {0, 1} to [0, 1]; the preservation of the
cases when the truth value is 0 or 1 are guaranteed by the boundary conditions.
It also generalises the many-valued negation operator (see Eq. (2)) when the
degrees τi are mapped to a discretisation of the interval [0, 1], τi → i/(M − 1).

Other fuzzy negators include (see e.g. [19]) n(x) =
√

1− x2 or n(x) = 1 −
x2 which is strict but not involutive. The Gödel operator, defined by n(x) =
0 if x > 0 and n(0) = 1, and its dual, defined by n(x) = 1 if x < 1 and
n(1) = 0, are neither continuous nor involutive. These two examples are drastic
choices: their use restricts the truth values to the Boolean {0, 1}. The variety
of functions satisfying the general definition of fuzzy negators allows to define
complex negation stances, richer than the behaviours the classic case can express.

Further, fuzzy logic also offers two types of negations for predicates defined
as sub-intervals of a fuzzy partition over a numerical universe: complements and
antonyms (see [16], for instance). Formally, for a predicate with membership
function A : [a−, a+]→ [0, 1], its complement, based on a fuzzy negator, and its
antonym are respectively defined by the membership functions A(x) = n(A(x))

and Â(x) = A(a+ − a− − x). They usually differ one from another. Observe
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that, if the predicate is a modality of a Ruspini partition, its antonym can be
interpreted as the symmetrical modality with respect to the central one, estab-
lishing a relationship with the principle of the many-valued negation operator
defined in Eq. (2). It is then also related to the already mentioned linguistic def-
inition of antonymy [17]: fuzzy predicates thus allow, for instance, to represent
and distinguish between the three notions ‘hot’, ‘not hot’ and ‘cold’.

4 From N (B(ϕ,α)) to B(¬ϕ, β): Negating Formulae

This paper addresses the issue of negation in the case of graded beliefs, at the
crossroads of doxastic and weighted logics: this issue can thus be discussed as
extensions of the manipulation rules reviewed in the previous section.

As described in Section 2, the general form of negation, written N (B(ϕ, α)),
reads ‘it does not hold that ϕ is believed to a degree α’. A first interpretation of
this negation considers its transposition to the formula about which the belief is
expressed, leading to examine the relation between N (B(ϕ, α)) and B(¬ϕ, β).

After discussing the general principles underlying this interpretation, this
section reads it as a graded variant of the consistency axiom (D).

4.1 General Principles

Establishing a relation between N (B(ϕ, α)) and B(¬ϕ, β) raises the question of
drawing conclusions about a belief in ¬ϕ from the negation of a belief in ϕ to a
degree α: in the running example, this interpretation aims at establishing a rela-
tion between the facts ‘it does not hold that I firmly believe that unicorns exist’
and ‘I ] believe that unicorns do not exist ’, where ] represents an appropriate
modulating adverb, yet to be determined.

Let us underline that, even if this interpretation is expressed as a shifting of
the negation to the formula, the associated belief degree, β, will likely also be
impacted, allowing for a discussion: imposing it a priori to be equal to any value,
in particular to α, would limit the expressiveness of the considered interpretation.

4.2 Graded Variant of the Consistency Axiom

We propose to study the transfer of the global negation to the formula in the
framework of doxastic logic, respectively interpretingN and ¬ as an outer and an
inner negation with respect to the belief operator: setting the degrees aside, for
a moment, this introduces a correspondence between the formulae N (B(ϕ, α))
and B(¬ϕ, β), on the one hand, and ¬�ϕ and �¬ϕ, on the other.

This interpretation of N requires that it satisfies the basic properties of a
negation operator and, in particular, involutivity. From its very definition, this
is indeed the case, as can be informally illustrated by its proposed reading:
N (N (B(ϕ, α)) is read ‘it does not hold that it does not hold that ϕ is believed
to a degree α’. It can be argued that this awkward expression is expected to be
equivalent to ‘ϕ is believed to a degree α’.
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In doxastic logic, a relation is established between formulae ¬�ϕ and �¬ϕ,
denoted F2 and F3 in Section 3.2, as the contrapositive of axiom (D), accord-
ing to which ` �¬ϕ → ¬�ϕ. This implication is equivalently obtained when
applying (D) to formula ¬ϕ.

Studying this negation for graded beliefs further leads to question a graded
equivalent for axiom (D). There exist several graded extensions of modal logics,
mainly specified from a semantic point of view: they consider enriched Kripke
frame definitions [6, 5, 14, 4] or introduce counting functions in the semantic defi-
nition of the modal operator [11, 10, 13, 15]. Using a relative counting approach to
introduce a weighted modality �α, we established in previous work [15] a graded
variant of (D) stating that �αϕ→ ¬�β¬ϕ is a tautology, for any β > 1−α, on
the same semantic frame hypotheses as (D).

This weighted extension makes a relevant candidate for the desired relation
between the global belief negation N (B(ϕ, α)) and the belief in the negated
formula B(¬ϕ, β): applying (Dα) to ¬ϕ and still considering N as the outer and
¬ as the inner negation w.r.t. the modal operator: B(¬ϕ, α) → N (B(ϕ, β)) for
all α, β ∈ [0, 1] such that β > 1 − α. This formula can be read read ‘if ¬ϕ is
believed at degree α, then it does not hold that ϕ is believed at degree β’. As a
consequence, ϕ and ¬ϕ can both be partially believed together, so long as their
respective degrees satisfy the inequality constraint.

5 From N (B(ϕ,α)) to B(ϕ,N(α)): Negating Degrees

Considering now that the negation bears not on the formula but on the degree,
a new set of possibilities arises. Indeed, interpreting ‘it does not hold that ϕ is
believed to a degree α’ as ‘ϕ is believed to a degree N(α)’, where N remains to
be defined, offers new interpretations, both on the choice of operator and on the
meaning these impose on the ensuing doxastic reading. At a fundamental level,
this question depends on the interpretation of the degrees.

After detailing this interpretation, this section proposes to read the degrees
as partial membership to a belief set, in the fuzzy set formalism, and studies the
relevance of fuzzy negators, from a doxastic point of view.

5.1 General Principle

Note, first, that this section focuses on the case where the belief degrees are
represented as numerical values, more specifically in the interval [0, 1]. A dis-
cretisation of this range could be considered, but it makes the interpretation
harder to grasp. Indeed, it blurs the difference with the case where linguistic
labels are used to express belief degrees but these hold no meaning when in-
terpreted alone, apart from the modality. These will be considered when the
negation is applied to the modality, as discussed in Section 6.

A literal interpretation of the negation of the degree considers a negative
statement ‘it does not hold that ϕ is believed to a degree α’ as meaning ‘ϕ is
believed to a degree which is not α’, suggesting that any value other than α
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is suitable: it may lead to define N(α) as a set and not a value, e.g. N(α) =
[0, 1] \ {α}. This interpretation, although acceptable to the letter, leads to a
highly imprecise and uninformative understanding of the statement: we do not
examine it further and propose to establish N as a function from [0, 1] to [0, 1].

5.2 Belief Degree as Fuzzy Membership to a Belief Set

Considering the universe of all well-formed formulae F , the set of gradual be-
liefs B of an agent can be defined as a fuzzy subset of F : each formula more or
less belongs to B and the belief degrees are interpreted as membership degrees.

The boundary case, where the degree is B(ϕ, 1), that is, a formula ϕ repre-
senting a fully believed fact, believed without any restriction, is interpreted as
totally belonging to the belief set B. From a defuzzified point of view, it can be
seen as equivalent to �ϕ in doxastic logic. A formula with a lower membership
degree to B is believed less: defuzzifying the belief set through an α-cut, with
α < 1, can then be interpreted as enlarging the set of beliefs taken into account
for reasoning, to extend beyond the full-fledged ones. The other boundary case
appears to be somewhat harder to interpret. B(ϕ, 0), means that ϕ does not be-
long to the belief set at all and represents a formula about which no belief holds.
This interpretation raises the question of introducing an additional modality, to
represent ‘disbelief’, and is discussed in the next section.

5.3 Relevance of Fuzzy Negators

Considering belief degrees as fuzzy membership degrees to a belief set suggests
to use a fuzzy negator for the negation operator N on degrees, as reviewed
in Section 3.4. This subsection examines their properties, regarding boundary
conditions, monotonicity and involutivity, and their effect on a doxastic reading.

Boundary Conditions Using the running example, the relevance of fuzzy
negator boundary conditions questions the relevance of equating ‘I believe to a
degree N(1) that unicorns exist’ to ‘I believe to a degree 0 that unicorns exist’
–and vice-versa– and therefore depends on the interpretation of these degrees.
Considering B(ϕ, 1) as equivalent to �ϕ, as suggested above, the boundary con-
ditions can be interpreted as preserving the compatibility with the classic case
of the modal expression of (EM), which states that �ϕ ∨ ¬�ϕ is a tautology.

Monotonicity From a doxastic point of view, the monotonicity of fuzzy nega-
tors implies comparing beliefs –or rather their levels– and their negations.

Let us extend the running example slightly and suppose we hold the follow-
ing graded beliefs: B1: ‘I believe to a degree N(0.8) that unicorns exist’ and
B2: ‘I believe to a degree N(0.6) that leprechauns exist’. Negating both these
beliefs with a fuzzy, and therefore non-decreasing, negator entails that N (B1) is
believed, at most, as much as N (B2).
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Additionally, any increasing operator would contradict the scale’s structure,
e.g. creating situations where N(α) < N(1) = 0. The different fuzzy negators,
be they symmetric, drastic or if they offer some form of compromise, allow ways
of modelling different belief stances, none of which contradict monotonicity.

Involutivity Finally, a property that not all fuzzy negators share but which is
held by the most usual ones is involutivity. Choosing to believe N (N (B1)) as
much as B1 can be understood as refusing to gain or lose any belief by not not
accepting 0.8 for a belief level. Even if the expression is somewhat farfetched,
the underlying notion seems desirable.

6 From N (B(ϕ,α)) to N (B)(ϕ, β): Negating Modalities

The third and final interpretation of negated graded beliefs transfers negation to
the modality, where the negative statement ‘it does not hold that ϕ is believed
to a degree α’ is seen as providing information about a disbelief, therefore re-
quiring an additional modality, besides belief. At a more intuitive, yet nuanced,
level, in the case where belief degrees are linguistically expressed by adverbs, we
propose to consider several modalities, intrinsically combining the modality with
the level, e.g. distinguishing between the modalities ‘weakly believe’ and ‘firmly
believe’. This section considers these two cases in turn.

The difference with the transfer of negation to the formula should be un-
derlined: the latter discusses how far one can believe a fact and its contrary
simultaneously, with different degrees. This transfer considers a single fact and
questions the links between believing and disbelieving it.

6.1 Belief and Disbelief

The introduction of a disbelief modality proposes to interpret ‘it does not hold
that ϕ is believed to a degree α’ as ‘ϕ is disbelieved to a degree β’, transferring the
global negation to the modal operator, and simultaneously allowing an effect on
the associated degrees, so as to avoid limiting the expressiveness of the considered
negation interpretation a priori.

Note that the β coefficient describes a degree of disbelief, and not a belief
degree. This induces a major change as opposed to the previously discussed
interpretations, where degrees are measured on a single scale and all have the
same meaning. As, nevertheless, the belief and disbelief modalities are related
to one another, the associated degrees open the way to a signed scale rather
than two independent ones. This interpretation was mentioned in Section 5.2
where understanding a 0-belief as utter disbelief was suggested. It then begs the
question of at which level, i.e. around which α, does belief become disbelief.

The fuzzy interpretation discussed in the previous section can be considered
as an extreme case, where the open interval (0,1] represents various belief degrees
and a single value, 0, is considered for disbelief. Such an interpretation can
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Framework Negation expression Degree constraint

Graded modal B(¬ϕ, α)→ N (B(ϕ, β)) α, β ∈ [0, 1] and β > 1− α
Fuzzy N (B(ϕ, α)) = B(ϕ,N(α)) e.g. N(α) = 1− α
Bimodal N (B(ϕ, α)) = Db(ϕ, f(α)) f isotone function
Multimodal N (Bt(ϕ)) = Bn(t)(ϕ) t ∈ LM , n(τi) = τM−1−i

Table 1. Discussed interpretations of graded belief negation

be considered as bridging the gap between the interpretation of graded belief
negation in terms of degree and in terms of modalities.

A natural value for changing from belief to disbelief considering a signed scale
is probably 0.5, the scale’s middle value: (0.5, 1] then represent intermediate
degrees of belief and [0, 0.5) intermediate degrees of disbelief and 0.5 a neutral
value. However, one could choose another value, to emphasise different attitudes
with regards to belief, e.g. to have more positive values than negative ones, even
if both sides are uncountable.

6.2 Finite Set of Belief Modalities

When considering the transfer of negation to the modality, a variant of special
interest is the case where a belief level is considered as integrated in the modality,
e.g. when ‘firmly believe’ and ‘weakly believe’ are considered to be two separate,
yet comparable, modalities, instead of a single, continuous, belief modality nu-
anced with a degree: this interpretation is equivalent to considering a finite set
of modalities with more than the two levels, belief and disbelief, discussed in
the previous subsection. One can for instance consider five levels of belief {‘low’,
‘weak’, ‘moderate’, ‘strong’ and ‘high’} or more, with more linguistic labels.

This choice naturally leads to exploit a formalisation in many-valued logic,
introducing several modalities formally defined as Bt, t ∈ LM = {τ0, . . . , τM−1}.
Negation then requires to define N (Bt), t ∈ LM , which can be translated to
Bn(t) with the many-valued negation operator n (see Eq. (2)). The negation can
then be considered as being applied to the adverb, which represents the degree-
modality combination, and therefore interpreted in terms of linguistic antonyms.

7 Conclusion and Future Works

This paper proposed a discussion of the problem of negating graded beliefs.
In the formal frameworks of modal, fuzzy and many-valued logics, it examined
three main interpretations of this negation, depending on what it bears on:
the formula about which a modal assertion is expressed; the modality, so as to
express belief; or the degree, which represents the level of belief. Table 1 gathers
the given interpretations and the associated frameworks. Although the objects
of the negation have been considered separately, the results show them to be
closely related to one another, in particular in their influence on the associated
belief degree. This suggests that the core component of graded beliefs is the
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level and, thus, their manipulation revolves around the construction of the rules
governing its evolution.

Beyond negation, graded belief manipulation, in order to allow the combina-
tion of available beliefs into new ones, requires the definition of reasoning tools,
in particular regarding their conjunction and disjunction. Future work will aim
at extending the principles established for the negation operation to other con-
nectives, leading to a general formal framework to reason about graded beliefs.
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