N

N

Correlation function of four spins in the percolation
model
Vladimir S. Dotsenko

» To cite this version:

Vladimir S. Dotsenko. Correlation function of four spins in the percolation model. Nuclear Physics
B, 2016, 911, pp.712 - 743. 10.1016/j.nuclphysb.2016.08.032 . hal-01391587

HAL Id: hal-01391587
https://hal.sorbonne-universite.fr /hal-01391587
Submitted on 3 Nov 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.sorbonne-universite.fr/hal-01391587
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 911 (2016) 712-743 —
www.elsevier.com/locate/nuclphysb

Correlation function of four spins in the percolation
model

Vladimir S. Dotsenko

LPTHE, CNRS, Université Pierre et Marie Curie, Paris VI, UMR 7589, 4 place Jussieu, 75252 Paris Cedex 05, France
Received 11 July 2016; received in revised form 24 August 2016; accepted 25 August 2016
Available online 31 August 2016
Editor: Hubert Saleur

Abstract

By using the Coulomb gas technics we calculate the four-spin correlation function in the percolation
q — 1 limit of the Potts model.

It is known that the four-point functions define the actual fusion rules of a particular model. In this
respect, we find that fusion of two spins, of dimension Ay = 95_6’ produce a new channel, in the 4-point
function, which is due to the operator with dimension A =5/8.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the renewed interest to the Potts model correlation functions, spin and cluster connectivity
functions [1,2], there has been made considerable progress recently in defining the spin and
connectivity three-point functions, for the Potts model with ¢ general, ¢ < 4, [3,1.4], and also
for the corresponding three-point functions of the loop models [5].

On the other hand, defining multipoint functions, starting with the four-point spin and con-
nectivity functions for the Potts model with g general, this problem presents, for the moment,
considerable difficulties.

In the present paper we shall present a limited progress in that direction, by defining, an-
alytically, the conformal theory four-spin correlation function for the percolation limit of the
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Potts model, g — 1. This function exhibits a new channel, due to the operator with dimension
A =5/8, produced by fusion of two spins.

With respect to the 4-spin function defined on the lattice, we suppose that our conformal
theory function is a particular bloc in a finite linear combination of other 4-point functions. This
is because the lattice spin operator, in general, is a linear combination of a leading conformal
theory spin operator plus the subleading ones. This is the case except for very simple models,
like Ising model.

As a consequence, the lattice spin 4-point function will break into a linear combination of
different conformal theory proper operators functions (proper with respect to L), of the leading
and subleading spins. As fusion of subleading spins (or, of a leading and a subleading spins) may
produce, back, the leading spin operator, along with the other intermediate channels, the 4-point
functions will get mixed.

This is different from the case of 3-point functions, in which a product of two lattice spin op-
erators is projected onto another spin operator, formally placed at infinity. In the corresponding
limiting procedure the 3-point function of leading conformal theory spins will get neatly sep-
arated, with the appropriate coefficient, resulting into one to one correspondence between the
conformal theory and lattice model 3-point functions.

This is different for the 4-point functions, for the reasons raised above. As a result the corre-
spondence between the 4-point functions defined in the conformal theory, for proper operators,
and the corresponding functions defined on lattice, this correspondence gets complicated.

In relatively simple cases it is possible to define proper operators directly out of the lattice
ones, by doing a particular Fourier analysis, for instance. But in general, defining the subleading
proper operators (to get them separated) directly on the lattice, this might be very complicated.

With respect to the function that we have calculated, for proper spin operators, it should not
be expected, on general grounds, that it could be expressed as a simple linear combination of
4-point lattice spin functions, or 4-point cluster connectivities, defined in [2].

But, on the other hand, the new channel that we have found, of dimension A =5/8, it should
be present in the 4-point symmetric cluster connectivity functions of [2], as a sub-leading chan-
nel. The leading channel appears to be taken by the spin operator itself, being produced, as we
suppose, by particular cross-fusions with subleading spin operators.

Some further remarks of a similar nature, but presented somewhat differently, are given at the
end of the Section 3, with one additional simple example, the example which could be treated
with the Fourier analysis.

Saying it again, in the present paper we suppose that we have defined one particular bloc of
the lattice 4-spin function, the bloc which is accessible by the Coulomb gas technics. Defining
the other blocs and the full lattice 4-spin function, together with the corresponding 4-point con-
nectivities, remains an open problem. On the conformal theory side this amounts to defining the
full operator algebra generated by the conformal spin operators.

2. General presentation of the method

In the minimal model context of the conformal field theory [6], the spin operator of the Potts
model is represented by the primary fields [7]:

®pi1 p-1, orequivalently, D pi1 pr1 (2.1)
PR 2 0 2

Here p is the parameter of the minimal model M, having the central charge
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6
=1-— 2.2)
pp+1)
In the Coulomb Gas representation [8], the primary fields (2.1) are represented by the vertex
operators

C=Cp

VO[ (Z, Z) = eiaU‘P(Z,Z)

with oy =aps1 p-1, or equivalently, o =ap+1 pt1 (2.3)
2 02 2 02

(o stands for the spin operator). Here the Coulomb Gas charges {o,,’ ,} are defined as:

1—n’ +1—n
o_ o
2 2

1
P VR Y 24)
D p+1

The multipoint correlation functions of primary operators (or fields) are given by the multiple
integrals (presented symbolically):

an’,n =

M VaV3Va)cony.
(Vi v2v3v4(/ d*uV_(u, ﬁ))’(/ d* vV (v, 0)K) (2.5)

In the Lh.s. we have the conformal field theory correlation function of four fields (just as an
example) Vi, Va, V3, V4. In the r.h.s. we have the average, over the free field ¢(z, z), of vertex
operators Vi, Vo, V3, V4, V_, V., defined as in (2.3). V_, V are the screening operators:

V_(u, it) = =900,
Vi(v, D) =/ %r¢W:V) (2.6)

(with e, a4 in (2.4)) having conformal dimensions A_ = A = 1.
The numbers [, k, of the integrals in (2.5), which are numbers of screening operators (2.6)
integrated over the whole 2D plane, are defined by the neutrality condition

al oy a3 +oag+lo- +kay =209 2.7

Here o1, a2, a3, a4 are the Coulomb Gas charges of the operators Vi, V,, V3, V4; «q is the
background charge of the Coulomb Gas. In particular

2000 =a_ + oy 2.8)

More details, with respect to the formulas (2.3)—(2.8) could be found in [8]. We have re-
produced these standard formulas just for close references, because we are going to use this
representation in our calculations.

Evidently, the integral representation (2.5), for the correlation functions of four operators,
could be used if the numbers of screenings, / and k, defined by the neutrality condition (2.7), are
positive integers. Otherwise the correlation function has to be defined by the analytic continua-
tion. The analytic continuation is known for 3-point functions, [3,4,9] and references therein. It
is not known at present for the 4-point functions.

For the 4-spin correlation function of the Potts model, with the corresponding vertex operator
in (2.3),
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(do00) = (Va, Vg Vg Vo ) cony. (2.9)

will shall have, by the condition (2.7), the numbers [, k being, in general, non-integer, except for
special values of the parameter p: p = 3, Ising model, p =5, ¢ =3 Potts model, p =2m + 1,
m=3,4,5, ..., for higher minimal models.

For the above sequence of values of p, the two indices of the spin operator, pTH and pr1,
eq. (2.3), will have integer values, corresponding to primary operators with degenerate represen-
tations, of the corresponding minimal models.

For the percolation limit, ¢ — 1, the corresponding conformal field theory has

p=2 (2.10)

— the central charge (2.2) is zero, and the spin operator is represented by the fields (2.1):

®s3 1(z,2), or @3 3(z,2) 2.11)
2°2 2°2
or by the vertex operators Vg, (z, z), with
o«
=03 1 =—— T+ 2.12)
or
_ e
Ug =03 3 = n n (2.13)

The indices of the fields (2.11) are non-integer. They are not the usual primary fields of the
minimal models, they are non-degenerate. Their correlation functions have to be defined, in prin-
cipal, by the analytic continuation, in their indices, from the integer values.

But if we define the four-point function by the Coulomb Gas representation

(cooo) ~ (Vy, Voz(, Vao szo )conf. (2.14)

with o in (2.12) or in (2.13), we find that, by (2.7), the numbers of screenings / and k are inte-
gers, so that the correlation function of four spins could be defined by the integral representation
in (2.5).

In particular, if o, is taken as in (2.12), for the function in (2.14), then one finds, by (2.7), that

=2, k=0 (2.15)
If «, is taken as in (2.13), which should be equivalent, we find
1=2, k=2 (2.16)

In the next Section, we shall justify that the numbers of intermediate channels (the numbers
of conformal blocks), for the four-point function defined by the integral representation (2.5), is 2,
for [ and k in (2.15), and is 5, for [ and & in (2.16). But, somehow, if we are still dealing with
the conformal theory of the Potts model, the two different representations should give the same
four-point function. This consistency will be checked. For the moment we are still in the process
of defining our problem, or problems.

One additional comment.

Usually, for the integral representation of 4-point correlation functions, in the case of minimal
models, the preferred representation, which is equivalent but which requires minimal numbers of
screenings (of integrations) is that of [8]
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<Voj; VotL7 Votg Vag >conf‘ = (Va;' VotJ Votg Votg >conf‘ (2~ 17)
— with one of the vertex operators taken in the conjugate representation, with the charge
af =200 — ay (2.18)

But in the present case, with the spin operator having non-integer indices, combining the ver-
tex operators as in (2.17) would lead to the integral representation with non-integer values of /
and k, by the condition (2.7), so that it cannot be used. The function should be defined by the
analytic continuation, which should provide the same function, but for the moment the analytic
continuation is not known, for 4-point functions.

The way out, which exist at the percolation point, only at this point and not in its vicinity, is
to use the representation in (2.9), without the conjugate vertex operators, with o, either in (2.12)
orin (2.13).

One particular conclusion, which is due to the existence of the integral representation, will be
that the spectrum of intermediate channels, of the four-point function (c oo o), is discrete, for
the percolation problem.

We shall calculate the corresponding function, by (2.5), in the next Section.

3. Calculation of the function (co00)

To calculate the function

(o (00)a (D)o (z,2)0(0)) (3.1)
we shall use the Coulomb Gas representation (2.5) with

Vi=Vo=Va=Vy=V,, (3.2)
and
4T (3.3)

Oy = a3

This representation requires a minimal number of integrations, / =2, k =0, eq. (2.15).
The verification that the representation with oy = o3 3 (and numbers of screenings [ = 2,

k=2, eq. (2.16)) gives the same function, this Verlﬁcatlon w1ll be done in the next Section.
One finds:

{o(c0)o (Do (z,2)0(0)) =G(z,2)
o Vg, (00) Vi, (1) Viy,, (2, 2) Vi, (0)) comy.

o / Py / Pty (Vay, (00) Vi, (1) Ve, (23 5) Ve OV (a1, 1)V (02, 82)) 34

Accordingly to the techniques of [8,10], presented with some more details in [ 1 1], the function
(the integral) in the r.h.s. of (3.4) could be factorised as:

1
= 2
G(Z, Z) X Z m X Ca,aypicp;r,a,a|FPi(Z)| (35)
i=0,1,2 1%
Here o = ag = — % + %F;

{pi,i=0,1,2,}={po=20, p1=20+a_, pp=20+2a_} (3.6)
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are the charges of the intermediate channels (p;, here, have nothing to do with the parameter p
of minimal models, eq. (2.1), (2.2));

Cp;*',a,a = (Vplﬂ' (00) Vo (1) Vi (0)) conyr. (3.7
CO!,Ot,[?,' = (Vi (00) Va(l)vp; (0)>conf. (3.8)

are the Coulomb Gas structure constants. The 3 point function C+ , , in (3.7) is actually the

NoNos
product of the first two operators V,(z, z) V(0), in the four-point function (3.4), projected ento
V[jl_‘ (00), in order to pick up the first term of the expansion

Pi
oo

Va2, D) Ve(0) = —5+—
w(z,2) Vo (0) |Z|4A'172AP1'

Vi (0) + ... (3.9
This gives the correlation function (Vp.+ (00) Ve (2, 2) Vo (0)) cony.» and then the |z| factor is ruled
out, as in (3.5), (3.7). We observe also that

cli,=C,+ (3.10)

P

{Fp,; ()} are the conformal block functions of the corresponding channels. They are supposed
to be normalised by 1:

asz—0, Fp(z)—>1 3.11)
ie.

Fp(2) =1+kiz+kaz> + ... (3.12)

‘We remind the technics of [8,10].

It is known that the 2D integral in the r.h.s. of (3.4) could be expressed as a sum of 1D modulus
squared holomorphic (in z) integrals. In this sum, of modulus squared contour integrals, the
different terms are classified by the distribution of the contours of integration: in the first term,
no contours between 0 and z, they are all put between 1 and oo; in the second term, one contour
(one screening) is integrated between 0 and z, the rest, between 1 and oo, and so on. In this way
one gets the sum in (3.5), F), (z) being the corresponding contour integrals.

The coefficients of this sum factorise ento the constants Cy o, p; and C it which could,
equivalently, be defined directly, by the corresponding distributions of the 2D integrations: 0 and
z, 7 could completely be separated from 1 and oo, when z,z — 0, and the screenings, their 2D
integrations, could be distributed accordingly. For some more details see also [11].

The 3-point functions in (3.7), (3.8) correspondent to the limiting factorisation of the 4-point
function, as z,z — O:

1) for the channel py = 2«, no screenings are present around (0, (z, z)), i.e. no screenings in
the 3-point function C plaa both screenings are being put into the 3-point function Cy ¢, py;

2) for the channel p; =2« + «o—, one screening is in C of (around 0, (z, z)) and an another

oneisin Cyq p;;

3) for the channel py = 2« 4 2a_, both screenings are in C v
(0, (z,2)), and no screenings in Cy o, p,.

In this way, by factorising the Coulomb Gas integral in (3.4), one defines the intermediate
channels of the 4-point function.

.. Deing integrated around
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The corresponding integrals, for C+ o o and Cq o, p have been evaluated in [10]. Somewhat
more symmetric form, for the structure constants Cuy,0,03- 18 given in [9], eq. (4.8), the expres-
sion which we shall use here, with justa factor to be added to the expression in (4.8), according
to our analysis of normalisations in the Sectlon 4 of [9]. Z is the Coulomb Gas partition func-
tion [9].

It is easily seen that, for the symmetric 4-point function in (3.4), (3.5), the channels pg and
p> are identical. In particular, p; =200 — p2 = po, pa’ =200 — po = P2, so that the channel
po would just appear twice in the decomposition (3.5).

The independent channels in (3.5) are pg and pi, with:

o_ o4
= 2 = —— —_,
Po o > + 5
5
Apy=(po— ao>2 —og=3 (3.13)
o+
=2 =4 — =
p1 o+o 2 — + ) a0
Ap =(p1 —ao)z—aéz—i (3.14)
p1 24
We remind that, for the percolation,
Ay =A :(a—ao)z—azzi (3.15)
rT e 07 96 ‘
a =, is given in (3.3). We remind also that
wll en]
wp=t T~ (3.16)

2 Jﬁzﬁ

We shall see shortly that the channel p;, with the negative dimension of the intermediate
operator, actually decouples, due to particular values of the constants Cy ¢, p,, C P Coa,p»
C ot in (3.5). There remains a single intermediate channel, in (coo o), for the percolation,
the one with the dimension of the intermediate operator A ,; =5/8, eq. (3.13).

The structure constants Cy o p;, C P e ATE those for the operator algebra of the vertex oper-
ators, with their non-trivial normalisations [11,9]. Alternatively, the 4-point function (3.4) could

be decomposed as:

_ 1
6% Y g X Dap)? 1Fy F (3.17)
i=0,1,2

where the structure constants Dy o p; are those for the operators normalised by 1:

1 1
Py =—Vy, Op=—V,

3.18
N TN, D @.18)

Ny, N, are the norms of the vertex operators V, V), [11,9]. The constants for the normalised
operators, Dy o p;, could be presented as in [3], eq. (5.1), in terms of Y functions. See also [9],
eq. (4.41), where these constants are given in slightly different notations for the Y functions, in
the form which will be used here.
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The decompositions (3.5) and (3.17) are equivalent.
The coefficients in these decompositions are related as:

N 4
CarapCr _ (No)

e = T(Da,a,pi)z (3.19)

This is not difficult to justify, given the expressions of the coefficients Cy o, p; and C o in

terms of the 3-point functions in (3.7), (3.8).
The only subtle point, one has to take into account that the normalisations of the operators V),
and Vp_+ are given by ([9], eq. (4.34)):

N(Vp)=Np and N(V,)=N,+ = (3.20)

Z - Ny,
The expression for Ny, N, is given in [9], eq. (4.37).

It could be remarked that the constants of the normalised operators Dy ¢, are totally sym-
metric; they are symmetric also with respect to the conjugation:

Dp+,a,(x =Dpoa = Do p (3.21)

We remind again that to the expressions for the Coulomb Gas constants Cy.q,p, Cp+ oo 0
(3.19), to the expression given in [9], eq. (4.8), has to be added the factor 1/Z, Z being the
Coulomb Gas partition function, defined in [9], eq. (4.11).

The equality (3.19) has been tested and used many times in the course of calculations. In
particular cases the calculation of constants D, expressed in Y functions, is much easier than
that using the expression (4.8) [9], for the Coulomb Gas the constants. In the other cases it is the
opposite.

The conformal block functions {F), (z)} could be calculated by the standard algebra of the
Virasoro descendants [6]. We shall give their series decomposition, in powers of z, up to the 4th
order, fad just below.

Alternatively, these functions could be given by the contour integrals, exactly, valid for all
values of z. The contour (1D) integrals are obtained, as in [8,10], from the 2D integrals in (3.4).
This integral representation, of the functions F), (z), will be given in Appendix A.

Now we can give the explicit results of our calculations, of the function G(z,7) =
(o (0c0)a (1)o(z,7)0(0)), expressed as in (3.5).

The expansion (3.5), for the function

G(z,2) ={o(00)a (D)o (z2)0(0))
o (Ve (00) Vo (1) Vi (2, 2) Ve (0)) comr. (3.22)

with ¢ = a, in (3.3), could be obtained by first developing, by the operator algebra, the product
of the first two operators in (3.22):

Vu(z,2)Vy (0)
oy S
- 48, —2A,,
o 1zl !

< {Vp(0) + 285 VL_1Vp(0) + 22 [BS VL2V, (0) + B2 L2V, (0)]
+ 2085 VL V() + BT TP L LoV (0) + BV L 3V, (0)]
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+ BT OLE V0 4+ BT TP L LoV, (0)
+ B TIL L 3V, 0 + B2 TILE V0 + BV L V(0] + .} (323)

and then substituting back this development into the function (3.22) (we shall drop the precision
“conf.” for the type of the correlation function, in what follows; but it will always be assumed; in
fact, the distinction was necessary only at the start, in eq. (2.5)):

Caa
(Ve 00)Var (D Va2 DVaO) = 3 i,

p
< {(Ve (00) Ve (DV(0)) + 285" (Ve (00) Ve (1) L1 Vp (0))
+ 22085 (Va(00) Va (DL, V, (0)) + B5 2 (Ve (00) Ve (DL 2V, (0))]
+ 2 [B5 T T (Ve (00) Va (DL Vp(0)) + B2 (Ve (00) Ve (DL -1 L2V (0))
+ By (Ve (00) Vo (1) L3V, (0))]
+ 285D (Ve (o0) V(D LYV, (0))
+ B85 (Vi (00) Va (DL L2V, (0))
+ B, (Ve (00) Va (DL L3V (0)) + By (Va(00) Va (D L2,V (0))
+ B5 Y (Ve (00) Vi (D L4V, (0] + ...} (3.24)

We provide in (3.23), (3.24) the developments in powers of z only. In fact, the full develop-
ments are the direct products of expansions in powers of z and z. But, as usual, it is sufficient to
follow the z development, which gives the function F,(z), and finally replaced it with | F), @)%
as in (3.5), to take into account all the terms of the expansions. So that, in the developments of
(3.23), (3.24), the developments in powers of z, which are invisible, should be assumed.

The values of the matrix elements, which appear in (3.24), could be calculated by the standard
means of the conformal field theory (by moving the integrations, defining the operators L_,,
from V,(0) towards the other operators, etc., which is one of the methods). Their values are
given in Appendix B. Substituting these values into (3.24), replacing next the series in powers of
z, which is the conformal block function F,(z), by its modulus squared (as has been explained
above), we obtain the decomposition (3.5), with F,,(z) given by the series:

Fp@=1428"A, + 22185 VA, (A, + D+ B5 7 (Ag + Ap)]
+ 2B T TVA (A, + DA, +2) + BT (A + Ap)(A, +2)
+ 8570200 + A
+ BT DA (A, F DA, +2)(A, +3)
+ BT Ba + A (B + (B +3) + BTV QA + Ap)(A) +3)
B2 D (Ag + Ap)(Ba + By +2) + 5V BAu + AP .. (3.25)

We remind that C{ ,, = Co+ oy

The coefficients 8 in the series above, or in the operator algebra expansion (3.23), are defined
in the standard way, [6], or lectures [11]. The system of linear equations, defining the coeffi-
cients B up to order 4, is given in Appendix B.

Finally we get the function F),(z) in the form:
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Fp@ =14k 4+ kP2 4 1P 3 + kP24 + .. (3.26)

The values of the coefficients kl.(p ) ,i=1,2,3, 4 are defined by the expressions in (3.25).

We return now to the expressions (3.5), (3.17) for the function (o (co0)o (1)o(z,7)o(0)) =
G(z, 7). We shall define the principal coefficients in these formulas, Cy o, pC )+ o0 OF (Da.a, p)z,
for the two channels available, pg and pi, equations (3.13), (3.14). It could be checked that,
in the case of oy = « 3.0 the calculation of the coefficients Cy o p, C o is much simpler,

compared to the calculation of (Dy, ¢, p)2.
For the channel p = pg, we get:

1

Cpg,a,a =z (3.27)
In fact, as pg =200 — po = 2090 — 200, we get no screenings for the 3-point function C P its

[, k are zero. The formula (4.8) of [9] becomes trivial, gives 1, and the normalisation coefficient
1/Z has to be added. Z is the partition function of the Coulomb Gas.

Next, it is easy to check that the 3-point function Cy ¢, p, requires / = 2, k = 0 screenings. By
the formula (4.8) of [9], with the factor 1/Z added, we obtain:

1
Coapy = Ey(p’)y(Zp’)

xyr(1+a)yy? (1 +a +p) xyA+y )y +y +p) (3.28)

where y (x) =I'(x)/ (1 — x), with the excuses for using the same letter for the function y (x)
and the parameter y’.

a_. o« 1+p
"= _a=20_(—— _+:_ 3.2
o o_o o_( 1 + 4) 5 (3.29)
B’ in (4.8), [9], is equal to o/,
o (07
Y =2 po=2e(—— + g) =—(1+p) (3.30)
We get, with p’ =2/3,
1 1 5
l4+d =-(1—-p)==; l14+d+o == 3.31
+o 2( o) g +od' +p 5 (3.31)
l+y'==ps 14y +p' =0 (3.32)
so that
Caupo = oy Crr 22y <5y (3.33)
aapo = -V (Y QI (r (v (=3)y .
and
1 2 4 ,1,5 2
Ca,a,pOC,,g,a,a = ?y(g)y(g)y (gy (g)y(—g)y(O) (3.34)

The partition function Z has been defined in [9], and it is given, its numerical value, in Ap-
pendix C:

2.3
Z=-6y3r(3) (3.35)
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All the factors in (3.34) are finite, except for y(0) =I"(0)/ I'(1) = oco. So that the coefficient for
the channel po, in the formula (3.5), is infinite. But for the percolation limit point ¢ — 1, of the
Potts model, this is not totally surprising. We shall comment on it shortly later.

For the channel p = p; =2 + a— = 5 + %= we shall have, for the coefficient Cy.q,p, »
l=1,k=0and Cpf“,a,a =Cp,a,a0 = Ca,a,p,» since

P =2a0—pi1=pi (3.36)
We shall get

Cot,ot,p] Cpr,a,a = (Ca,a,pl )2

1

==}5y2(p5y4(1+-a5y2(1ﬁ—y5 (3.37)

This time
’_ _ o oty r_

y —2a_p1—2a_(7+7)—,0 -1, 1+y' =p (3.38)

o’ has the same value (3.29), (3.31).
We obtain:
1 2 1 2
2_ 2 4 2
(Caap)” =237 QI (v (3) (3.39)

— the coefficient of the channel p; in (3.5), is finite.
To obtain a divergent value for the coefficient of the channel pg, not just an infinity, we could
try to use the following regularisation:

or=h—>ay=h=h+e (3.40)

€ is a small regularisation parameter; h = \/g is an unperturbed, initial value of oy at the perco-
lation point. Then

a_=—l—>oe_=—l:— : :—l—i—%e (3.41)
h h h+e h 3
One checks that, with this regularisation, the central charge of the theory takes the value
cx~— Be (3.42)
h

— different from zero.

Still, it is easily seen that shifting the value of «, as in (3.40), and implementing the conse-
quences which follow, is not sufficient to regularise the value of Cq o, p,. the factor y (1+y'+ p’)
in its expression, eq. (3.28). This factor stays infinite.

In addition to (3.40) we shall move also the charges of the operators, as follows. For the 4
point function

(Vg (00) Vi (1) Vi, (2, 2) Vi, (0)) (3.43)
we shall take, instead of

(3.44)

A= =03=y=0=0a

[SI[oN]
NI

we shall put
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€ € € €
041_05~|—§, 052—0l+§, a3_a—§, 054_05—5 (3.45)
— the choice of the shifts of the charges of the operators which is somewhat arbitrary, but such
that
a1+a2+a3+a4:4a:4a%’% (3.46)
— the total sum of the charges stays the same, unshifted, so that the system of Coulomb Gas
vertex operators could still be screened, as before, with [ = 2, k = 0 screenings, and we could
still use the Coulomb Gas integral representation for the correlation function (3.43).
Combined regularisation, eq. (3.40) and eq. (3.45), was chosen so that the divergent operator
algebra coefficients for the alternative representation of the spin operator, oy = o 33 would also

be regularised. This will be analysed in the next Section.

In should be clear that, when the shift of the central charge of the theory, realised by the shift
of a4 = h in (3.40), is followed by the shifts of the charges of operators in (3.45), by doing so
we are not following the Potts model line, in the parameter space of the conformal field theory.
The operators with the charges (3.45) are no longer the spin operators of the Potts model.

If we had shifted correctly, the charges of the operators, to stay exactly on the Potts model
line, it would no longer be possible to screen the operators in the correlation function (3.43) with
integer numbers of screenings, and the integral representation could not be used in that case.

Regularising as we did, to keep valid the integral representation, we know that the finite coef-
ficients, finite factors in the coefficients, will keep their values, as we are keeping finally only the
leading approximation values, in €. The infinite coefficients, factors, will become divergent, in
€, in the shift of the central charge, just as it should be the case for the exact continuation along
the Potts model line, with same leading power divergence in €, we suppose, but the relative
numerical values of the coefficients of these divergences, they should not be trusted, would be
somewhat arbitrary, different from the coefficients of the divergencies in the exact Potts theory.
Qualitatively, though, the analysis will be correct. And the correlation function which remains,
when we remove the divergent factor in front, this function (of z, z) will be exact, defined up to
the overall normalisation factor.

Going back to our calculations, it could easily be checked that, with the combined regulari-
sation of (3.40), (3.45), the finite factors, in the coefficient Cy ¢, p,, Will just keep their values,
in the leading order, while the infinite factor y (1 + ¥’ + p’) = y(0), in equations (3.28), (3.33),
will be replaced by

2e h

V(—Z) = "5 (3.47)

Infact: y' =20 (-5 + %5 +e)=—p —1— h%e ~—p' —1- %e, 1+y’+p/:—%e,instead

of 0,eq. (3.32),and y (1 +y' + p/) = y(—2€) ~ — L.
In summary, in the expansion (3.5),

P=po.

Caapo Cpt aa ™ é (3.48)
p=1

Caap, Cptoq = (Caap;)?, is finite (3.49)
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If the whole function G(z, z) = (o (00)o (1)o (z, )0 (0)) is renormalised, by multiplying it by €,
then, in the limit € — 0, only the channel py will remain, and we shall get:

G (&2 o g | Fpo ()1 (3.50)
Z
‘We remind that
5 5
Aaonz%, Apozg (3.51)

The expansion of the conformal block function F),(z) is given, up to order z%,in (3.29), (3.26).
By substituting the numerical values of Ay, A, and of the B-coefficients, which are defined in
Appendix B, we get the following values of the coefficients in (3.26):

5 845 3185 4257635
ki=—, h=—F7 k=—+, k=——7—=
16 4608 24576 42467328
k1 ~0.3125, kp~0.1834, k3=>~0.1296, k4=>=0.1003 (3.52)

and the following expansion for the function F(z):

Fpy(z) = 1 +0.3125z 4 0.183422 + 0.12962> +0.1003z* + ... (3.53)

Above we have calculated the coefficients Cy o, pC )+ o,o in the formula (3.5). Alternatively
we could have used the expansion in (3.17), with coefficients (Dy,q, ,,)2 Calculations, using the
formula (4.41) of [9], would be more complicated, in the present case of « = az 1. While in

the case of o = @3 3, which will be analysed in the next Section, it will be just the opposite,

calculation of the coefﬁ01ent (Dg.a, p) will be much simpler.
The relation between the coefficients Co,q,pCp+ 44 and (Dg.q,p)? is given by the formula
(3.19). The numerical value of the coefficient (Ny)*/Z, for @ = a3 1, is defined in Appendix C:
2°2

4
(Nag 1) o |
z 486 y2(3) Y333 (3)

For our present calculations, the only importance is that this coefficient contains no singularities,

it is finite. So that, similarly, (Da,a,po)z, in the expansion (3.17), is going to be divergent, as %,

(3.54)

and (Dgy,q, pl)z will be finite. This have been checked, actually, by the direct calculation of the
coefficients Dy ¢ py> Da,q,p;» and the formula (3.19) has been verified.

With respect to the divergence of one of the coefficients in the expansion (3.5), this could be
compared with the analysis in [2] of the 4-spin function of the Potts model, as defined by the
cluster expansion on the lattice. In particular, the equation (19) of [2] is of the form:

Goawa =(q — 1)(q2 -39 + 3) Pagaa
+(q = D*(Paabb + Pavba + Pabab) (3.55)

Gaaaa 18 the 4-spin correlation function, while P,,q4, Paabb, €tC., are the cluster connectivities,
which are finite, involve no singularities as g — 1.
For the 2-spin function, eq. (16) of [2], one has:

Goa=(q =D Pua (3.56)
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Two-point connectivity P, is finite, as ¢ — 1. If we renormalised, spins, so that the two-point
function in (3.56) becomes finite, as g — 1,

Goo = Puu (3.57)

then the formula for the 4-spin function in (3.55) will take the form, for ¢ close to 1 (g% — 3¢ +
3>~1):

~ 1
GOlDtaOl = quPaaaa + (Paahb + Pabba + Pabab) (3-58)

It is similar to our expansion in (3.5), one of the coefficients is divergent, in the limit ¢ — 1.
Similarly to the normalisation above, having the two point function finite as ¢ — 1, in our cal-
culations the two-point function is also finite: the norm squared, (N,)?, of the spin operator, is
finite, Appendix C.

Still, it should be noted that (3.5) and (3.58) are not the same. The representations for the spin
operators in [2], and in our formulas, are different. In [2], in the function Gyyaq, the spins are
fixed to have a definite value «, out of ¢ possible values. Like, in the case of Z4 symmetric spins
(just as an example), taking 4 values, we would fix the spins in the direction 1 and calculate the
correlator (olololal).

In the conformal theory, on the other hand, one is working with the Z4 Fourier components,
having fixed values of Z4 spins: let us note them as o7y, the first Z4 Fourier component, the
operator having the Z4 spin 1, o2, the operator having the Z4 spin 2, and next the operators o_»
and o_;. One is working with the operators having also definite conformal dimensions. They
have the fusions

01 X 01 — 0?2 (3.59)

etc. In particular, o is not reproduced when fusing o1 X o7.

It is different when working with spins having definite orientations, o 1 , 02, 03, o*. In partic-
ular, ! could be expressed as a linear combination of all the operators o1, 02, 0_3, 0_1, having
definite Z4 spin. When fusing o' x o', naturally, the operator o' will be reproduced, among the
others.

In this argument we have used Z4 just as an example, to stress the difference between the two
different representations of spin operators, leading to different fusion rules.

Coming back to the formula (19) of [2], reproduced here as (3.55), (3.58), the function Gy«
will have, naturally, the spin operator among its intermediate channels, with dimension A =
5/96.

En the other hand, for the conformal theory spins, we have found, for (cooo), a single
intermediate channel, having the dimension A, = 5/8. We would suggest that this channel is
present also in the function Gyuqe, but as a sub-leading one. Like this would be the case with
two types of four-spin functions in the example of the model of Z, invariant spins.

In the next Section we shall check the consistency on the conformal theory side, that the
calculations, with the spin operator represented by the vertex operator having the charge oy =
a% 3 lead to the same four-point function, the one in (3.50).

4. Consistency check: calculation of the function (000 ¢) with the representation o3 3 for
2°2
the spin operator

In the case when the spin operator is represented by the vertex operator
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Va, 05—05%%2—7—7 “4.1)
for the integral representation (2.5) of the function

(ooo0) (VaVaVaVa>conf 4.2)
on finds, by the neutrality condition (2.7), that one needs

=2, k=2 “4.3)

screenings V_ and V., in (2.5). So that, instead of the double 2D integral in (3.4), for the case

of oy = a3 1, one will obtain the integral
2°2

fdzulfdzuzfdszd%z (Vi (00) Ve (D) Ve (22 ) Vi (0) - Vo_(atr, i) V- (2, i)
Ve (o1, 50) Vs (02, 52)) (4.4)
for the function

(0(00)a (D)o (z,2)0(0)) o (Vo (00) Vo (1) Val(z, 2) Vo (0))cony. (4.5)
By factorising this integral, as we did in the Section 3 for the integral (3.4), we shall find, in the
present case,

G'(z,2) = (Va(00) Vo (1) Va (2, 2) Vo (0))

1 2
o« ey Cu o aa Py “6)
i 1< !

or

G/(Z,Z)O(Z
i

1
A, 3A (Da,a,p;)2 1% (@) 4.7)
Z| Pi

In the above « is given in (4.1). We denote with primes G'(z, ), plf , the function and the param-
eter p, to make the difference with the corresponding quantities which have been defined and
analysed in the previous Section, for the representation « = o3 1 of the spin operator.

2°2

The intermediate channels in (4.6) or (4.7) have the following charges {p;}:

o_ oy
:2 = —— —
Po==="75""5
o_ (oA
=2 = _F
P o+« 5 )
/ o— oy
=2 - _
Py =2a+oy 2 + 5
a2 = e %
=2«a o =-a_ — —
Ps 2 2
o_ oy
/22 _ = — _—
P4 o +o_ +oy ) + )
o 3
L=2 200y = —— + —
Ds =20+ 204 5 +201+

/ 3 ot
p6=2a+2oz_+a+=§a_+7
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a3
L=2 4 2a, =— 4=
p7 =720 toa_+ 2o 2+201+
3 3
py=2a+2a_ +20 = Eot_ + 5a+ (4.8)

But one can check that

Py~ =20 — py=py, pf=2ao—pi=pé, Py =200 — py=p;s
Pyt =200 — py=ps, pi =200—pi=1p} (4.9)

so that the channels 8, 7, 6, 5 are equivalent to the channels 0, 1, 2, 3, the corresponding terms in
(4.6) or (4.7) are equal between themselves.
We find that there are 5 independent channels

Pos P1s Phs P3s P (4.10)

in the expansions (4.6), (4.7), instead of 9 listed in (4.8).
We observe also that the channels p} and pj correspondent, respectively, to the channels po
and p; of the previous Section. Also, because, eq. (C.14),

a3 3 =at | =200 -« 4.11)
2

3
2

l—

3 3
2 2

[N}

the channels p) and p) don’t have to be analysed, their contributions to the expansion (4.6) or
(4.7) are equal to those calculated in the previous Section, for the channels py and pj. In fact,
for instance:

=Dt at o= Dy s oo (4.12)

[[o%)

[SI[%)
=
B—

We have used here the fact that the coefficients Dy «,, are symmetric with respect to the conju-
gation, of any of its indices. Also we remind that AoH i =Aq @y 1

There remain the channels py,, pj and p%, in the hst (4 8), to be analysed. In fact, to obtain the
same function G(z, Z) as in the previous Section, i.e. to obtain that G'(z, Z) = G(z, 7), we have
to show that the contribution of the channels p, p}, and p3, to the sum in (4.6) or in (4.7), their
contribution just vanish.

In the following we shall calculate and analyse the contributions of these three channels. And
first we shall do the calculations, of the corresponding coefficients (Dy 4, p)2 in (4.7), without
any regularisation, similarly as we did it in the previous Section, for the channels py and p;. We
remind that the relation between the coefficients Cy o, ) Cp+ oo and (Da’a’p)z, in (4.6) and (4.7),
is given by the eq. (3.19). Compared to the Section 3, the value of « has changed. For o = @3 3

[N

we get, Appendix C,

WNo)* 1 P
z % y3ri3)
— instead of (3.54). This coefficient is finite. According to the Section 3, we are principally
concerned by the coefficients Cy o, pCp+ o, OF (Daa, ,,)2 which are divergent. After rescaling

the correlation function, i.e. after multiplying the function (cooo) by €, the parameter of the
regularisation, and taking the limit € — 0, only the channels with the coefficients Cy o, pCp+ ¢.a

(4.13)

or (Dg.q,p)* which are divergent will remain. So we can calculate Coa,pCp+ a0 OF (Da.a.p)?,
whichever is simpler, looking, principally, for divergences.
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o, p

For py, the calculation of (D, 6)2 is simpler. We find:

e SO D S e S
13= 1 4,p0—20l— 7 7= o 4.14)

By the formula (4.41), [9], we obtain:

2 X2Qa+ ph —200)TH(pp) T e — p) Y (—~2a0)
“%Po” T Y2Qa)Y2Qa — 2000) Y (2p) Y (2pg — 200)
T2 (—4at0) YH(—at0) Y2(0) Y (—200)
T T2(—a) T2(—3a0) Y (—2a0) Y (—4atg)
Y (—4a) Y2 (—ap)

T Y2(S3a0)
We have used the value Y (0) =1, [9], Appendix B. According to Appendix C, of the present
papen

(D

(4.15)

Y(—ap)  h'/?

— (4.16)
Y (—3ap) y(%)
We remind that 7 = o4 = /3/2. We obtain
(Daarpy)” =Y (—4a0) - —— (4.17)
rYo(3)
Next,
1
2a0=a,+a+=—ﬁ+h
_1( 1+h2)_1 1
ok T h 2
LI @.18)
oy = an’ ap = A .
We get
1 h
Dyy ) =T(——)- 4.19
(Dy.q,p;) =) TEN (4.19)
But Y(—4) =0, Appendix B of [9]. So that
(D, o )*=0 (4.20)

o, p
We remind that we are doing the first calculation of the coefficients in (4.6) or (4.7) without

regularisation.
Now, the channel p].

a:—a;—a+, =—a;—a—+=—ao,4a=—2a0
4 4 2 2
=20+« ¥ _ % ap+ o
= 0 = = — _
P 3 2 0
1 1
o =—, 0_ = —— 4.21)
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(Dapy)? = T2Q2a + py —2a00) TH(p) Y22 — p))T(—2a0)
- T2Q2a) Y2 — 20)Y 2p) Y (2p] — 2e0)
Y2(4o + o —200) Y2 + ) Y2 (—a_) Y (—2ap)
- Y2(—ag)Y2(=300) Y (4o + 20 )Y (4o + 200 — 2arg)
Y H(—4ao + o )Y (—ap + o )T H(—a ) Y (—2a0)
- T2(— ) Y2(— )Y (2000 + 20 ) Y (—dorg + 20 )

(4.22)

Here T2(—ﬁ) =T2(—ap), T2 —%) =T2(=3a0), YT (—2ap), they are all finite, and non-zero,
Appendix C. Also T2(—a-) = T2(}) = Y2(4ag) = T2(—2a) is finite. In the last equality we
have use the property of the Y function Y (x) = Y (2cp — x).

So that, from (4.22), we obtain:

Y2(—4og + ) Y*(—ap + o)
Y (—2a0 +20_)Y (—4ag 4+ 20_)
Y=Y

2
(Da,a,pi ) o8

(4.23)
(=3 (=7)
T4(— %) is finite. In fact, by the property, Appendix B of [9]:
T — Sy = L pF v (4.24)
xX——-)= x Y (x .
h™ o y(3)
we obtain
5 11 1 1421 1
T(-o)=T(—5 — )= ——h""FT x T (=)
4h 4h h y(_#) 4h
1 1
— 1 W3 x Y (——) (4.25)
Y (=%) 4h
As T(—ﬁ) is finite, Appendix C, T(—%) is also finite and non-zero.
Also, by (4.24),
3 2 1 1 1+4 2
YT(=)="(—-—2)= hw x (=)
h h h y _h%) h
1 2
=——h"Pxr=5) (4.26)
y(=3) h
Taking into account (4.25), (4.26), eq. (4.23) takes the form:
Y(—%)
Dy o )* h 4.27
(Do) 5 (4.27)

Y (— %) could be transformed as follows:

5 5 5
= .h=-Ch
2h ~ 2h2 3

T2 = T(=2h) = T (= 2h =) = T(=1 —h)
2h 3 3 h
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5 -5 1
=y (=h(=3 DRI e (=)
3 h
— Ot x (= (4.28)
RS h ‘
We have used the property, Appendix B of [9],

Y(x —h) =y (=h(x — h)RTHETD 5oy (x) (4.29)
Also for Y —%) in (4.27), we obtain, by (4.24):

2 1 1 1 1+2 1
T =T(-7 — )= B X T (=)
h h h y(_L) h
— B xr(— ) (4.30)
y(—3%)
Taking into account (4.30) and (4.28), for T(—%) and T(—%) in (4.27), we can conclude that
(Dy.a, p/) is finite.
Conclusion:

Under rescaling € (000 ), € — 0, the channel p} will disappear.

The channel p}.

For this channel we shall calculate C,, ,, »C A which is simpler, instead of (D, a,a,p§)2'

a,a’

3 1
Py =20+ 20_ =—ap+20_ = 29—~ 5%+
4+ / 1 3
Py =2a0 — p3 =200 — 20 — 20— =3ap — 20 = —Eoc, + 50@ =20+ 20+ (4.31)
Ca’a,pg.

For the Coulomb Gas formula, eq. (4.8) of [9] (with % to be added), for the three-point
function C, p}» One needs / = 0, k = 2 screenings.
In fact:

20+ ph +lo— + kay = 2ag

4o +20_ +lo+kor =0 4oy

—a_ —op + 20 +lo_+ ko =a_ +oy

la_ +kay =204 —>1=0,k=2 (4.32)

The parameters in the formula (4.8) of [9]:

o« 1—p
a=2a+a0=2a+(—7—7+)=7=_1

3 1 9
y =204 py= 2a+( a_ — a+) =-3—-p= —3 (4.33)
There is a small interference between the parameter o of the Coulomb Gas formula and the

charge o of the spin operator, which we denoted here more explicitly as o .
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By the formula (4.8) of [9] we find:

1
Ca,oz,pg = 77’(,0))/(2,0)
x>0 +a0)y* A 4+a+p) xy(l+y)-y(L+y +p) (4.34)

Another interference: the function y (x) =I'(x)/I'(1 — x) and the parameter y .
We obtain

1 3 3 9 7
Caapy =7 X VDY G x ¥ (PP xy(=)r(=2) (4.35)
In the above, the two factors are singular:
_TIe 1
rI=r ) Ty
(=2) = =2 2) (4.36)
v(=2)=— 3) (= .

One could suppose that they simplify one another, but this will have to be made more precise
with the regularised calculation. At least, it is not obvious, at all, that their product is equal to 1.
But we could suppose, naturally, that

1
y(3)oxe, y(—=2)x-— 4.37)
€
and that C, ,, A is finite.
Cpé*,a,oz'

For this 3-point function one needs / = 2, k = 0 screenings. The relevant parameters:

o ay 1—p 1

'=20 o, =20 (———— — ) = - _

o =200 =20 (7= o) =5 =g
11

1 3
y'=2a_pit = 205_(—501_ + §a+) =-3-p' = -3 (4.38)

With the formula (4.8), [9], we obtain:
1 ! l 2 INa,2 ! / ’ / !
Cpitaa = Ey(p WEe) xy*(l+a)y " (I+a +p)xyd+y)yd+y +p)
1 2 4 2 1. 5 11 8
= v xy Ly (L) xy(=3)y(=2) (4.39)
There is one divergent factor, y (—2) ~ I'(—2). As a result, C ot is divergent, and the coef-
ficient C, 4 Py C Py in the expansion (4.6) of the function (coo o), is divergent. It appears

that, after the rescaling e (coo o), € — 0, the channel pg will contribute, so that the 4-spin func-
tion, calculated with the representation o, = o3 3 would be different compared to the function
2°2

which we calculated on the Section 3, with ¢y = «

Bl—=

3
2>
But let us look more closely at the problem.

The conformal dimensions of 5 channels (4.10) have the following values:

A 1 35 5
nTR ThT g Ty
33 1
A5 =— A =—— (4.40)
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We observe that there is interference, on resonance, between the channels p(, and p:
Apg — Ay = 4 (4.41)

There are no others resonances in between the 5 channels above.
The channel p(’), according to our estimations, should have the coefficient

(Do) ~ € (4.42)

— after regularisation, compare (4.20), because only one factor, in the expression for (D, pé)z,
is vanishing, and because all € corrections, to the expressions for the parameters, should be linear
in €.

We shall verify our estimations with the regularised calculations below.

The coefficient Coa. 7} C PARTT or, equivalently, the coefficient (D, o} )2, of the channel pg,
in the expansion (4.7), should behave as:

21
(Do . (4.43)

— according to our estimations, compare the expression in eq. (4.39) which has only one divergent
factor, y (—2).
Now, looking at the contribution of the two channels above to the expansion (4.7):

2 2
(Da,a,po) 2 a,a,pg) 5
A, —2A | Fpy ()17 + Aq—2A |Fpy (2)]

|z] o |z] ’3

1
2 2
= —a.3a; X (Daa,py) 1 Fpr (2)]
|Z| o I’(/) 0 0

2(A —A ;)
+ (D p) 12l 75 0 Fpy ()12

S X {(Dy.q. )| F (D)1
4Aa—2AF6 o, Py Py’

+ (Dyap) 1211 Fpy D) (4.44)
with (Dw,o,’,,é])2 ~ €, (DOC’OM,,Q)2 ~ é, we could suggest that if in series for
Fy@=1+kz+k +k +k*+.. (4.45)
the coefficients k1, ko, k3 are finite, but the coefficient k4 is singular
ka ~ é (4.46)

due to the singular 8 o coefficients of the 4th order, and, as a consequence,

|F ()|Z~1| I8 (4.47)
pp\% 2 ¢ .

in this case the two terms in (4.44) could compensate one another, having the appropriate coef-
ficients. This type of cancellation produces itself in the case of minimal models, in the case of
resonances between the dimensions of the operators, inside and outside of the Kac table, cor-
recting in this way, appropriately, the fusion rules. One particular case of the compensation of
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this type, of an operator outside the Kac table, by the descendant of the operator inside the table,
but having the vanishing operator algebra coefficient in front, one particular case of this type of
delicate decoupling is commented on in the lectures [11], Section 9.2.

We observe that the coefficients (D, 4, p(r))z and (D 4. pg)z need not to be positive definite. In
case of minimal models, they are not positive definite, for “ghosts”, the operators outside the Kac
table.

Above is presented our prediction for the compensation between the two channels in (4.44),

in this way giving the same function (coo o), for the representations oy = 3 1 and oy = @3
5.

33
2:2

of the spin operator. — The function which is defined by the limit e (coo0o), € —2> 0.

For this prediction to be valid the necessary conditions are that the coefficients k1, k2, k3
(the corresponding B coefficients), of the channel pé), should be finite, while the coefficient k4
(the corresponding B coefficients, coefficients of the 4th order) should diverge as 1/e€, in the
regularised calculations.

These necessary conditions will be verified, below.

But we should not expect the exact compensation though, because the e-regularisation which
we shall use is not exact, as a continuation of the Potts model outside the percolation point. The
leading powers of € are expected to be correct, but the coefficients at these powers, in particular
their relative values of one with respect to another, should not be expected to be correct, compared
to the appropriate exact continuation of the 4-point function outside the percolation point, the
continuation which is not known.

— See also the corresponding remarks in the Section 3, in the text following the equations
(3.45), (3.46).

To summarise, we expect that, if the necessary conditions are verified, the compensation of
the two channels in (4.44) is in fact exact, in the proper theory.

We turn now to the regularised calculations. The modifications, to our previous calculations
are limited. The finite factors, in the expressions for (D, , P6)2 and (D, . p%)Z, will keep their
values, as we are interested only in the leading order behaviour, in €. We have to correct, to
regularise, the values of the divergent or vanishing factors only. But we will have to calculate
also the B coefficients, of the p(, channel.

Channel p, = a1 + o =2a +e€.

We have to recalculate the factor Y (—4ayg) in (4.17), originated from Y (o] +o2 + p6 —2ap) =
T(2p(’) —2a), with a4, @ e-shifted as in (3.40), (3.41) and o, a2 shifted as in (3.45). In these

formulas, now, « = o, =« instead of @« = a3 1, in the Section 3. We obtain (h = \/g ):

3, 3
i) 2

9

2 + L2 b emm (R 4 D= 2
=a_ ~—— 4 ¢ €=—(— “e=—+ ¢,
MN=G-To =" T3 h TR
1 10
~dag = =1 — € (4.48)

On the other s~ide, as oy, o_ are e-shifted, the modulus £ of the function Y (x) is also shifted,
T (x) =Y (x, h). As a consequence
1
T(_Z) =0 (4.49)

instead of Y —%) =0.As —
(4.17):

% ~ —% + %e, eq. (3.41), we get, in place of the factor Y (—4ag) in
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Y () +ar + p6 —2a0) = T (@a 4+ 2e — 209) = Y (—4ag + 2¢)
Tt = D b2 = (L 4 2e—de 420~ T(—2 —20~—2¢  (450)
Y (——— —€4+26)=Y(——+-€—4de+2e) Y (—= —2€) >~ —2¢ .
h 3 h 3 h
— for Y with the modulus /2. We have used the property (B.8) of [9].
Putting the value (4.50) in place of Y (—4wp) in the eq. (4.17), we obtain:

(Dy g p)* = (4.51)
P y%%)
Channel p5.
For this channel we have calculated, in the above, the coefficient C C = o in the ex-

o,0, P35 py
pansion (4.6), which is simpler, instead of (D, P )2,
In the expression for C,, , .} €d- (4.35), there two factors to regularise, y (3) ~ 1/I'(—2), and
y (—2) ~ I'(—2), which originate from the factors y (2p) and y (1 4+ y + p), in (4.34).

Yy (2p).

p=a’=Mh)?=(h+e)?~h>+2he= % + 2he (4.52)
_ N r'@3)
y(2p) =y (3 +dhe) ~ (2 dhe)

y(+y+p).
pg =] + oy + 20— =2a + € + 20—, according to the definition of pg, eq. (4.8), and the €
shifts of aq, ap in (3.45).

3 1

y =204 py= 2a+(§a_ - o +e)=—-3—p+2he (4.54)

(=2 + 2he)
1 =y(—2+4+2he) > ——

Yy +y+p)=y(=2+2he) I3

Yroney ~ ! (4.55)
~— €)~ — )

4 8he

By putting the values (4.53) (4.55) for y(2p), y(1 4+ y + p) into (4.34), we obtain

Coa,p, = —y( )V ( )V ( ))/(——) (=2 (4.56)
— instead of (4.35).
In C AL eq. (4.39), the factor y(—2) has to be regularised, originated from the factor

yd+y' +0).
We find, with p* =200 — p}y = —1a_ + 3oy — ¢,

Y =20_pjt = 2 (i e — )= —p — 3t 2hen 3y 2 (4.57)
2 2 h h
y(1+;/+p’)=y(—2+2—6):L_przh_é) :lr(z—e):ﬁ (4.58)
I r'3) 4 h) T s
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Putting (4.58) into (4.39), we obtain:

1 2 4 ,7 11 8 h
C, =—yE)y Y )y H(=)y(—=) x — 4.59
Pyt ZJ/(3))/(3)7/ (6)7/ (6 v ( 3) oy (4.59)

— instead of (4.39).
With (4.56) for C, 4 and (4.59) for C PR we obtain the pg channel coefficient, in the
expansion (4.6):

1
CO!,O(,[?_% Cp;Jr‘oz,oz X < (4.60)
We remind that to get the corresponding coefficient (D, 4 pé)z, the product of C, 4 »} C PART

has to be multiplied by the factor Z/(Ng)*, according to the formula (3.19). The value of this
factor, for « = o 3.3 is given (4.13) and in Appendix C. It is finite, so that, as in (4.60),

1
(Dyap,)” - (4.61)

Finally, to verify the necessary conditions for the cancellation of the channels p; and pj,
based on the analysis above of the expression (4.44), we have to verify that, in the expansion
(4.45) of the conformal bloc function F' % (2), the first three coefficients, ki, kp, k3, are finite,
while k4 diverges as 1/e, eq. (4.40).

The results of the calculation of the corresponding f coefficients, for the channel p(, are given
in Appendix B. Putting these values, and the values of A, and A, in (B.25), into the expressions
of the coefficients ki, k2, k3, k4 in (3.25), one obtains the following values for these coefficients,
in the expansion (4.45):

1 145 1547 25 1
—, kh——m k>, k- -
16 4608 73728 9289728 ¢

We could conclude that the necessary conditions for the cancellation of the channels p; and p;,
are in fact verified.

k1~ (4.62)
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Appendix A. Integral representation of the conformal block function Fp,(z)

The conformal block function Fj(z), in the expression (3.50) for the correlation function
(o(c0)o(1)o(z,72)0(0)) x G(z, ), could be given by its expansion in powers of z, as in (3.26),
(3.53), by the expansion which is dictated uniquely by the conformal invariance. Alternatively, it
could be given by a particular 1D integral, which follow from the Coulomb Gas 2D integral in

(3.4). By the methods of [8,10], by factorisation, one finds, for the conformal block function of
the po channel, the following 1D integral:

00 uy
Fpy(2) o (272 (1 = 2% / duy / duy () (1 — 1Pz — 1)
1 1

x (U1 —2) (uz —2)° x (ur —uz)® (A1)
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Here
a=b=c=2a_a, g=2a>=2p,
o_ o4
3 4 4
The expression under the integral (including the two factors in front) corresponds to the holo-

(A2)

0=, =«

. . . 2
morphic factor of the direct average of the product of vertex operators in (3.4). The factor (z)*
in front corresponds to the term

|Z|—4Aa+2APO (A.3)
in (3.50), to its holomorphic factor. In fact (pg = 2a):
—2Aq + Apy = —2(a* = 2ae0) + pi — 2pocto
=-20%+ doog + 4a? — doog = 202 (A4)

If we rule out this factor from the expression in (A.1), as this is the case in (3.50), to have finally
Fp,(z) normalised on 1 (Fp,(z) — 1, z — 0), we get the expression (not yet normalised):

00 uy
Fpy(2) o (1 — 22 / duy / dun () (wa)* Gy — 1)z — 1P
1 1

X (1 — 2)°(ua — 2)° x (uy — u)*’ (A.5)

To normalise, we calculate the value of the integral above for z = 0.

o0 ui
f dur / dua ()™ ) g — 1Pz — 1P x (1 — )™ (A6)
1 1

To put it in the standard form of the Selberg integral [12,10], we change (invert) the variables u1,
uy in the above, as
1 1
Uy —> —, Up—> — (A7)
Ui un
The integral in (A.6) takes the form:

1 Uy
/duz / dul(ul)izia*bfcfzp/(szzfafbfc—zp’
0 0
X (1=un’(1 =) (u = u)* (A8)

Next we shall use the value for the Selberg integral [12], rederived by a different methods in [10].
For the case of the double integral in (A.8), the general formula (A.36) in [10] takes the form:

1 us
/ duy / duy(un)® ) (1 —u))? (1 —u2)? (wy —up)®
0 0

_r@e) , Id +a )T+ +p) x A+ BT+ B +p')
~ T(p) FQ+a" +p4+p)F2+a' + B +2p)

(A.9)
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o', B', p’ are the parameters of the Selberg integral. For their values in (A.8)

o =-2—a—-b—c-2p, B =b (A.10)
we obtain:

F2p) T(=l—a—-b—c—2p)(=l—a—b—c—p\[(1+bT1+b+p)

L) M(—a—c—p)T(=a—c)
(A.11)
The numerical values of the parameters in (A.2):
2 o oy 1 5
=2, =b=c=20_(—+—)=—=(1 N=—-2 A.12
pl=3 a c=2a_( 2 + 4) 2( +0") 5 ( )
Finally, for the normalisation integral in (A.11), we obtain:
r@ r2Erid)
25 5 (A.13)
ré) rmre)
We denote this value, of the normalisation integral, as Nj;:
I3 THrAQ)  3rOrierie)
int 3.6 6 __ 3 6 6 (A.14)

YOG 2r2(2)

Returning to the eq. (A.5), normalising the integral and substituting the numerical values of
the parameters in (A.12), we get the following expression for the function F,(z):

2

(1 _ Z)ZO{

FPO(Z) = Nimr
1243

00 u
xfdulfduz[mmul — D2 = Dus = 22 = DT x () — u)*?
1 1

(A.15)

The value of the normalisation constant N;,; is given above, in (A.14), and the value of the power
of the factor (1 — z), in front, is given by:

5 5 25
202 =20y +Ap=—+-=" A.16
* A= Ty (4.16)
The integral above defines F,(z) for all values of z. This integral is convergent, at all its
limits, though it converges slowly at some limits. For instance, for uy — 1, from above, while u
is far away, the integral over u», close to 1, behaves as

/duz(uz —1)73/6 (A.17)
1
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Appendix B. Matrix elements and 8 coefficients

Matrix elements.
Values of the matrix elements appearing in the development (3.24):

order 0,

(Va(0) Ve (1) V,(0)) = Cya,p (B.1)
order 1,

<Va(oo)va(1)L—lvp(0)) = Ca,c{,pAp (B.2)
order 2,

(Ve (00) V(DL V,(0)) = CaapAp (A, +1) (B.3)

(Va(OO)Va(])L_QVp(O)) = Ca,a,p(Aa + Ap) (B.4)
order 3,

(Vo (00) Ve (DL |V, (0)) = Cavo pAp(Ap + 1)(Ap +2) (B.5)

(Va(OO)Va(l)L_lL_QVP(O» = Ca,a,p(Aa + Ap)(Ap + 2) (B-6)

(VQ(OO) Va(l)L—?: Vp(o)) = Ca,a,p(zAa + Ap) (B7)
order 4,

(Va(oo)Va(l)Lfl Vp(0)) =Coa,pAp(Ap +D(A, +2)(Ap +3) (B.8)

(Va(00) Va(DL2 | L_5Vp(0)) = Coa, p(Aa + Ap) (A, +2)(A ) +3) (B.9)

(Va(00) Vo (DL_1L_3Vp(0)) = Ca0.p2Au + Ap)(Ap +3) (B.10)

(Va(00) Va(DL2,V,(0)) = Caa,p (Ao + Ap)(Ag + Ap +2) (B.11)

(Vi (00) Va(l)L—4Vp(0)) = Ca,a,p(3Aa + Ap) (B.12)
Coefficients S.

Equations defining the coefficients B up to order 4 (given in a slightly more general context,
of developing the product of two primary fields ®,(z) P (0) towards the channel of the operator
@, (0), instead of V,(z) Vy(0) towards V,(0)):

1.

,31(;1) = %TAP (B.13)
2.

(A= A1+ A, +DBSD =224, + DS D +3802 (B.14)
3.

(A= A1+ A, +2)B5 D =6(A,+ DSHH7D 4380172 (B.15)
4.

(A= A1+ A, + 2852 =2(8, +2)85 72 +4p57Y (B.16)



V.S. Dotsenko / Nuclear Physics B 911 (2016) 712-743 739
5.
(A= A1+ A, +3)p5 0 =402A, +3)p5 D 4 3gh b= (B
6.
(A= A1+ A, +3)B5 72 =224, +5)B5 P 44857V 468527 (B.18)
7.
(M= A1+ A, +3)B5) =2(A, +3)B5 Y = 380272 4589 (B.19)
8.
Q82— A1+ 4,) = 64,8770 + 44, +3)B5 (B.20)
9.
QA —Ar+ A, + DS
=608, + DBV + O+48, + DB 458, (B.21)
10.
QAr— Ap+ A, +2)p5 D
— 1238, +2)B5 7D 4 (18444, + %)ﬁ},‘l’_l’_z) +565 1 (B.22)
1.
QAr— Ar+ A, +2)B5?
=6(A, + 25 + 12807 4 8A, +8+ )BT + 6850 (B.23)

Comments to this system of equations.

Equation 1 defines ,3;,71).

Equations 2, 8 define ,B (=1.=1) ﬂ(_z).

Equations 3, 4, 9 define /3( L =D, /3;_1’_2), ﬁl(,_S).

Equations 5, 6,7, 10, 11 define g, 117 gimhmhm?) gimlh=d) gz gimh),

Proceeding in this way one gets the following values of the coefficients 8, for A =

Ay =5/96 and the channel pg, A, = A, =5/8, Section 3:
1 13

“n_ 1 -y -2 _g
pV =5 BTV =2 B
7
(=1,-1,-1) _ (-=1,-2) _ (=3) _
:3 M7 ,3[70 _0’ ﬂ
ﬂ( l—1.—1.-1)_ 433 13(_1’_],_2) _ 1165
48384’ po 145152’

13y 2825 aay_ 125 (4 _ 1885
Po 145152’ Po 193536’ Po 72576

Ay =

(B.24)

For the channel p(’), Section 4, with the regularised values of o4, a— in (3.40), (3.41), of oy,

oy in (3.45) (with o = a% 3 for the Section 4) and of p(/) =uq + oy =2a + €, one finds:
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5 7 1 1
C:—IOE, Aaleazz%—F&S, Ap(/)gg—i-zg

In the expressions above ¢ =€/ h.
Next, by calculating the g coefficients, for the channel pf), with the equations (B.13)—(B.23)

above, and with ¢, Ay, Az, A, in (B.25), one gets the following values of the B coefficients:

(B.25)

1 1 ¢ 1 &

n_b oy _1_ & ey 1 &

B 5 B 175 B 13 + e
1 e 1 e 323, 3391

-1-1-n_ L _ -1-»__1 €& (=3)__222 2 3
A o 16 P o6t P 430° " 50 °
gLl 1 pEL—l=) _ 13 1 pEL= 31 1

3584 ¢’ 10752 & 10752 &
25 1 25 1

2= __ 2 1 g 2 D B.26

A oo & P 7168 ¢ (B.26)

Appendix C. Partition function Z, normalisation constants (No,)z, fora =a3 1 and
2 9
=0y, and the coefficients (Ny)*/Z

NI

We shall group in this appendix various formulas, expressions, numerical values, which are
used in the main text.
The Coulomb Gas partition function Z is given by:

Z =T (=2a0)p" " (C.1)
—eq. (4.11), [9]. In turn, Y (—2«p) has the value, eq. (B.17) of [9]:
1% _ ’
Y (—2a0) = ———= v (p)y (p)p " (€2
(p—=1)
so that
14 ’
——=vEy() (C.3)
(-2
In particular, for p = h? = %, o =h"2= %, we get
3 2 —p+p’
T (—2a0) = —6)/(5))/(5)/) (C4
Z=-6 (3) (2) (C5)
BERATTEAE '

The normalisation squared (Ny)? of the vertex operator

Va(z,2) = V&9 (C.0)

is given by the expression:

T (20 — 2a0) RO o
N =TV, V)= ' =D(A=p") ¢ /y(n=1)(1—-p)
(Ng) ( o Va) Y (2a) T (—2a0) 1% (p")
TQa—200)  (w—1)(1—p)—(—1)(1-p) €7

T Y)Y (—2a0)
—eq. (4.37) of [9]. Here the charge « is supposed to be of the form:
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1—n' 1—n

o=y, = 5 o_ + 5 oy (C.8)
_ T L LV S S JUNNN: SN FEVA &
Foroz_oz%’%,n 1 7> 1 1 7> o 7 4,205 5 5 oo a5 We
obtain:
(Ney 2= Y(=3a0)  ta-p)-4a-n)
33 Y (—a0) Y (—2a0)
_ T (—3ag) 8 1 Lp—p')
T(=w0) — (=6)y )y (F)p=rtr
T(—3 1
_ (=ap) % 5/4 (C9)

0
T(—3) (OrGr3)
‘We shall use now the value of the ratio Y (— %) /Y (— ﬁ) which will be obtained slightly below:

r'( 43h) 30 i
' (= C.10
b v (C.10)

Putting (C.10) into (C.9) we obtain:

3
r(3)
(Ng» ) =—2 xp (C.11)
T~ (3)
As p=3/2,
3
r(3)
(Nyg» )= —4 (C.12)
B 4G
For the coefficient (Na)4/Z in eq. (3.19) we find
4
(Nay ) () 1 A
= VRTINS T T T or iAo (C.13)
4 16y2)v%(5) (0r()y () 9 333
Incase of « = a3 1| = —%F + 5=, the value of (Ng)? is different.
2°2
We observe that, as is easy to check,
az 1 =ai;=20—0;3 3 (C.14)
2°2 2:7 2°2
which is only valid in the case of particular values of vy and ¢_: oy =h = \/3 ,o_=—1/h=
— %; in particular, og = %(Ol_ +oay)= ﬁ = ﬁ.
Then, as
Ny+ = ! (C.15)
at = 7 N, .

—eq. (4.34) of [9], we obtain:
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1

(Nc,%_%)2 = (No,;%ﬁ = 722(%%%)2
_ 1 y =y 3y (3
3629y 3) y(3)
1 1
(Neg =5 yCr Gy (©10
For the coefficient (Ny)*/Z we find:

Nay )* I |

z 812020023 " 0 G
(ay )* __1 ! (C.17)

z 486 y2(Y3 33 (3) '

We shall justify now the value in (C.10) for the ratio T(—%) / T(—ﬁ), Y (x) having the
modulus 4, Y (x) = Y (x, k), with for h = /3/2.
This could be derived as follows.
T =Y (-2
4h 4h?
Next we shall use the formula (B.5), [9]

32 h h
M=Y(=5 3 W=TED =TG- (C.18)

Y(x —h) =y (—h(x — h)R'TE=D o (x) (C.19)

with x = % ‘We obtain:

T(—%) —rom= y(—h(—%))h‘”h‘*? x T(%)

2

P N FO NP A 37 _h

—J/(4)h T(Z)—V(4)h T (2ag 2)

3t LRy 30 p b

—J/(4)h T(Zh 2)—1/(4)/1 T(Zh(l h9))

P N O

—y(4)h T ( 4h) (C.20)

In the above, we have used the property Y (x) = Y (2agp — x) of the Y function, and the specific
value of &, several times.

From (C.20) we obtain the value of the ratio in (C.10), h = /p.

Finally we shall justify the statements, used in the analysis in Section 4, that Y (—ag) =
T(—ﬁ) and Y (—3ag) = T(—%) have finite values.

In fact, the integral which defines the log Y (x, &)

o0
dt sinh?[ag — x) %
log Y (x, h) = / i (ap — x)2e™" — [;)hz] (C.21)
t sinh 5 - sinh %
0

is convergent at ¢+ — 0 for all values of x, g, while at t — oo, the integral, of the second term
in (C.21), diverges at t — —%, from above, and at t — A, from below. But it is convergent for
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x everywhere in the interval (—%, h). So it is convergent at x = —1/4h. As a consequence,
Y (—1/4h, h) has finite and non-zero value.

T(—%, h) is finite, and non-zero, for the same reason, —% is located inside of the interval
(— %, h). Or, otherwise, because the ratio in (C.10) is finite.
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