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ON A PHASE FIELD APPROXIMATION OF THE PLANAR STEINER PROBLEM:
EXISTENCE, REGULARITY, AND ASYMPTOTIC OF MINIMIZERS

MATTHIEU BONNIVARD, ANTOINE LEMENANT, AND VINCENT MILLOT

ABSTRACT. In this article, we consider and analyse a small variant of a functional originally
introduced in [9, 22] to approximate the (geometric) planar Steiner problem. This functional
depends on a small parameter € > 0 and resembles the (scalar) Ginzburg-Landau functional from
phase transitions. In a first part, we prove existence and regularity of minimizers for this functional.
Then we provide a detailed analysis of their behavior as € — 0, showing in particular that sublevel
sets Hausdorff converge to optimal Steiner sets. Applications to the average distance problem and
optimal compliance are also discussed.

CONTENTS
1. Introduction 1
2. Existence and regularity for measures with finite support 4
2.1. The precise representative of a Lebesgue function 5
2.2.  The minimization problem with prescribed curves 6
2.3. Existence and regularity of minimizing pairs 13
3. The case of a general finite measure 19
3.1. Existence and regularity for a general finite measure 19
3.2. Application to the average distance and optimal compliance problems 23
4. Asymptotic of minimizers 25
4.1. Towards the Steiner problem 25
4.2. Towards the average distance and optimal compliance problems 29
Acknowledgments 30
References 30

1. INTRODUCTION

In its simplest version, the original (planar) Steiner problem consists in finding, for a given
collection of points ag, ...,an € RZ?, a compact connected set K C R? containing all the a;’s
and having minimal length. From the geometric analysis point of view, the Steiner problem can
be seen as the one dimensional version of the (unoriented) Plateau problem, which consists in
finding a (unoriented) surface of least area spanning a given boundary. Solutions to the Steiner
problem exist and are usually not unique. However, every solution consists of a finite tree made
of straight segments joining by number of three with 120°angles. This rigid structure allows one
to reduce the Steiner problem to a discrete problem, but finding an exact solution is known to
be computationally very hard: it belongs to the original list of NP-complete problems proposed
by Karp [21]. And, obviously, the discrete approach is unadapted if one considers a perturbed
version of the problem as it may arise in some models from continuum mechanics. These facts
motivate the development of specific analytic/geometric tools, and more precisely of approxima-

tion procedures that can be numerically implemented.
1
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Concerning minimal boundaries (boundaries of least area), the typical oriented Plateau prob-
lem, such approximations are well known by now, the most common ones being the so-called
phase field approximations. They usually rely on the minimization of an energy functional based
on the van der Waals-Cahn-Hilliard theory for phase transitions (see e.g. [20, 26, 27]), explaining
the terminology. Applications of phase field methods to unoriented problems are more recent.
The first one might be the Ambrosio-Tortorelli method [3, 4] used to approximate the Mumford-
Shah functional from image segmentation [28]. Nowadays, the Mumford-Shah functional re-
ceives a lot of interest from the materials science community, and the Ambrosio-Tortorelli ap-
proximation is, for instance, heavily used to simulate crack propagation in elastic solids [11, 12].

For a long time, no phase field methods (for unoriented Plateau type problems) were designed
to include topological constraints such as connectedness. Only recently such a method has been
suggested, first in [22], and then in [9], to approximate the planar Steiner problem and/or related
minimization problems involving the length of connected sets. In [17] the same approach has
been successfully implemented (theoretically and numerically) to approximate the Willmore en-
ergy of connected curves or surfaces. At the present time, two alternative (but complementary)
methods to solves the Steiner problem just appeared as preprints [8, 15].

The main objective of this article is to complement the analysis initiated in [9, 22] in the
following way. Although the I'-convergence result of [9, 22] proves that “some approximate
minimization problems” indeed approximate the Steiner problem (or variants), existence of min-
imizers for the underlying functionals cannot be proved (at least easily), nor qualitative properties
of “almost” minimizers. This is essentially due to the analytical complexity in the construction of
those functionals. Here we introduce a tiny variant of [9, 22] with great benefits. In few words,
we are able to prove for the new functional existence and regularity of minimizers, as well as
a more precise description of their behavior in the singular limit. Before going further, let us
describe our results in detail.

Consider a bounded and convex open set 9 C R2. Given a nonnegative Borel measurable
function w : Qp — [0, 00), we define the (generalized) geodesic distance between two points
a,b € Q relative to the conformal metric w to be

T:a~b

D(w;a,b) := inf /wd?-[l € [0, +o0],
r

where I : a ~» b means that I is a rectifiable curve in ) of finite length connecting a and b (i.e.,
I" a Lipschitz image of [0, 1] contained in Qg running from a to b).

We fix a positive finite measure z supported on €2y, a base point ag € €, and a bounded
smooth open set @ C R? such that Qq C . For a given set of parameters €, \., . € (0,1), we
consider the functional F* : H'(Q) N L>(Q) — [0, +00) defined by

1 1
FF(u) ::5/ |Vu|2dx+—/(u—1)2dx+—/ D (6 + u”; a0, ) dpu,
Q de Jq A Qo

€
where, in the D-term, 6, +u? denotes the precise representative of the Sobolev function 6, +u? €
W1(Q) N L*>°(2). In this way, the value of D (8. + u?; ag, z) only depends on ag, z, and the
equivalence class of 6. + u2. Moreover, the function z + D(58 + u?: ap, m) turns out to be
(0 + Hu||2Lm(Q))-Lipschitz continuous (see Remark 2.1), so that F* is well defined (or more
precisely, its last term).

We are interested in the minimization problem

min FF(u). (1.1)
u€l+HL(Q)NL>(Q)

Our first main result deals with existence and regularity of solutions.
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Theorem 1.1. Problem (1.1) admits at least one solution. In addition, any solution u. belongs to
WLP(Q) for every p < oo (in particular, u. € C%(Q) for every a € (0,1)), and 0 < u. < 1.

Let us mention that the regularity above is essentially sharp in the sense that u. is in general
not Lipschitz continuous globally in €2 (see Remarks 2.11 & 2.16). In the case where spt p is
finite, we shall see that u. is in fact C°° away from finitely many C'**®-curves connecting ag to
spt i (given by minimizing geodesics for the distance D (68 + u?)).

We now describe the asymptotic behavior of minimizers of F#* as ¢ — 0. For this issue, we
shall assume (for simplicity) that the two parameters A. and . satisfy the following relation:

Ae—0 and 4. = M2 for some § € (1,2). (1.2)
e—

Provided that H'(spt 1) < 0o, our second main result shows that sublevel sets of minimizers
converge to a solution of the generalized Steiner probem

min {Hl(K) : K C R? compact and connected, K D {aop} Uspt u} . (1.3)

Note that for y = Zf\io 04, and some distinct points a; € Qo, problem (1.3) coincides with the
classical Steiner problem described previously.

Theorem 1.2. Assume that spt pu is not reduced to {ao} and that H'(spt ) < co. Assume also
that (1.2) holds. Let i, | 0 and {uy }ren € 1+ HE () be such that
FE (uy) = in F* hkeN.
4 (u) i Fe, foreac
There exist a (not relabeled) subsequence and a compact connected set K, C Qo such that
{ur, < t} — K., in the Hausdorff sense for every t € (0, 1). In addition, K, solves the Steiner
problem (1.3) relative to {ag} U spt p1, and the following holds:

(i) FF (up) — HY(K,);
(ii) D((Sgk +uZ; ao,x) — dist(x, K,) uniformly on Qq;
(iii) ur, — 1in C2_(Q\ K,).

In proving this theorem, we make use of the main result in [9, 22] that we now briefly present.
The original functional introduced in [9, 22] is (essentially) F* : 1+ HL(Q) N C(Q2) — [0, <)
given by

2 1 2 1 .
~ 5/|Vu| dac—l——/(l—u) dr + — [ D(wap,z)dp if0<u<1,
Fru) =4 Ja 4z Jao Ae Jag
+oo otherwise .
(1.4)

As explained [9, Section 5.4], the possible lack of lower semicontinuity of }?6“ prevents one to
prove existence of minimizers (at least easily — and existence is still unknown'). The main result
of [9, 22] is of I"-convergence nature, and shows the two following facts: (1) if a sequence {v.}
satisfies F¥*(v.) = O(1), then  — D(v.; ag, ) (sub-)converges uniformly as ¢ — 0 to some
function d., {d. = 0} is a compact connected set containing {ag } Uspt ., and H* ({d, = 0}) <
liminf, ﬁs“(vs); (2) for every compact connected set K containing {ag} U spt u, there exists
a sequence {w.} of functions of finite F/-energy satisfying lim sup, F*(w.) < H!(K). In
particular, if the sequence {v. } is “almost” minimizing in the sense that F¥*(v.) —inf F/* = o(1),
then the set {d, = 0} solves the Steiner problem (1.3), and F¥(v.) — H!({d, = 0}).

1We learned from Dorin Bucur that the recent preprint [7] contains results solving some lower semicontinuity issues
in a similar direction.
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In conclusion, the main contribution of Theorem 1.2 is the Hausdorff convergence of the
sublevel sets {u. < t}, the convergence estimate away from the limiting Steiner set, and the
identification of the limiting function d... Compare to F #, this is made possible by introducing
the additional parameter &, and replacing v by u? in the D-term. The parameter §,, already
suggested in [9], can be seen as an elliptic regularisation term. In turn, the term u? is the key new
ingredient which allows to get a linear elliptic equation for u. (at least if spt y is finite). A large
part of the arguments used to prove both Theorem 1.1 and Theorem 1.2 rests on this equation
and rather classical linear estimates. The introduction of the “safety zone” 2\ Qg (not present
in [9]) is just a convenient way to avoid boundary effects, and has no other importance. Finally,
we impose relation (1.2) between A, and 6. for the following reason: on one hand the condition
de = o()\¢) is necessary to derive the Steiner problem in the limit; on the other hand the condition
A2 = 0(d.) allows us to use [9] in a straightforward way, even if it is probably unnecessary.

We close this introduction mentioning our companion paper [10], second part of our work,
where we consider the minimization of a discretized version F* based on finite P!-elements. A
special attention will be devoted on how to handle the D-term in this discrete framework. Using
the material of this paper, we will be able to determine explicit estimates on the grid size in terms
of € to ensure the convergence of discrete minimizers to Steiner sets, in the spirit of Theorem 1.2.

This paper is organized as follows. In Section 2, we consider the case where p has a finite
support. We start establishing a priori estimates leading to existence and (as a byproduct) regu-
larity of minimizers (see Corollary 2.13). The case of a general measure p is treated in Section 3
through an approximation argument using finitely supported measures. In Subsection 3.2, we ap-
ply our existence theory for F¥* to prove existence of minimizers for functionals introduced in [9]
(and accordingly modified here) to approximate the average distance and compliance problems.
Theorem 1.2 is finally proved in Section 4.

2. EXISTENCE AND REGULARITY FOR MEASURES WITH FINITE SUPPORT

Throughout this section, we assume that the measure p has finite support, i.e.,

N
p=">_Bida, @1

i=1
for some distinct points ay, ...,axy € Qo and coefficients 3; > 0. We fix a base point ay € Qg

(possibly equal to one of the a;’s), and to the resulting collection of points, we associate the
following space of Lipschitz curves

Plao.) = {F = (W1 % € Plao,a) .
where we have set
P(a,b) = {7 e Lip([0,1]; @) : 7(0) = a and 7(1) = b} .

We endow (ay, i) with the topology of uniform convergence. In this way, & (ag, i) appears
to be a subset of the complete metric space [C°([0, 1]; 20)]V. For ¥ € 2 (ao, p), we write

C =

I'(yi) =7([0,1]) and T(7):=|J%([0,1]).

77’) : HY(Q) — [0, +00] defined

— .

For a given 7 € 2 (ag, j1), we consider the functional E!
by

N

1 1
Eﬁu,7 ::5/ Vu2dx+f/u712dx+f ﬂi/
)=z | IVul )@= AZ

€ = (i

(6 +u?)dH', (2)
)
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where each term fr (74) (8. +u?) dH! is understood as the integration of the precise representative
of 0. + u? with respect to the measure ! L_T'(v;), see Subsection 2.1 below.
By the very definition of F*, the functional E* relates to F* through the formula
Ffu)= _ inf  Ef(u,7) VYue HYQ)NLZQ). (2.3)
FeP(ao )
As we shall see, this identity is the key ingredient to investigate existence and regularity of

minimizers of F**. In the same spirit, we also consider the functional G¥ : 2 (ag, u) — [0, +00)
defined by

M = i I
GH () : uelf}%(m Ef(u, %), (2.4)

and prove existence of minimizers.

2.1. The precise representative of a Lebesgue function. The object of this subsection is to
summarize some basic facts concerning the precise representative of a function, and their impli-
cations for the generalized geodesic distance. In doing so, we consider an open set U C R"™. For
v € LL (U), the value of the precise representative of v at z € U is defined by

loc

lim][ v(y) dy if the limit exists,
’U*((E) = 710 B(x,r)

0 otherwise .

The pointwise defined function v* only depends on the equivalence class of v, and v* = v a.e.
in U. In turn, we say that v has an approximate limit at x if there exists ¢ € R such that

lim [v(y) —t|dy =0. (2.5)
40 J Bz,
The set S, of points where this property fails is called the approximate discontinuity set. It is
a L™-negligible Borel set, and for © € U the value ¢ determined by (2.5) is equal to v*(x).
In addition, the Borel function v* : Q \ S, — R is approximately continuous at every point
x €U\ S, (see e.g. [2, Section 3.6] and [18, Section 1.7.2]).
We shall make use of the following elementary properties:

() ifvy <wvgae. inU, thenvj(z) < vi(x) forevery x € U\ (Sy, U Sy,)s
(ii) if f : R — R is a Lipschitz function and w := f o v, then S,, C S, and w*(z) =
f(v*(z)) forevery z € Q\ S,.
Finally, by standard results on BV -functions (see [2, Section 3.7]), we have H"‘l(Sv) =0

whenever v € le’cl(U ). In what follows, we may write v instead of v* if it is clear from the

context.

Remark 2.1. For a nonnegative v € W, () N L>°(U), one has 0 < v*(z) < V]| oo 0y at

loc
every point € U \ S,, as a consequence of (i) above. In particular,

0< / 0 dHY < (0] g oy HA(T)
r
for every rectifiable curve I' C U. As a consequence, if U is assumed to be convex, one has

0 < D(v;a,b) := Finfb/ vdH" < ||v|| Lo (oryla — bl Va,be U,
ra~~ T

where the infimum is taken over all rectifiable curves I' C U running from a to b. It is then
customary to prove that the function z — D(v; a, x) is ||v|| L (t/)-Lipschitz continuous.
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2.2. The minimization problem with prescribed curves. In this subsection, we investigate the
minimization problem

i EH 2.6
uelrfllir(l}(sz) t(w ) 2:6)

for a prescribed set of curves 7 satisfying a mild regularity constraint: we shall assume that it
belongs to

Pa(ao, ) = {7 € P(ag, p) : A1(T'(7:)) < A for each i},
for a given constant A > 2, where we have set

HY(K N B(x,7))

Al(K):—sup{ :r>0,x6K} for a closed set K C R?.

In this context, we establish existence and uniqueness of the solution, as well as regularity es-
timates. The introduction of this regularity constraint is motivated by the following lemma,
consequence of a classical result due to N.G. Meyers & W.P. Ziemer [25].

Lemma 2.2. If ¥ € Px(ag, p), then the functional
N
Bu[7]: (u,v) € HY(Q) x HY(Q) Zﬁi/( )uvd?—[l
i=1 Plvi

defines a symmetric, nonnegative, and continuous bilinear form on H*(S2) satisfying

IB.[7]|| < CallulA,

for some constant Cq depending only on Q.

Proof. Step 1. For a giveni € {1,..., N}, we consider the finite measure on R? defined by
wi = HYLT(v;). Let x € R? and r > 0 such that '(v;) N B(x,7) # (). Choose a point
z € I'(v;) N B(z, ), and notice that I'(y;) N B(z,r) C I'(v;) N B(z,2r). Then,

i (B(z, 7)) < pi(B(z,2r)) < 2rAl(T'(y:)),
which shows that

i B )
sup{u((m :r >0, IERZ} < 2A.
r

Since W 1! (R?)-functions are approximately continuous H!-a.e. in R?, we can apply [29, Theo-
rem 5.12.4] (see also [25]) to infer that w € L' (y;) for every w € W11 (IR?) (or more precisely,
w* € L*(u;)), with the estimate

/ |w|dH1:/ \w|d,ui§CA/ |Vw| dz (2.7)
D(v:) R R

for some universal constant C' > 0.

Step 2. Letu € H* () — @ € H'*(R?) be a continuous linear extension operator (whose exis-
tence is ensured by the smoothness of ). Note that for u,v € H'(2), we have v € W11(R?).
Since >_, B; = u(), it follows from Step 1 that wv € L' (u;) for eachi € {1,..., N} (or more
precisely, (av)* € L*(u;)), and

B F(w0)] <l [ V() do
< CllAlall ey ol ey < CollillAllullan el o

which completes the proof. O
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Given % € P4 (ag, iv), we now rewrite for u € H'(Q),

1

1
Eg(u,7):5/ |Vu|2dx—|——/(u—1)2dx+
Q de Q /\5

N
B () + 3 S0 B (D).
€ =1

By the previous lemma, E¥(u, %) < oo for every u € H'(Q), and EF(-, %) is lower semi-
continuous with respect to weak convergence in H'(£2). Owing to the strict convexity of the
functional E¥(-, %), we conclude to the following

Theorem 2.3. Given 7 € Pa(ao, ), problem (2.6) admits a unique solution u=.

For ¥ € Px(ao, 1), we shall refer to u= as the potential of . It satisfies the Euler-
Lagrange equation

1 .
ey = (=) = B ) i H @), @8
uz =1 on 0f).

Our next objective is to obtain some regularity estimates on u= with explicit dependence on the
parameters. We start with an elementary lemma.

Lemma 2.4. Let 7 € Pa(ag, ). The potential u= satisfies 0 < uz < lae in Q, and
uz € C®(Q\T(F)).

Proof. Let us first prove that 0 < u= < 1 a.e. in {2. To this purpose, we consider the Lipschitz
function f(t) := max(min(t,1),0), and the competitor v := f o u=. Itis a classical fact that
v € 14 Hj(Q), and [Vo| < [Vuz| ae. in Q. Since u%» belongs to W11(Q), we also have
fo u%» € WhH(Q). Noticing that v? < f o u% a.e. in §), we derive that

(0% () < (foud) () = f((1) (2) < (u})*(z) forevery x € Q\ (2 U Suz,) -

Consequently, (v?)* < (u%_y))* H'-a.e. in (, so that B, [F](v,v) < Bﬂ[ﬁq(u_—y, uz).

From this discussion, we easily infer that E*(v,7) < Et (uz, 5) with strict inequality
if {v # u=} has a non vanishing Lebesgue measure. Hence the conclusion follows from the
minimality of u=.

Now we observe that u= € H'(€2) N L>(Q) satisfies

—e?Auz = i(l —uz) inZ(Q\I(7F)).

From this equation and (2.8), we conclude that u- € C> (ﬁ \ F(?)) by means of the standard
elliptic regularity theory for bounded weak solutions (see e.g. [19]). O

Lemma 2.5. Let v € Py (ag, j1). At every zg € Q\ ['(7) satisfying dist(zo, T(7)) > 12,

we have
3dist(:c071“(7))> .

01— ury(xo) < exp (— 30

Proof. Set R := %dist (xo, F(7)) > 9¢. We consider the function v := 1 — u= which satisfies
0 < v < 1 and solves
—4e?Av+v =0 inB(z, R)NQ,
{sz on B(zg, R) NIN.
Now we introduce the function

w(z) := exp (MP_RQ) .

8eR
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As in [6, Lemma 2], our choice of R implies that w satisfies
—4e?Aw+w >0 in B(zo, R) N,
w=1 on 0B(zo,R) N,
w=0 on B(zg, R)NIN.
Then we infer from the maximum principle that v < w in B(zo, R) N €Y. Evaluating this inequal-

ity at z leads to the announced inequality. O

We now provide some pointwise estimates for the first and second derivatives of u=. Useful-
ness of these explicit estimates will be revealed in the second part of our work [10].

Lemma 2.6. Let 7 € Py (ag, j1). At every zo € Q\ T(7) satisfying dist(zo, T(7)) > 13e,

we have
_ dist(z0, (%))
32¢ ’

| Vuz (o) < O;“J exp (

and

Chy dist(zo, ['(7))
Py (ao] € 2 e (- S0 T

for some constant Cy, = depending only on §) and 1, := min {dist(z, Qo) : z € 89} > 0.
Proof. Step I (Interior estimates). We assume in this step that B(z, €) C . Define for x € By,
the function w. := 1 — u= (zo + ex). Then, w, solves
1
—Aw, = Zws in By . 2.9)

By Lemma 2.5, we have for every x € B,

Then we infer from (2.9) and [19, Theorem 3.9] that

3dist(zo, T'(7))
32¢

By linearity of the equation, the gradient vector Vw, satisfies —A(Vw.) = 1/4Vw, in Bj.

[Vwe ()| < Cllwe|| oo (,) < Cexp (— ) Vo € Byjs. (2.10)

Applying again [19, Theorem 3.9] to each component of Vwe in the smaller ball By, we
deduce from (2.10) that

3dist(z0, (7))
32¢e

Noticing that |Vw.(0)| = e|Vu(zo)| and |[Vw,(0)| = £2|V2u(x)|, the conclusion follows.

|V2w€(x)‘ < CHVU)EHLOC(Bl/z) < Cexp ( > Vo € Bl/4.

Step 2 (Boundary estimates). Let 21 C (2 be a smooth and convex open set such that QM)
and min{dist(z,0Q U dQp) : z € 901} > m,/4. Consider the smooth open set U := Q \ O,
and the function v : U — R given by v := 1 — u=. Then v satisfies —Av = (1/4¢®)v in U, and
v = 0 on 0f). On the other hand, Lemma 2.5 and Step 1 imply that

1 Mo
ol + olloronn) < Coy exp (—22)
From [19, Theorem 8.33] we deduce that

1 un
;2||U||01(U) < Cp, exp (—T&_) -

Setting V), := {x € Q : dist(x, 92) < my/5}, [19, Theorem 4.12] now implies

Mo
[0lle2(vry) < Cny exp (_1285) '

This last estimate leads to the conclusion since dist (o, T(7)) = 1,/4 for every o € Vi, O
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Lemma 2.7. Let 5 € Py (ao, j1). At every zo € Q\ T(7) satisfying dist(zo, T(7)) < 13e,

we have o
v < Mo )
V5 0 S i, 1)
and

C’Io

S =
dist?(zo, T(7))
for some constant Cy, ' depending only on §) and m, (given in Lemma 2.6).

2 (o)

Proof. By Lemma 2.6, we can assume that ¢ < 7),/26. Then dist(xg, 9) > 1,/2, and setting
R := dist(z0, (7)) < 13¢, we have B(zo, R) C Q.

Since —Auz = 1/(4e?)(1 — uz) in B(zo,R) and 0 < uz < 1, we deduce from [6,
Lemma A.1] that for x € B(xg, R/2),

1 —uzllL=B@o,r) | uzllLe(B@.mr) c
2¢O | 5 (B(wo, o, - < =
|Vuz (2)] ( = + (B — [z —0))? 4z || Lo (B(wo.R) R’

for some universal constant C'. Now, the gradient vector field Vu satisfies the equation

1 .
—A(Vuz) = 74—62Vu,—y> in B(zo, R),
and || Vuz || (B(zo,r/2)) < CR™'. Applying again [6, Lemma A.1] in B(zo, R/2) to each
component of Vu= leads to

1 1 C
2 2 2
Vuz (ol <€ (5 + 72 ) IV03 e enyon < -

and the proof is complete. O

Lemma 2.8. Let 7 € P(ag, ). For every p > 0, there exists a finite covering of F(7) by
closed balls {B;(zj,p)}jcs withx; € [(%) such that

Card(J) < max { min {5’;‘{1(1“(7));)_17 25diam(I‘(7))2p_2}7 1} .
In particular,
£2<{x e R? : dist(z, (%)) < p}) < max {207r7-[1(1"(7))p, 47rp2} .

Proof. 1f p > diam(I'(%)), then we can cover I'(%) with the single ball B(aq, p), and the
announced estimates become trivial. Hence we can assume that p < diam(I'(%)). By compact-

ness of I'(%), we can cover I'(%) with a finite collection of closed balls {B(z;, p/5)} ;e 5 such

that z; € F(7) By the 5r-covering theorem (see for instance [24]), we can find a subset J C J
such that B(x;, p/5) N B(xj,p/5) = 0 if i # j with i, j € J, and
F(?) - U E(xﬁ p) -
jeJ
In particular,
U Blas.p/5) € { € R? s dist(w,T(F) < p} € | Blay,20).
JjeJ jEJ
so that
T 9 2 2. 1 2
25° Card(J) < L ({m e R? : dist(x,T(7)) < p}) < 4mp” Card(J) .

From the first inequality, we easily deduce that Card(.J) < 25diam(I'(%))2p~2.
Next we claim that for each 5 € J,

H'(T(F) N Blxj,p/5)) = p/5. @.11)
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Note that this estimate leads to the announced result since

HU(T(F)) = Y H(T(F) N Bl p/5)) > Card(J)p/5.

jeJ
To prove (2.11), we argue as follows. Since p < diam(F(7)), there exists a point y; € F(?) \
B(z;,p/5). On the other hand, the set T'(¥) is arcwise connected since ;(0) = aq for each
i € {1,...,N}. Hence, we can find a continuous path ¢ : [0,1] — ['(7) such that £(0) = xj
and ((1) = y;. Set
t, 1= sup {t :t€[0,1] and £(s) € B(z;, p/5) for every s € [O,t]} .
By continuity of ¢, we have £(t,) € 0B(z;, p/5). Consequently,

HI(D(F) N By, p/5)) > HH (U0, 1)) > [6(t) — €(0)| = p/5,

which completes the proof. O

We are now ready to prove the following higher integrability estimate, with explicit control
with respect to the parameters. Here, the main point is the uniformity of the estimate with respect
to /|| t||- The explicit dependence with respect to ¢ will be (strongly) used in the second part of
our work [10].

Proposition 2.9. If 5 € Px(ao, j1), then uz € WHP(Q) for every p < oo, and for p > 2,

Vuz L0
. 1 1p (|loge|'1/P
1
< Cp gy, max {mln {’H (F(?)), Tloze| }, el log6|} ( -1/p
Al 1og e[
Ael=1/p ’

for some constant Cy, ,  depending only on p, §), and 1, (given in Lemma 2.6).

Proof. Step 1. Replacing \. by A./||u| and p by 11/ |||, we may assume that ||p|| = 1. Without
loss of generality, we can also assume that €| log e| < 17,/256. Let us fix some point 7o €
and 0 < p < my/4. Let T, € 2'(R?) be the distribution defined by

N
(T, ) :=>_Bi /F( )u;wp dM' = B,[¥](uz,0p)
i=1 i

where ¢, () := p((x — 20)/p) and ¢ € C(R?).
By Lemma 2.4 and (2.7), for every ¢ € CS°(B2) we have

N
(Tl <308 [ ledant<cn [
i=1 T'(v:)

|Vg0p|dq::C’Ap/ [Vol|dx.
B(0,2)

B(zo,2p)
Then we infer from Holder’s inequality that
(Tp, 0)| < CAp|V@llLas, Ve € CF(Ba), V1< qg<2.
Therefore T, € WP (B,) with
I T, |lw 1.0 (By) < CAp

for every 2 < p < o0.
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Step 2. Let us now fix the exponent 2 < p < co. By our choice of p, we have B(xq,2p) C .
As a consequence of Step 1, there exists a vector field f € LP(By; R?) such that div f = T, in
9'(Bg) and satisfying

Co N Tpllw-rr(my) < fllLr(ms) < CollTpllw-10(m,)

(see e.g. [1, Sections 3.7 to 3.14]). By classical elliptic theory (see e.g. [19, Theorem 9.15 and
Lemma 9.17], there exists a (unique) solution & € W22 (By) N WP (By) of

—Af=f inBy,
£E=0 on 0By,

satisfying the estimate

[€llw2r(B2) < Cpllfllr(m.) < Cphp,
thanks to Step 1.

Now we define v, := div & € WP (By) which satisfies
—Av, =T, in %' (B,),
together with the estimate
[vollwre(sy) < Cphp.

Notice that, by the Sobolev embedding Theorem, v, € L*°(B5) and

||UP||L°°(32) < CpHUpHW1~P(Bz) < Cphp. (2.12)

Step 3. Next we define for x € By, u,(v) := u= (2o + pz). Notice that

2

Ay = (1 —uy) - T, in P (By).

4e2 A€
Indeed, for ¢ € CS°(B2) we have
Vu,Vodx :/ Vuz Ve, dr
B2 B(m0,2p)
1 1
=3 (1 —uz)epde — =—B[¥](uz, ¢p)
12 Jponn T e T
2
p 1
=7 1 —w)pde — — (T, ).
422 B2( up)p dx )\6€< )

Consider the function w, := u, + xzv, € H'(Ba) N L>*(Bs) which (therefore) satisfies

02

=

By [19, Corollary 8.36], w, € Cl’o‘(Bg) for some o > 0, and

loc

_Awp (1 —up) in BQ.

2 2
P P Ap
IVl < € (I = ey + iy ) < G (5 +1432) |
€ € A€

in view of (2.12) and the fact that 0 < u, < 1. Going back to u, = w, — /\%Evp, we deduce that
u, € W1P(By) with the estimate

INEAIZTEN
A€

2 A
IVupllznsn) < IVwpllo sy + <G(Griess). e

A€
Scaling back we finally obtain

(2.14)

pp+2 1 Apr
p
HVU?}HL”(B(ZOW)) <G ( g2 * pP—2 + ALeP
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Step 4. Applying Lemma 2.8, we can cover I'(%) by finitely many balls {B(z;,p/2)}jes with
xj € I'(%) and

pCard(J) < C max { min{?—ll(l"(7)),p_1},p} .
Then,

V2 = {z € Q: dist(x, (7)) < p/2} € | Bla;.p),
JjEJ

and we deduce from (2.14) that

/ |Vuz|P de < Z/ |Vul|P de
Vor2 jed B(x;,p)

< Cpmax {min {’Hl(F(7))7p_1},p} (pP-H L APp) .

+ -
e2p pP*S )\ggp

In particular,

IVuz e (v, )

1/p [ plt1/p 1 Apl/p
: 1 -1 p P
< C’pmax{mm{H T(H)),p },p} ( = + pEr + e ) . (2.15)
Observe that, using the gradient estimate in Lemma 2.6, the choice p = 64¢|loge| yields
|Vuzt| < Cp, in )\ Vaoc|10g |- Plugging this value of p in (2.15), we deduce that
||VU‘7 ||LP(V325| log E\)
1 1/p (|loge|'+1/P
. 1
< C’pmax{mm {H (F(?)),m},dbgd} (51—1/;7
Alloge|'/P
Ael=1/p )7
and the conclusion follows. 0

Proposition 2.10. If 7 ¢ P (ao, p), then u= € C%(Q) for every 0 < a < 1, and

L+ AflplAh)

[uz llco.a (@) < Can, e

)

for some constant Cy, 5 depending only on «, ), and m, (given in Lemma 2.6).

Proof. Note that it is enough to prove the announced estimate when ¢ is small; thus we can
assume that 13e < m,/4. Recall that, upon replacing A. by A\./||x|| and p by p/||p

, We can
also assume that || || = 1. Then we fix some distinct points z, y € 2, and we set z¢ := (x+y)/2.
If |z — y| > ¢, then we have

juz (@) — uz ()| _ 2

|z —yl|o T e

since 0 < uz < L

Now we assume that |z — y| < e. If dist(zo, 8Q) < 1y/2, then dist(z, (7)) > n,/4 for
every z € B(xo, ), and the conclusion follows from Lemma 2.6. If dist(zo, 092) > n,/2, then
B(xg,e) C Q. Going back to estimate (2.13) in the previous proof, we deduce that for p = ¢
andp =2/(1 — a),

A
IVtellzr(p,) < Ca (1 + ,\) :
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By the Sobolev embedding Theorem, the former estimate yields ||uc||co.«(p(0,1)) < Ca(l +
A/A:). Scaling back, we conclude that
_ -1
|uz (z) uv(y)l<:ca(1%-AA5 )

|z —yl® N e

and the proof is complete. g

Remark 2.11. The regularity estimates in Proposition 2.9 and Proposition 2.10 are optimal in
the sense that Vu= ¢ L°°(Q) in general. To illustrate this fact, let us consider the simple case
where N = 1, ag = 0, a; = 7 for some 7 € S!, and T'(¥) = S := [0, 7] (the straight line
segment). From the Euler-Lagrange equation (2.8) and the continuity of u=, we have

—Auz = é(l —uz) — %u:ﬂ-ﬂll_S in 2'(Q) .

By elliptic regularity, u= has essentially the regularity of the solution of the Poisson equation
—Av, = —uzmH'LS in Z'(R?),
given by the convolution of the measure —u;ﬂ—[l LS with the fundamental solution of the Lapla-

cian, i.e.,

1 1!
() := ﬂ/slog(bc —yl)uz (y) d”Hzll = 5/0 log(|z — t7|)u= (t7) dt .

Differentiating this formula, we obtain

1 [t (x—tr) 9
M = — -_— f R .
Vo, (z) o /0 o —tr]? uz(tr)dt forevery x € R*\ S

In particular,

1 —
7 - Vu,(sT) = %log (s/(1— s))u7(57) - %/0 uTy}(ST{z — :7@7) dt fors>1.

In view of Proposition 2.10, we have for every « € (0, 1),
1
|V, (sT)| > §| log(s — 1)uz(s7) — Cy fors >1,

where C,, is a constant independent of s. Therefore |Vuv,| cannot be essentially bounded near
the point 7 whenever u= (7) # 0. Similarly, | Vv, is not bounded near 0 whenever u= (0) # 0.
These last conditions are ensured for 81 << 1. Indeed, using Proposition 2.10, one may easily
check that u — 1 uniformly in 2 as 81 — 0 (with ¢ fixed).

2.3. Existence and regularity of minimizing pairs. In this subsection, we move on the ex-
istence problem for minimizing pairs of the functional E¥. Regularity of minimizers will es-
sentially follow from our considerations about the problem with prescribed curves. In all our
statements, we shall use the upper Alhfors threshold

A@:2+§< (2.16)

Our main results are the following.
Theorem 2.12. Assume that p is of the form (2.1). The functional EY admits at least one

minimizing pair (uz, 7<) in (1+ HL(Q)) x P(ao, p). In addition, for any such minimizer, 7
belongs to P_(ag, p), and u, is the potential of 75.

A byproduct of this theorem is the following existence and regularity result for our original
functional F* in case of a measure 1 with finite support.
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Corollary 2.13. Assume that p is of the form (2.1). The functional F¥ admits at least one
minimizer u in 1 + H}(Q) N L*°(Y). In addition, any such minimizer belongs to W1P((2)
for every p < o< (in particular, u. € C%*(Q) for every a € (0,1)). Moreover, there exists
5. € P(ao, ) such that (ue, 7 2) is a minimizing pair of E* in (1 + HE(Q)) x P(ag, ).

In the same way, we have an analogous result concerning the auxiliary functional G¥ defined
in (2.4).

Corollary 2.14. Assume that p is of the form (2.1). The functional G¥ admits at least one mini-
mizer ¥ . = (95, - -7Y) € P(ao, k). In addition, any such minimizer belongs to P _(ao, 1),
and (u=_, <) is a minimizing pair of E* in (1 + H{ () x P(ag, ).

Remark 2.15. Concerning the regularity of 1"(75), we can invoke the results of [16] and the
Hélder continuity of u. to show that each I'(%) is in fact a C™“ curve for every a € (0,1/2)
in a neighborhood of every point in Q \ {ay, . . ., ax} (assuming eventually that 9€)g is smooth).
One could use this further information to get improved (partial) regularity on u., but we do not
pursue this issue here. We also believe that the curves admit a tangent line at the a;’s, and that
the C1+* regularity holds true up to each a;. This latter fact does not derive directly from the
statements of [16], but can certainly be proved using the material developed there.

Remark 2.16. In all the statements above, we believe the regularity of u. to be optimal in the
sense that u. is not Lipschitz continuous. More precisely, Lipschitz continuity should fail near
the a;’s. In view of Remarks 2.11 & 2.15, the question boils down to determine whether or not
ue(a;) vanishes or not. Up to some trivial situations, we believe that u.(a;) # 0, and that |Vu,|
actually behaves like | log(|z — a;])| in the neighborhood of a; (as in Remark 2.15).

Theorem 2.12, Corollary 2.13, and Corollary 2.14 follow from the regularity estimates ob-
tained in the previous subsection together with a set of lemmas of independent interest. Our first
fundamental step is a replacement procedure allowing to show the upper Alhfors regularity of
the curves.

Lemma 2.17. Let v € 1+ H{(Q) N L>(Q) be such that |ul|=@) < 1, and let 5 =
(M,---,N) € Plag, p). If for some ig € {1,...,N}, x € T'(7y,), and r > 0,
H (T(vio) N B(z,7)) = Acr, (2.17)

where A, is defined in (2.16), then there exists 7;1 = (7,... ,71‘071,7?07%0“, . ,YN) €

P(ag, ) such that
Bior
B0, 7)< B, F) - 2T
€

Proof. Assume that (2.17) holds. We shall suitably modify I'(y;,) in B(z,r) to produce the
competitor ?u. We proceed as follows. We first define

{sup {t €10,1] : vi,(s) & B(w,r) forall s € [0,¢)} ifag & B(w,7),

0 otherwise ,

tin 1=

and

R inf {¢t € [0,1] : 7, (s) & B(x,r) forall s € (¢,1]} ifa;, & B(z,r),
o 1 otherwise .

Then we set a := v;,(tin) and b := v, (tout). We finally define

u Yio (1) ift € [0, tin] U [tous, 1],
in b_|_ out a iftelt ,t .
tout — lin tout — tin [ in out]
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Since Qg is convex, we have

F(Wg ) < (1—‘(%0) \B(CL’, 7")) U [av b] < ﬁ0 :

20

Now we estimate
. 28,
@/ 0. +u?dH! < 2Bi (1+6)r,
Ae Jr(E nB(a.) Ae

and

@/ 5+ A > P00 (D) 1 B r)) > Do (3 4 260
Ae T(vig)NB(z,r) Ae 2\

Since (I‘(vfo) \ B(z,r)) € (T(v,) \ B(z,r)), we conclude that

_ 2610 /BiOT
Ae Ae

and the proof is complete. O

(14 0.)r =

Bt (u, 7)) = B (u, ¥ y) > %(3 +20.)r
€

The following lemma provides the existence of a minimizer 7,1 in P _(ao, ) associated to
some fixed smooth function wu.

Lemma 2.18. Ler u € 1+ H(Q) N CY(Q) be such that 0 < u < 1. There exists 7y =
(v 9k) € Pa.(ao, ) satisfying
B u, ) S B'(w,¥) YA € Plao.p), (2.18)

and such that each 'yf :[0,1] — Qq is injective if a; # ao, and constant if a; = ay.

Proof. 1f a; = ag, we choose y? to be the constant map equal to a;. Then, for each a; # ag, we
consider the minimization problem

i [+ aO) O] dr

By [14, Theorem 5.22] this problem admits a solution 'yf satisfying

(6 + 2 (E O (0] = b ae.in (0.1),

for some constant h; > 0. We claim that q/f is injective. Indeed, if vf (t1) = wf (t2) for some
t1 < tg, then we can consider the competitor W# € H(ay, a;) defined by

Yi(t)  fort € [0,n],
) AE () fort € [t 6],
Vi) fort € [ta, 1].

Comparing energies, we have
/0 (8- + > FEON) G (1)) dt — /0 (6 + (GEON) () ()] dt = —hi(ta = 12) <0,

which contradicts the minimality of 7? .
Now we set 7ﬁ = (’y?, cey wg\,), and we claim that (2.18) holds. Clearly, it is enough to show
that foreach ¢ € {1,..., N},

/ (6 +u?)dH' < / (6 +u?)dH' Yy e P(ag,a;). (2.19)
(v r'(v)

Obviously, this inequality holds if a; = a¢ since the left hand side vanishes. Hence we may
assume that a; # ag. Let us then consider an arbitrary v € Z(ag, a;). Since H1(T'(v)) < oo, [5,
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Theorem 4.4.7] tells us that there exists an injective curve ¥ € & (ayp, a;) such that T'(¥) C T'().
Now we infer from the area formula (see e.g. [2, Theorem 2.71]) and the minimality of Wf that

/ @+ﬁmw=/X&+wamwwmw
INGE) 0

<A<@+ﬁﬁmmwmw=ﬁ

and (2.19) is proved.
Finally, we notice that 7&1 € Py_(agp, i) as a direct consequence of (2.18) and Lemma 2.17,
and the proof is complete. g

(6 +u?)dH' < / (6 +u?)dH",

6] ()

The next lemma will allow us to replace an arbitrary pair (u, 7) by a regular one, with con-
trolled energy.

Lemma 2.19. For every o > 0, u € 1+ HL(Q), and 5 € P(ag, ), there exist uy, € 1+
HY Q)N CYQ) and 7 5 € Pa_(ag, ) such that 0 < u, < 1 and

EM(ug, 7o) < EF(u,¥) + 0.
Proof. We first claim that there exists u € 1+ H}(2) N C°(Q) such that 0 < @ < 1 and

EM"u,¥) < E'(u, )+ 0.

Without loss of generality, we may assume that E* (u, 7)) < 00. Moreover, by the truncation
argument in the proof of Lemma 2.4, we can reduce the question to the case 0 < v < 1. Then
write u = 1 — v with v € HZ(Q). Since C2°(€2) is dense in H}({2), we can find a sequence
(Vn)nen € C°(Q) such that v,, — v strongly in Hg (£2) as n — oo. Since 0 < v < 1, we may
even assume that 0 < v, < 1. By [13, Theorem 4.1.2] we can find a (not relabeled) subsequence
such that v,, — v quasi-everywhere in {2 (i.e., v, — v in the pointwise sense away from a set of
vanishing H '-capacity). Since a set of vanishing H!-capacity is #'-null, we deduce that v,, — v
H!-ae. on F(7) Then, by the dominated convergence, we have for eachi € {1,..., N},

/ Se + (1 —wp)?dH — 6e + (1 —v)?dH*.
T(7s) L'(7v:)
Setting u,, := 1 — v,,, we conclude that for n large enough, E*(u,,~) < E*(u,7) 4 o, and
the claim is proved.
Finally, we apply Lemma 2.18 to find 7ﬂ € P_(ao, p) such that

Eg(un77ﬁ) < Eg(una 7) < Eg(u’?) +o0,

and the announced result is proved for u,, := u,, and 70 = 7;1. O

Proof of Theorem 2.12. Step 1 (existence). Let {(tn, ¥ n)}nen be a minimizing sequence for
E. over (1 + H}(Q)) x P(ag, p), ie.,

lim E*(tun, ¥n) = inf B

n—oo °© ( ? ) (A+HNQ)x P(ao.p) -
By Lemma 2.19, there is no loss of generality assuming that (u,, 7 ,) € C1(Q) x P,_(ag, 1)
and 0 < u, < 1. In addition, by Lemma 2.18 we can even assume that, setting 771 =
(V] .- 7N), all 47’s are injective curves for a; # ag, and constant for a; = ag. Then we
consider the sequence {(u= , 7n)}neN, where u=  is the potential of 77“ i.e., the minimizer
of EX(., ) over 1+ H{ (). Obviously, {(u=, 7n)}neN is still a minimizing sequence by
minimality of u= .
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By Proposition 2.10,
luzy, llco.e(@) < Camy(e)  Vae (0,1),

for some constant Cy, r, (¢) independent of n. By the Arzela-Ascoli Theorem, we can extract a
(not relabeled) subsequence such that u= ~— u. uniformly in €2 and weakly in H L(Q) for some
function u. € 1+ H}(Q) N C%%(Q) for every a € (0, 1).

On the other hand, the energy being invariant under reparametrization, we can assume that
each " is a constant speed parametrization of its image I'(7}). In particular, each 77 is a
H!(T(+))-Lipschitz curve. Since

HITOR) € 5B, Fa) < )
we infer that each sequence {7/ },en is equi-Lipschitz. Therefore, we can extract a further
subsequence such that, for each ¢ € {1,..., N}, v/ — ~% uniformly on [0, 1] and weakly* in
W1(0,1) for some 7¢ € P(ag, a;). Then we set 7 == (75, ...,7%) € P(ao, 1)

Let us now fix an arbitrary x € (0, ./2). By the uniform convergence of u~  towards ue,

2

we have uZ

< u2,_y> + « in Q for n large enough. From the injectivity of each v}* (for a; # ay)
and the area formula, we derive that for a; # ag and n large,

/ (6. + 2 )d’H1>/ (6. — 5+ u2) dH?
NG "

NQHY
1
= [ =) GeY @l @20

Since 77 =~ weakly* in W°°((0,1)), the lower semicontinuity result in [23, Theorem 3.8]
tells us that

1 1
1iminf/ (6 = r + a2 (7 () 1(0) (1) dt > / (6 =k u2(f (0)) () (1) dt . 2.21)
0 0

n—oo

By the area formula again,

1
/ (5 — r + u2(3E ()| (35 (D] dt > / (6. - k+ud)dH . @22)
0 ()
Gathering (2.20), (2.21), (2.22), and letting £ — 0, we deduce that
liminf/ (0 +u%y ) dH! >/ (6 +u?)dH'  Vie{l,...,N}.
oo Jr(y) " INCD)
(Note that for a; = ao, this inequality is trivial since ~;* is the constant map equal to ag.)

Since the diffuse part of the energy is clearly lower semicontinuous with respect to weak H'-
convergence, we conclude that

Ef(ue, 7o) < lim EM(up, 74),
n— oo
and thus (u., 7. ) is a minimizer of B/,

Step 2 (regularity). Now we consider an arbitrary minimizer (u., %) of E# in (1 4+ HZ(€)) x
P(ag, ). Arguing as in the proof of Lemma 2.4, we obtain 0 < u. < 1 by minimality of w,
for E¥(-, 7). In turn, the minimality of 5. for E¥(u., -) implies that 7. € P,_(ag, 1) by
Lemma 2.17. Now Theorem 2.3 shows that u. is the potential of 76. 0

Proof of Corollary 2.13. Existence of a minimizer of F* in 1+ Hg(£2) N L>() is ensured by
Theorem 2.12 since inf F# = min E¥ by (2.3). Let us now consider an arbitrary minimizer
ue of F¥in 1 + H(Q) N L>°(2). We first claim that 0 < u. < 1 ae. in Q. Indeed, setting
v := max(min(ue,1),0) € 1 + H} (), we can argue as in the proof of Lemma 2.4 to show
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Er(v, ) < EF(ue, %) for every ¥ € P(ag, ). Hence FF(v) < F*(u.) by (2.3), the in-
equality being strict whenever {v # u. } has a non vanishing Lebesgue measure. The minimality
of u, then implies that v = u,. a.e. in ).

Next, by definition of F/, there exists a sequence {7, }nen C 2 (ag, 1) such that

u8a7n < ua _|_2—n ! Vn € N.

On the other hand, we can argue as in the proof of Lemma 2.19 to find, for each n € N, a function
€ (1+ Hg(2)) N C*(Q) such that 0 < u, < 1in Q, [Jun — uc|| (o) < 27", and

B (tn, ¥ n) < B (ue, ¥n) 427771 < FP(ue) + 277

Applying Lemma 2.18 to each u,,, we find (injective or constant) curves 7;1’” € P, (ag, ) of
constant speed such that

unv?ﬁn ~ un77n) g Feﬂ(ue)+2in
Now we consider the potential u=, —of 711 n- Then,
B (um, A ) < B (n, 7V n) < FF(ue) +27" (2.23)

Setting w,, := u, — uz,, € H0 (€2), we infer from the equation (2.8) satisfied by uz, that

n 1
272 B F ) = Bz, Fan) = [ [VuPdo+ - [ P
1
+ )CBM[7ﬁ,n](wnawn)-

Wn |l g1(0) < C.27"/2, 5o that ||u, — Uz, Naro < C.27"/2. On the other
hand, the sequence {u=,  } remains bounded in WLP(Q) for each p < oo by Proposition 2.9.
Since uz, . — ue in H'(Q), we conclude that u. € W?(9Q) for each p < oco. In particular,

Consequently,

ue € C%(Q) for every o € (0,1), and uz, . — ue uniformly in €2.
To conclude, we proceed as in the proof of Theorem 2.12, Step 1: for a (not relabeled) subse-
quence, 7 3., — 7. weakly* in W1°(0, 1) for some 7. € P(ag, 1), and

lim inf E#( u7u 711 n) = E¥(ue, ’75) > FF(ue).

n— oo

In view of (2.23), we have F*(u.) = E*(u., Ty}s) which shows that (u., ?s) is a minimizer of
Efin (1 + HY(Q)) x P(ag, p). O

Proof of Corollary 2.14. Existence of a minimizer of G¥ is ensured by Theorem 2.12 since
inf G# = min E¥. Let us now consider an arbitrary minimizer 75 in Z(ag, ). We first claim
that 4. = (75,. .. YY) € Pap.(ag, p). Assume by contradiction that it does not belongs to
Pan.(ag, jt). Then we can find ig € {1,..., N}, zg € T'(7;, ), and r > 0 such that

HY(D(v5,) N B(xo, 7)) = Aot

By the very definition of G¥, we can find u € 1 + H{ () such that

BEI ) < GHF) + 22

Arguing as in the proof of Lemma 2.4, we may assume that 0 < u < 1. Then, by Lemma 2.17

there exists 7ﬁ € Z(ay, p) such that

~ Bior /Bzo
G* 711 < EX(a, 'yﬁ) EM'(u, 7)) — bW < GHM(H L) — oh < GMF L),

which contradicts the minimality of 75.
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Since . € Pan_(ag, 1), we conclude that GH(7 ) = Bt (u=_, 7). so that (u=z_, ~.)is
minimizing E# in (14 H}(Q)) x 2 (ag, p). In particular, 7. € P, (ao, 1) by Theorem 2.12,
and the proof is complete. g

3. THE CASE OF A GENERAL FINITE MEASURE

3.1. Existence and regularity for a general finite measure. We consider in this subsection an
arbitrary (non negative) finite measure y supported in g, and we fix a base point ag € Qg. We
are interested in existence and regularity of solutions of the minimization problem
min FF(u). 3.1
w€l+HL(Q)NL>(Q)

To pursue these issues, we rely on the results of the previous section. For this, we will need the
following elementary lemma.

Lemma 3.1. Let i be a finite non negative measure supported on Q. Then there exists a se-
quence of measures { iy }ren with finite support in Qq such that juy, X and spt i, — spb e in
the Hausdorff sense.

Proof. For k € N, we denote by %}, be the standard family of dyadic semi-cubes in R? of size
27k je.,
%1::{Q::Z*z+2*kqQ1)xan);zeZZ}.
Then we define 4, := {Q € G QNQy # (Z)}, and for each Q € %, we choose a point
ag € QN Q. We set
Pk = Z ,LL(Q rjﬁO)(‘)‘aQ .
QET),

, and spt i, € Qo N To—x+2(spt p) where
k+1

By construction, pu has finite support, ||ux| = ||

To-k+2(spt 1) denotes the tubular neighborhood of radius 27**1 of spt . Similarly, spt u C
To-r+2(spt g ), and we infer that spt pu; — spt p in the Hausdorff sense.

We now claim that f;, — y as measures on 2. To prove this claim, let us fix an arbitrary
function ¢ € C°(Qp). Then we can find a (non decreasing) modulus of continuity w : [0, 00) —
[0, 00) satisfying w(t) — 0 as ¢ | 0 such that

l@&Jﬂ@—w@N<w®-

Now we estimate
[t~ [oan < 5 [ Joteq) = et dn < Iullwlz ) 0,
Qe QMo -

which completes the proof. O
Theorem 3.2. The minimization problem (3.1) admits at least one solution.

Proof. We consider the sequence of discrete measures {/x }ren provided by Lemma 3.1. For
each k € N, we consider a solution u of the minimization problem
min  FF*(u),
uel+HI(Q) © (w)
for some base point a € Qg satisfying a§ — ao. Since ||z || is bounded, by Proposition 2.10,
the sequence {uy }xen is bounded in C%%(Q) for every a € (0,1), and 0 < ux < 1. Moreover,
choosing a (k-independent) C'!-function to test the minimality of uy,, we infer that F#+ (u;) < C
for some constant C' independent of k. As a consequence, {u}ren is bounded in H(().



20 MATTHIEU BONNIVARD, ANTOINE LEMENANT, AND VINCENT MILLOT

Therefore, we can find a (not relabeled) subsequence such that u;, — u, in C’O’“(Q) for every
a € (0,1) and up — u, weakly in H'(€2). Then, u, € 1+ Hg(Q) and

1
hmmfs/ |Vuk|2dx+—/ (1 — ug)? x}e/ |Vu*|2d:c+4—€/(lfu*)2dx. (3.2)
Q Q

We now claim that the sequence of continuous functions dj, : @ — D(d. + u3; af, z) converges
uniformly on Q to d,. : & — D(d: + uZ;ag,x). Since |lug| L) < 1, each function dy, is
(1 + 6¢)-Lipschitz continuous. Hence the sequence {dy, }ren is uniformly equicontinuous, and
it is enough to prove that d; converges pointwise to d,.. Let us then fix an arbitrary point x € ).
For v € H(agp,x), we have

di.(z) < D(S. +ul; a0, ) + (1 +5.)|ab — aol
<[ G udydnt + (14 6ok ao
()
and we obtain by dominated convergence,

lim sup dg () g/ (6 4+ u2)dH*.
L)

k—o0

Taking the infimum over « shows that lim sup;, di(z) < d.(z). On the other hand, if o € (0, 1),
we can find 7 € 2 (af, ) such that

/ (6c +up)dH' < dg(z) + 0.
T'(vk)

In particular, H!(T'(vx)) < 62 (dg(z) + o) < C. Since uj, — u, uniformly, we have uj >

u2 — o whenever k is large enough. For such k’s, we estimate

di(x) 2/1“( )((5 +ul)dH' — (1 +H (T (w)))o

D(d: +u3;ag,x) — Co > du(x) = (1+02)|ag — a0 —
Letting & 1 oo and then o | 0, we deduce that lim infj, dj () > d.(x), whence di,(z) — d.(z).

Now, as a consequence of this uniform convergence, we have
D(0. + ui;al, ) duy, — D(6. + u?; a9, z) dp. (3.3)
QO Q0
Gathering (3.2) and (3.3) leads to

liminf F* (ug) > FF(u.) .

€
k— o0

To conclude, we consider an arbitrary p € 1+ H}(Q) N L>(Q). Since
ID(3: + ¢ a0, @) = D(6: + 9?5 ag, 2)| < (3 + [l 2 0))lag — aol = 0,

we have [ D(6. + ¢?%;ak, 2) dur, — [ D(6: + ¢?; a0, x) dp, and thus FF* (@) — FE(p). By
minimality of ug, we conclude that
FF(uy) < liminf F#** (uy) < limsup FP* (ug) < hm FEFe(p) = FF(p).
k—o0 k— o0
Consequently, u, is minimizing F*, and (choosing ¢ = u,) F!* (uy) — F*(u.). For later use,
we also observe that the lim inf in (3.2) now becomes a limit (in view of (3.3)), and the inequality
turns into an equality, i.e.,

hm 5/|Vuk\2dx+—/ 1—uyg) dx—5/|Vu*\ d:v—&-—/ 1—u,)?

From this identity, it classicaly follows that uy — . strongly in H'(). O
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Note that the previous proof not only produces a minimizer of F*, but it produces a W 1»-
minimizer. Our next theorem shows that, in fact, any minimizer shares the same regularity.

Theorem 3.3. Any solution of the minimization problem (3.1) belongs to W'?(Q) for every
p < oo (and in particular to C%*(Q) for every a € (0,1)).

Proof. Consider u, a solution of (3.1). First we claim that 0 < u, < 1 a.e. in 2. Indeed, if
this is not the case, then we consider the competitor % := max(min(us, 1),0). Arguing as in the
proof of Lemma 2.4, we have D (6. + (@)?; ag, ) < D (6. +u?; ag, ) for every x € . Then, as
in the proof of Corollary 2.13, it leads to F**(4) < F*(u.), in contradiction with the minimality
of u,.

Now the strategy consists in introducing the modified functionals F* : H(€2) N L°°() —
[0, 00) defined by
ﬁe“(u) = FF(u)+ 1/ lu — u|* dz .

4 /o
Since u, is minimizing F*, it is also the unique minimizer of ﬁs“ over 1 + H(2) N L>(Q).
Then we consider the sequence of discrete measures {p }xen provided by Lemma 3.1, and the
corresponding functionals F* : H'(€2) N L (Q) — [0, 00) given by
FFe (u) = FF* (u) + 1/ lu — u.|* dx
4 Jo
with base point af € spt ;. We aim to address the minimization problems
min FFe(u) (3.4)
€1+ HE (Q)NL>= ()

We shall prove existence and regularity of minimizers for (3.4) following the main lines of Sec-
tion 2. More precisely, we will prove that the W !P-norm of a constructed minimizer u, of F Hk
remains bounded for every p < oo independently of k (and thus also the C**-norm for every
a € (0,1)). Assuming that this is indeed the case, we can run the proof of Theorem 3.2 noticing
the additional term |lu — w.||%, () s continuous with respect to weak H !_convergence. In other
words, we can extract from the resulting sequence {uy }xen, a subsequence converging strongly
in H'() (and in C%%) to a limiting function ug € 1+ HE(€2) N L () minimizing F*. Since
u, is the unique minimizer of ﬁE" over 1 + H}(Q) N L*°(Q), we have ug = u, and ug, — .
Finally, since {uy }ren remains bounded in W1P(Q), it shows that u, € WHP(Q) for every
p < oo.

Now comes the analysis of problem (3.4):

Step 1: Minimization with prescribed curves. We write

Ny
H’k = Z/Bf(saf )

i=0
with 8% > 0. For ¥ € 2(ak, ju). we consider the functional EF* (-, ) : H'(€) — [0, +00]
defined by
~ 1
B (0 7) = B )+ g [ Ju- e,
Q
where E!* (u, 7)) is given by (2.2). Then,

Ffe(u)y= _ inf  EM(u, %) VYue HY(Q)NL(Q). (3.5)
c FeP(ak k) c

Let us now fix 7 € P (agp, ) for some A > 2. By Lemma 2.2, the minimization problem

min  EM* u,
u€l+HL(Q) £, )
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admits a unique solution %= solving
9 A~ 1 ~ 5 B € ~ . 1
ATy = (1= )+ S(u — T5) = s BulF|(@5,) in H(Q),
€

1?7:1 on O0f) .

In addition, since 0 < wu, < 1, the truncation argument in the proof of Lemma 2.4 shows that

0 < Uz < lae. in Q. Asaconsequence, |u, — uz| < 1 ae. in Q. By elliptic regularity, we
then infer that ti= € oL (Q\ F(7)) for every a € (0, 1).

loc
Considering the function v := 1 — 67, we notice that

—42AT+0<e mQ\T(7),
0<v«<l1 in ).

Then a straightforward modification of Lemma 2.5 shows that

3dist(x0,r(7))>

Ogl—ﬂ7(xo)<s+exp (— 39

at every zo € 0\ I'(¥) satisfying dist(zo, (7)) > 12¢. As in Lemma 2.6, this leads to the
gradient estimate

(3.6)

N 1 dist(zo, T(7))
|V (20)| < Cy, <1 + Zexp <—32€
atevery zo € 1\ I'(%) satisfying dist(zo, (7)) > 13¢ (with 1, given by Lemma 2.6).

Since [[usx — U= (L= < 1, we can reproduce the proof of Proposition 2.9 with minor

modifications to prove that iz € W?(Q) for every 2 < p < oo together with the estimate

loge A
losel , M),

Ilva7“Lp(Vszs\10gs\) < Cp,"lo ( c Ae

where Vioc|1ogc i= {7 € Q: dist(z, T'(7)) < 32¢|loge|}. On the other hand, (3.6) yields the
estimate |V | < Oy, on Q\ Vg 1o |- Therefore,

(Logel , Al
A€

||Vﬂ.—y>\|Lp(Q) < va”lo ) for 2 < p<oo.

Since ||p1x| is bounded, we have thus proved that ||tz ||y1.» () is bounded independently of k
for each p < oo.

Step 2: Existence of minimizing pairs. Define A, as in (2.16). Then we notice that Lemma 2.17,
Lemma 2.18, and Lemma 2.19 hold with Eé‘k in place of E**. Hence we can follow the proof
of Theorem 2.12 to find 7 € Pa_(ak, 1) such that the pair (=, 5 1) is minimizing B
over (1 4+ H} () x P(ak, ur).

Step 3: Conclusion. Set uy := U=, . Since uy € L>(Q), we infer from (3.5) that F\E”k (ug) =
E! (ug, ¥ 1), and thus wy, is minimizing F#* over 1 + HZ(Q) N L°°(€). Finally, it follows
from Step 1 that [|ug ||yy1.» (o) is bounded independently of k for every p < oc. O

Remark 3.4. The proof of Theorem 3.3 (together with the results in Subsection 2.2) shows that
any minimizer u. of F* over 1 + Hg () N L>°() satisfies the following estimates

|loge|  |ull
Vel Lo (o) < Cpom, ( . + Bohec Vp € (2,00),

and
L+ [lplloz A"

Ya € (0,1),
5a a€(0.1)

lucllco.e ) < Cam,
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for some constants C), ,  and C,, 5, depending only on p, o, and 1, (given in Lemma 2.6). Even
if those estimates are not optimal with respect to € (but nearly), they only depends on the total
mass of u, and not on the internal structure of .

In view of the uniform estimates above, one can reproduce (verbatim) the proof of Theo-
rem 3.2 to show the following stability result.

Proposition 3.5. Let {1, }ren be a sequence of finite measures supported on Qg, and {ak}r.en C
Qo. Assume that ji, — p as measures and ak — aq. If uy, is a minimizer of F** with base point
af over 1+ HE(Q) N L>(R2), then the sequence {uy } ren admits a (not relabeled) subsequence
converging strongly in H*(Q) and in C%*(Q) for every a € (0,1) to a minimizer u. of F* with

base point ag over 1 + H}(Q) N L>(Q). In addition, F** (uy) — F*(uy).

3.2. Application to the average distance and optimal compliance problems. In this subsec-
tion, we briefly review and complement two applications suggested in [9]: the average distance
problem and the optimal compliance problem.

(1) The average distance problem. Given a nonnegative density f € L'(Qyg), it consists in
finding a connected compact set Ky C Qo minimizing the functional

AVD(K) := [ dist(z, K)f(z)dr + H (K)
Qo

among all connected and compact subsets K of (.

(2) The optimal compliance problem. Given a nonnegative f € L?(Qy), it consists in finding a
connected compact set Ky C Qo minimizing the functional

OPC(K) := %/ Fuse de + H(K)

Qo

among all connected and compact subsets K of Qg of positive #*-measure, where uz € H' ()
denotes the unique solution of the minimization problem

1
min{f/ |Vul|? do — fudx:ueHl(Qo)7u:00nK}.
2 Qg Q0

Reformulating problems (1) and (2). The starting point in [9] is a suitable reformulation of
the average distance and optimal compliance problems by a duality argument. To describe in
detail these reformulations, we need first to introduced the functional spaces involved. We fix a
base point ag € Qq. Setting .# (Qp), respectively .# (; R?), the space of (finite) R-valued,
respectively R2-valued, measures on R? supported on 2y, we consider the following families of
(generalized) vector fields

Vid () = {v € M (Qp;R?) : divw € () and div v(Qp) = 0} ,
and
Yope(Qo) 1= {v € L*(Qo;R?) : div(xa,v) € 4 () and div(xa,v)(Qo) = O} .
For such a vector field v, we associate the (finite) nonnegative measure

L) = {Idivv +xaofl iV € Faa(®),
|div(xa,v) + Xao | if v € Yope($20) -
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We define the pointed functionals F.vq @ Qo x 4 (Qo;R?) — [0,00] and Fope : Qo x
L?(Q0; R?) — [0, 00] by

o]l + [[divol| + .7 ({ao} Uspt u(v))  if v € Fava(o),

+o00 otherwise ,

yavd(amv) = {

and

1 . .
_ - 5/ [v|? dz + [|div || + . ({ag} Uspt u(v)) if v € Fope(o)
Fopelag,v) := Q0

400 otherwise ,
where ||v|| and ||div v|| denote the total variations of v and div v, and
7 ({ao} Uspt p(v)) := inf {Hl(K) : K C Qg compact connected, K O {ag} Uspt u(v)}

(the infimum being infinite if the class of competitors is empty).
Following [9, proof of Proposition 5.6], the variational problems

min ( min  Favd(v, ao)) and min ( min  Fope(v, ao))

ag 650 Vavd(QO) aoeﬁo %pC(QO)
admit at least one solution (ag, vivd) and (ag7 vf.), respectively. According to [9, Section 5.1],
their resolution is equivalent to problems (1) and (2), respectively®. As our purpose is not focused
on this equivalent formulation, we only indicate the following implication: if K gv qand K, gpc are
compact connected subsets of ) satisfying

HU (KR ) = 7 ({ah} Usptp(vh,g)) and HA(K,) = 7 ({ab} Uspt (i) . (B7)

then,
AVD(ngd) = min AVD and OPC(Kti ) = min OPC. 3.8)

opc

In other words, K gv q and K ﬂ solve problem (1) and problem (2) respectively.

pcC

The phase field approximation. The phase field approximation introduced in [9] to solve problem
a

(1) or (2) consists in replacing the term . ({ao} Uspt y1(+)) in Faya (-, ag) or Fope (-, ag) by the
functional ﬁg" © defined in (1.4). As explained in the introduction (see also [9, Section 5.4]), the
possible lack of lower semicontinuity of F © prevents one to obtain existence of minimizers for
the resulting phase field functionals.

Here we follow the approach of [9] using the functional F?' ) instead of FV ©). More pre-

cisely, we consider the functionals .72, : Qg x . (Q; R?) x (1+ Hg () N L>®(2)) — [0, o0]

avd -
and Z5,. - Qo x L*(Q0;R?) x (1+ Hj(Q2) N L>(Q)) — [0, oc] given by
+ ||divo| + £ if v € Yava(Qo),
oy o [PVl PO i € ova(90) 59)
+o0o otherwise ,
and
1/ 2 . .
| Pdz+ |divel| + FA ) ifv e Fpe(Qo),
Fopelao, v,u) := {2 Jo, : ’ (3.10)

400 otherwise ,

)

where qg is the base point in FY' ®) Asa consequence of Theorem 3.2 and Proposition 3.5,

we have the following existence result of minimizers. Their convergence as ¢ — 0 towards

2In the original formulation of [9], one requires ag € spt p(v) in the definition Z,yq(ao, v) or Fopc(ao,v). A
quick inspection of [9, Section 5.1] reveals that this condition can be dropped when considering .% ({ao} U spt u(v))
instead of . (spt (v)).
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minimizers of .%,,q or Fopc (essentially proved in [9]) shall be discussed for completeness in
Subsection 4.2.

Theorem 3.6. The functionals 73 4 and F,. admit at least one minimizer.

Proof. First notice that, for a € Qo, the competitor (a,0,1) has a finite energy, so that the
infimum of .7 ; and #3,. are finite. Let us now consider an arbitrary minimizing sequence
{(af, vk, Uk) }ren for FE 4 or FE,.. By Theorem 3.2, we can find for each k& € N a minimizer
wuy, of F"%) with base point af over 1 + H(€) N L>(). Then, F*“) (uy) < FF (),

so that {(af, vy, ur) ke is also a minimizing sequence.

Case 1: minimizing F¢, 4. Since supy, F<,q(ak, vg, ur) < oo, we can find a (not relabeled)
subsequence such that vy A v, and div vy, Adiv v, as measures for some v, € ¥,.q (note that
the divergence free condition is closed under those weak* convergences), and af — a§ for some
a§ € Q. Since pu(vg) — pu(v.), we infer from Proposition 3.5 that (up to a further subsequence)
i — . strongly in H' () to some minimizer u. of F*") with base point a over 1+ H}(€2)N
L®(9Q), and F*) () — F"9) (4.). Since the total variation is lower semicontinuous with
respect to the weak* convergence of measures, we can now deduce that

g€ € : a € k _ €
‘/avd(aovvevue) < klgr;o Javd(aovvkvuk) = inf avd »

R . S e
and (a§, ve, uc) is a minimizer of Z°_ .

Case 2: minimizing F¢

opc- We argue as in Case 1, replacing the weak* convergence of the vy’s

by the weak convergence in L?(£2g). O
Remark 3.7. If (af, v., uc) is a minimizer of .7 4 or ZZ., then u. is a minimizer of )
with base point a§ over 1 + H}(Q) N L>°(9). Therefore, u. € W1P(£2) for every p < oo (in
particular, u. € C%(Q) for every a € (0, 1)). We did not investigate the regularity of the vector

field v, and this question remains essentially open.

4. ASYMPTOTIC OF MINIMIZERS

4.1. Towards the Steiner problem. The objective of this subsection is to prove Theorem 1.2.
We start with elementary comments about the Steiner problem (1.3). Setting

L ({ap} Uspt p) := inf {Hl(K) : K C R? compact connected, K D {ag} Uspt u} )

one has .7 ({ap} U spt 1) < oc if and only if H!(spt ) < oco. In addition, if we denote by g
the orthogonal projection on the convex set (g, then H!(m(K)) < H'(K) for any admissible
competitor K C R2, with equality if and only if K in contained in Q. Obviously o (K) is
still an admissible competitor, and we infer that any solution of the Steiner problem (1.3) is
contained €. Hence,

< ({ao} Uspt 1) = min {’Hl(K) : K C Q) compact connected,

K D {ao} Usptu} < oo, (4.1
and existence easily follows from Blaschke and Golab theorems (see e.g. [5]).

The proof of Theorem 1.2 departs from the results in [9]. The first ingredient is the following
lower estimate taken from [9, Lemma 3.1].

Lemma 4.1 ([9]). Let {vy}ren C 1+ H(Q) N C%Q) satisfying 0 < vy, < 1, and

1 1
sup (é‘k/ |Vug|? do + —/(1 — o)’ dr + — D(vg; ag, ) du) < 0, 4.2)
keN o dek Ja ak Ja,



26 MATTHIEU BONNIVARD, ANTOINE LEMENANT, AND VINCENT MILLOT

for some sequence «, — 0 of positive numbers. Assume that the sequence x© — D(vy;ag, x)
converges uniformly on Qg to some function d, : Qg — [0,00). Then, K, := {d, = 0} isa
compact connected subset of Qq containing {ag} U spt i, and

1
HY(K.) < liminf (ek |Vug|>do + — [ (1 —v)? dac) i 4.3)
k—oo Q 4Ek (9]

The second ingredient is an explicit construction of a “recovery sequence” showing the sharp-
ness of the previous lemma. The construction is provided by [9, Lemma 2.8] (see also [3]) that
we (slightly) reformulate as

Lemma 4.2 ([9]). Let K C Qq be a compact connected set containing {ag} U spt y and such
that H'(K) < oc. There exists a sequence {py}ren € HY(Q) N CY(Q) satisfying o = 1
on K, and

k—oc0

1
lim sup <€k/ |wk|2dx+—/ |<pk2dac> <HYK). (4.4)
Q 45k Q

Remark 4.3. As we shall see below, Lemmas 4.1 & 4.2 imply that assumption H* (spt u1) < oo
is necessary and sufficient to ensure that the minimum value of F* over 1 + H}(£2) remains
bounded as ¢ | 0.

Proof of Theorem 1.2. Step 1. As discussed above, our assumption H'(spt ) < oo implies
7 ({ap} Uspt i1) < 0o. Now, given an arbitrary compact connected K C ) containing {ag} U
spt i and such that H!(K) < oo, we consider the sequence {y, }ren provided by Lemma 4.2,
and we set vy, := 1 — ¢ € 1+ H(Q) N C%(Q2). We claim that

| D(,, + vi; a0, ) dpp < 0, HH (K| - (4.5)
Qo
Indeed, since K is connected and 7! (K) < 00, [5, Theorem 4.4.7] yields the existence for every
x € spt p of acurve v, € #(ag,x) such that I'(y,) C K. Since vy, = 0 on K, we deduce that

D(0., + v3;a0,7) < / (6, + V) dH' = 6., H (T (72)) < 6, H'(K) Vo € spty.
T'(va)

Integrating this inequality with respect to 4 leads to (4.5). Since d., /Ae, — 0, we infer from
(4.4) and (4.5) that limsup,, F* (v;) < H'(K). On the other hand, F¥ (u) < F¥ (v;) by
minimality of uj, and we deduce that lim sup;, F (uj,) < #'(K). From the arbitrariness of K
and (4.1), we conclude that

limsup F£, (ur) < .7 ({ao} Uspt i) < co. 4.6)

k—o0

Step 2. Since 0 < uy, < 1, the sequence z — D(d., + uj;ag, x) is a sequence of (1 + 4, )-
Lipschitz functions on €, all vanishing at the point ag. By the Arzela-Ascoli Theorem, we can
find a (not relabeled) subsequence such that x — D(d. + ui; ag, x) converges uniformly on Qo
to some function d, : Q¢ — [0, 00).

Let us now set ay, := A, /(24/0¢,). Since 6., = A2 with 8 € (1,2), we have oy, — 0.
Noticing that 24 /0., ux, < dc, +u?, we have 24/0., D(ug; ag, z) < D(8:, +u3; ag, z) for every
z € Q. In view of (4.6), we conclude that

1 1
5k/ \Vug|*de + — [ (1 —up)?de + — D(ug;ao, z)dp < FE (u) < C,  (4.7)
Q der Jo ak Ja,
for some constant C' independent of k. By Lemma 4.1, the compact set K, := {d. = 0} is
connected and contains {ag} U spt p. Gathering (4.3), (4.6), and (4.7) yields
H!(K.) < liminf Y (u) < limsup FY (ur) <7 ({ao} Usptp).

k—o0
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Therefore, H'(K,) = .#({ap} U spt i) (i.e., K, solves the Steiner problem relative to {ag} U
spt ), and F¥ (up) = H'(K,).

Step 3. For aradius r € (0,m,/2) (where 7, is given in Lemma 2.6), we denote by V;. the open
tubular neighborhood of K, of radius r. Since K, C Qo, we have V. /2 € V, C 9. We claim
that for every r € (0,7,/2) there exists ko(r) € N such that for every k > ko(r),

22 Ay = 2(1 —w) I Z(Q\TVs). 4.8)

To establish (4.8), we first invoke the continuity of d, to find 7. > 0 such that {d. < 37,.} C
V, 2. Since x +— D(dc, + u2; ag, ) converges uniformly to d., we can find k1 (r) € N such
that

{ac €y : DO, +ul;a0,7) < zrr} C{d. <37} C Vo Vk>hi(r). 4.9)

On the other hand, since z — D(d,, + ui; ag, z) converges uniformly to 0 on K, D spt u, we
can find k2 (r) € N such that

sptu C {x € Qo : D5, +ui;ap,z) < Tr} Vk = ko(r). (4.10)
Set ko(r) := max(k1(r), ka(r)), and let us prove that for k& > ko (r),

forall z € spt p and all k € (0,7,), there exists v; € & (ao, ) satisfying
I'(%) € V2 and / (0c, +uz) dH' < D(0c, +uisao, ) + k. (4.11)
L(vg)
Obviously, for x € spt pand k € (0, 7,-) given, we can find 75 € #(ay, ) satisfying the second
condition, and it suffices to check that I'(y%) C V5. Fix y € I'(4), and consider ¢, € [0,1]
such that v (0,) = y. Setting 4, (t) := v5(t0,), we have 7, € P(ao,y) and I'(7,) C T'(5).
Consequently,

D(6., + uf;a0,y) < / (e, +uip) dH!
L(Fy)
< / (62, +uR) dH* < D(6., +ui;ao,x) + 7 < 275,
L(vg)
by (4.10). In view of (4.9), we have yy € V. /. Hence I'(v}) C V;./2, and (4.11) is proved.

From now on, we assume that k > ko(r). Fix an arbitrary ¢ € 2(Q\ V, ), t € R\ {0},
and set wy, := uy, + tp. Since wg = uy in V,. 5, we infer from (4.11) that for every = € spt p,

D (6., +wisao, x) < / (6, + wi) dH!
T(ve)
= /F( )(5€k —|—ui)d’;’-l1 < D(4, —i—u%;amx) +k Ve (0,7).
¥
Letting & | 0 leads to D (4, + w?;ag, ) < D(d., + u?;ag, ) for every z € spt u. Therefore,
D(6., +wi;ag,x)du < D(6., +ui;ap,r)du. 4.12)

ﬁo ﬁo

By minimality of uz we have F/ (wy) — FX (u) > 0, and inserting (4.12) in this inequality
leads to

t t2
2t€k/ VurVeodr + — (1—uk)<pda:+t2ak/ |V<p|2dx+—2/ lo[*dz >0.
Q 2e Jo Q & Ja
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Dividing this inequality by ¢, and letting ¢ | 0 and ¢ 1 0 yields
1

1— dr =0
5o | (1 m)edr =0,

25k/ VupVodr +
Q

and (4.8) is proved.

Step 4. Let us fix r € (0,1,/2). From (4.8) and standard elliptic regularity, we infer that
u € C°(Q\ V,/2) whenever k > ko(r). Then, arguing as in Lemma 2.5, we derive from (4.8)
that for k > ko(r),

0<1—u(@) <exp (= Cpfex) Vo €Q\ Vo, (4.13)

for some constant C,. > 0 independent of €. Inserting estimate (4.13) in (4.8), we deduce as in
Lemma 2.6 that for k& > ko (1),

ex|Vug| + 3| VZug| < Cr.po exp ( — C’,’./ek.) inQ\V,,

for some constants C,. ,,, and C/. > 0 independent of 5. Hence uj, — 1in C*(Q\ V,.).

Step 5. Let us fix t € (0,1), and show that {ux < t} — K, in the Hausdorff sense. To this
purpose, we fix a radius » > 0. From Step 4 above, we first deduce that {u;, < t} C V,
whenever k is large enough. Before going further, notice that {uy < ¢} # () for k large. Indeed,
if {uy, <t} = 0 for infinitely many k’s, then

| D0 + ui;ap, ) dp > t3 [ |z — ag| du  for infinitely many &’s .
Qo Qo

Since spt p is not reduced to {ag}, the right hand side does not vanish, while the left goes to 0
as k — oo by (4.6), a contradiction.

We now denote by W the open tubular neighborhood of {u;, < ¢} of radius r. We aim to
show that K, C WP for k sufficiently large. Assume by contradiction that for some subsequence
{k;}, we have K, ¢ W7, Then we can find a sequence {z;} C K, such that z; ¢ W
for every j € N. Extracting a subsequence if necessary, we can assume that z; — x, for
some point x, € K,. Since {uk]. < t} C Q, by Blaschke’s theorem we can also assume that
{ur, <t} — S in the Hausdorff sense for some compact set S;. Then dist(z, S;) > 7, and we
cand find jo(r) € N such that B(z,,7/2) N {uy, <t} = 0 for j > jo(r). We now distinguish
two cases.

Case 1. If x, # ag, set 7 := 1/2min(r, |z, — ag|). Then for every v € & (ag, x.) we can find
t, € (0,1) such that y(t,) € OB(x.,7) and y([t.,, 1]) C B(x., 7). Consequently, for j > jo(r)
we have

/ (6o, + 12 ) dH! > CH ([t 1])) = £ Vy € Plao,a.).
vty !

In particular D(Jc, + uj, 5 ao, x.) > t*7 for j > jo(r). Letting j — oo yields d.(2.) > 7
which contradicts the fact 2, € K, := {d. = 0}.

Case 2. Assume that x, = ag. Then the same argument as in Case 1 (applied to x € spt u
instead of x.) shows that if j > jo(r), then

t2
D((Sgkj + uij;ao,x) > 5 min(r, |z — ag|) Vz € sptp.

Since spt p is not reduced to {ag} by assumption, we have for j > jo(r),
t2
D((Sgkj +uij;a0,m) dp > ) min(r, |z — agl) dp > 0.

50 Qo
Once again, the left hand side of this inequality goes to 0 as j — oo by (4.6), which provides the
desired contradiction.
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Step 6. To complete the proof of Theorem 1.2, it only remains to show that d..(z) = dist(z, K,).
Since K, := {d. = 0}, we only have to show this identity for ¢ K,. First, since d, is a 1-
Lipschitz function (as pointwise limite of (1 + d., )-Lipschitz functions), we obviously have
d.(z) < dist(z, K,). Now fix a point z € Qg \ K, an arbitrary 7 € (0, dist(z, K,)), and
an arbitrary ¢t € (0,1). We infer from Step 5 that ui > t* in B(z,7) for k large enough.
Then, arguing as in Step 5, Case 1, we obtain D (6., + u3;ap,x) > t*1 for k large enough.
Letting ¥ — oo yields d.(x) > t*7. From the arbitrariness of 7 and ¢, we conclude that
d.(z) > dist(z, K.). O

Remark 4.4. In the spirit of Proposition 3.5, one can study the asymptotic behavior of mini-
mizers of F*< over 1 + H} (1), for some sequence of measures ji. Siase — 0, and even-
tually varying base points aj — ag. In this general setting, it is necessary to assume that
SUP.¢(o,1) FH*(u:) < oo, where u. denotes a minimizer of /< over 1 + H} (). Since [9,
Lemma 3.1] actually allows for such e-dependence in the a priori estimate (4.2), Steps 1 & 2 in
the previous proof carry over. Hence, up to a subsequence, * — D(d. + u?; a§, z) converges
uniformly on Qp as € — 0 to some 1-Lipschitz function d., the compact set K, := {d. = 0} is
connected and {ao } Uspt u C K,. Then, K, solves the Steiner problem relative to {ag } Uspt u,
and Fte (u.) — HY(K,).
If we assume that

spt e — spt p in the Hausdorff sense , 4.14)

then (all) the other conclusions of Theorem 1.2 remain. The argument follows essentially the
same lines as above. Note that (4.14) includes the case where p. is a discrete approximation of
w1 as in Lemma 3.1.

On the other hand, if one drops condition (4.14), then Hausdorff convergence of sublevel sets
of minimizers can fail (their Hausdorff limit can be different from any Steiner set relative to
{ag} U spt p). To illustrate this fact, let us consider the following example. Let ag, a1, as € Qo
be three distinct points such that a; € (ao, az), and set p,; := dq, + 04, + Kdq, With k& € [0, 1].
For each x > 0, the segment [ag, as] is the unique solution of the Steiner problem (1.3) relative
to fi,, while [ag, a1] is the unique solution relative to . Obviously, s, — pio as & | 0, but
spt e = {ag,a1,a2} # spt po = {ao, a1 }. Now, consider two sequences ; | 0 and &, | 0,
and for each (j,n) € N2, a minimizer u;,, € 1+ HE(Q) of FL.# (with base point ag). By
Theorem 1.2, {u,,; < 1/2} — [ao, az] in the Hausdorff sense as n — oo for every j € N.
Consequently, we can find a subsequence {n;} such that {u,, ; < 1/2} — [ao,az] in the
Hausdorff sense as j — oo.

4.2. Towards the average distance and optimal compliance problems. In this last subsection,
we discuss the asymptotic behavior as € — 0 of the functionals .77 4 and .7, defined in (3.9)
and (3.10), and of their minimizers. For this purpose, it is more convenient to consider the

reduced functionals .72, : Qo x .4 (Qo; R?) — [0, 0o and Fe . Qg % L23(Q0;R?) — [0, 7]

avd opc
given by
FE ap,v) = min FLoqlag,v,u
avd( ) ) uEl+H&(Q)ﬁL°°(Q) avd( [A) )a
and
FE (ag,v) = min FE (ag,v,u).
ope(00,0) wel+H (Q)nL=(Q) PO )

By Theorem 3.3, for every (ag,v) € Qo x .#(Qo;R?), respectively every (ag,v) € Qg x
L?(Q0; R?), there exists u. = uc(ag,v) € 1+ Hg () N L>(£2) such that

y.:vd(amv) = ysvd(ao’qu) or ysvd(ao’v) = ygpc(a(ﬁv’ué) :
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Assuming that (1.2) holds, Theorem 1.2 and Remark 4.3 then imply that . ; and %pc converge
pointwise as € — 0 to Fayq and Fop, respectively.

Beyond this pointwise convergence, one can reproduce the proof of [9, Theorem 5.7] (us-
ing assumption (1.2) as in Step 2 of the proof of Theorem 1.2) to show that :}O‘V; 4 actually

v
I'-converges to Favq (for the (Qgx weak*)-topology), and ,;‘v(fpc I'-converges to .%,p (for the
(Qp xweak)-topology). In addition, if {(a§, vc)}e>0 is a recovery sequence of a configuration
(ao, v) of finite energy, and ;‘:fvd(ag, ve) = Floq(af, ve, us) or ﬁgpc(ag, Ve) = F5pe(ag, ve, ue),
then F*9)(u.) = #({ao} Uspt u(v)) as £ — 0, and the sequence = — D(6. + u2;af, z)
converges uniformly on Qo to some function d.. The set K, := {d. = 0} is connected,
{ap} Uspt pu(v) C K,, and H'(K,) = % ({ao} Uspt u(v)), see Remark 4.4.

The same consideration applies in case (ag, ve, ue) is a minimizer of either #5 ; or F5 .
By T'-convergence, (af, ve) (sub)-converges as e — 0 to a minimizer (ag, v¥) of Fava OF Fopes
respectively. Consequently, K, = K gvd or K, = Kgpc as in (3.7)—(3.8), i.e., K, solves the av-
erage distance problem or the optimal compliance problem, respectively. To conclude, one may
wonder wether or not the sublevel sets {u. < ¢t} Hausdorff converge to K, as in Theorem 1.2.
In view of Remark 4.4, this question remains quite unclear, and it certainly requires a specific

analysis taking full advantage of the minimality of the pair (v, uc).
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