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Résumé

In this paper, we study the optimal time problem for the one-
dimensional, linear heat equation, in the presence of a scaling para-
meter. To begin with, we build an exact solution. The dependence of
this solution as regards the scaling parameter naturally opens the way
to study the existence and uniqueness of an optimal time control. If,
moreover, one assumes the L°°— null controllability, it enables to es-
tablish a bang-bang type property.

1 Introduction

In an optimal time control problem, one searches the minimum time for
an eligible control, in order to bring a dynamic system, from an arbitrary
initial point, to a final prescribed one. This problem is classical in finite
dimension, with nice properties, due to the maximum principle of Pontria-
guine, and the bang-bang property (see the seminal article by R. Bellman,
I. Glicksberg and O. Gross [1]).

The generalization in infinite dimension was initiated by H.O. Fatto-
rini [2], [3], [4], and developed by J.L. Lions [5]. The book of M. Tucsnak
and G. Weiss [6] is an unavoidable reference for the control.



The general optimal control problem for the equation of the linear heat-
dimensional, on a compact K C R, can be stated as follows :

y(x,t) = Ay(z,t)+ Ly(z)u(z,t) V(x,t) € K xRy
y(z,t) = 0 Ve € OK,Vt € Ry (1)
y(t=0) = yo € L*(K)

where t € [0, 7] denotes time, w C K, while 1,, is the characteristic function
of the set w :

1 if Tr € w

Ve € K : ]lw(a:)z{ 0 if not

where v is in L*>(w, [0,T7]), and where :

1l oo o) <1 for almost all ¢ € [0, 7]

The objective for the problem (1) is to find the control u* which is
accessible, with a final time 7* as small as possible (see [2], [3], [4] and the
references therein).

One can obtain the bang-bang property by means of the maximum
principle, if the system can be controled exactly (see for example, the article
of J. Lohéac et de M. Tucsnak [7]).

It is now well known that for specific equations (for the general heat
equation, for instance), the exact controllability is not verified. This is the
reason why we choose to study new conditions, without using the maximum
principle. With an assumption on the L% — null controllability, we can esta-
blish the bang-bang property (see also the paper of S. Micu, I. Roventa and
M. Tucsnak [8], and the one of G. Wang [18]).

The objective of our work is to study the existence and uniqueness of
an optimal time control problem for the one-dimensional, linear heat equa-
tion, in the presence of a scaling parameter, and to determine whether the
bang-bang property can be satisfied.

The rest of the paper is organized as follows. In Section 2 we build
the invariant solutions for the linear heat equation and prove the existence
and uniqueness of the time optimal control for the heat equation, in the
presence of a scaling parameter. In section 3 we present a numerical results.
Perspectives are presented in section 4.



2 Optimal time control with a scaling invariant so-
lutions for the one-dimensional, linear heat equa-
tion

We are interested in the following, to the linear, one-dimensional, nor-
malized, heat equation :
@:@ V(z,t) € Rx[0,T
ot Ox? ' ’
where T is a positive real number, with the initial condition :

y(z,0) =yo(xr) Vo e R

and where 79 denotes a given function.
The analytical solution is given, for any (x,t) € R x [0,T], by :

(2,8) = — / T ey e g
ical(2,1) = ——= u)e a  du
Yclassical 2\/% - Yo

The linear heat equation has a natural scaling invariance. Let us denote by y
a solution. Then, for any strictly positive real number A, the mapping :

(t,l‘) = yA(ta$) = Ay(A2 tan)

is also a solution.

By applying the method developed by Jean-Yves Chemin and Claire David
[10], [11], one can introduce the mapping JF, belonging to L2 (R) x R* x N*,
by :

No
Flyo, A No)=yo+e > ATyo(A7) | e {-1,+1}, No€ N*
Jj=1
The building of thus mapping takes its origin in the profile theory, introduced
by P. Gérard et H. Bahouri [12]. It is based on the idea that two solutions

of an evolution equation, of scales, sufficiently different, almost not interact.
We are thus interested, in the following, to initial data of the form :

No NO
1 T
vo(@) +e > yons(r) =vo(z) +e > 5 Yo <F> , A>0
j=1 j=1

The exact analytical solution ¢, which depends on the space variable x, the
time variable ¢, and the scaling parameter A, is given by :

1 oo Mo (2=u)?
y(x,t, A) = Yelassical(T,t) + € / (u)e™ 2t du
y( ) yclaeszcal( ) 5 \/ﬁ - 7:21 yO,A,j( )



It is interesting to note that :

No
i 1 r t
y(.ﬁU, t, A) = Yclassical ((B, t) +e E 1: K Yclassical (E’ A27)
)=

Hence, we have :

No
} £ T t
Ay($7 t, A) - Ayclassical(xvt) + K E 1: AYclassical (F’ A2j>
J=

One builds thus an exact solution of the afore mentioned linear heat equation.
The dependence of this solution towards the scaling parameter A, naturally
leads to an internal control problem, which can be formulated as follows :
being given a compact K C R, and a domain w C K, what kind of control u
does one require in order to obtain a given result 7 The associated system is
the following :

gz, t,A) = Ag(z,t,A) + Lo(z)u(z,t) V(z,t,A) € K xRy x RYL
glz,t,A) = 0 Vo € OK,V(t,A) € Ry x R%
].7(1',0, A) = @70 € LZ(K) VA € Rj_

(2)

where 1, is the characteristic function of w :

1 if T E w

Ve e K : ]lw(:B):{ 0 if not

and where u is a control checking :

Vi > 0: HUHLQ(K) < Co

while Cj denotes a positive constant, that depends on the initial condition .
In the following, this initial condition will be adjusted in order to have :

Co<1

Let us recall the following classical results :

Proposition 2.1. For any strictly positive real time T, and for any conti-
nuous function u defined on w x [0,T], the unique (mild) solution y such
that :



y(t=0,) =yo(")

is given, thanks to the Duhamel formula, for any couple (x,t) belonging
to K x [0,T1], by :

t
y(z,t) = e D yolz) + / A () u(r, z) dr
0

Proposition 2.2. For any strictly positive number T, and for any conti-
nuous function u of L*(w x [0,T)), the system (2) has a unique solution §
such that :

aj

je oo mmw) . 2

€ L?([0,T],L*(K))

As recalled in [13], it is then natural to introduce, for any strictly positive
number 7', the set of reachable states at time T related to the system (2) :

R(T) = {§(T) |u € L* (K x[0,T))}

Proposition 2.3. (/15/)

For any strictly positive number T, the set R(T) is dense in L*(K).

Démonstration. The set R(T) is obviously a vectorial subspace of L?(K).

Let us concentrate on the orthogonal of the set R(T) in L?(K). To this
purpose, let us consider the retrograde problem :

—p(z,t) = Ap(x,t)  V(z,t) € K x[0,T)
oz, t) = 0 V(z,t) € OK x [0,T] (3)
p(t=0) = g€ L*(K)

This problem, which brings back to the equation of the classical heat through
the of variable

t—T —t

admits a unique solution ¢ in



C (10,71, 2()) 0 22 (0,70, 5O ()
with :

Oy 2 -1
o € L?([0,T],H Y (K))

By multiplying by ¢ each member of the relation :

1=Ay+1,u

one gets :

ey =pAy+el,u

Integration leads to :

T T T
/ /goyda;dtz/ / @Aydazdt/ /gpudazdt
0o JK o Jok 0o JK
T
/ /goydxdtz—/ 9 9% 4, dt+/ /wdxdt
0 K 0 (939 (9.’])
or :

T T (92g0 T
//goyda:dt // —yda:dt—i—/ /—2ydxdt+/ /cpuda:dt
0 JK K K Oz 0 JK
ie. :
T T
/ /goydzzdt:/ / 2yd:pdt+/ /gpuda:dt
0 JK Oz K

since o and y take zero values on the boundary K. An integration by part
leads then to :

T T 9 T
/y(w,T)go(x,T)da:—/ /gbydxdtz/ / —Zyda:dt—i—/ /(pudxdt
K 0 JK 0o Ji O 0 Juw

By taking into account :

je. :

—p=Ap

/Ky(:B,T)go(:B,T)da::/OT/Mgoud:Bdt

one gets :

As



¢(-T) =y € R(T)*

one deduces :

T
/ /gouda:dtz/ y(x,T)o(x,T)dr =0
0 w K

Since one can take any control function u, we have :
=0 in K x[0,T]
The generalized result of Mizohata [14] allows then to deduce :

=0 in K x[0,7T]
Thus :

¢o =10
The orthogonal of R(T) in L?(K) is then reduced to {0}.

One can then apply the density criterion, the one which is a corollary of
the Hahn-Banach theorem, which states that if £ is a normed vector space,
and F' a subspace of F, such that any continuous linear form on F vanishes

on F, then, F' is dense in F.

Thus, since :

(R@)) ={v e 22 |ve e R+ (p,0) =0} =RT)

this allows to state that the necessary and sufficient condition of density

of R(T) in L*(K) :

R(T) = L*(K)

is therefore equivalent to :

Corollary 2.4. Let us consider §j in L*>(K), and a strictly positive number ¢.
There exists a control u, belonging to L*>(K x [0,T)]), such that :

Iy, T) = Gllp2ry < €



Remark 2.1. Thus, the study of the approximate controllability of our linear
system (2) reduces to a continuity problem, for the associate adjunct problem.

We now aim at determining if we there is a control w which verifies the
following bang-bang property :

u(., )2y =1 forallt € [0,77]

where 7* is a unique optimal time that can lead the solution of (2) from the
starting point g to ¢/, at the time 7*. This enables one to go back to the
work of G. Lebeau et L. Robbiano [15], which lead to the following result :

Proposition 2.5. For any §jo, and for any §¢ in L*(K) such that

bo # 9’
if 7 is a solution of system (2), associated with u*, there is a unique optimal
time 7* which leads the solution of (2), from the starting point §o, to 47, at
the time 7*.
Moreover, u* checks the bang-bang property, i.e. :

luC Oll2xy =1 forallt € [0,77]

Démonstration. The proof of the proposition can be found in [18].

3 Numerical results

Our numerical application is carried out by means of a direct type
method (total discretization), of the afore mentioned linear heat equation,
in the presence of a scaling parameter A > 0, with an internal control, in a
domain w C [0, 1]. More precisely, we consider the following system :

A?g(Az, A%t) = A Ay(Ax, A%t) + Li1 2(z) u(z) Vo e [0,1], Vi€ [0,tf],

(4)

y(0,t,A) =0 , y(l,t,A)=0 , Vte [0,tf], A>0 (5)

The discretization is carried out by finite differences, with an implicit Euler
scheme in time.

12
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To this purpose, let us consider the time discretization :



0:t0<t1<...<ti<...<tn:tf

and the space discretization :

0=x0<x1<...<x]~<...<xN+1=1
For any integer i belonging to {0,...,n}, and for any j belonging to {0,..., N + 1},
let us denote by :
Yi,j = yalti, ;)

the value of the solution at t = ¢; and « = x;, for the scaling parameter A.
We assume :

. Yij — Vi1
Ua(ti, zj) ~ =L———1
th
and :
Yij+1+Yij—1— 2¥i
AyA(ti,tTj)% 1,1+ 1,72 1,]
T,
where :
th=-"L | zp=—— | t;=A
h = h N+1 f

For each integer i belonging to {1,..., N}, we set :

Yi,N
The related discrete system can be written under the following matrix form :
Yip1 - Y
th

A? = Ap.Yip1 + BpUity (6)

where the N x N matrix Ay, is given by :

-2 1 0 0
A2 2
R
h xl2z 0 0
Lo =2 1
0 0 1 -2

and where the N x N diagonal matrix By, is given by :



By, = diag (aq,...,an)

while, for any integer i belonging to {1,..., N} :

1 2
%:{1 i S<m<s
0 otherwise
and :
Usg,1
Uiy1 =
Ui N

where u; ; is the value chosen for the control at ¢t =¢; and x = z;.

Basic calculations enable one to solve, for all 7 in {1,..., N}, the system
equivalent to (6) :

tp
CYiq ZYi‘i‘A_IQBh'Ui

where )
C=1Iy— e ty.Ap

I denoting the N x N identity matrix.

At each time step, the matrix C is inverted, in order to calculate Yjyq.
Let us denote by X a variable which contains the whole set of values

{uij|i € [1,N], j € [1,N]} U {ts}

One has to bear in mind that the principle of direct methods lay in minimi-
zing a function F' that yields ¢ with constraints, i.e., for each integer i of

{1,...,N}:
1Gill 2y, 2 <1

with the final condition :
Y(ty) =v!

The initial and final conditions are :

Ve e K : yo(z) =sin(rz) , ylx)=0

Our simulation is carried for :

10



In practice, we choose the number of discretizations (N = 10 for instance),
while changing the value of the scaling parameter. Numerical results are
given in Table 1.

Comparison with a shooting method (The indirect method )

To transform the problem (4)-(5) into a control problem governed by or-
dinary differential equations, we discretize the heat equation (4) in the spatial

direction z. By dividing the interval [0, 1] into N intervals of length z;, = —,

we obtain the following optimal control problem, governed by ordinary dif-
ferential equations :

ty
min / di (7)
0

Yi(t) = ApYi(t)+ BpUi(t), Yi(0)=Yio, Vte [0,tf] (8)
where A, and Bj, are defined in (6).

The shooting method technique [19] for the above system leads to the ad-

X Shooting method for A=1
sl E ° ! 1
€ E |
[=} =}
o [¥
@ @ 08F g
E E
S ©&
‘= ' 0B} .
S o
S 35
(=} o
3 g 04r -
£ E
[=} (=)
“ S Copat 1
8l 2 2
F F
]
0 1

FIGURE 1 — The norm evolution L2 for time control with A = 1
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FIGURE 3 — The norm evolution L? for time control with A = 8
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FIGURE 4 — The norm evolution L? for time control with A = 15

It is interesting to note that the L? norm of the time control take the
value 1 for any time ¢ in [0, 7*]. Thus, the control has the bang-bang property.
Moreover, as the scaling parameter A increases, so does the numerical final
time, while the bang-bang property is still verified.

4 Perspectives

Our approach has conventionaly, consisted in studying a system with an
internal control, in the presence of a scaling parameter. It is interesting to
note that, due to the expression of the solution with parameter :

No
i 1 r t
Uz, t, A) = Yerassical(T,1) + € Z A Yelassical (E’ E)

J=1

it appears interesting to consider a control of the form :

Yo Uj r t
I Zl A_z Yclassical (Ev E)
J=
This thus leads to an affine control system. For any integer j belonging

to {1,..., Np}, the control u; corresponds to a displacement in the direction

1 v !
-fj =€ F Yclassical E’ E

It is then natural to study in the Lie algebra generated by the family

(fj)1gigNo

in the spirit of what is presented in [16], [17], in so far the displacements
on subintervals of K, in the given directions f;, f;, ¢ # j, involve their Lie
bracket.
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