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Abstract: We report on the subwavelength focusing of Rayleigh waves gsing gradignt-index (GRIN)
phononic crystals (PCs) made of air holes scatters in a thick silicop substrate. The subwavelength
focusing is demonstrated both in the inner and in the silicon substrate behind the GRIN PCs by using
a non-contact experimental technique. In both situations, the focal.zonewwas observed at the position
in very good agreement with our theoretical predictions, at a frequengy in the sound cone free of

radiation into the substrate.

Over the past two decades, periodic arrays of scatters embedded-in a background, known as phononic
crystals (PCs), have been worth studied for 4gasong relating, among others, to their ability of
manipulating the propagation of elastic waves.and.to their potential for technological applications such
as filtering, guiding, acoustic diodes, €ic, Investigating the conditions for complete frequency
bandgaps to open in the Brillouin zone (BZ) has leng been, and continues to be, a large part of the
works devoted to PCs.! Since the,late '199Qs, much attention has been paid to the surface acoustic
wave (SAW) bandgaps in PC layersstanding on a semi-infinite substrate.> Later on, these periodic
structures fabricated on silicen.ar piezoelectric substrates demonstrated their very good compatibility
with the MEMS as well ;asstheir p@tential for applications in the wireless telecommunications and
sensors.>®  Waves guied either‘en the surface of a semi-infinite medium or in between the free
surfaces of a plate héve beenstutlied, both theoretically®® and experimentally.®™ At the same time, the
shape, sizes, and‘arrangement of the periodic inclusions, e.g. air holes in most cases, were optimized to
obtain a better cenfinement of the SAWs close to the surface and to avoid the radiation into the
substrate, 4n.esséntial prerequisite for an actual PC structure to be operational.’

In parallel*to the_quest for broad forbidden bands and the applications that ensue, a very active
researchson less conventional properties of PCs was developed. Among the most promising devices
are surelydthe gradient-index (GRIN) PCs, which are generally formed by gradually modifying certain
physical.of geometrical parameters along some directions of the structure.**™* Similarly to the GRIN
optical*fibers, their optical counterparts, the GRIN PCs can be used in various technological fields

such as the non-destructive evaluation of materials, the energy harvesting, etc. For this purpose, the
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or out

focusing of different types of waves, either in the homogenization regime, has been
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observed. GRIN PCs are generally engineered by drilling air holes on a silicon or a piezoelectric
Ijms rrate, dnd tbreforsustreyt wan dseeptsiity ibpairBhad. ieMENMS ogetie itheotioeroRasmsthuctules.
AI Actually, the focusing of the lowest-order flexural Lamb wave (Ao) has been reported already both

Publishing arically and experimentally in such systems.'”?*% In contrast, the focusing of Rayleigh waves by
means of a GRIN PC, has not been reported to date. Indeed, avoiding the radiation into the substrate
and keeping the Rayleigh mode guided on the surface impose specific requirements on the inclusions,
as already noticed in several works dealing with the opening of SAW bandgaps.’®™*

In this work, we report on an in situ experimental study, conducted with the IaSer ultrasonic technique,

of the subwavelength focusing of Rayleigh waves by GRIN acoustic lenses Nnto finite-depth

holey PCs.
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Figure 1. (a) Unit cell of the square-lattice'RC and,normalized displacement field along "X

for a Rayleigh wave at 20 MHz. Perfetﬁsm&t;\cht\layer (PLM) is implemented to suppress
any reflection at the bottom of t it cell(b) Band structure (dotted lines) below the
sound cone. The green Iir::sx\%ﬁhe Rayleigh mode along I'X and I'M.
We first have analyzed the dispersi nm h waves in PCs. To this end, we used a finite element
method (FEM) to compute the bﬁa%\q e of the PC depicted in Fig. 1(a). The air/silicon PC is
elaborated by drilling air h A.a square-lattice, over a finite depth in a silicon substrate. Below the

air holes lattice lays a hamogeneous silicon layer free of any inclusion™ and then, a perfectly matched

ted'to suppress any reflection at the bottom edge and to mimic that way the
Ke lattice constant a=50 um, the depth of the air hole h,=5a, the depth

the depth of PML h,=5a. We show in Fig. 1(b) the calculated band

les having a diameter d,=40 «m. The reduced Brillouin zone is divided into two
, i.e. the dispersion curve defined by the smallest phase velocity in the solid*
which s the sheatertical mode in the present case. The shaded region above the sound line indicates
ansarea Wwhere )/ave modes are radiative into the substrate while dotted curves below the sound cone
are for thdje modes which are not.®'* In Fig. 1(b), the Rayleigh modes along both I'X and I'M below
sound-cone are depicted by the green dashed lines. Fig. 1(a) displays the normalized displacement
ﬁ?ﬂ ;?20 MHz along I'X. The displacement field polarized in the sagittal plane x-z is obviously
governed by the normal component u,, and decays along the depth within about one-wavelength, in

accordance with one of the main properties of the Rayleigh mode. From Fig. 1(a), one can derive
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alrecdy that neither the displacement field at 20 MHz nor the wave vector k, would be affected by
pee; er air holesTHis somrswiplosesdespphrl by Ayl by flcsivtSligkfoct-timeseeshitysisiwnfire®ing. 1 ifthe
AI displacement field is not negligible at the depth h,. On the other hand, for a given value of the depth h,,

PUb“Sh'i'agw ical profiles should be obtained for frequencies higher than 20 MHz since the penetration depth

of the Rayleigh waves is smaller in that case. Two other branches appear around 20 MHz. Whatever is
the filling ratio, these elastic modes are polarized in the x-y plane and they do not couple with the
Rayleigh mode. Moreover, they are not detected by the interferometric technique described below,

which is only sensitive to the out of plane component of the displacement fie?t/

Mged all the other

I

I?g are the only relevant

directions for this study, both the group velocity and the frequen y.ére the“larger that the filling
RIN_PC consists in gradually

We calculated the Rayleigh bands for different radii of the air holes, ke

geometrical parameters. At a given wavenumber along I'X or T’

ratio is small.?? Based on these trends, the strategy to design
—
modifying the size of the air holes in order to tune the effective refrae,siv index n (y)= Krx # along
B

-

the transverse direction (y-axis). In the definition of and kg stand respectively for the

ff !
wavenumber along I'X in the lens and in the homogengqus Sificon background on both sides of the
lens. In the present case, the size of the air h 5&@ ulated for . to fit a hyperbolic secant

profile along the y-axis, namely n_ (y)= n@&@.{he refractive index along the central layer of
our lens was ny=1.229, the gradient coef 7@1'9 was 6=0.080a" and the total width of the lens was

D=15a.
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gure 2, (a) Optical image of the sample on a silicon plate with a thickness 500 um. (b)
igrid (9;1 squares) and experimental (green circles) profiles of the effective refractive
ﬂ

index.

We elab ed}he samples in a clean room, on a 500 um thick silicon plate using a photolithography
progess fo‘)lowed by an isotropic dry etching. Fig. 2(a) shows an optical image of the perforated air
hslﬁs& e front side of the silicon plate. The actual radii, accurately measured along all horizontal
layers by optical facilities, were slightly larger than their nominal value. Moreover, upon completion
of the fabrication process, the air holes were not exactly cylindrical but slightly conical with a half top
angle of ~1°, as it is often reported in literature.® As for the depth h, it was measured to be larger than
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5a, whatever the horizontal layer. Fig.2(b) shows both the theoretical (square markers) and
I Ij<p( rimental (cirig lavamaekp sy snatmented fiyod prk Phiye bettuAllick et (@ saedbg vdrsion vioesandqal ldyer
l& (n

i1 (n, =1.202 ) and the gradient coefficient (6=0.076a™") both derived from the measured size of the air
Publishing

s AT~

holes and from the dispersion of the Rayleigh mode, differ from the theoretical values by 2% and 5%

respectively.

It should be noted that the silicon plate was thick enough to insure that Rayleigh waves, and not Lamb
waves, are actually excited at 20 MHz. Indeed, the thickness of the plate (500 um) was about twice the
wavelength (1=246 um) at this frequency, and as a first approximation, Z) be seen as a semi-
infinite medium. This is further established by the dispersion curves o theﬁgaﬁnhﬁves in the plate
(not shown here). Above ~16 MHz, both lower order symmetric antisymmetric Lamb modes
coincide with the Rayleigh mode. 3M\

The Rayleigh waves were excited owing to ultra-short light p Is‘gé p?ﬁha repetition rate of 20 Hz)

22,25 T

issued from a frequency-doubled (532 nm) Nd: YAG lase ht pulses went through an

ries of about 10 bright and dark

amplitude mask and an optical imaging system in orderto creat
strips on the silicon plate, extending over a length of b(gﬁ?%m‘@just a few millimeters in front of the
sample. Emission of SAWs resulted then from phaioelast r‘(')'éesses. The experimental configuration
was set in such a way that the elastic pulses str;@

greater than the transverse width D=15a=/5Q,if~ef.the GRIN lens, insuring that plane waves

g the y-axis, over a width (~5mm) much

impinging the sample at normal incidenc Te$ctua generated and that the light density is uniform
\

within the photoelastic source. Note axrlat e portions of the elastic beam above and below the lens
(i.e. |y|> D), do not participate in% rocess.

The normal displacements were meas using a He-Ne laser (632.8 nm) as the light source of a

Michelson interferometer, ith%jample surface acting as one of the mirrors of the interferometer
and an actively stabili

speed photodetectO{/ an
signal/noise ratio-1S obtained after averaging a few hundreds of scans. This non-contact technique

d n}irr the other one. The interference pattern was collected on a high-

hen digitized at 500 MS-s* by a digital oscilloscope. A very good

allowed us to oa)ut-of-plane displacements u, as small as a few pm, at any place inside or outside
the GRIN pPC W)th

carrier freque céhtered on 19.8 MHz, very close to the targeted frequency of 20 MHz, and a

recision close to 1 um. Most of the experiments described here were done at a

n

\ <
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Figure 3. (a) Experimental and (b) numerical maxima of u, t‘h)acmLstic lens with 30
columns of air inclusions. Ray trajectories (thin dashedflines) weregbtained by using the

experimental and the numerical wave numbers, respectively.

We first measured the normal displacement inside a a&;tica?jens featuring 30 unit-cells along the

x-axis (i.e. the total length is 30a). We show in Fig. 3(a)'the rhap of the measured maxima of u, in the
acoustic lens. The overall maximum u, of 25.9 p M at the position x=25a on the central layer,

and not at the position x=20.7a as predicted by, the<elation 7 o5 derived from a basic ray trajectory
theory.*”?® This discrepancy is well explai hen one takes account of the actual shape of the equi-
frequency contours (EFC’s) along eachyline of\inclusions to calculate the ray trajectories, as shown by
the computed rays drawn as blac ajg\l@s in Fig. 3(a). The formalism consists in calculating the
angle between the group velocit)%n{l to the EFC) and the phase velocity (parallel to the wave

vector) at any point of the FC‘.’\ah)e acoustic rays do not converge to a single point, as it should be

for a planar GRIN len wi,t,h erbolic secant profile, which is free of aberrations.?® Instead, the
r

computed focusing zon tengs' on the central layer over the interval x=[22a, 25a], in very good
agreement with th Ne al results at x=[22.7a, 25.2a] where the amplitude u, takes a value
max

of t

imum value 25.9 pm.

We have also siyw d the achievements of the lens using Comsol FEM. For these computations, we

set the tmgk S oj/the silicon substrate to a value large enough to prevent any reflection at the
boundaries of the plate. Fig. 3(b) shows the maxima of u, normalized by the overall maximum value,
folind“at t ition x=21a, together with the ray trajectories. The latter delineate the focus area (95%
of mahmum amplitude) at about x=[21a, 24a], in very good agreement with the position (95% of
Wimum amplitude) determined by the simulations to lie at x=[20.5a, 22.7a]. It is worth noting
that the rays drawn in Figs. 3(a) and 3(b) were derived from the EFCs which were computed by
accounting for the actual conical-shaped holes and the cylindrical-shaped holes respectively. This

allowed quantifying the consequences of a small geometrical irregularity of the inclusions (around 1°
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in the present case). The experiments, the simulations and the theory lead all to results on the
Ijistl ibutior] of rikisimanbfcriptaras teeepfetdAnle Riusitlontoflitk focab sentheinevsion gbrsdaadreenient
AI with each other.
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Figure 4. Experimental (circles) and numerical (full line) normalized*profiles of the

maxima of u, along the transverse direction, foc

The agreement between the transverse profiles of the maxima, o at the focus, obtained either

max(u ) (a.u.)

experimentally (red dotted line) or numerically (blue line) is very goofi (Fig. 4). The full width at half

maximum (FWHM) normalized to the wavelength in the centra €r Amin, 1S 0.614min (2.53a) when

measured experimentally and 0.704nyi, (2.81a) if deri gom t@simulations. The good performances

of our lens can be ascribed to the large gradient €geffici %-:rhat leads to a large curvature for the

marginal rays and in turn to an output numerical\apirt defined as the sine of the half top angle®®)

estimated to NA=0.28. Moreover, there are f&%@e&ical aberrations at the focus since the velocity
n th

of the Rayleigh waves in the lens depends ‘nsﬁ direction of propagation (the maximum value of

~
the ratio Krw # is 1.06). To conclusﬁ\ﬁii ction, it should be mentionned that an even smaller

X

FWHM would require a larger ma%alue of the transverse wavenumber k, at the focus (or

equivalently a larger gradie icient o), at the expense of larger geometrical aberrations along the
central layers.”

Concentrating the elasfic_enérgy over a spot inside the lens may be advantageous in certain specific
circumstances (e.gz ctively,exciting a cavity mode) but more generally an acoustical lens is aimed

at imaging an

j@’on a plane behind it. We thus have elaborated a shorter acoustical lens featuring

displayed in Fig. 5(a), features a peak of about 19.6 pm, at x=17.5a on the central layer, to be
compared ‘with the maximum amplitude 25.9 pm measured inside the lens; the focal zone stretches
over,_the i}terval x=[16.7a, 18.2a]. The ray trajectories (fine dashed lines in Fig. 5(a)), which are
?(‘raigh\tlmes in the silicon substrate upon refraction at the interface, well account both for the position
of\the focus and for the geometrical aberrations resulting from the anisotropy along each line of

inclusions.
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Figure 5. (a) Experimental distribution of displacement field behind a with 14 columns
of air inclusions. (b) Amplitude along y-axis at the focus. (c) Normalized Poynting vector

along the interface. (d) 2D Fourier transform of the displace

nt when the amplitude

is maximum at the focus. The dashed line is for the EFCat 20 MHz.
Fig. 5(b) shows the transverse profile measured at the f cusgi( M is 2.87a. When reported to
the wavelength in the background (g =4.91a), the F is €Q)Ja| to 0.584g, i.e. slightly better than
the inner focusing resolution 0.61Ami.. Clearly, this should Be-ascribed to the reference wavelength
which is larger in the substrate than it is in the lehs. I%I‘bimportant to notice that the elastic energy
is not evenly distributed along the interface. i ely, this can be seen from the density of rays

drawn in Fig. 5(a) which is not unifor Q%th ilicon plate downstream the lens but shows a
i

maximum on the edges of the beam. A quantitative approach requires calculating the components of

\ 2 %
the Poynting vector whose modu&s\ ortional to the quantity P :{Z(Cijk,u jukx,)z} where C

i=1

stands for the elastic const tsa}&gcon. An estimate of P along the interface can be derived from the

measurement of u,. Actually, clese to the free surface, the in-plane and the out-of-plane components of

£
the Rayleigh Wave‘;é in nstdnt ratio which in silicon is close to % ~1.18.%" We used this value
X

to derive P ag nﬁ%&lized to unity from our experimental data (Fig. 5(c)). In addition to the

sharp peak he elastic energy is mainly concentrated around y=+3a, at a position where the

£ . . .
component ky.0f thywave vector is equal to 10.24%. We then have analyzed the dispersion of the

-

waves theS)ackground. To this end, we have computed the 2D Fourier transform of the
di pi;éeme ield recorded on a large area behind the lens at the moment when the amplitude at the
focus,is haximum. The result displayed in Fig. 5(d), clearly shows two main spots centered at

_£&.24% well on the EFC of the Rayleigh wave at 20 MHz (dashed line), in excellent agreement

with'the distribution of elastic energy on the front wave just behind the interface.
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In

AlR

summary, we demonstrated the subwavelength focusing of a Rayleigh wave at a frequency in the
urd cone, bofFhinmheuiaript wiarlabetried GRMN FRbysfdattiriick attitesof taitedent wotbles in a

icl< silicon plate. By using the non-contact laser ultrasonic technique to measure the out-of-plane

PUb“Sh'(ﬂ&J acement, we have been able to demonstrate FWHM as small as 0.63/in, in good agreement with

both the analytical and the numerical counterparts. In a sample shorter than the focal length, we

obtained experimentally a spot behind the acoustic lens featuring FWHM of 0.5841g, as expected from

the computation of the ray trajectories.
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