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Abstract

Leblond [1] recently estimated the conditions governing the transition from internal to external oxidation of
alloys using a variant of Wagner’s [2] model incorporating the possible role of oxides as diffusion barriers, through
a heuristic dependence of the diffusion coefficient of oxygen upon their local volume fraction. But the crudeness
of the formula adopted made the prediction of the onset of external oxidation only qualitative. A more accurate
formula is derived here by using a thermal analogy and finite element computations of the reduction of the
conductivity generated by nonconducting, more or less flat obstacles. The extended Wagner model incorporating
this formula leads to a prediction of the “critical” local fraction of oxides corresponding to the transition from
internal to external oxidation, depending on the “aspect ratio” of the oxides. The predicted value is in acceptable
agreement with that measured by Rapp [3] for the Ag-In system, for a reasonable postulated value of this aspect
ratio.
To cite this article: J.B. Leblond, M. Pignol, D. Huin, C. R. Mécanique ? (2013).

Résumé

Prédiction de la transition entre oxydation interne et externe des alliages à partir d’un modèle de

Wagner étendu. Leblond [1] a récemment estimé les conditions régissant la transition entre oxydation interne
et externe des alliages en utilisant une variante du modèle de Wagner [2] incorporant le rôle possible d’obstacles
à la diffusion joué par les oxydes, via une dépendance heuristique du coefficient de diffusion de l’oxygène vis-
à-vis de leur fraction volumique locale. Mais du fait de la grossièreté de la formule adoptée, la prédiction de
l’occurrence de l’oxydation externe ne pouvait être que qualitative. On obtient ici une formule plus précise grâce
à une analogie thermique et des calculs par éléments finis de la réduction de la conductivité générée par des
obstacles non conducteurs plus ou moins aplatis. Le modèle de Wagner étendu incorporant cette formule conduit
à une prédiction analytique de la fraction “critique” locale d’oxydes correspondant à la transition entre oxydation
interne et externe, dépendant du “facteur de forme” des oxydes. La valeur prédite est en accord acceptable avec
celle mesurée par Rapp [3] pour le système Ag-In, pour une valeur postulée raisonnable de ce facteur de forme.
Pour citer cet article : J.B. Leblond, M. Pignol, D. Huin, C. R. Mécanique ? (2013).
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1. Introduction

The impact of Wagner’s [2] seminal theoretical analysis of internal oxidation of alloys still remains
strong in spite of its age. The widely and continuously recognized importance of Wagner’s contribution
may be appreciated from the numerous works it inspired, including those of Kirkaldy [4], Laflamme and
Morral [5], Ohriner and Morral [6], Whittle et al. [7], Christ et al. [8], Stott and Wood [9], Gesmundo and
Gleeson [10], Gesmundo et al. [11], Huin et al. [12], Gesmundo et al. [13], Gesmundo et al. [14], Gesmundo
and Niu [15], Niu and Gesmundo [16] and Leblond [1], among others. Many of these works were devoted
to relaxation of some of the severely restrictive hypotheses originally made by Wagner (consideration of
binary alloys only, presence of a single oxidant, oxidation of the sole most reactive metal, formation of a
single oxide with a very low solubility product), thus widening the domain of application and increasing
the significance of his original work.
In spite of the continued attention paid to Wagner’s model, it was not until the very recent work of

Leblond [1] that the remark was made that with a slight, natural modification, it can be used to predict
the conditions governing the transition from internal to external oxidation in a “self-consistent” way,
without introducing any ad hoc parameter. (The use of his model to predict the occurrence of external
oxidation was suggested by Wagner [2] himself, but with a postulated, freely adjustable value of the critical
volume fraction of oxides leading to the transition). Leblond’s [1] suggested modification of the model
consisted in considering the diffusion coefficient of oxygen as a decreasing function of the local volume
fraction of oxides, so as to account for the possible hindering of inward oxygen diffusion by precipitates
acting as obstacles. In spite of the fact that the equations then became nonlinear, Leblond [1] showed
that an analytical solution could still be found, with again a uniform fraction of precipitates within the
oxidized zone. It was also possible to determine the conditions governing the transition from internal to
external oxidation explicitly and analytically. The “critical” volume fraction of precipitates leading to the
transition was found to be independent of the diffusion coefficients of elements and be a function of the
sole respective specific volumes of the matrix and the oxide.
However the effect of diffusion barriers was modeled, following Kirkaldy’s [17] suggestion, by simply

reducing diffusion coefficients proportionally to the volume fraction of obstacles. It is well-known from
homogenization theories that such a hypothesis only represents an approximation leading to an underes-
timation of the effect of obstacles; this underestimation may be insignificant or considerable, depending
on their volume fraction and shape. As a result, the conditions governing the transition from internal to
external oxidation could not be derived accurately: a comparison of the critical fraction of oxides predicted
with that actually determined experimentally by Rapp [3] for the silver-indium system thus revealed a
discrepancy of a factor of about 2.
The aim of this work is to pursue Leblond’s [1] analysis by using a more accurate formula for the

reduction of diffusion coefficients by oxide precipitates acting as barriers. This formula will be established
by using a thermal analogy and performing a large number of finite element computations of the overall
thermal conductivity of elementary representative cells containing nonconducting inclusions with various
volume fractions and shapes. It is hoped that this will lead to transformation of Leblond’s [1] essentially
qualitative predictions of the onset of external oxidation into fully quantitative ones.
The paper is organized as follows:
– Section 2 presents the numerical simulations performed, and the heuristic formula deduced from there
for the overall thermal conductivity of some representative cell containing nonconducting inclusions.

– Section 3 introduces the nonlinear variant of Wagner’s model considered, incorporating the formula
just derived.

Email addresses: jbl@lmm.jussieu.fr (Jean-Baptiste Leblond), moise.pignol@areva.com (Möıse Pignol),
didier.huin@arcelormittal.com (Didier Huin).
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– Section 4 expounds the analytic solution of the equations of the extended model, and derives condi-
tions governing the transition from internal to external oxidation from there.

– Section 5 finally compares the predicted value of the critical fraction of oxides at the onset of external
oxidation to that measured by Rapp [3] for the silver-indium system, showing that an acceptable
agreement may be reached for a reasonable postulated value of the aspect ratio of oxide precipitates.

2. Numerical calculation of the overall thermal conductivity of a medium containing non-

conducting obstacles

2.1. Principle of the simulations

Several homogenization theories are available to calculate the value of the “homogenized” diffusion
coefficient of heterogeneous media. However, none of these theories provides accurate predictions over the
full range of possible volume fractions of inclusions. We shall therefore resort to numerical calculations
by the finite element method, using the SYSTUS c© code developed by ESI-Group.
Exploiting the analogy between the equations of diffusion of atoms and heat, we shall evaluate the

reduction of the diffusion coefficient of a diffusing species arising from the presence of impenetrable
obstacles by performing calculations of the reduction of the thermal conductivity arising from the presence
of nonconducting inclusions.
This reduction does not only depend on the volume fraction of inclusions, but also on their shape.

In problems of internal oxidation, the shape of oxide precipitates depends on the surface energy of the
matrix/precipitate interface: when it high, oxides tend to minimize it by assuming spherical shapes,
whereas when it is low, its influence becomes negligible and oxides tend to freely spread over the surface of
the oxidized sheet where oxygen is available, thereby assuming flat shapes. To schematize these different
geometric situations, we shall consider oblate spheroidal inclusions with axis of rotational symmetry
perpendicular to the surface, and shape characterized by their aspect ratio

W ≡
Major axis of spheroid

Minor axis of spheroid
. (1)

The elementary cell considered will be a cube meshed with cubic elements. Different temperatures will
be imposed on two opposite faces of this cube, the other faces being thermally insulated. The stationary
temperature field will be computed and the overall conduction coefficient deduced from the total heat flux
crossing either of the faces where the temperature is prescribed (calculated through numerical integration
over this face).
The various inclusions contained within the cell will be assumed to all have the same aspect ratio. For

each value of this aspect ratio, their volume fraction will be gradually increased from zero to unity by a
step-by-step procedure. At each step of this procedure, the coordinates of the center of some new, addi-
tional inclusion will be chosen at random, together with its axes (between specific bounds). This inclusion
will be allowed to extend beyond the cell boundaries and/or overlap with previous ones. Elements with
centroid lying inside the inclusion will be ascribed a very small thermal conductivity, thereby collectively
building an almost nonconducting region. 1 A stationary thermal calculation will then be performed,
before proceeding to the next step.
In practice, the cell is a cube of side 1mm meshed with 512,000 trilinear cubic elements (80 in each

direction) and 531,441 nodes. An arbitrary value of 1Wmm−1 ◦C−1 is adopted for the thermal conduc-

1. A strictly zero conductivity is ruled out because it would lead to a singular matrix in the finite element formulation.
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tivity of the matrix, a value 108 times lower being ascribed to the inclusions. A temperature difference of
1 ◦C is imposed between the lower and upper faces (parallel to the surface of the sheet modeled).
Figure 1 shows two typical geometries obtained at some late stage of the calculations, when the volume

fraction of inclusions is high; Figure 1(a) is for W = 1 (spherical inclusions) and Figure 1(b) for W = 10
(very flat inclusions). (Note that the axes of rotational symmetry of the spheroidal inclusions are vertical
and therefore perpendicular to the surface of the sheet modeled, as desired).

(a) Aspect ratio 1 (spheres) (b) Aspect ratio 10 (very flat spheroids)

Figure 1. Representative cells containing spheroidal obstacles (diffusion in the vertical direction)

2.2. Results

Figures 2, 3, 4 and 5 show the results obtained for the values W = 1, 2, 5, 10 of the aspect ratio
of inclusions. The quantities plotted on the horizontal and vertical axes are the volume fraction F of
inclusions and the ratio λHom/λ, where λ is the thermal conductivity of the inclusion-free matrix and
λHom the “homogenized” conductivity of the cell. The numbers in the box enclosed in each diagram
indicate the minimum and maximum values allowed for the major semi-axis of the inclusions when the
random choice is made. In some cases there are several curves for the same minimum and maximum
values; they differ because of different random choices of the centers and axes of the inclusions.
Several remarks are in order here:
– For a given value of the aspect ratio of the inclusions, the scatter from one curve to another is
relatively small. This permits to define a reasonable “average thermal conductivity” depending only
on F and W .

– The larger the aspect ratio of the inclusions, the smaller the average conductivity of the cell. Clearly,
the flatter the inclusions, the more they hinder diffusion parallel to their axis of rotational symmetry.

– Even in the case of spherical inclusions, for which the average conductivity of the cell is maximal,
this conductivity is smaller than what the simple but erroneous “linear rule” λHom = (1−F )λ would
predict; see the dotted line in Figure 2. There is no surprise here since all homogenization theories
predict that λHom ≤ (1 − F )λ, the equality occurring only for very special geometries.
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Figure 2. Relative conductivity of a representative cell containing spherical obstacles (W = 1)
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Figure 3. Relative conductivity of a representative cell containing flat spheroidal obstacles with aspect ratio W = 2

2.3. Adjustment of numerical results

Figure 6 compares, for all values of F and W considered, the average thermal conductivity of the cell
determined by the finite element method to that given by the approximate heuristic formula

λHom

λ
≃ (1− F )χ(W ) , χ(W ) ≡ 1 + 0.55W. (2)

This formula can be seen to provide a good representation of numerical results, except in some cases
for very small values of λHom/λ, which are of little interest here because the transition from internal to
external oxidation occurs for larger values. Furthermore, it is sufficiently simple to allow for an analytic

prediction of the transition from internal to external oxidation of alloys, as will be seen in the sequel.
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Figure 4. Relative conductivity of a representative cell containing flat spheroidal obstacles with aspect ratio W = 5
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Figure 5. Relative conductivity of a representative cell containing flat spheroidal obstacles with aspect ratio W = 10

3. Extended Wagner model accounting for the effect of precipitates as diffusion barriers

The presentation in this Section is brief since most elements are borrowed from the papers of Wagner
[2] and Leblond [1]. Wagner’s [2] notations are adopted hereafter except for the use of mass fractions
(that is, mass of species per unit mass of the material) instead of molar fractions.
Following Wagner [2], we consider the 1D problem, in the direction x, of isothermal internal oxidation

of a single element (A) by oxygen (O), resulting in the formation of a single type of oxide with formula
OAν . The solubility product of this oxide being supposed to be extremely small, the two elements cannot
coexist in their dissolved form so that precipitation occurs only on some precipitation front, the position
of which is denoted ξ(t). Thus, in the oxidized region 0 ≤ x < ξ(t), the mass fraction O of dissolved
oxygen is nonzero but that A of dissolved oxidizable element is zero, whereas the converse is true in the
non-oxidized region x > ξ(t).
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Figure 6. Adjustment of numerical results for the relative conductivity of a representative cell containing obstacles

The equations of the problem read






















































































∂O

∂t
(x, t) =

∂

∂x

(

DO
∂O

∂x

)

(x, t) for 0 < x < ξ(t)

∂A

∂t
(x, t) =

∂

∂x

(

DA
∂A

∂x

)

(x, t) for 0 < x < ξ(t)

O[ξ(t), t] = A[ξ(t), t] = 0 for t > 0

−ν
DO

MO

∂O

∂x
[ξ(t)−, t] =

DA

MA

∂A

∂x
[ξ(t)+, t] for t > 0

O(x, 0) = 0 for 0 < x < +∞

A(x, 0) = Ac for 0 ≤ x < +∞

O(0, t) = Os for t ≥ 0

A(+∞, t) = Ac for t ≥ 0.

(3)

Equations (3)1,2, where DO and DA denote the diffusion coefficients of elements O and A, are the diffusion
equations in the oxidized and non-oxidized regions. Equations (3)3,4, where MO and MA denote the molar
masses of O and A, express necessary conditions at the precipitation front; equation (3)4 notably expresses
the fact that the opposite fluxes of atoms O and A at the precipitation front are entirely “consumed”
there in the production of OAν molecules. Finally equations (3)5−8, where Ac denotes the “core” value
of the mass fraction of A defined by the composition of the alloy and Os the mass fraction of dissolved O
prescribed on the surface, are the initial and boundary conditions.
Wagner’s [2] idea was to consider the diffusion coefficients DO, DA of elements O and A as identical

to those, D0
O, D

0
A, in the non-oxidized matrix. However, in contrast to element A which does diffuse in

the non-oxidized region, element O diffuses in the oxidized one. Hence it is reasonable, assuming that the
oxide precipitates act as diffusion barriers and using equation (2), to take DO and DA in the following
form:

DO ≡ (1− F )χ(W )D0
O ; DA ≡ D0

A (4)

where F denotes the local volume fraction of oxide precipitates and W their aspect ratio. The value of F
is to result from the solution of the equations of the model but that of W is assumed to be constant in
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space and time, and given at the present stage of development of the model.
Since mass fractions are used in this work, it is necessary to re-express the local volume fraction F of

oxide precipitates in terms of their local mass fraction P , as done by Leblond [1]. Consider an elementary
domain of material of mass δm. The volumes occupied by the matrix and the oxide precipitates within
this domain are VM (1 − P ) δm and VP P δm respectively, where VM and VP denote the specific volumes
(volumes per unit mass) of the two phases. (The slight dependence of VM upon the dissolved fraction of
element A is neglected). Therefore the volume fraction of the precipitates is

F =
VP P δm

VM (1− P ) δm+ VP P δm
=

PVP/VM

1− P + PVP/VM
.

It follows that the expression (4)1 of DO may be re-written in the form

DO =
D0

O

f(P )
, f(P ) ≡

(

1 +
VP

VM

P

1− P

)χ(W )

. (5)

4. Analytic solution

4.1. Original model

In a first step, we consider DO as constant and identical to D0
O, and follow Wagner’s [2] treatment.

The position of the precipitation front being written in the form

ξ(t) = 2γ
√

DOt (6)

where γ is a dimensionless parameter, equations (3)1−3,5−8 yield










O(x, t)

Os
= 1− erf

[

x
/(

2
√

DOt
)]

/ erf γ for 0 ≤ x ≤ ξ(t)

A(x, t)

Ac
= 1− erfc

[

x
/(

2
√

DAt
)]

/ erfc
(

γ
√

φ
)

for x ≥ ξ(t)
, φ ≡

DO

DA
. (7)

Condition (3)4 then provides an equation on γ:

exp(γ2) erf γ
√
φ exp(γ2φ) erfc(γ

√
φ)

= ν
MA

MO

Os

Ac
. (8)

The mass fraction P of oxide precipitates in the oxidized zone may be obtained from the fluxes of elements
at the precipitation front; it is independent of x and t and given by

P = Ac Mp

νMA

exp
(

−γ2φ
)

γ
√
πφ erfc

(

γ
√
φ
) (9)

where MP is the molar mass of the molecule OAν .
Our interest here is the possible formation of some external scale of oxides, which may occur only if P

is comparable to unity. Since Ac is always small in practice, this implies that P/Ac must be large. Now
combining equation (9) and the asymptotic expression of the function erfc near infinity, one sees that
this cannot be true if γ

√
φ is of order unity or larger. Therefore we are interested only in the case where

γ
√
φ ≪ 1, and then γ ≪ 1 also, since φ ≫ 1 in practice (oxygen diffuses much more quickly than the

oxidizable element). Then equations (8), (9) reduce to

γ =
ν

2

√

πφ
MA

MO

Os

Ac
; P =

2

πν2φ

MOMP

M2
A

(Ac)2

Os
. (10)
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4.2. Extended model

We now consider the extended model in which DO and DA are given by equation (4). Since the
expression of DO makes the equations of the model nonlinear, it seems improbable at first sight that an
analytic solution can still be found, but this conclusion reveals wrong upon closer inspection, as was first
noted by Leblond [1] for a simpler version of the model.
The key point here is to look, following Leblond [1], for a solution in which the mass fraction P of

oxides is still uniform within the oxidized zone. With this hypothesis, equation (5) implies that DO is also
uniform in this zone, so that Wagner’s solution still applies and again yields a uniform P -value, consistent
with the hypothesis made. Thus P is still given by equation (10)2, with the sole difference that φ is no
longer now a given constant but a function of P defined by equations (5) and (7)3. This provides an
equation on P which may be written in the form

f(P ) = αP , α ≡
πν2

2

D0
O

D0
A

M2
A

MOMP

Os

(Ac)2
. (11)

The solutions of equation (11)1 are best discussed graphically (Figure 7). It is clear from equation
(5)2 that f(P ) is an increasing and convex function of P . Therefore equation (11)1 may have 0, 1 or 2
solutions, depending on the value of the parameter α defined by equation (11)2 with respect to some
“critical” value αcr.

(

1 +
VP

VM

P

1− P

)χ(W )

αP, α < αcr

αP, α > αcr

αcrP

PPcr0

0

1

1

Figure 7. Geometric discussion of the solutions of equation (11)1

Increase gradually the core value Ac of the mass fraction of the oxidizable element, starting from a
zero value for which the mass fraction P of oxides is also nil. The parameter α then gradually decreases
from infinity. When Ac is very small, the straight line of slope α is almost vertical so that it cuts the
representative curve of the function f(P ) near to the origin, thus defining a solution P much smaller
than unity. (There is another solution close to unity, but it is inadmissible since it cannot be reached
continuously from zero). When Ac increases, the slope α of the straight line decreases so that the abscissa
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P of its first intersection with the curve increases. When α reaches the critical value αcr, the two points
of intersection of the straight line and the curve become identical, and P reaches its maximum possible,
“critical” value Pcr. When α becomes smaller than αcr, no solution with an oxidized zone of finite thickness,
as considered until now, can exist any longer. The only possible solution must consist of an infinite
concentration of oxides on the surface.
The critical values αcr, Pcr of the parameters α and P may be calculated analytically. Indeed it follows

from the fact that the straight line of slope αcr is tangent to the curve at the point P = Pcr that

f(Pcr) = αcrPcr ; f ′(Pcr) = αcr. (12)

Eliminating αcr between these equations, one gets

f ′(Pcr)

f(Pcr)
=

1

Pcr
⇒

1

P 2
cr

−
2 + [χ(W )− 1]VP/VM

Pcr
+ 1−

VP

VM

= 0 (13)

where equation (5)2 has been used. The solution of this algebraic equation of the second degree on 1/Pcr

is

Pcr =
1

χ(W )− 1

2

VP

VM

+ 1 +

√

[

χ(W )− 1

2

VP

VM

]2

+ χ(W )
VP

VM

. (14)

(The other solution is negative, and therefore inadmissible, for VP /VM > 1, which is always the case in
practice). Once the value of Pcr is known, that of αcr follows from equation (12)1 or (12)2.
Quite remarkably, the values of both Pcr and αcr are independent of diffusion coefficients and depend

only on the respective specific volumes VM , VP of the matrix and the oxide, plus the shape of the
precipitates via the exponent χ(W ).

5. Discussion and perspectives

One can find in the literature many experimental values of the critical values (leading to external ox-
idation) of either the nominal (core) concentration Ac of the oxidizable element for a given value of the
superficial concentration of oxygen Os imposed, or vice-versa; this is quite natural since these quantities
are those of most practical interest. However, the critical value of the ratio Os/(Ac)2 unfortunately de-
pends on the diffusion coefficients of elements through the expression (11)2 of the parameter α. Since
as a rule measurements of these coefficients involve notable experimental errors, direct comparisons be-
tween experimental and theoretical critical values of either Ac or Os would be hampered by important
uncertainties.
A comparison of experimental and theoretical values of the critical fraction Pcr of precipitates, free

of such uncertainties, is therefore much more preferable. Unfortunately literature does not abound in
experimental values of Pcr. However a paper of Rapp [3] contains an experimental estimate of the critical
volume fraction of In2O3 for the silver-indium system, amounting to 0.3. The values of the specific volumes
of Ag and In2O3 being VM = 0.095 cm3g−1 and VP = 0.139 cm3g−1 respectively, the corresponding critical
mass fraction is 0.23. Now for these specific volumes, the critical mass fraction of the oxide In2O3 deduced
from equation (14) is as follows, for various values of its aspect ratio W :
– for W = 1: Pcr = 0.338;
– for W = 3: Pcr = 0.221;
– for W = 5: Pcr = 0.164.

The value of 0.221 obtained for an aspect ratio of 3 agrees quite well with Rapp’s [3] experimental
estimation. This aspect ratio is reasonable; it cannot unfortunately be compared to the actual one in
Rapp’s [3] experiments, which is not provided in his paper.
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This work is liable to at least two extensions:
– As mentioned in the Introduction, Wagner’s [2] model involves several severely restrictive hypotheses.
Most of these hypotheses can however be removed, provided that the solution is no longer looked
after in analytical form but purely numerically; see e.g. the works of Huin et al. [18], Feulvarch et al.

[19] and Brunac et al. [20]. The more general models thus defined could be used in conjunction with
our expression (4)1 of the diffusion coefficient of oxygen in the presence of oxides acting as obstacles,
to predict the transition from internal to external oxidation in more complex conditions than those
envisaged by Wagner.

– More fundamentally, the aspect ratio of oxides was considered as fixed and given in the present work.
In reality, as mentioned in Subsection 2.1, this aspect ratio depends on the surface energy of the
matrix/precipitate interface. A more basic development would consist of deriving it in some way
from this surface energy, maybe through combined use of some microscopic model of diffusion.
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