N
N

N

HAL

open science

Elastocapillary Coiling of an Elastic Rod Inside a Drop

Hervé Elettro, Paul Grandgeorge, Sébastien Neukirch

» To cite this version:

Hervé Elettro, Paul Grandgeorge, Sébastien Neukirch. Elastocapillary Coiling of an Elastic Rod Inside
a Drop. Journal of Elasticity, 2016, 127 (2), pp.235-247. 10.1007/s10659-016-9611-4 . hal-01445679

HAL Id: hal-01445679
https://hal.sorbonne-universite.fr /hal-01445679
Submitted on 25 Jan 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.sorbonne-universite.fr/hal-01445679
https://hal.archives-ouvertes.fr

Noname manuscript No.
(will be inserted by the editor)

Elastocapillary coiling of an elastic rod inside a drop

Hervé Elettro - Paul Grandgeorge - Sébastien
Neukirch

Received: date / Accepted: date

Abstract Capillary forces acting at the surface of a liquid drop can be strong enough
to deform small objects and recent studies have provided several examples of elas-
tic instabilities induced by surface tension. We present such an example where a
liquid drop sits on a straight fiber, and we show that the liquid attracts the fiber
which thereby coils inside the drop. We derive the equilibrium equations for the
system, compute bifurcation curves, and show the packed fiber may adopt several
possible configurations inside the drop. We use the energy of the system to discrim-
inate between the different configurations and find a intermittent regime between
two-dimensional and three-dimensional solutions as more and more fiber is driven
inside the drop.
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1 Introduction

The packaging of elastic filaments in cavities [28] is a model system for a large variety
of physical phenomena, for example the ejection of DNA from viral capsids [20, 19,
17], carbone nanotubes compaction [6], or the windlass mechanism in spider capture
threads [30]. In the case of a mechanical wire spooled in a sphere, or DNA in a capsid,
the presence of a motor is necessary for the packing process, the energy to bend the
filament being provided by this external actuator. In the case the cavity is a liquid drop
(or a bubble in a liquid medium) surface tension may provide the actuation energy:
if the affinity of the filament for the liquid is stronger than that of the filament for
the surrounding gas, then the bending energy required for packing could be provided
by the difference of surface energies. As always, surface energy prevails at small
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Fig. 1 A cylindrical rigid rod partially immersed in a liquid drop. As affinity of the rod for the liquid is
stronger than that with air, a tension 7 is applied to prevent complete immersion. A capillary force, applied
by the liquid at point A, is balancing this tension 7'.

scale and carbon nanotubes adopting ring shapes in cavitation bubbles have been
experimentally observed [22] and theoretically analyzed [7]. For larger drop-on-fiber
systems [21, 10], typically of millimeter or centimeter sizes, the competition between
capillary and elastic forces is not automatically won by the former: a threshold length
emerges [7] and separates systems in which packaging is possible from those in which
the fiber remains straight. This threshold length, called elastocapillary length [26],
plays a central role in problems in which surface tension bends or buckles slender
rods [14] or thin elastic sheets [25].

Computations of configurations of a filament packaged in a spherical cavity have
been performed using Finite Elements [29], molecular mechanics [3], or statisti-
cal physics [1] approaches. Here we present a model for the buckling and coiling
of an elastic rod in a rigid spherical cavity. In section 3 we derive the equilibrium
equations for the elastic rod using an energy approach [27,5]. In Section 4 we non-
dimensionalize the equations and set the boundary-value problem which we numer-
ically solve. In Section 5 we plot bifurcation curves and compare the energy of the
different coiling solutions. We finally present experimental configurations of coiled
systems involving elastomeric beams and oil droplets.

2 Surface tension and interface energy

In this section we recall the link between surface tension and surface energy. Any in-
terface between two mediums costs energy as molecules lying at the interface are in
a less favorable state than molecules deeply buried in the medium. Theses molecules
at the interface are then slightly scattered and therefore in a state of tension: surface
energy yields surface tension [15]. We illustrate this link in Figure 1 which shows a
drop sitting on a wall in the absence of gravity. A cylindrical rigid rod is then par-
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tially immersed in the liquid drop. The rod’s material has a stronger affinity with
the liquid than with air and consequently the rod is attracted toward the liquid. One
has then to pull the rod at its right end to equilibrate the system. We compute this
pulling tension 7 by writing the potential energy of the system. The solid-liquid in-
terface has energy Ysp. per unit area, yielding a total surface energy (i, Pysp + X 5L
where P is the perimeter and X the area of the cylinder cross-section, and ¢;, the
immersed length. Similarly the total surface energy of the emerged part (of length
Loup) 18 Lot P Ysv + X ¥sv. The liquid-vapor surface energy is 27 R? My where R is the
(constant) radius of the liquid drop. Summing up all these energies, adding the work
—T z(B) of the external tension T, and dropping out constant terms, we write the total
potential energy of the system as

E = lin PYsL +Lou PYsv — T 2(B) . (1)
Replacing ¢, = L — £y andv z(B) = R+ loy we finally arrive at
E(€out) = Lout (P[Ysv — ¥sL] — T) + const. )

Equilibrium is then achieved for dE /dfoy = O that is

T =P(ysv—%L) >0. 3

In the language of forces we say that the external tension 7 is balanced by a capillary
force Fy = P(Ysv — ¥sL), applied by the liquid on the rod at point A and oriented
toward the center of the drop.

3 Variational approach

‘We consider a rod that is naturally straight and has a linear elastic response to bending
and twisting. In addition, we work under the assumption that the rod is inextensible
and unshearable. The position of the center line of the rod is R(S) where S is the arc
length along the rod. The arc length runs from O to L, L being the total contour length
of the rod. To follow the deformation of the rod material around the center line, we
use a set of Cosserat orthonormal directors {dy(S),d2(S),ds(S)} where d3(S) is the
tangent to the rod center line and {d; (S),d,(S)} register the rotation of the rod cross
section about the tangent. Orthonormality of the Cosserat frame implies the existence
of a Darboux vector U(S) such that

di'(S) =U(S) xd;(S), i=1,2,3. @)

The components U; = U - d; are used to write the strain energy of the rod
L
Ean = [ (1/2) [K1UR(S) + K U3 (S) + Ka U3(S)] ds, )

where K| and K are the bending rigidities, K3 is the twist rigidity, U; and U, are the
curvature strains, and Us is the twist strain[2,4].

A liquid drop of mass M and radius R is attached to the rod. The rod enters the
drop at meniscus point A and exits the drop at meniscus point B. Writing S4 the arc



4 Hervé Elettro et al.

Fig. 2 Equilibrium configuration of an elastic rod buckled by a liquid spherical drop. The rod is clamped
at both extremities, and an end-shortening A is imposed. The configuration is symmetric about a z-rotation
about the axis joining the center C of the sphere and the rod middle point S = L/2. Meniscus forces, applied
on the rod at meniscus points A and B, together with soft-wall barrier forces are represented. Their sum is
equal to the weight of the drop, see Equation (22).

length of point A and Sp the arc length of point B, we divide the rod in three regions:
(D) where S € [0;84), (IT) where S € (Sa;S5), and (IIT) where S € (Sp; L], with region
(II) lying inside the liquid drop. In regions (I) and (III) the solid-vapor interface has
an energy Ysy per unit area. In region (II) the solid-liquid interface has energy ysr
per unit area. The total surface energy of the rod then scales linearly with the contour
length:

Esurface = P [YSVSA + '}’SL(SB - SA) + Ysv (L - SB)] ’ (6)

where P is the perimeter of the cross-section of the rod. If the drop was free-standing
it would adopt a spherical shape in order to minimize its surface energy. Neverthe-
less due to (i) its own weight, (i) contact pressure coming from the coiled rod, and
(iif) meniscus contact angles, the drop is non-spherical. But as we deal with (i) drops
which are smaller than the capillary length, (ii) rods which are flexible compared to
surface tension, and (#ii) drops with radii much larger than the diameter of the cross-
section of the rod, to a first approximation we consider the drop to be spherical. The
surface energy 47TR>y1y corresponding to the liquid-vapor interface (i.e. the drop sur-
face) is then constant and therefore discarded. As in [13] we use a soft-wall potential
to prevent the rod from exiting the sphere elsewhere than at the meniscus points A
and B:
Yo
1+p —(1/R)\/(R(S) ~Rc)?’

where R¢ = (X¢,Yc,Zc)T is the position of the center of the spherical drop, and V
is an energy per unit length with Vp — O corresponding to the hard-wall limit. The
small dimensionless parameter p is introduced to avoid the potential to diverge at

Viall (R(S)aRC) (7)
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the meniscus points A and B, where the rod enters and exits the sphere. As we are
working with sub-millimetric systems we neglect the weight or the rod, but take into
account the weight of the drop by adding the term MgY¢ into the energy. The total
potential energy of the system is then, up to constant terms,

SB
Eot = Egtrain + /S Vivall ds— Fy(SB - SA) +MgYC ) 3
A
where we have introduced the surface tension force Fy = P(¥%sv — ¥s..) > 0. We con-

sider boundary conditions of clamping, where the rod position R(S) and rotation are
restrained at both sides:

R(0)=0, R(L) = (0,0,L—A)", (9a)
d;(0) =cosapex+sinopey , dz(0) = —sinapex+cosapey , d3(0) =e,, (9b)
dy(L) =cosoyex+sinog ey, dy(L) = —sinogex +cosog ey, d3(L) =e,, (9c)

where A is the prescribed end-shortening, o and o, are fixed angles, and {ex,ey, e}
is our reference frame. We minimize E, under the following constraints

R'(S) =d3(S) (inextensibility), (10a)
di(S)-dj(S) = 9;; (orthonormality), (10b)
U =dy-d3s, Uy=d3-dy, Us=d;-d; (Darboux relations), (10c)

(R(S4) —Re)* = R* = (R(Sg) —R¢)*  (position of meniscus),  (10d)

where ' = d/ds. We cope with constraints by introducing Lagrange multipliers and
considering the Lagrangian

L(Uy,U,Us,R,dy,dy,d3,54, S5, R¢) =
/OL [(1/2) (K\UZ + Ky U2 + K3 U2) — My (Uy —dy - d3) — My (U —d3’ - dy)
—M; (U —dy'-dz) — viz (dy -d2) — Vi3 (dy -d3) — V23 (d2 - d3)
—(1/2)e1 (g -dy — 1) — (1/2)&> (dy-dz — 1) — (1/2)e3 (d3 - d3 — 1)} ds
+(F/2R) |(R(Sx) = Re)” = ] + (Fi/2R) |(R(S5) ~Re)’ ~ K|
—Fy(Sp—S4) —W-Rc+ SjB Vivan dS

S S L
+/ "N (R —d3)ds+ [ NI (R —ds)dS+ [ NI (R'—ds)dS, (11)
0 SA SB

where W = (0,—Mg,0)” is the weight of the drop, and where M;(S), v;;(S). &(S),
NLILIL(§) and Fy p are Lagrange multipliers. As we will see in the following, the
multipliers M;(S) correspond to the components of the internal moment M, M =
Midy + M,dj + M3d3. It can be shown that, as in the planar case [13], M(S) does not
experience any discontinuity at the meniscus points S = S4 and S = Sp. In the same
manner, the multipliers NMM(S) will be interpreted as the internal force in each
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region of the system. Since the internal force in the rod does experience discontinu-
ities at the meniscus points, we have therefore introduced three different multipliers
NLILIL ().

First variation

We note w = (U;,Us,Us,R,dy,d3,d3, Sa, S, Re) and we consider the conditions for
a state w, to minimize the energy Eio. Calculus of variations shows that a necessary
condition is

z%wywzéifmﬁfw) —0 W, (12)
€ e=0

where W is a variation of the variable w. Boundary conditions (9) imply that

R(0)=0
di(0,L)=0

e

)

(L) =0, (13)
i(L)=0 Vi, (14)

(=}
o

)

Noting that & [ (x) dx

. a f(a) we calculate the first variation (12)
e=

L(W,) - W=

L JR— JR— JR—
/0[K1U1U1+K2U2U2+K3U3U3
—-M,; (a—dizl'ds—dz/'dj) — M, (E-Tsl'dl—dsl'a)
—M;3 (@—a/'dz—d1/'£) —vi2 (dy-dz +dq - dy)
— Vi3 (dy-d3+dy-d3) — Vo3 (dz-d3 +dz-d3)
—€1d71-d1—82d72'd2—€3d73'd3} ds
+ (Fa/R) [(R(Sa) —Rc) - (R(Sa) +Sa R'(S4) —Rc) ]
+ (Fz/R) [(R(S8) —Rc) - (R(S5) + S8 R'(Sz) —Rc) |
F(S5-5) - W-Re

Sg (BVwau R4 Vil

T, UoR IRC

: 1{C> ds+ TBVwall (SB) - ngall (SA)

R = S8l (w L (v
+/ N~(R —d3)ds+ N -(R —d3)dS+ N -(R —d3>dS.
0 SA SB
(15)

Note that we have used (10a) to eliminate several terms. We first require (15) to vanish
for all U; and obtain

M; = K;U;. (16)

Equation (16) appears as the bending/twisting constitutive relation of the elastic rod
provided the Lagrange multipliers M; are seen as the components of the internal mo-
ment. We next perform integrations by part for the terms involving Ei/. Boundary



Elastocapillary coiling of an elastic rod inside a drop 7

conditions (14) implies that the boundary terms vanish. Requiring the result to vanish
for all d; yields:

M2d3/—M§d2—M3d2/—V12d2—V13d3—81 d; =0, (17a)
M3d1'*M1d3*M1d3/*V23d3*\/12d1782d2:0, (17b)
~NUH LA dy — M dy — Mo dy' — vizdy — vasdy — £3d3 =0. (17¢)

We take the scalar product of each of these three equations with dy, d,, and d3 and
combine them to eliminate the v;; and the &; to finally obtain

M{ =My Uz — M3 U, —|—N;H’IH7 (18a)
My =M3U, — My Uz — N;™™ (18b)
My =M,U, — M, Uy, (18¢)

which is the component version of the moment balance equation for the elastic rod,
M’ = N x R'. The Lagrange multiplier N is then seen as the internal force in the rod.
We now perform integrations by parts for the terms involving R’ and find that

(Fa/R) (R(S4) —Rc) -R(Sa) + (Fz/R) (R(Sp) —Rc) - R(Sp)

S8 QV, I — —15 —15, —-L
+ R R INVRJ o NTRJ - [NTR]G

"SA _ "SB _ L _ _
—/ NI(s)-Rds— | NU(s).-Rds— [ NT(s).RdS =0 VR. (19
JO J Sy Sp

This condition implies the balance equations for the rod:

NI(S)Y =0 VSe[0:S4), (20a)
NI(s) — % =0 VSE(S4:Sz), (20b)
NU(SY =0 VS e (Sp;L], (20c)

where NV are the internal forces in each region of the system. The force per unit
length —dVyy11/ R corresponds to the soft-wall repulsion, from the drop interface,
on the rod. Boundary conditions (13) make the boundary terms at S =0 and S =L
vanish, but arbitrariness of the variations ﬁ(SA) and ﬁ(SB) require that

N"(S4) —=N'(Sa) + Fy [Rc —R(S4)] /R=0, (21a)
N (sp) —N"(Sp) + F3 [Rc — R(S3)] /R =0. (21b)
These equations correspond to forces balance at the meniscus points. We see that at
meniscus points A and B, the total force from the drop on the rod is oriented toward

the center of the spherical drop and has intensity Fy and Fp respectively. Requiring
(15) to vanish for all R¢ yields

S,
Fy [RC — R(SA)] /R+FB [RC 7R(SB)] /R = W+/§ ’ avwau/aRdS, 22)
A
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where we have used the identity dVi,/9dRc = —9dViyai/IR. Equation (22) tells us
that the total meniscus force from the drop on the rod (the right hand side of (22))
is equal to the weight W of the drop plus the opposite of the integrated soft-wall
repulsion. We therefore see that the soft-wall repulsion applied inside the drop is
balanced by the meniscus force. Accordingly, using (20b), (21), and (22) we find

NI(Sp) —NI(S4) + W =0. (23)

That is, the total force from the liquid on regions I and III of the rod is simply the
weight of the drop. Finally the conditions for (15) to vanish for all S4 and Sp are

(FA/R) [RC - R(SA)] -R,(SA) = Fy* Vwall(SA) y (2421)
(Fs/R) [Rc —R(Sp)]- R(Sp) = —Fy + Vivan () - (24b)

These conditions can be seen as a way to compute the intensity F4 and Fp of the
meniscus force. In particular we see that F4 (Fp) depends on the relative orientation
of the rod’s tangent and the radial vector at the meniscus points A (B), as also shown
in [24]. Introducing the tension in rod 7'(S) := N -d3 and using (21), we find that

T'(Sa) — T™(Sa) = Fy— Vaan (Sa) (252)
" (Sg) — T"(Sp) = Fy — Vet (SB) , (25b)

where we see that, in the limit Vj — 0, the jump in the rod’s tension is equal to the
surface tension force Fy.

4 Boundary value problem

We restrict our attention to rods with isotropic bending behavior, K| = K, = Ky, where
U=M/Ky+ (1 —K3/Kp) Usd3 with Us = (M, d3, +M,ds, +M_ds;) /K3. In this case
(18c¢) shows that dUs /dS = 0 VS, and consequently U vanishes for the equations [18,
23]. We additionally focus here on the weightless, W = 0, and symmetrical Sy =
L/2—ZX, Sp = L/2+ X case. We use the diameter D = 2R of the spherical drop
as unit length, and the buckling load Ky/D? as unit force, that is we introduce the
following dimensionless quantities

S—L/2 L (X,Y,Z—(L—A)/2)
— == = ; 26
S D ) Dv (x,y,z) D ’ ( a)
by K; A F,D?
=2 k== §=—": =UD; = ; 26b
c pr ks K o U UD; fy Ky (26b)
ND? MD Vieall, Vo) D?
n— D om=——3 (nyg) = M_ (26¢)
Ky Ko Ko

We further restrict the study to equilibrium shapes being invariant by a rotation of an-
gle 7 about the line passing through the middle point of the rod, r(s = 0), and directed
along the axis ey. Such configurations are sometimes referred to as flip-symmetric [9].
The quantities x(s), z(s), d1y(s), dax(s), d2-(s), day(s), my(s), and n,(s) are then odd
functions of s, while y(s), dix(s), di:(s), day(s), d3x(s), d3;(s), my(s), m(s), ne(s),
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and n;(s) are even functions of s. The center of the spherical drop consequently lies
on the flip-symmetry axis, that is xc = 0 and z¢ = 0, and the end-rotation angles are
such that o = —oy.. Making use of this symmetry, we only integrate the equilibrium
equations for s € [0,¢/2], which read

X (s) =dax, ¥ (s) = day, 7 (s5) = de, (27a)
), (5) =dy-my — diymz + (1 — k) u3 (d1.dy — diy dsz) | (27b)
iy(s) dixm; —dizme+ (1 —k3)us (diyds; — di;dsy), (27¢)
1:(8) =diymy —dyemy + (1 — ks ) uz (diyds, — dixdsy) (27d)
d.(s) =ds; my — dzym;, déy(s) =ds,m; —dz,my, d3z(s) = d3ym, —dz my, (27e)
ml(s) =ds; ny —dsyn, m;(s) =dsn; —ds; ny, m'z(s) = d3yn, —dsyny, (27f)
n(s) =x 9v/dx+2fpx(c) ds—o, (27g)
ny(s) =x Iv/dy+2fs [y(0) —yc| dy-o (27h)
n.(s) = 0v/dz+2fpz(0) dy_g, (270)

-1
where d,_y is the Dirac distribution centered on so, and v = v (1 +p =22+ —yc)*+ Zz)

For s € [0;0) the rod lies inside the spherical drop and we have ) = 1, otherwise
x =0. We set ov = 0 in (9) and consider vo, p, fy, £, and k3 as fixed parameters. We
look for equilibrium solutions by integrating (27) with initial conditions

x(0) =0, ¥(0) = yo, 2(0) = 0, (282)
d3:(0) =sinBy, d3,(0) =0, d3;(0) = cos by, (28b)
dix(0) =cos 6y, di,(0) =0, di,(0) = —sin 6y, (28¢)

1x(0) =ny0, ny(0) =0, n,(0) = ny), (28d)
my(0) =my, my(()) =0, mz(0) = my (28¢)

where yg, 09, 10, 120, My, Mo along with yc, fp, and ¢ are 9 unknowns which are
balanced by the following 8 conditions. We restrict to cases where the director dy is
aligned with the ey axis at both extremities of the rod, that is we set o = oz, = 0.
Then, using (9), we write 5 boundary conditions for the right extremity of the rod,
s=1£/2

x(6/2) =03 y(£/2) =05 d5(£/2) =03 d3y(£/2) =0 diy(£/2) =03  (29)

At the meniscus point B, we have 3 conditions, adapted from (10d), (23), and (24b)

V22 (0) + ((6) —ye)? +2(0) =1/2, (300)
ny(c) =0, (30b)
2fg[—x(0)d3(0) + (yc —¥(0))d3y(0) —z2(0)d3;(0)] = — fy+v(c).  (30c)

The solution set is thus a 9 — 8 = 1 dimensional manifold and we plot in Section 5
different solution paths.
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Fig. 3 Force-displacement post-buckling curves for fy = 20 and # = 0, where 1 is the applied tension
and O the end-shortening. Paths of 3D and 2D configurations are plotted with solid and dashed lines
respectively. Points marked with empty and filled circles, squares, diamonds, and triangles correspond to
configurations shown in Figures 5, 6, 7, and 8 respectively. Points marked triangles belong to paths not

shown here.

5 Bifurcation diagram

We numerically solve the boundary-value problem defined in Section 4, using ei-
ther a shooting method or the AUTO collocation method [8]. Pseudo-arc-length con-
tinuation then enables us to follow the solutions as parameters are varied. In order
to compare present three-dimensional (3D) results with two dimensional (2D) solu-
tions studied in [13], we use the same parameters k3 = 0.9, £ = 10, f, = 20, and
vo = 0.02/¢? =2 x 1074, but reduce p to p = 0.1 thereby bringing the meniscus
points closer to the bounding sphere.

We start with a straight configuration subject to a large applied tension t =n(¢/2)-
d3(¢/2). We define the end rotation % as the angle between dy(¢/2) and dy(—£/2),
Z = ar, — o = 2 0y, and we first restrict to configurations with % = 0. The straight
configuration is consequently twistless. (For the present case of clamped-clamped
configurations this end-rotation % is closely related to the topological link Lk, see e.g.
[16].) As the tension ¢ is decreased under a threshold value ¢ ~ 3.7, the rod buckles
and the post-buckling regime first involves 2D configurations, this is the path Ax
introduced in [13]. The dimensionless end-shortening & is then gradually increased,
and at 6 ~ 0.24 7 lies a pitchfork bifurcation and a secondary path, consisting of 3D
configurations, emerges and progresses toward the plateau value tp = fy, — 2 [12], see
Figure 3. Later along the path, for 6 ~ 1.9 7, another pitchfork bifurcation occurs and,
for a limited & interval, the equilibrium configurations become planar again: The 3D
path merges with the path L, which consists in configurations which are planar and
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Fig. 4 Energy as function of the end-shortening & for the post-buckling curves of Figure 3.

[ ] - O
Fig. 5 3D configurations corresponding to the filled and empty circles on the post-buckling diagram of

Figures 3 and 4.

looping twice inside the sphere. After yet another pitchfork bifurcation at § ~2.15 7,

Fig. 6 2D configurations corresponding to the filled and empty squares on the post-buckling diagram of
Figures 3 and 4.

the L, and 3D paths split again.
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Another path, called Pt in [13], exists and is composed of configurations which
are always planar. These configurations, resembling a second buckling mode, are
probably unstable, but using a rod with a flat, rectangular cross-section we were able
to stabilize them, see Figure 10. No bifurcation was found along this path 7.

Fig. 7 2D configurations corresponding to the filled and empty diamonds on the post-buckling diagram of
Figures 3 and 4.

In order to classify these different paths we plot the energy £ = Eyo + Fy(A+D)
in Figure 4 where the lowest energy path is seen to be the succession Ax-3D-L,-3D.
Please note that yet other paths were found, but with higher energies, see e.g. the two
configurations in Figure 8. In [13] a path L;, comprising 2D configurations which

T e -

v v

Fig. 8 3D configurations corresponding to the up and down triangles on the post-buckling diagram of
Figures 3 and 4.

were looping once inside the sphere, was shown. This path does not fulfill the topo-
logical constraint Z = 0 and is therefore not plotted in Figures 3 or 4. Nevertheless
if the boundary condition % = 27w was used instead, such a path L; would come
into play. We draw in Figure 9 the post-buckling of a rod with ¢ = 20 (and k3 = 0.9,
fy=20,v0=2x 1074, p =0.1) and either #Z = 0 or Z = 21. We see that for Z =0
(# =2m), around 8 /7 =2 (2j — 1) there is an interval in which configurations with
2j(2j—1) loops exists, with j =1,2,3,.... As the system tries to minimize the bend-
ing energy, the rod tends to wind in the sphere following the largest possible radius of
curvature. This § = 7, or A = 27T R, periodicity consequently corresponds to the addi-
tion of one coil (of radius R) in the sphere: as the rod enters the attracting sphere there
are periodic events where the rod adopts an ordered configuration resembling a spool.
We have been able to experimentally evidence these ordered states, see Figure 10 and
[11].
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o1 2 3 4 5 o7

Fig.9 Force-displacement post-buckling curves for £ = 20, fy = 20, and either % = 0 (continuous line) or
% = 2r (dashed line). Only the succession Ax-3D-L,-3D, which has lowest energy, is shown. For Z = 0
(% = 2m), the series of events of planar-loop configurations appears around even (odd) values of § /7.

Fig. 10 (Up) Thermoplastic Poly Urethane (Young’s modulus 17 MPa) fiber with circular cross-section
(diameter 5.6 +/- 0.5 microns) spooled in a silicone oil drop (diameter ~ 200 microns, surface tension 21
mN/m) with #Z = 0. There is 2X = 2.8 mm of fiber in the drop, which corresponds to ~ 4.5 spools. (Down)
PolyVinylSiloxane beam (Young’s modulus ~ 200kPa) with rectangular cross-section (40 x 160 microns)
bent in a silicone oil drop (diameter ~ 0.7 mm) with % = 0. The 2D configuration obtained, analogous to
configurations along the 7; curve in Figure 3, is due to the anisotropy of the cross-section which strongly
favors bending in one direction.

6 Conclusion

In conclusion we have presented a model for the interaction of an elastic rod with a
liquid drop, with the restriction that the drop remains spherical. The difference in sur-
face energies Ysv — ¥sL yields a capillary force that compresses the part of the beam
which lies inside the drop. When the compression is large enough the rod buckles
and coils in the drop. We have derived the rod’s equilibrium equations from a vari-
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ational point of view, showing that the compressive forces applied on the rod at the
meniscus points were oriented toward the center of the spherical drop (Eq. 21) and
had their intensity depending of their orientation relative to the rod’s tangent (Eq. 24).
We have numerically solved the equilibrium equations and found planar and spatial
coiled configurations, with bifurcations between them as the end-shortening of the
system is increased. More precisely we found that there is an interplay between 2D
and 3D solutions, the lowest energy solution being mainly 3D with short intervals
in which the rod adopts a planar-loop configuration. This intermittency scenario has
still to be verified experimentally [11] but we show in Fig. 10 that solutions where
the rod is tidily spooled inside the drop indeed exist.
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