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1LESIA, Observatoire de Paris, UPMC, Université Paris Diderot, CNRS, Meudon, France, 2Department of Astronomy, Faculty
of Mathematics, ,Belgrade, Serbia, 3IHIS Techno-experts d.o.o. – Research and Development Center, Belgrade, Serbia

Abstract Quasi-thermal noise (QTN) spectroscopy is a plasma diagnostic technique which enables
precise measurements of local electron velocity distribution function moments. This technique is based
on measurements and analysis of voltage fluctuations at the antenna terminals, induced by thermal motion
of charged particles. In this work, we accommodate, for the first time, this technique to weakly ionized
collisional plasmas. It turns out that the QTN spectrum is modified both at low frequencies, increasing the
level of power spectrum, and around the plasma frequency, where collisions damp the plasma oscillations
and therefore broaden and reduce the amplitude of so called “plasma peak,” while the spectrum at high
frequencies is nearly unmodified compared to the collisionless case. Based on these results, we show
that QTN spectroscopy enables independent measurements of the collision frequency, electron density,
and temperature, provided the ratio of collision frequency to plasma frequency is 𝜈∕𝜔p ∼ 0.1. The method
presented here can be used for precise estimation of plasma parameters in laboratory devices and
unmagnetized ionospheres, while application in the ionosphere of Earth is possible but limited to small,
low-frequency range due to magnetic field influence.

1. Introduction

A passive electric antenna immersed in a stable plasma and connected to a sensitive wave receiver is able to
detect thermal fluctuations of the electric field due to the motion of plasma electrons and ions. The power
spectra measured this way at the antenna terminals can be analyzed using quasi-thermal noise (QTN) spec-
troscopy [Meyer-Vernet, 1979] to accurately determine plasma density and temperature. This technique has
been widely used for in situ space plasma diagnostics in both solar wind and planetary magnetospheres
[see, e.g., Moncuquet et al., 2005; Le Chat et al., 2011], that is, in nearly perfectly collisionless plasma.

On the other hand, laboratory and ionospheric plasmas (especially at lower ionospheric layers) dominantly
consist of neutral atoms and molecules, which frequently collide with electron population. The antenna
impedance in a collisional plasma has been theoretically treated in the hydrodynamic approximation (which is
reliable above the plasma frequency) by Balmain [1964] and measured in various rocket [see, e.g., Hoang,
1972; Spencer and Patra, 2015] and laboratory experiments [see, e.g., Hall and Landauer, 1971; Blackwell et al.,
2007a, 2007b]. This paper uses kinetic approach to examine the influence of collisions. Therefore, it proposes a
treatment valid below the plasma frequency, which was not the case for the hydrodynamic models. As we
shall see, collisions induce measurable effects on the QTN spectrum.

In section 2 we calculate QTN generic spectrum for collisional plasma and explore some of its features for
wire dipole antennas. Another antenna geometry widely used is the one with double-sphere antennas which
is not investigated in detail in this paper for two reasons. First, these two commonly used geometries show
very similar behavior of the QTN spectra for 𝜔≤𝜔p, with only some quantitative differences [Meyer-Vernet
and Perche, 1989], and it is also the case for corrections due to collisions. Second, it is well known that shot
noise [Meyer-Vernet, 1983] overwhelms the signal on sphere antennas at low frequencies. This problem is
present whenever the antenna potential is not both negative and large compared to the electron thermal
energy [Martinović, 2016], while the low potential value, as will be shown below, increases the accuracy of our
technique. This is why spherical dipoles are usually avoided in the QTN measurements.

In section 3 we investigate the applicability of our theory to ionospheric and laboratory plasmas. Magnetic
field in the ionosphere of Earth causes fundamental modifications to the entire spectrum. Because of this,
usage of the QTN kinetic collisional theory for unmagnetized plasma is still possible, but is strictly limited
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Figure 1. QTN power spectra observed by a long wire dipole antenna
(Lant∕LD = 16) for different values of the collision frequency. Result for
𝜈 = 0 is identical as the one from Meyer-Vernet and Perche [1989].

to very low frequencies. We further
deal with problems in real laboratory
plasmas, defining the conditions for
which the theory is valid and usable
in experiments. It is concluded that
absolute value of the antenna poten-
tial should be as low as possible in
order to avoid unwanted effects of
the plasma sheath, while usage of tiny
dipoles is obligatory in order to pre-
serve the simple form of the antenna
current distribution.

2. Quasi-Thermal Noise in
Collisional Plasmas

For plasmas in thermal equilibrium the
thermal noise power spectrum is de-
scribed by Nyquist’s formula [Nyquist,
1928]:

V2(𝜔) = 4kbTeRe[Z(𝜔)] (1)

where kb and Te are the Boltzmann constant and electron kinetic temperature. Z(𝜔) is the antenna impedance,
given by

Z(𝜔) = 4i
𝜋2𝜖0𝜔 ∫

∞

0

F
(

kLant

)
𝜖(k, 𝜔)

dk (2)

Here k is wave number and F(kLant) is the antenna response function, determined by the current distribution
and geometry of the antenna. For a tiny dipole with infinitesimal gap between its arms and triangular current
distribution, it is given as [Kuehl, 1966]

F(x) = (x)−1
[

Si(x) − 1
2

Si(2x) − 2
x

sin4 x
2

]
J2

0

(
x

aant

Lant

)
(3)

with Lant and aant being antenna length and radius.

Plasma dielectric function 𝜖(𝜔, k⃗) can be obtained for collisional, weakly ionized plasma using Vlasov equation
and collision term given by Bhatnagar et al. [1954]. Assuming that equilibrium velocity distribution function
(VDF) is Maxwellian, we obtain [Alexandrov et al., 1984]

𝜖(k, 𝜔) = 1 + 1
k2L2

D

1 + (z + i𝜈′)Z0(𝜁 )
1 + i𝜈′Z0(𝜁 )

(4)

Here we use substitutions 𝜁 = z + i𝜈′, z =𝜔∕kvthe, 𝜈′ = 𝜈∕kvthe, where Z0(𝜁 ) is the plasma dispersion function
[Fried and Conte, 1961], vthe =

√
2kbTe∕me is the electron thermal velocity, and LD =2−1∕2vthe∕𝜔p is the Debye

length. The angular plasma frequency is given as 𝜔p =
√

nee2∕𝜖0me (with ne, e, and me being electron density,
charge, and mass, respectively, and 𝜖0 is dielectric permittivity of vacuum).

Using equation (1) the thermal noise can be calculated numerically and is shown on Figure 1. It is noticeable
that the plasma peak is damped and that its location in the spectrum is slightly varying. Both features are
important when 𝜈∕𝜔p > 10−2 and can be directly used for measurement of electron density, temperature, and
collision frequency if the spectral resolution is satisfactory. The low-frequency part of the spectrum is evidently
increased for 𝜈∕𝜔p > 0.1, and this effect is important to take into account in order to avoid overestimation
of the electron temperature when it is examined by using the “thermal plateau” [Meyer-Vernet and Perche,
1989] below 𝜔p. On the other hand, the high-frequency part is almost completely unmodified by collisions.
It is important to note that the trend shown on Figure 1 is commonly present for long dipoles and change in
the Lant∕LD parameter only changes the peak to plateau signal ratio (see section 2.3 for details). We give the
closer insight below for each of these spectral domains.
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Figure 2. Level of the QTN on a wire dipole antenna (Lant∕LD = 16) at
𝜔 = 0.01𝜔p computed numerically using equation (7) and first-order
approximations given by equations (9) and (10).

2.1. Low-Frequency Limit
If we write the plasma dispersion func-
tion in the form of the imaginary error
function as

Z0(𝜁 ) = 𝜋1∕2e−𝜁
2 [−erfi(𝜁 ) + i] (5)

it can be approximated by series for small
values of z as

Z0(𝜁 ) ≈ i𝜋−1∕2e𝜈
′2

erfc(𝜈′)−2z−2i𝜈′z2+...
(6)

where erfc(x) stands for the complemen-
tary error function. Putting equation (6)
into (4) and then into equation (2), after
some tedious calculations, we have

Re[Z(𝜔)]𝜈→0 =
√

8
𝜋3

LD

𝜖0𝜔p ∫
∞

0

kF
(

kLant

)
[
1 + k2L2

D

]2
M
(
𝜈′
)

dk (7)

The result obtained is the same as for the case of collisionless plasma up to a factor

M
(
𝜈′
)
= e𝜈

′2
erfc (𝜈′)[

1 − 𝜈′𝜋1∕2e𝜈′2 erfc (𝜈′)
] (8)

in the integrand. This term represents the affection of collisions and can be simplified for small values of 𝜈′ as

M(𝜈′)𝜈′→0 ≈ 1 + 𝜋−1∕2(𝜋 − 2)𝜈′ + (𝜋 − 3)𝜈′2 + ... (9)

Comparison with numerical results is shown on Figure 2. It is worth noting that using only the first term from
equation (9) gives error less than 0.15% for 𝜈∕𝜔p < 10−2 and less than 2% for 𝜈∕𝜔p ∼ 0.3 compared with the
precise value of the QTN calculated using equation (4), while the computation time differs for a factor of ∼20.
The approximate expression is valid for the entire frequency range below 𝜔p.

In the collisionless limit, 𝜈=0 implies M=1, and we turn back to the well-known expression that can be derived
using the usual Debye screening dielectric function 𝜖

(
𝜔, k⃗

)
=1 +

(
kLD

)−2
.

The factor M can also be approximated for large values of 𝜈′ to be

M
(
𝜈′
)
𝜈→∞ ≈ 2𝜋−1∕2

(
𝜈′ + 𝜈′−1

)
+ ... (10)

and for frequent collisions, we have

Re[Z(𝜔, 𝜈)]𝜈→∞ = 4
𝜋2𝜖0

𝜈

𝜔2
p
∫

∞

0

F
(

kLant

)
[
1 + k2L2

D

]2
dk (11)

yielding clear linear increase of the power spectrum level with 𝜈, while the integrand is not depending on
the collision frequency. Using equation (11) gives uncertainty less than 5% for 𝜈∕𝜔p > 4 and less than 1% for
𝜈∕𝜔p > 8.5. These estimates are correct for 𝜔∕𝜔p < 0.1. Above these frequencies, the approximation causes
errors above 20% and is not useful for quick estimation of temperature or collision frequency.

2.2. High Frequencies 𝝎>𝝎p

High-frequency part of the QTN spectrum is directly proportional to the plasma pressure and can be used to
determine the plasma temperature [see, e.g., Issautier et al., 1999; Le Chat et al., 2011]. How is this modified by
the collisions?
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In the high-frequency (hydrodynamic) limit, we can develop the expression for dielectric permittivity by devel-
oping equation (4) in series for z → ∞ [Fried and Conte, 1961] and keeping only terms of the zeroth and first
order in 𝜈∕𝜔 to obtain the result

𝜖(𝜔, k) = 1 −
𝜔2

p

𝜔2 − i𝜔𝜈 − (3∕2)k2v2
the

(12)

This expression is equivalent to the one obtained by using the linearized hydrodynamic equations with a
pressure term pe = 3nekbTe. Also, by omitting the last term in the denominator we converge to the well-known
result for a cold plasma [Balmain, 1964]. Using equation (12), the integral in equation (2) can be calculated
analytically, giving

Z(𝜔) =
2F

(
k∗Lant

)
3𝜋𝜖0𝜔L2

Dk∗
(13)

with complex pole

k∗ =
1

LD

√
1
3

(
𝜔2

𝜔2
p

− 1 − i
𝜔𝜈

𝜔2
p

)
(14)

From equation (14) it is notable that if 𝜔 − 𝜔p >>𝜈, then k∗ ≈
(√

3LD

)−1 (
𝜔2∕𝜔2

p − 1
)1∕2

and the level
of high-frequency part of the spectrum is independent of 𝜈. This means that the expressions given at
Meyer-Vernet and Perche [1989] stay valid for high frequencies. This also implies that expressions given by
Chateau and Meyer-Vernet [1991] for long antennas can be used to quickly estimate Te from the level of
high-frequency part of the spectrum.

2.3. Resonance Region 𝝎 ∼ 𝝎p

Around the plasma frequency the hydrodynamic approach described by equation (13) gives only approximate
results, and full QTN expression that includes equation (4) needs to be used.

Since the location of the plasma peak (depending mostly of ne and very slightly of Te) is shifted due to col-
lisions, this effect needs to be taken into account for an accurate estimation of the electron density. On the
other hand, damping of the plasma oscillations near the plasma frequency will result in sharp decrease of the
signal at the peak if 𝜈∕𝜔p > 10−2. The comparison of the peak and the low-frequency thermal plateau intensi-
ties is illustrating this effect. Both of these parameters are numerically calculated for multiple values of 𝜈∕𝜔p

in the Lant∕LD range of interest and given on Figure 3. For 𝜈∕𝜔p > 0.5, the plasma peak completely disappears
from the spectrum and is not practically useful for estimation of ne.

2.4. Antenna Capacitance
We define the antenna capacitance as Cant = 1∕𝜔Im[Z(𝜔)]. In order to examine the imaginary part of the
antenna impedance at low frequencies, we perform a similar calculation as in section 2.1 to obtain a simple

expression Re
[
(𝜖 (𝜔, k))−1]

𝜔→0
=
(

1 +
(

kLD

)−2
)−1

, identical to the collisionless case. Similarly, for the high-
frequency part of the spectrum the hydrodynamic treatment described in section 2.2 can be used, again
concluding that collisions do not affect high-frequency spectrum. This implies that well-known analytical
expressions for both dipole and spherical antennas [see e.g. Schelkunoff and Friis, 1952; Balanis, 1997] are still
valid in both low- and high-frequency limit.

On the other hand, for 𝜔 ∼ 𝜔p the antenna capacitance increases and is strongly peaked at the plasma
frequency for Lant∕LD > 5 [Schiff , 1970; Nakatani and Kuehl, 1976]. The effect of collisions is visible through
“damping” of the plasma oscillations in similar way as for the QTN spectra, with the peak disappearing for
𝜈∕𝜔p > 0.1. Example of the dipole antenna capacitance in a collisional plasma is given at Figure 4 showing
that the collisional effects become important for 𝜈∕𝜔p ≥ 10−2.

3. Practical Consequences

The QTN spectroscopy is routinely used in the solar wind and planetary magnetospheres, providing inde-
pendent measurements of the electron density and temperature. These plasmas are practically collisionless,
while ionospheric and laboratory plasmas have considerable amount of neutral atoms and molecules that
collide with electrons and can affect the power spectra of the QTN in the way described in section 2. In order
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Figure 3. (left) Location and (right) intensity of the plasma peak observed by a wire dipole antenna in collisional plasma
for some of Lant∕LD ratios. The uncertainties are less than 0.3% for both plots.

to measure the plasma density and temperature in the collisional plasmas as accurately as it is done in the
solar wind by using the method presented here, along with estimating the collision frequency as third inde-
pendent parameter, one needs to be aware of the limiting factors that appear in the real environments. In this
chapter, we give an overview of “terms and conditions” for applicability of the theory presented above.

3.1. In the Ionosphere of Earth
The main issue for applying the theory given in section 2 is the presence of the magnetic field in the
lower ionosphere, having value around several tens of 𝜇T and creating electron cyclotron resonance at
Ω ≈ 5 − 7 MHz. Full adaptation of the QTN spectroscopy to magnetized collisional plasma would assume
implementing the solution of Vlasov equation with both magnetic and collision terms included into the
theory. This is a very complicated task and is far beyond the scope of this paper. On the other hand, as
described below, there are some areas where we actually can obtain a lot of information about the plasma

Figure 4. Example of the antenna capacitance of a long dipole antenna (Lant∕LD =16) for different values of the
collisional frequency. Dotted points present theoretical limits for low and high frequencies. Results are shifted
for a decade for clarity.
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parameters by measuring the QTN. In this subsection, we limit our discussion only to low frequencies since
for 𝜔>𝜔p the spectrum is well explained by the hydrodynamic approach [Balmain, 1964].

The effects of collisions (in the quiet ionosphere) start becoming notable for 0.01<𝜈∕𝜔p at ∼120 km altitude
(dayside) [Bilitza et al., 2011], while at ∼ 85–90 km (approximately the lowest altitude where electron density
is still measurable), the collisional effects are expected to be dominant in the QTN spectrum as 𝜈∕𝜔p ∼ 0.5.
In this range of altitudes, the angular plasma frequency of 𝜔p ∼ 0.1–5 MHz and the electron temperature of
Te ∼ 0.02–0.2 eV are usually measured.

From the numbers given above it is clear that in this region we have 𝜔p < Ωe. The dielectric permittivity
function for the magnetized, collisionless, isotropic plasma is given as [Stix, 1962]

𝜖
(

k⃗, 𝜔, B⃗
)
= 1 +

k2||
k2
⟂

+ 1
k2
⟂L2

D

𝛼
(

k⃗, 𝜔, B⃗
)

(15)

with

𝛼
(

k⃗, 𝜔, B⃗
)
=

∞∑
n=−∞

e−𝜆In(𝜆)
[

1 + z||Z0

(
z|| − n

r

)]
(16)

where z|| =𝜔∕k||vthe, 𝜆=
(

k⟂vthe∕2Ω
)2

, r = k||vthe∕Ω, and In is the modified Bessel function. Further on, for a

long dipole (kvthe << 𝜔p) at low frequencies we can write 𝛼
(

k⃗, 𝜔, B⃗
)

as series for small arguments z and 𝜆,

along with series of the plasma dispersion function for large argument r−1 to obtain

𝛼
(

k⃗, 𝜔 → 0, B⃗
)
= 1 + z||Z0

(
z||) (1 + 𝜆) (17)

On the right-hand side of equation (17) we recognize the solution analogous to one for the unmagnetized
plasma, and its correction due to collisions is given in equation (4). Since we know that kvthe <<Ω, the addi-
tional term that scales with 𝜆 is negligible, and we conclude that equation (7) stays valid at low frequencies.
This is somewhat an expected result since at low frequencies the permittivity is determined by the Debye
screening, which is not affected by the magnetic field. For 𝜔 ∼ 𝜔p, equation (17) is not viable, and the QTN
theory for magnetized plasma needs to be done in order to interpret the measured spectra.

3.2. Laboratory Plasmas and Unmagnetized Ionospheres
Modern laboratory plasma chambers can operate at very low pressures and mirror the conditions of the lower
ionosphere [see, e.g., Hall and Landauer, 1971; Gekelman et al., 1991]. Primary purposes of experiments with
ionospheric-like plasma devices are studying of spacecraft wakes [Pigache, 1973] or ion and neutral flows in
ionospheric or tokamak plasmas [Livesey and Pritchett, 1989; Wallace et al., 2004].

Besides the diagnostic studies, QTN spectroscopy can be used for precise calibration measurements of plasma
parameters in a laboratory device, where the external magnetic field can be completely annulled in the system
[Harp, 1964; Graf and Jassby, 1967]. In these unmagnetized plasmas, the entire QTN spectrum can be used
for precise plasma diagnostics—examining the electron temperature and the collision frequency from the
low-frequency part of the spectrum, plasma density (with collisional corrections given in section 2.3) from the
resonance region and of the electron temperature alone from the high-frequency part. This provides inde-
pendent measurements of ne, Te, and 𝜈 with assumption that the plasma VDF is Maxwellian and is, to our
knowledge, the only technique able to perform direct precise measurements of the collision frequency in lab-
oratory plasmas by using the wide frequency range, both below and above the plasma frequency. All these
features noted for laboratory experiments also stay valid for ionospheres with negligible magnetic field, ones
of Mars [Hanson and Mantas, 1988; Acuna et al., 1998] and Venus, where the QTN signal around the plasma fre-
quency was clearly observed during the Cassini flyby [Gurnett et al., 2001] (unfortunately on too high altitudes
for collisional effects to be noticeable).

On the other hand, the laboratory devices can be used to improve the QTN spectroscopy itself by exploring
the antenna response functions. Namely, dipole can be realized with an arbitrary angle and/or with finite gap
between the antenna arms, while for real double-sphere antennas, each sphere needs to be placed on a boom.
For these irregular geometries, the function F becomes very complicated and in most cases not possible to
derive analytically, so it can be calculated from the QTN spectra observed in controlled conditions where

MARTINOVIĆ ET AL. THERMAL NOISE IN COLLISIONAL PLASMAS 6
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plasma parameters are known. This problem was already discussed during the PIANOS project [Janhunen
et al., 2014], and the method proposed here is the way to explore the effects of previously not used antenna
geometries.

3.3. Standard Problems and Limitations
If the antenna potential is high compared to the thermal energy of electrons (which is unlikely in the solar
wind but can be the case for both ionospheric and laboratory plasmas), then the plasma sheath effects can
become significant. This is the problem that has been dealt with in many different ways in the past. The
strict kinetic treatment is possible only in the ideal spherical geometry and even then is very complicated
[Buckley, 1966]. This is the reason why many authors came up with various models of the plasma sheath where
the most popular one is the model of the sheath as a cylindrical vacuum region around the dipole and the
plasma is assumed to be homogeneous up to the surface of the sheath, studied in detail by Meyer et al. [1974].
The simpler model where capacitance of the vacuum sheath is in series with the antenna capacitance is also
commonly used, producing satisfying agreement with experimental results [see, e.g., Balmain, 1969; Hall and
Landauer, 1971]. The main issue of all these models is dependence of the sheath thickness, which is itself the
unknown parameter that highly affects the results, making the measurements less accurate.

Thus, the most efficient way to go around the complicated sheath issue and obtain best results from the QTN
spectroscopy might be the usage of biased antennas with collapsed sheath. In general, the perturbation of
the surrounding plasma and attracting/repelling of the particles are depending on the ratio of antenna poten-
tial to particles thermal energy [Laframboise and Parker, 1973; Martinović, 2016], and the sufficient condition
for the plasma to be negligibly perturbed by the antenna is this parameter to be close to 0. This condition is
achievable in both ionospheric and laboratory plasmas with biased antennas. Good example of this approach
is given by Balmain [1964], where the experiment with collapsed sheath shows good agreement with the
hydrodynamic theory. However, this approach, even though it can be very efficient in laboratory, has a down-
side when probing the ionospheric plasma. Namely, biasing the antenna abolishes the balance between the
fluxes of outgoing photoelectrons and incoming plasma electrons as, instead of the antenna charging, the
biasing current makes up for the loss of photoelectrons. This can significantly increase the photoelectron flux
and, consequently, the shot noise at low frequencies while the shot noise signal will mostly depend on the
value of the zero-potential flux of photoelectrons, that is, on the properties of antenna surface material.

Another potential issue is the current distribution on a wire dipole antenna. In this study the dipole antenna
current is assumed to be triangular. This is a valid approximation below the plasma frequency if two conditions
are satisfied. First, the antenna is short compared to the free-space wavelength Lant << c∕𝜔[Balanis, 1997].
Even though plasma frequency in both ionospheric and laboratory plasmas is several orders of magnitude
above the one in the solar wind, this condition is still easily achieved, even for a long dipole (Lant >> LD) since
vthe<< c. Second, there are no contributions to the antenna current from electromagnetic surface waves. If
aant ∼LD, then contribution of these waves is considerable, and the current is not triangular [Meyer et al., 1974].
Consequently, the necessary condition aant << LD [Couturier et al., 1981] dictates usage of very thin antennas
(ideally aant should be at least an order of magnitude below LD) in all of the described environments.

4. Conclusion

Two main characteristics of the quasi-thermal noise spectroscopy are size and shape of the plasma peak close
to the plasma frequency and signal level of the thermal plateau at lower frequencies. The peak is determined
by the total plasma density, while the level of the plateau is depending on the electron core temperature.
If collisions are present in the plasma, both of these characteristics will be modified, increasing level of the
plateau, along with damping and slightly displacing the peak. Since the high-frequency part of the spectrum
is unmodified by the collisions, it can be used to deduce the value of the electron temperature in the same
manner as it is routinely done in collisionless plasmas. In parallel, precise independent measurements of all
ne, Te, and 𝜈 are available if the collision frequency is ≥ 10% of the plasma frequency as, at this ratio, the
low-frequency part of the spectrum is noticeably increased, while the peak damping is clearly visible even for
𝜈∕𝜔p > 10−2. The theory presented here can find multiple applications in diagnostic of unmagnetized labo-
ratory plasmas, introducing, for the first time, possibilities to include the low-frequency part of the spectrum
in direct measurements of the collisional frequency. The opposite is also possible, as the QTN spectroscopy
for cases of different antenna geometries can be studied in controlled environment of a plasma facility. On
the other hand, applications in the ionosphere of Earth is strictly limited to very low frequencies due to the
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presence of the magnetic field. In order to avoid standard problems that come from affection of the plasma
sheath and for the theory to be viable in realistic conditions, we recommend usage of tiny antennas in both
space and laboratory measurements. The use of the antenna biasing to reduce the sheath effects can be
promising but should be investigated in more details.
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