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Abstract Brain convolutions are a specificity of mammals. Varying in intensity according
to the animal species, it is measured by an index called the gyrification index, ratio between
the effective surface of the cortex compared to its apparent surface. Its value is close to 1 for
rodents (smooth brain), 2.6 for newborns and 5 for dolphins. For humans, any significant
deviation is a signature of a pathology occurring in fetal life, which can be detected now
by magnetic resonance imaging (MRI). We propose a simple model of growth for a bilayer
made of the grey and white matter, the grey matter being in cortical position. We analytically
solved the neo-Hookean approximation in the short and large wavelength limits. When the
upper layer is softer than the bottom layer, the selection mechanism is shown to be domi-
nated by the physical properties of the upper layer. When the anisotropy favors the growth
tangentially as for the human brain, it decreases the threshold value for gyri formation. The
gyrification index is predicted by a post-buckling analysis and compared with experimental
data. We also discuss some pathologies in the model framework.

Keywords Brain · Gyrification index · Buckling · Post-buckling · Finite Elasticity ·
Neo-Hookean · Surface tension

1 Introduction

This paper intends to clarify the onset of buckling of a bilayer during growth. Indeed, if the
one layer linear mode of instability is well understood since the pioneering work of Biot [11]
concerning soft hyperelastic materials, the theoretical prediction of the wavelength remains
matter of debates, especially for bilayers. It is also true that the wavelength selection for one
layer is not obvious: the linear analysis predicts a threshold but at vanishing wavelength or
infinite wavenumber, a result which contradicts experimental observations. Then, the wave-
length selection at threshold is a matter of a not trivial singular perturbation. In the case of a
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bilayer, the multiplicity of independent parameters of the top layer 1 versus the bottom layer
2 may give some hope for a simpler determination of the wavelength. Differential growth
between both layers, the ratio µ of shear moduli (defined by µ = µ1/µ2) or the two differ-
ent thicknesses represent new degrees of freedom that can modify the wavelength selection,
compared to the one layer model. In fact, from previous works by Biot [10], achieved several
years before [11], the wrinkling of a bilayer, made of a thin film on top of an infinite soft
substrate, under external compression, can be simply explained by the Hookean elasticity of
the stiff thin plate modified by a local contribution due to the substrate which reminds of the
Winkler foundation model. According to Biot’s result [10], it gives an instability with a crit-
ical pressure threshold which varies in µ−2/3, a selected wavelength λ at threshold in µ1/3

which is large since the dimensionless ratio µ is a large dimensionless number in this limit.
This situation of an infinite soft substrate falls in the domain of long wavelengths while the
Biot’s singularity of a neo-Hookean monolayer concerns the short-wavelength limit.
Morphogenesis and embryogenesis reveal a lot of examples of bilayer wrinkling due to
growth such as our fingerprints [37,4,19], intestine villi [29,8], esophagus [39] and brain
convolutions [56,5,28]. Occurring in fetal life, at a rather precise stage post fertilization,
these instabilities are common to most mammals, but not only, and concern differential
growth of bilayers, with a bottom layer, in most cases, stiffer than the upper layer.
The aim of this paper is then to clarify this problem of wavelength selection with a special
focus on brain convolutions. Our analysis consists of a minimal set of mechanical param-
eters to describe the growth of a planar bilayer: both layers of different thicknesses are
represented by the neo-Hookean elasticity with different shear moduli, the growth in each
layer is treated with the multiplicative gradient decomposition formulation [48]. The upper
layer is free, the bottom layer infinite or attached to a stiff substrate. Our purely analytical
treatment is limited to harmonic patterns derived close to the stability limit, in contrast to
more elaborate numerical investigations where detailed phase-diagrams are derived in the
nonlinear regime of parameters [60]. The chosen formulation [48] treats growth in the same
way as initially pre-strained materials which, next, are remodeled under physical constraints,
such as the minimization of the elastic energy and the boundary conditions. Most of these
simulations are based on this analogy. Comparison can be achieved with our results if the
growth and the pre-strain per unit volume correspond. The advantage of numerical inves-
tigations [13,34,60] is the possibility to detect non harmonic patterns, which is impossible
here.
The two limiting cases, short and long wavelengths, are examined for completeness, al-
though the brain is mostly concerned by the short wavelength limit. The gyrification index
is analytically predicted. The paper is organized as follows: Section 2 is devoted to a short
overview of the brain in fetal life. Section 3 presents the biomechanical model and the exact
results for the threshold determination for a growing bilayer. Section 4 focusses on the short
wavelength determination and by a nonlinear analysis, Section 5 shows that for the physical
parameters concerning the brain, the bifurcation is supercritical allowing the determination
of the gyrification index that we compare to experiments [68,1]. In Section 6, the long wave-
limit is recovered and is compared to the Biot’s result [10] in the case of growth. Finally in
Section 7, we conclude that to some extent, the bilayer model of soft nonlinear elasticity
with growth explains the onset of gyri formation of the brain.
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2 The brain convolutions, the gyrification index and associated pathologies

We can distinguish mammals in two groups according to the wrinkling level of the brain.
Smooth brains are called lissencephalic (and concern mostly rodents) whereas folded brain
are gyrencephalic. The human brain is formed of two hemispheres, highly convoluted, but
less than the lama, the dolphin, etc. At macroscopic scales, the hemispheres are composed of
two main layers: the grey matter and white matter. The grey matter forms the cortex and is
located below the skull and the meninges. It contains the neuronal bodies and the glial cells
(which are cells of support). The axons and dendrites (very long extension of the neural
cells) are radially oriented, then inducing anisotropy in the brain tissue. The white matter is
mainly composed of glial cells and a high number of myelinated axons which transmit long
distance signals between the cortex and the other brain regions.

In the fetal life, the brain originates from a smooth and homogeneous structure named
telencephalon which appears at months 2-3 of gestation, for humans. During months 3-4, the
neuron precursors proliferate in a thin zone at the basis of telencephalon (the subventricular
zone). Then it follows a radial migration of these cells resulting in the formation of the cor-
tical layer (grey matter). The timing and the direction of this neuronal migration is crucial,
and any perturbation of these processes leads to major disorders and folding abnormalities
in the newborn brain [59]. The migration is under the high control of radial glial cells, form-
ing a radial scaffold along which the neurons migrate. Although oriented radially, these cells
also deviate at the level of the cortex, and contribute to the tangential growth of the cortex as
shown recently [47]. The meninges are thought to play here a crucial role by secreting and
organizing the pial basement membrane which makes tight contact with the cortical layer.
The radial glial cells are anchored to this membrane and any defect of the meninges disrupts
the scaffold leading to malformations [50]. Once neuronal migration ends at month 4, the
growth of the brain really begins, together with the surface buckling and the first cerebral
indentations (sulci): this is called gyrification. The gyrification coincides with the period of
highest tissue growth [61].

Recently, mechanical measurements have been performed on brain tissues and have
shown that these two layers have different mechanical properties induced by the various
micro-structures. Experimental results showed that the white matter is stiffer than the gray
matter for adults and fetuses [64,33,5]. In Table 1, recent data measurements are reported
for mammals, showing a noticeable dispersion on experimental values which are strongly
dependent on the technique, the data analysis, the regional variation but also on the age of
the brain and the strain intensity. Some consensus appears for a stiffness ratio µ of order
0.7 [55,64] except perhaps for rodents. Rodent cerebellum seems to be in opposition with
µ = 1.5, larger than one [22]. However, if one must be cautious about cerebellum and cere-
brum data comparisons, it is important to recall that most of rodents do not have gyri. For
human brain, this consensus is based on experimental biomechanical measurements [64,33,
5] and on analytical works on wrinkling [64,55]. However, during the final revision of this
work, an extensive experimental study concerning mechanical tests in static and dynamics
[14] announces opposite conclusions concerning the stiffness of the cortex and of the white
matter. Achieved on human cadavers, with an average age of 66 years after autopsy, these
authors study the human brain elasticity and viscoelasticity in vitro in various location such
as the corpus callosum, the corona radiata but not immediately below the cortex, that is in
the sub-plate. For various loading conditions: tension, compression and shear, they conclude
that the cortex always appears stiffer than the white matter, in opposition with other results
[33]. Clearly the question of the comparison of the stiffness of both layers: the cortex and
the white matter, so important for the modeling, is matter of debate. In any case, we must
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Table 1 BRAIN STIFFNESS

Bovine1 Bovine2 Pig1 Pig1 Rat3

cerebrum cerebrum cerebrum cerebrum cerebellum
Grey matter (kPa) 0.689 1.5 2.23 1.195 0.454
White matter (kPa) 1.440 2 3.083 1.787 0.29
ratio µ 0.48 0.75 0.72 0.64 1.565
Reference [12] [12] [58] [35] [22]
1 Indentation technique (low strain),2 indention at large strains, 3 indentation and scanning force microscopy.

keep in mind that the gyrification process we examine here concerns embryonic stages so
fetuses and not cadavers of old human beings. As underlined in [64], the stiffness of the
brain, whatever the anatomic regions, increases with aging and it seems that it increases
more for the cortex [64]. As also mentioned in [64], when experimental data are lacking or
debatable, a theoretical treatment may help to clarify the situation.

These properties motivate our two-layer model and explain why we will focus our study
on the shear moduli ratio µ . Many models have been proposed to explain the brain folding
[42,52]. It first has been suggested that the considerable growth of the telencephalon, under
the external constraint of the limited volume by the cranium, is responsible for gyrification
(”crumpled sheet model”)[18]. However, clinical and animal experiments have shown that
the cranium constraint is a minor factor for buckling [3,26]. Another model [42] treats the
cortex as a one smectic layer subject to axons pulling from the white matter. According to
the last biomechanics review [28], two hypotheses emerge and are in competition, differ-
ential growth between both layers and mechanical forces such as axonal tension. Although
it remains controversial, this last hypothesis disagrees with dissection experiments [64].
Knowing that the cortical surface area increases faster than the brain volume has inspired nu-
merical models [56,54]. It is shown that the tangential expansion of an outer layer, bounded
to a more slowly growing central core, induces buckling. In addition, cortical development
studies reveal unequal cell migration mechanisms for radial and tangential expansion in-
ducing anisotropy in the cortical layer growth [47]. Then, we can conclude that the human
cortex growth of healthy beings is anisotropic and this anisotropy will be introduced in the
growth representation in our two-layer model.

Many pathologies are now related to cerebral folding. Recent observations link autistic
disorders to abnormal deepness of the cerebral sulci [15], affecting the social communica-
tion functions. Moreover, the abnormal regulation of the brain growth results in an early
overgrowth followed by an abnormally slow-down during development [21]. This increase
concerns the cortical area rather than the cortical thickness [44]. It also exists rare gener-
alized abnormalities of gyrification, for instance the lissencephaly which consists in a low
number of sulci and, on contrary, polymicrogyria where the gyri are too many and too small.
Physiopathology of these diseases is mainly unknown, but neuronal migration and the fail-
ure of cell proliferation inducing abnormal growth could be involved [23,43]. It is also
hypothesized that the thickened meninges potentially influence folding and could lead to
polymicrogyria [51].

Our understanding of the growth dynamics of the brain in fetal life will increase in the
next future as the same time as its connection with pathologies [25,38]. However, the simple
buckling of a double elastic layer of soft tissues is itself rather poorly understood and many
works accept wavelength relationships out of their domain of application. Some analytical
results such as the wavelength varying like a power law of the ratio of both stiffnesses [10]
are very simple, but not always used in the range of physical parameters where they are valid.
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In addition, even if there is a difference between mechanical properties or growth dynamics
for the white matter and grey matter, we cannot expect large differences in physical proper-
ties, which mostly prohibit the use of limiting models in nonlinear elasticity. Focussing only
on the brain morphogenesis, the main ingredients seem to be the ratio between the shear
modulus of the two layers µ (grey matter versus white matter shear modulus) but remaining
of order one, a growth anisotropy which favors tangential growth in the cortex and a dif-
ferential growth between both layers. In addition the cortex is much thinner that the white
matter so we will pay more attention of the case of infinite substrate. We introduce these
ideas in the following section.

3 The model

We consider two growing layers of soft materials, joined together, having different thick-
nesses. Such ideal situation is known to generate buckling, folding, creases [57,31,60] and
even other more complex patterns [2,60,8], especiallly in three dimensions, as soon as the
growth differs in the two layers. Complex patterns are out of reach of the linear analysis
presented here and they require sophisticated numerical treatments. However, most of them
are issued of the linear regime presented here and fall in the nonlinear regime of the first
bifurcation. The first bifurcation,which is analyzed here, only allows to explain the exis-
tence of the wrinkling in function of the physical parameters and the pattern length scale.
Since both layers are strongly connected, axial growth in the vertical direction induces a
configuration of lowest elastic energy. This geometry differs from simulations based on pre-
stretched substrate [60] in the horizontal direction which may lead to different conclusions,
although, at first sight, both problems are similar. To limit the number of independent pa-
rameters, the growth is assumed homogeneous in both samples, anisotropic in the upper
layer, the materials are considered as hyperelastic and neo-Hookean [45,30] and the hori-
zontal dimensions infinite in both directions. The upper layer, called 1 in the following, has
a thickness H, while, the thickness of the substrate 2 is either infinite or chosen as unity. The
shear modulus of the substrate is also chosen as unity and we call µ the ratio between the
shear modulus of the upper slab compared to the substrate one. These hypotheses can appear
rather restrictive to fully represent the biological complexity of growth during morphogen-
esis or embryogenesis, however a growing number of independent parameters obscures the
wrinkling results, changing the threshold value for existence without always changing the
physical reality. Here we mostly focus on the ratio between both shear moduli which is often
smaller than one in biological systems [19,8,56] contrary to material sciences [66,36,65].
Capital letters (X ,Y ) represent the cartesian coordinates of a point in the reference config-
uration, assumed free of stresses at initial time, and, small letters (x,y) are devoted to the
current configuration, at time t. Both samples are assumed incompressible.

3.1 The growth model

Assuming the classical multiplicative decomposition [48], growth is represented by a tensor
G, the geometric deformation gradient tensor by F such as F=Fe.G, where Fe [30,45] is the
elastic deformation gradient tensor. Once the hypothesis that the characteristic mechanical
time is much shorter compared to the typical time scale of growth processes, one can neglect
the dynamics and determine the current configuration at time t by a variational principle of
minimization of the elastic energies.



6 Martine Ben Amar and Adrien Bordner

Fig. 1 The bilayer model under buckling.

The growth tensor will be chosen anisotropic in the upper layer with an eigenvalue gx along
the x direction, tangent to the interface, larger than the one gy along the perpendicular di-
rection. This will reflect the structure of the grey matter and its tendency to proliferate more
in the direction parallel to the cranium. This growth anisotropy is not known experimentally
but may have some consequences on final patterns at large strains, as shown for villi [8].
For the white matter, there is no reason to introduce such difference and we will choose an
isotropic growth modeling, to limit the number of parameters. The growth of our bilayer is
then characterized by three eigenvalues. The growth tensors Gi and elastic tensors Fei are
then:

G1 =

[
gx 0
0 gy

]
, G2 =

[
g 0
0 g

]
, Fe1 =

[
g−1

x x,X g−1
y x,Y

g−1
x y,X g−1

y y,Y

]
, Fe2 =

[
g−1x,X g−1x,Y
g−1y,X g−1y,Y

]
; (1)

Where the notation with a comma in subscript means partial derivative. Hereafter we use the
index 1 and 2 when it is necessary to distinguish the layers. We drop the index otherwise.
An index with a coma indicates a partial derivative. In the following, we will assume that
fiber-like structures such as axons or vessels, present in the brain, do not contribute to an
anisotropic mechanical behavior. Indeed, Budday et al. [14] have extensively analyzed this
question experimentally in various parts of the white matter, especially the corpus callosum,
the most fibrous area of the human brain and they conclude that, from the biomechanical
viewpoint, the white matter can be represented as the cortex by an isotropic constitutive
law. In addition we assume that the brain is incompressible which means that any change
of volume is due to cell proliferation and not to elastic stresses. Then we will adopt the
constraint of incompressibility and the relative volume variation J is given by: J = detF =
detG so J1 = gxgy and J2 = g2. These relations are automatically satisfied by the definition
of stream-functions [6], as shown in the next section. Before going further, let us compare
our model with the pre-strain method used in numerical simulations [60]. Considering a
sample of initial length Ls for the substrate and L f for the upper layer, the process consists
in extending first the substrate from Ls up to L f , then in gluing both samples up to a final state
which, in absence of buckling, leads to a final length L for the bilayer. It gives the following
elastic deformation gradients which can be compared to our uniaxial growth model along
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the Y direction:

Fe f =

[
L/L f 0

0 L f /L

]
; Fe1 =

[
1/gx 0

0 gx

]
; Fes =

[
L/Ls 0

0 Ls/L

]
; Fe2 =

[
1/g 0
0 g

]
. (2)

In this simplified configuration, the unknown L value is derived from the bilayer elastic
energy minimization and in the limit of thin substrate gives:

L∼ Ls +µH
L4

f −L4
s

4L2
f Ls

, (3)

while the compressive strain, used as a control parameter is ε = (L f −L)/L f = 1−1/gx. At
this stage, it is then possible to compare both approaches.

3.2 The definition of non linear stream functions

One way to impose the constraint of incompressibility consists in introducing a Lagrange
parameter called the pressure. Another way consists in minimizing the elastic energy in
the sub-set of deformations which automatically satisfy the incompressibility constraint and
preserve the area in two dimensions. The construction of such deformations proposed by
Carroll [17], in elasticity, is based on the mixed coordinate systems where one coordinate is
chosen in the reference frame and the other in the current configuration [6]. The advantage
of such representation is to eliminate the pressure which, otherwise, remains an unknown
function coupled to the deformations and to perform the variation with respect to a unique
function called the stream function by analogy with the Eulerian hydrodynamic formulation
for Darcy and Stokes flows in two dimensions. Notice that this method can be applied to
any imposed preserving area mapping between the initial and current configuration, once it
remains only dependent on a unique coordinate so it can be extended to the radial geom-
etry [63]. We then introduce two stream functions Φ and Ψ [6] which are defined by the
following implicit relationships involving a mixed coordinate representation:

X1 =
1
J1

∂Φ(x1,Y1)

∂Y1
; y1 =

∂Φ(x1,Y1)

∂x1
; X2 =

1
J2

∂Ψ(x2,Y2)

∂Y2
; y2 =

∂Ψ(x2,Y2)

∂x2
. (4)

In the following, notations for partial derivatives with respect to coordinates (xi,Yj) will be
also defined by a subscript with a coma followed by xi and/or Yj. The components of the
geometric deformation gradient tensor read:


∂x
∂X

∣∣∣
Y
= JΦ

−1
,xY ,

∂y
∂Y

∣∣∣
X
=
(

Φ2
,xY −Φ,xxΦ,YY

)
Φ
−1
,xY ,

∂x
∂Y

∣∣∣
X
=−Φ,YY Φ

−1
,xY ,

∂y
∂X

∣∣∣
Y
= Φ,xxΦ

−1
,xY .

(5)

We can now proceed to the variational calculation.
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3.3 Variational calculation

The mechanical energy of the bilayer is the sum of the elastic energies of both layers Ei and
the interfacial energy at the frontier between them, Ec2, and on top of the upper layer Ec1.
We choose the simplest hyperelastic elastic model, the neo-Hookean one [45,30], for both
layers which reads:

E1 =
1
2

J1µ

∫ H

0
dXdY Tr(Fe.Fe

T−2I) and E2 =
1
2

J2

∫ 0

−H2

dXdY Tr(Fe.Fe
T−2I). (6)

Eventually, H2 can be considered as infinite, and

Eci = di

∫
Y=Int

dx

√(
∂x
∂X

)2

+

(
∂y
∂X

)2

. (7)

As before, µ = µ1/µ2 and di represents the capillary parameter of the upper layer or of the
intermediate interface between both layers. Replacing the elastic tensor components by the
partial derivatives of the stream function for the upper layer reads :

E1 =
1
2

µg2
y

∫ H

0
dxdY Φ

−1
,xY

(
1+Φ

2
,xx +g−4

y

[
Φ

2
,YY +

(
Φ

2
,xY −Φ,xx Φ,YY

)2
]
−2g−2

y Φ
2
,xY

)
,

(8)
and a similar relationship for E2 involving Ψ . A trivial configuration can be found where
the growth is forced in the Y direction which also satisfies the constraints on the stresses at
the boundaries. This basic state corresponds to a thickening of both layers and the stream
functions can be decomposed into two parts according to:

Φ(x,Y ) = xY gxgy + εφ(x,Y ) and Ψ(x,Y ) = xY g2 + εψ(x,Y ). (9)

The first term represents a purely axial growth. In the following, the elastic energies will be
expanded up to fourth order in power of ε: Ei =E0+ε2E(2)

i +ε4E(4)
i +o(ε4). The derivation

of the Euler-Lagrange equation and the bifurcation analysis are achieved at second order of
the energy expansion but the post-buckling treatment requires the expansion up to fourth or-
der, see Section 5. Once φ and ψ are expanded in Fourier modes F(Y )sin(kx), these modes
are uncoupled at second order but also at fourth order. Indeed a solution of non-linear equa-
tions in Fourier modes generates secular terms and a better approximation consists in the
elimination of mode coupling [9]. This simplifies the analysis and gives for the upper layer:

E(2)
1 =

µ

4J2
1 p

∫
dY
(

J2
1 k4 p2F2

1 + k2(3J2
1 + p2)F ′21 +2J2

1 k2F1F ′′1 +F ′′1
2
)
, (10)

E(2)
c1 =

1
2

d1k3
πF1(H)2, (11)

where F ′ (respectively F”) means the first (respectively the second) derivative with respect
to Y and the anisotropy parameter p is equal to p = gy/gx. Differential tangential expansion
leads to p < 1.

E(4)
1 =

µk2

16pJ4
1

∫ (
k2 p2F ′21 (J2

1 k2F2
1 +3F ′21 )+F ′′1

2
(3J2

1 k2F2
1 +F ′21 )

)
, (12)

E(4)
c1 =− 3

32
d1k7

πF1(H)4, (13)
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with similar relationships for E(2)
2 and E(4)

2 (with µ = p = 1 and J1 changed to J2) for the
bottom layer. The Euler-Lagrange equation is a fourth-order linear differential equation:

d4F(Y )
dY 4 − k2(J2 + p2)

d2F(Y )
dY 2 + J2 p2k4F(Y ) = 0, (14)

with the boundary conditions explicated in the Appendix (9.1)

3.4 The profile function at linear order

When both layers grow, each solution of Eq.(14) can be written as superposition of hiper-
bolic functions, according to:

F1(Y ) =
ε

1+A1
(cosh(J1kY )+A1 sinh(J1kY )+A2 cosh(kpY )+A3 sinh(kpY )), (15)

F2(Y ) =
ε

1+A1
(B1 cosh(J2kY )+B2 sinh(J2kY )+B3 cosh(kY )+B4 sinh(kY )). (16)

Our choice for F2(Y ) is valid for a finite thickness of the bottom layer and the boundary
conditions must be prescribed for this layer too, at bottom. For a finite bilayer, we choose
a condition of no-sliding of the bottom layer on a rigid support. When the second layer is
infinite, one needs to change F2 which becomes:

F2(Y ) =
ε

1+A1
(C1 exp(J2kY )+C2 exp(kY )), (17)

where Y < 0 and the interface is chosen at Y = 0. When the second layer does not grow but
serves only as a support, Eq.(16) is modified and F2 is changed into

F2(Y ) =
ε

1+A1
(D1 cosh(kY )(1+D2Y )+D3 sinh(kY )(1+D4Y )). (18)

If the second layer does not grow and is also infinite, F2 reads:

F2(Y ) =
ε

1+A1
E1 exp(kY )(1+E2Y ). (19)

In Eq.(15) up to Eq.(19), ε is a parameter of expansion for weakly nonlinear analysis which
is evaluated in the post-buckling analysis (see Section 5). Since the amplitude of the per-
turbation is ε , one arbitrary coefficient has been fixed to 1 in F1. However, it remains 7
coefficients to fix for 8 equations so k cannot be chosen arbitrarily. The k determination is a
challenging problem of selection. However the ability of such models to describe the buck-
ling is given only once k is theoretically determined. Despite the simplicity of the model,
explicit analytical solution cannot be found (see Appendix 9.2), but two opposite cases can
be examined: a) the short wavelength limit equivalent to infinite k ( λ = 2π/k ) and b) the
long wavelength limit and vanishing wavenumber k. Both cases have been partially studied
in the past but here, we aim to clarify all possible scenarios.
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Fig. 2 Secondary bifurcation parameter J1/p as a function of µ , ratio between both shear moduli of the upper
layer versus the substrate. Continuous colored lines correspond to p = 1, colored dashed lines p = 0.5. As
expected the growth anisotropy lowers the required growth rate. The dot-dashed line in black correspond to
Jc ∼ 3.38.

4 The Dispersion relation at short-wavelengths

The short-wavelength range concerns spatial oscillatory modes with a wavelength smaller
than the lateral dimensions of the sample and all lengths such as the two thicknesses of the
layer. It means that kH is a priori a large dimensionless parameter. The dispersion relation
results from the calculation of the coefficients defined in Eqs.(15,16,17,18,19) and intro-
duced in the boundary conditions (see Appendix 9.1). After an easy but tedious calculation,
all coefficients are determined and the solvability condition, or equivalently the dispersion
relation, can be written as the sum of four exponentials with rather complicated polynomial
coefficients of the physical quantities introduced in the model. It is possible to solve numer-
ically this dispersion relation, however we can go further in the analysis by noticing that, if
the upper layer grows, (J1 > 1), two exponentials have the largest positive exponents and so
will dominate the dispersion relation in the limit of infinite wavenumber k. As shown in [6],
these exponentials control the selection mechanism. Once restricted to dominant quantities,
the approximated dispersion relation becomes:

D = Da−Dbe−2Hkp. (20)
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Fig. 3 Secondary bifurcation parameter J1/p as a function of µ , ratio between both shear moduli of the upper
layer versus the substrate. The substrate is stiffer than the upper layer when µ < 1. The growth rate in the
substrate is above the critical parameter Jc ∼ 3.38. Continuous colored lines correspond to p = 1, colored
dashed line p=0.5. As expected the growth anisotropy lowers the required growth rate.

As shown in [6], for one growing layer, the key of the analysis is the existence of two
polynomials that we introduce at first:{

P0(J) =−1− J−3J2 + J3,
Q0(J) = 1− J+3J2 + J3,

(21)

which allows to write simply Da and Db for the one layer case. For a bilayer, these terms
are more complicated and read:

Da = (P0(J̃1)−d1kJ̃1(J̃1 +1))P(µ, J̃1,J2,d2), (22)

where J̃1 = J1/p and P is a polynomial of degree two in µ . In the same way, we derive Db:

Db =

(
1+ J̃1

1− J̃1

)2

Q0(J̃1)Q(µ, J̃1,J2), (23)

The new polynomials coming from the bottom layer are then, for Da:

P = µ
2J2

2
(
P0(J̃1)+d2kJ̃1(1+ J̃1)

)
−µ J̃1J2

(
P1(J̃1,J2)−d2kJ̃1(1+ J2)

)
+ pJ̃2

1 P0(J2),
(24)
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where
P1(J̃1,J2) = 1− J2

2 + p+ pJ̃2
1 (J2−1)+ J2(2+ p)+ J̃1(1+ J2

2 +2p). (25)

and for Db:
Q(µ, J̃1,J2) = µ

2J2
2 Q0(J̃1)+µ J̃1J2Q1 + pJ̃2

1 P0(J2). (26)

For Db, we can neglect the surface tension. Eq.(23) is not valid if J1 = p = 1 (which corre-
sponds to a non growing cortex) but remains valid if J2 = 1 (which corresponds to the case
where the white matter does not grow). Q1 is explicited in the Appendix (9.2).

The cancellation of the dispersion relation D , in the short wavelength approximation, is
satisfied by imposing either P0(J̃1) = 0 or P(µ, J̃1,J2,d2) = 0. It then exits two possibilities
giving respectively the first and second bifurcation for J1 at fixed J2. The root of P0, for
J̃1 = Jc, gives the first buckling threshold and reads:

Jc =
1
3

(
3+(54+6

√
33)1/3 +(54−6

√
33)1/3

)
∼ 3.383. (27)

However, in the case of a bilayer, a second threshold appears giving by the cancelation of
P(µ, J̃1,J2,d2) = 0. This secondary instability is plotted in Fig.(2) and Fig.(3). In Fig.(3), a
wrinkling can occur for J̃1 smaller than Jc if J2 > Jc and µ smaller or of order one. If µ > 1,
J̃1 must be bigger than Jc as shown by Fig.(2), independently of the value of J2. However,
since we restrict our discussion to Da, at this stage, the found wavelength is exactly zero
in both cases which is the Biot’s singularity. It is necessary to go beyond this threshold to
reach a finite wavelength by considering both exponentials in Eq.(20). It turns out that no
solution has been found for the one layer model in absence of capillarity [6]. To eliminate
the singularity, one may consider a competitive energy in the variational elasticity problem
such as the capillarity [6] or perhaps the coupling of two layers (and the existence of a new
parameter µ) which may induce the cancellation of Eq.(20). Indeed, known solutions have
been found in material sciences with a soft substrate leading to a selection mechanism by the
ratio µ without capillarity [36,65]. So there is perhaps hope to solve the Biot ’s singularity
without surface tension. Despite the simplicity of the model, the dispersion relation remains
difficult for the analysis and we begin by considering extreme cases: very soft or stiff sub-
strate. The reader, only interested in the biomechanics of the human brain, can go directly
to Section (4.2.1) and then to Section (5) which concern the range of µ parameter smaller
than one, so the human brain bilayer. For completeness, the full analysis is given here for
arbitrary parameters which may concern other biological cases or brain pathologies.

4.1 The case of a very soft/very stiff substrate

4.1.1 Very soft substrate

This limit allows to reduce the dispersion relation Eq.(22) to an expansion in µ2 and µ only,
giving:

P0(J̃1)

(
P0(J̃1)−

J̃1

µJ2
P1(J̃1,J2)

)
e2kH p ∼

(
1+ J̃1

1− J̃1

)2

Q0(J̃1)
2. (28)

The critical threshold is then given by J̃1 ∼ Jc, and the wave number is simply:

kH =
1
p

Log
(1+ Jc)

|Jc−1|
Q0(Jc)

P′0(Jc)(J̃− Jc)
. (29)
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When µ is large, (J̃− Jc) can be evaluated from the cancellation of the left-hand-side of
Eq.(28), provided that P̃1(Jc,J2) is positive. This is clearly the case when p is varied between
0 < p < 1, the wavenumber k and the buckling wavelength λ can be derived according to:

kH =
1
p

Log
(

2µJ2

Jc

1+ Jc

|Jc−1|
(3J2

c +1)
P1(Jc,J2)

)
and λ = (2π pH)/Log

(
2µJ2

Jc

1+ Jc

|Jc−1|
(3J2

c +1)
P1(Jc,J2)

)
.

(30)
For very soft substrates, surface tension is not required to select the wavenumber. The wave-
length remains proportional to H and its weakness is due to the large value of µ . However,
the dependence in the µ values being logarithmic is weak and kH ∼ 1/p.

4.1.2 Very stiff substrate

The same kind of analysis can be achieved for very stiff substrate which means µ → 0.
Expanding the dispersion relation in this limit, remaining at zero or first order in µ we have

P0(J̃1)

(
P0(J2)−

µJ2

pJ̃1
P1(J̃1,J2)

)
e2Hkp ∼

(
1+ J̃1

1− J̃1

)2

Q0(J̃1)P0(J2). (31)

For this case, it seems that two bifurcations occur, one controlled by the upper layer and
J̃1 ∼ Jc, the other controlled by the bottom layer and J2 ∼ Jc. In fact, in absence of capillarity
in the upper layer (d1 = 0), only the bifurcation with J2 ∼ Jc seems possible if P1(J̃1,Jc)
remains positive in this neighborhood. However also the left-hand side vanishes for the
same value of J2 = Jc. So the solvability condition requires in this case to expand to second
order in µ Eq.(24) once J2 = Jc +µδJ2 where

δJ2 =
J2P1

pJ̃1P′0(J2)
,

and J2 ∼ Jc. A solution can be found if the following quantity is positive:

R = P0(J̃1)

(
J2

2
δJ2

P0(J̃1)− J̃1
∂ (J2P1)

∂J2
+

pJ̃1

2
δJ2

d2P0(J2)

dJ2
2

)
, (32)

where J2 = Jc. The interest of such analysis comes from the fact that we can expect lower
value for J1 if growth occurs in the sub-layer. If not, the folding is dominated by the first
bifurcation, where J̃1 ∼ Jc. Considering 1< J̃1 < Jc, the term in parenthesis must be negative
for a selection mechanism based on the growth in the substrate. A numerical exploration of
this term as J̃1 varies between 1 and Jc gives effectively negative values so one can expect
solutions without surface tension due to the substrate. We conclude that for a stiff substrate,
growing with J2 larger than Jc, the wrinkling instability still occurs but finds its origin from
growth in the substrate and the wavenumber is given by:

kH =
1

2p
Log

(
2J̃2

1
µR

(
1+ Jc

Jc−1

)2

(3J2
c +1)P′0(Jc)

)
. (33)

Notice that our limit corresponds to the green curve in Fig.(3) for very small µ . For inter-
mediate values of µ only a numerical investigation is possible and it is the aim of the next
paragraph.
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A B

C	 D	

Fig. 4 Phase-diagram for the parameter R1 (Eq.(34) for the primary bifurcation (vicinity of J1 ∼ Jc) as µ and
p vary, for J2 = 1, (no growth in the substrate, Fig.(4A)) and J2 = 4 (the growth in the substrate layer exceeds
the threshold of instability of a single layer, Fig.(Fig.(4B)). The same parameter as a function of the growth
in the substrate for isotropic growth (p = 1, Fig.(4C), and, anisotropic growth (p = 0.5, Fig.(4D)). In each
figure, notice that the domains were R1 > 0 is in color, with a color bar legend which indicates the magnitude
of R1 > 0. White area corresponds to domains where the bifurcation disappears and concerns µ values larger
than one, so soft substrate.

4.2 Intermediate µ values

In the short-wavelength number limit, bifurcations occur when Da vanishes. According to
Eq.(22), this gives two possibilities since Da can be decomposed into two factors. We will
call first bifurcation the cancellation which occurs when the first factor vanishes, which is
also the bifurcation of a single layer [6].

4.2.1 The primary bifurcation

The first factor in Da does not depend on the bottom layer parameters and on µ . This bifur-
cation is then the classical one and can only be observed if the associated wavelength has a
finite non vanishing value. It is why the capillarity is considered in the model to eliminate
the Biot’s singularity and to determine the wavenumber k or the spatial wavelength λ of the
nascent folds. If not, the k value is infinite or λ = 0 as explained by Biot in [11]. To solve
this paradox, also called the Biot’s singularity, as shown in [6], a weak surface tension co-
efficient is introduced, but one can observe that only the surface tension on top of the upper
layer is concerned. To find the k number, we expand the solvability condition Eq.(38) in the
vicinity of the root of Da, given by Eq.(27), and define the key parameter R1:

R1 =
Db

D ′a
=

Q0(Jc)Q(µ,Jc,J2)

P′0(Jc)P(µ,Jc,J2,0)
∼ 2(3J2

c +1)Q(µ,Jc,J2)

(3J2
c −6Jc−1)P(µ,Jc,J2,0)

, (34)
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A	 B 

C      D 

  µ 	    µ	

C 

Fig. 5 Phase-diagrams for the secondary bifurcation (Section 4.2.2) as a function of the shear modulus ratio
µ and the growth on the substrat J2. Fig.(5A) and Fig.(5B) represent the threshold value for the growth in
the upper layer J1 as µ and J2 vary. J1 is the root of the polynomial Q of Eq.(26). Notice the high values of
J1 for small µ which decreases when µ increases. This graph corresponds to Fig.(2). As shown in Fig.(5B)
(p = 0.5), the results are very similar to Fig.(5A) but with a lower value for J1 (Notice the change of scales in
the bar legend). In Fig.(5C) and (5D) are presented the values of R2, when it is positive, a necessary condition
for folding. Despite some numerical inaccuracies, the phase diagrams A and C coincide with B and D.

where D ′a is the derivative of Da with respect to J̃1 = Jc. Only if R1 is positive, a wavy pattern
exists with a given wavelength at threshold. If not, there is no such bifurcation for J̃1 ∼ Jc
and we must consider the secondary bifurcation corresponding to the cancellation of Da
given by P . The numerical value of R1 can be calculated. In Fig.(4), a phase-diagram gives
R1 when µ and p vary for not growing (J2 = 1) and growing ( J2 = 4) substrate (see Fig.(4A)
and Fig.(4B)) while in Fig.(4C) and Fig.(4D), µ and J2vary with p = 1 and p = 0.5. Not
surprisingly, the domain of folding patterns increases when J2 increases, when the stiffness
of the substrate increases and the parameter p decreases. In this case, the wavenumber is:

kH =
1

2p
Log

R1

(J− Jc)
with (J− Jc)∼ kd1

Jc(Jc +1)
3J2

c −6Jc−1
, (35)

which leads to:

kH =
1

2p
Log

2pR1(3J2
c −6Jc−1)

d1Jc(Jc +1)
. (36)
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4.2.2 The secondary bifurcation

We consider now the possibility to observe another bifurcation by the cancellation of
P(µ, J̃1,J2,d2). The interest to study such secondary bifurcation appears clearly from the
diagrams displayed in Fig.(4) which gives solutions only for rigid substrate µ < 1 corre-
sponding to the analysis of Section (4.1.2). Folding seems to not exist in the white domains
where µ is larger than unity. It may also happen that the cancellation of P occurs before
the cancellation of P0, then corresponding to lower growth rates. From Fig.(2) and Fig.(3),
it seems possible to reach new bifurcation parameter J1 at a lower value than before for a
growing substrate stiffer than the upper layer (µ < 1). In Fig.(2), a new group of solutions
for µ > 2 (soft substrate) and for J̃1 = J1/p ∼ 5 appear in the domain where there is no
primary bifurcation. This limiting value is poorly dependent on the growth inside the sub-
strate. According to our previous paragraph, one also needs to consider the sign of the new
parameter R2 given by:

R2 =
Db

D ′a
=

Q0(Jc)Q(µ,Jc,J2)

P0(Jc)P ′(µ,Jc,J2,0)
, (37)

calculated in the vicinity of the root of P(µ, J̃1,J2,0). However the main difficulty arises
from the fact that, contrary to the primary bifurcation, the new critical growth rate Jt , (the
real root of P(µ, J̃1,J2,0)), is not a simple function but depends on all the other parameters
such J2,µ , p. It is why a numerical analysis is performed. The accuracy is not perfect but
gives a fast overview of the results. P is a polynomial of degree three in J1 so has either
one real eigenvalue or three, as shown by Fig.(2) and Fig.(3). Focussing on small µ values,
according Fig.(3), for J2 value higher than the critical threshold Jc, it exists two possible
positive solutions for J1/p: one which is small, eventually smaller than one, the other which
is higher. However these solutions do not give a positive R2 value so are rejected in this
limit. For larger values of µ , Fig.(5 A) (p = 1) and Fig.(5 B) (p = 0.5) show the unique
eigenvalue J1 = Jt when the substrate becomes softer than the upper layer. Such solution
corresponds obviously to Fig.(2). Fig.(5C) and Fig.(5D) confirm that R2 > 0 quite in the
same domain of existence. The wavenumber can be calculated but in this case the selection
is done by the surface tension d2 between the two layers and not by the upper layer. To
conclude, the bilayer folding results mainly from the upper layer if µ < 1 and from the
bottom layer if µ > 1. If µ < 1, (as it is believed for the brain), the analysis is simple: only
the first bifurcation and the cortex layer play a role in the analysis. Instability occurs for
J1 ∼ p3.38 and the wavelength scales like λ ∼ 4π pH.

4.3 Comparison with pre-strain models

In a recent work, a phase-diagram has been established with 3D simulations in plain-strain
elasticity [60]. Based on a pre-stretching process of the substrate, a similarity with our treat-
ment is obvious if one takes into account only Eq.(2). However, differences occur at the level
of boundary conditions. Differential growth of bilayers modifies the mechanical stresses by
a factor which takes into account the volumetric growth which is different in both layers
so the boundary conditions at the interface are not identical (see Appendix 9.1). Also in
[60], capillarity is not introduced but, on the contrary, a delamination energy is taken into
account. Boundary conditions are crucial for threshold determination and post-buckling re-
sults in the bifurcation theory. In addition, our analysis is done in two dimensions while
the Wang and Zhao work involves a three-dimensional analysis. In fact the last point is not
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essential in plain-strain elasticity for uniaxial buckling, it requires simply a renormalisation
of coefficients and pgx must be replaced by (pgx)

2/3 on each horizontal axis. Consider-
ing µ = µ f /µs values smaller than one, our analysis indicates that the critical parameter is
J1 ∼ 3.383 which gives in a 3D space, a growth g1 ∼ 1.501. If we transpose this growth
value,the critical pre-stretch value is then εc ∼ 1− 1/g1 ∼ 0.333 while numerics indicates
0.35. In absence of surface tension, singular patterns such as creases are observed. How-
ever, this limit εc ∼ 0.33 remains a line of separation as µ increases as can be observed in
the Figure (4) of [60] and in Fig.(2). So the two models recover quite analogous results in
the short wavelength limits except that in our case, J1 and J2 can vary independently which
is not the case in the pre-strain model. For infinite µ values, the results differ by a numerical
factor which depends probably on the boundary conditions. The net advantage of numerical
simulations is to provide informations on changes in patterns as the mismatch conditions
increase so in the fully nonlinear regime.

4.4 Two layers of arbitrary thicknesses.

In the previous section, we have considered the dispersion relation for the wrinkling of a
bilayer with an infinite substrate, an hypothesis which simplifies the analytical treatment.
However, one can wonder if the ratio of thicknesses is not also a pertinent parameter for the
wavelength selection. Let us come back to the more realistic case when the two layers have
comparable thicknesses. The dispersion relation is then:

D ∼Da−Dbe−2Hkp−Dce−2k, (38)

where Da and Db has the same meaning as before in Eq.(20) and

Dc =

(
1+ J2

1− J2

)2 (
P0(J̃1)−d1kJ̃1(J̃1 +1)

){
µ

2J2
2 P0(J̃1)−µ J̃1J2P2(µ,J1,J2)+J2

1 pQ0(J2)
}
.

(39)
In the short wavelength limit that we have considered previously, we can discard e−2k if H p
is smaller than one so if the thickness of the upper layer multiplied by the anisotropy coeffi-
cient is smaller than the thickness of the bottom layer. In this case, the result of the previous
section (for an infinite substrate) is valid. For a thin substrate, the analysis is modified al-
though the same strategy has to be maintained. Because for the brain, the first case prevails,
the cortex thickness being much smaller, we do not make the analysis for a thin substrate.

5 Post-buckling and the gyrification index

We now examine the buckling and post-buckling by considering the energy expansion at
fourth order in the amplitude ε of the profile function F1. Since experimentally µ is smaller
than one for the brain (see Table (1)), we focus on the primary bifurcation. We expect,
according to our previous analysis, that the buckling threshold is given by the volumetric
growth in the upper layer, with a rate value slightly larger than pJc. ε gives the amplitude of
the buckling which must be related to the gap : ∆ = J̃1− Jc. Averaging Eq.(10) and Eq.(12)
per unit length, we derive to leading order in the ∆ expansion:

E =
µk3ε2

4J̃1

(J̃1−1)2e2HJ1k(1+ J̃1)

(1+ J̃2
1 )

2

(
−P′0(J̃1)∆ + ε

2P2(J̃1)k4e2HkJ1
)
, (40)
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Fig. 6 The theoretical gyrification index (smooth line) and experimental data on human brains from [68,1].

P2 =
(J̃1−1)2(963+1256J̃1 +3265J̃2

1 )

16p2(J̃1 +1)2(J̃1 +3)(3J̃1 +1)(1+ J̃1)2 . (41)

Minimization of E with respect to ε gives the amplitude as the profile function F1(Y ) :

ε =
e−HkJ1

k2

√
∆

√
P′0(J̃1)

2P2(J̃1)
∼ 1.3544

e−HkJ1

k2

√
p(J1− pJc). (42)

P2 being positive, we can conclude that the bifurcation is supercritical, the amplitude of the
folds varies as the square-root of the gap from threshold ∆ . From Eq.(4) and Eq.(42), an
evaluation of the fold amplitude can be achieved since, on top of the layer, y1 reads:

y1 = J1H + εekJ1Hk cos(kx)∼ J1H +1.354

√
p(J1− pJc)

k
cos(kx). (43)

The quantity measured usually in brain embryogenesis is the gyrification index, ratio be-
tween the undulated surface compared to the supposed averaged surface without folds. From
our model, this quantity that we call GI can be calculated, noticing that y′∼ εeHJ1kk2 sin(kx)∼
1.3544

√
p(J1− pJc)sin(kx),

GI =
k

2π

∫
π/k

−π/k

√
1+ y′2dx =

1
2π

∫
π

−π

√
1+msin(u)2du, (44)
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where m = 1.35442 p(J1− pJc). So the theory predicts an index which is independent of k
and depends only on the growth of the upper layer if the wrinkling results from the primary
bifurcation. In fact it depends mainly on the the growth anisotropy coefficient p and the
volumetric growth J1 at time t. However, our calculation results from an expansion in ε

of the elastic energy and so has a limited range of validity. In addition, the post-buckling
analysis only gives the amplitude of the buckling but maintains the harmonic shape of the
folds, which is not observed in simulations [60]. To test the range of validity of our results,
we need to compare them to human brain data concerning fetus and newborns [68,1] and
first to calibrate J1. The initial cortex mass of the initial configuration has to be estimated
and J1 will be the ratio between the current cortex mass to the initial one. Since we do not
have a separate information for the cortex and the white matter, as a first approximation, we
will take the total mass of the brain compared to its initial value. From the experimental data
[68,1], we estimate the constitution of the initial configuration at 23 weeks of ontogeny with
a brain mass of 50g, and we notice that the detectable folding events occur at 28 weeks with
a brain mass of 114g, which gives us the threshold for folding about J1 ∼ 114/50 ∼ 2.28
and an anisotropy coefficient of order p ∼ 0.7. These informations are sufficient to derive
the gyrification index according to Eq.(44) which does not take into account other physical
quantities. We plot GI and compare it to the experimental measurements in Fig.(6). One
can notice the very good agreement and, surprisingly, the model works even in a range
of parameters where our formula looses its validity. Indeed our analysis includes the first
nonlinearities in (J1 − pJc) and the agreement extends up to J1 values of order 10. For
the gyrification index, the post-buckling analysis, in this case, seems to be a valuable tool
allowing to reach an important quantity for the experimentalists. In addition, there is no
adjustable parameter. The only required quantities to plot the theoretical GI curve consist
of the evaluation of J1 and the anisotropy parameter p. From the data [68,1], the initial
mass is deduced and the ratio between the brain mass at the onset of buckling and the initial
mass gives us J1, which once compared to the theory furnishes the anisotropy parameter
p ∼ 0.7. When the gyri are small and the gyrification index close to one, it is difficult to
get an accurate adjustment of parameters with the formula Eq.(44). As all bifurcations in
physics, the threshold is always difficult to reach experimentally. In Fig.(7), the gyrification
index is displayed as a function of J1 for different growth anisotropy coefficient, p varying
from 0.5 up to 1.5. One can notice the evolution, as the growth proceeds, varying the p
values. In Fig.(8), a comparison with measurements made with MRI [38], close to the gyri
initiation, is performed, GI being smaller than 1.6 while the brain mass is smaller than
200mL. The two data sets (blue and red points) correspond respectively to pre-term babies
and fetuses after a similar period of gestation, for comparison. The data sets cover more
the gyri initiation where the data are lacking in Fig.(6). We choose the best fit both for
the anisotropy coefficient p and the initial brain volume. For fetuses, the initial volume is
estimated to be 40mL (so close to the estimation of 50g extracted from [68,1]). As for the
anisotropy coefficient p, it is stronger p ∼ 0.3 which indicates a stronger proliferation rate
of the neurons along the interface between the grey and white matter in this early period
of brain development. For pre-terms, the initial volume is about 27 mL and the anisotropy
index is of order 0.55. Then, the anisotropy coefficient is intermediate between the one of
fetuses and the value extracted from the data of [68,1] which cover more the last period of
brain development. Here again, it seems that the early period of gyrification presents more
growth anisotropy.
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Fig. 7 Evolution of the theoretical gyrification index with the anisotropy coefficient p = gy/gx. In green,
p = 0.5, in blue p = 0.7, in red, p = 1, in purple p = 1.5 (in this case, we assume the proliferation more
important in the y direction)

6 Long wavelength approximation

The aim of this section consists in recovering the classical results of material science for
the wavelength selection when λ → ∞ and is much larger than the thickness of the sam-
ple,[10,36,65]. This limit has been considered by Biot [10] and has been revisited in other
contexts [16,32,53] but not in the framework of growth. Except in [36] where the substrate
is assumed neo-Hookean, usually linear elasticity is used to describe the buckling of a very
thin layer put on a very soft substrate. To treat this limit, which does not concern the brain
folding, we consider our dispersion relation that we expand up to (kH)4 and keep only the
leading order terms proportional to µ:

µC4(kH)4−C2(kH)2
µ +C1(kH) = 0, (45)

with C4 =−(1/6)J2 p7(J̃6
1 −3J̃4

1 −5J̃2
1 −1)∼ 4

3 J2 p7,
C2 = J2 p5(3J̃4

1 −2J̃2
1 −1)∼ 8J2 p5δJ,

C1 = (1+ J2)p4(1+3J̃2
1 + J̃1 p− J̃3

1 p)∼ 4(1+ J2)p4,
(46)

where δ = J̃c−1. Indeed, for consistency, δ must be small and the reduced equation is then

p3(kH)3−6pδg(kH)+
3(1+ J2)

µJ2
= 0. (47)

It is worth noticing and contrary to material sciences, all coefficients depend on the growth
problem, of J1 and J2. The imposed pressure in Biot’s model is replaced by the volumetric
growth δg = J1 − 1 and the growth increase is weak in this limit. However, as in [10],
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Fig. 8 Comparison of the gyrification index of fetuses obtained in utero (in red) and from pre-term babies
(in blue) after the same period of gestation [38]. Comparison is made with the model and estimation of
parameters is achieved via fitting.

a threshold must be reached for the buckling and we can derive easily its value and the
corresponding wavelength:

δgc =
1
2

(
3(1+ J2)

2J2µ

)2/3

and λ = 2π pµ
1/3H

(
2J2

3(1+ J2)

)1/3

. (48)

The classical results in power 1/3 and 2/3 is easily recovered in this limit µ → ∞.

7 Discussion and Conclusion

In this paper, we have examined the buckling instability of a bilayer in differential growth
with the purpose to explain the brain gyrification occurring in fetal life. Our study covers
the whole range of growth parameters in both layers (J1 and J2) and stiffness ratio values
µ , some of them are known for the brain via previous anatomy studies and biomechanical
measurements [12]. In addition, MRI imaging provides new data concerning the GI values
[25,38] in utero. Of course the complex brain geometry, even at 20 weeks of development,
is very far from a double layer. It presents observable structures, not taken into account in
a planar bilayer. By a careful analysis of data from [1,68] concerning gyri measurements,
we identify the brain growth with gyri beginning at 20/22 weeks and sulci apparition at 27
weeks. Sulci appearance is mentioned earlier in MRI studies [24,67]. The stiffness ratio
has been measured by indentation measurements giving µ ∼ 0.5 for bovines and pigs but it
presents an important regional variability [12]. If it was accepted that for the human brain,
the µ value was smaller than one, a recent and careful study on cadavers post autopsy arrives
to the opposite conclusion [14]. Measurements concerning fetuses, required to explain the
gyri formation occurring during pregnancy, are not available. It is why our study covers the
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whole range of parameters for the µ values but our results, compared to the data [1,68,25,
38] concerning the GI values during pregnancy favors the hypothesis of a cortex less stiffer
than the white matter.
As mentioned previously, the gyri appearance at 20/22 weeks from Fig. (6) and from the
data of [1,68] reveals a bifurcation occurring for a growth rate J1 ∼ 2.28 which allows to
identify the growth anisotropy to be p = 0.7. Then knowing the initial thickness value H
which is about 0.1 mm at 11 weeks [46], we deduce the cortex thickness at 27 weeks :
J1H ∼ 0.34 mm and at birth J1H ∼ 20H ∼ 2 mm. Comparison with MRI studies in vitro are
satisfactory since estimation from the figure (4) of [49] gives approximatively 0.5 mm at 27
weeks, in reasonable agreement with our zero-order approximation of purely axial growth.
However, very recent measurements, also achieved with MRI [40,41] indicate that the av-
erage thickness of newborn cortex is 1.99± 0.1 mm for the left hemisphere, 2.03± 0.12
for the right hemisphere, values which will increase by 42%, in the first year, much less in
the second year. It must be emphasized that the cortex thickness of humans increases with
aging. For example an average value of 2.59 mm is estimated for humans of fifty years old
[62]. However, our study concerns only embryonic development and our naive estimation
of 2 mm at birth is in perfect agrement with the last measurements [40,41]. Knowing that
the size of the brain is approximatively two centimeters, at 27 weeks, we can assume the
substrate infinite.
Let us now discuss the prediction of the buckling threshold according to the µ value. In
the range smaller than one, we have shown that the instability originates mainly from the
growth in the cortex layer. We predict the folding threshold occurring for J1c = p3.38∼ 2.3
and eventually a secondary instability occurring for J2 ∼ 10.9, which is completely unre-
alistic at 23 days of ontogeny. So the buckling process at short wavelength is for sure due
to the cortex layer. The experimental data, given in [1,68], concern the whole brain growth
and not separately the cortex and the white matter. Data concerning size increases, layer per
layer, are only known for the pre-gyrification period, unfortunately [49]. The good agree-
ment we have obtained for the growing cortex thickness indicates that the growth mismatch
between both layers of the brain is not really significant, since we take, for the cortex, these
data normalized by the initial size. Remember that J1 is a relative growth parameter so a
ratio between the current mass versus the initial mass. Clearly, the growth anisotropy p and
the difference between stiffnesses are much more crucial for the comparisons between the
experimental and predicted gyrification index, shown in Figs.(6,8).
The post-buckling treatment, at leading order of approximation, allows to theoretically eval-
uate the gyrification index by a simple relationship given by Eq.(44) and a rather good
agreement is reached with experimental results for human brain [1,68,25,38]. Here again,
we must emphasize that if µ < 1, GI which evaluates the distorted surface versus the sup-
posed smooth one only depends on the growth characteristics of the cortex. If µ > 1, Eq.(44)
is no more valid. In our comparison, there is no adjustable parameter since the parameter p
as the initial size of the cortex are extracted from the data.
One can wonder how to explain pathologies such as lissencephaly or microgyria. Lissencephaly
(corresponding to a lower GI) value can be explained by the fact that some hypothesizes as-
sumed in the model are not checked. For example the cortical growth looses its anisotropy,
rejecting the threshold J1 to larger values. The contrast of stiffnesses may be modified be-
coming larger than one. Microgyria is explained by a pathology of the meninges which con-
sists in an increase of their thickness. Then, it can correspond to a buckling of the meninges
instead of the cortex. For healthy brain, the meninges are stiffer than the cortex : they con-
tain fibroblasts and fibers. But in pathological situation, perhaps, the observed microgyria
correspond to the buckling of one of the layers of the meninges. If the meninges are thin-
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ner than the cortex at the same age, then the wavelength is expected to be smaller, giving
tiny wrinkles. More informations on these pathologies are required, from the biological and
physical sides, to refine the model.
To conclude, we show the complexity to find the upset of wrinkling in the short wavelength
limit for bilayers with similar physical parameters. The limit where µ < 1 (case which gives
a better agreement with experimental data for the gyrification index) is easier since the buck-
ling answer only originates from the upper layer and the wavelength must scale with the
thickness of this layer. Also the threshold for the onset of buckling can be predicted without
difficulty, being approximatively pJc. It is generally believed that the thickness of the cortex
does not grow during fetal life indicating perhaps that the gyrification originates from the
secondary instability. In this case, only the substrate grows and the cortex keeps its thickness
constant. Numerical threshold values derived for the brain with our model shows that both
thresholds are well separated and the secondary instability has no physical meaning. Our
main difficulty remains the Biot’s singularity and the evaluation of the microscopic length
of regularization for precise comparison with experiments. In our model, the wavelength is
found by a sophisticated balance between a surface energy or capillarity and the elastic en-
ergy of buckling. In the case of the brain, it is possible that the meninges, which envelop the
cortex play this role as shown in Appendix 9.3 and can be considered as a surface tension.
However their constitutions are complex, made of three different layers. Hopefully, the pre-
diction of the gyrification index does not require the precise value of the wavelength.Up to
an unknown constant, our estimation for the wavelength is 2π pH so approximatively 8mm
for a cortex of thickness 2 mm. To be more quantitative is difficult due to the brain geometry
and to obvious structural inhomogeneities.
Finally, the growth bilayer model requires a threshold for buckling which can explain why
the brain of rodent escapes to this instability. The detailed analysis of pathologies inducing
modification of the cortex buckling can also be explained by modifications of the growth
process. Anomalous thickening of the meninges for example may favor the buckling of this
layer compared to the cortex giving a weakening of the amplitude of the gyri and a shorter
wavelength, then corresponding to polymicrogyria.

8 Acknowledgements

This research was supported in part by Institut Universitaire de France and by the National
Science Foundation under Grant No. PHY11-25915. It was motivated by enlightening dis-
cussions on folding with Ellen Kuhl and Alain Goriely in Oberwolfach session :”Math-
ematics of Differential Growth, Morphogenesis, and Pattern Selection” and with Oksana
Manyuhina during the KITP session: ”Geometry, elasticity, fluctuations and order in soft
matter”. MBA wants to thank the organizers: Professor Ogden and Holzapfel for their kind
invitation to participate to this special issue.

9 Appendix

9.1 Appendix A: Boundary conditions

The boundary conditions concern the equality of the displacement at the interface between
the two layers (2 conditions) and the mechanical equilibrium of both interfaces for Y = 0
and Y = H which finally gives 6 conditions. Let us focus on the interfacial conditions in
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both models: the growth and the ”pre-strain” model [60], where both layers remain glued
together. First we have the equality of displacements at the interface in both layers for both
models, then equality of nominal stresses in the normal direction: S12 and S22. In the case of
growing layers, it has been shown [7] that the nominal stress is given by:

S = G−1(
∂E
∂Fe
− pJµF−1

e ), (49)

which gives, for neo-Hookean materials and for the upper layer, in a bidimensional ap-
proach:

S = µgx(Fe− pF−1
e ), (50)

p being the Lagrange multiplier which ensures the constraint of incompressibility. Even if
we adjust correctly the pre-strain in order to represent the growth so Fe in each layer, the
boundary conditions concerning the mechanical equilibrium of the interface is different.
There is no pre-factor corresponding to the growth of the sample in the pre-strain model.
These pre-factors are important for bilayers with differential growth and play a role for the
threshold and the wavelength selection. Let us now come back to the boundary conditions
written with the stream-functions. For Y = 0, x1 = x2 and y1 = y2 are transformed into:

F1(Y ) = F2(Y ) and J2F ′1(Y ) = J1F ′2(Y ) for Y = 0. (51)

Once M is defined as M = µ/p · (J2/J1)
2, cancellation of the shear stress (see Chapter 5

of [45]) gives:

M

(
d2F1

dY 2 + J2
1 k2F1(Y )

)
=

(
d2F2(Y )

dY 2 + J2
2 k2F2(Y )

)
, (52)

while the normal stress reads:

M

(
d3F1(Y )

dY 3 − k2(p2 +2J2
1 )

dF1(Y )
dY

)
− J2

2 d2k4F1(Y ) =
d3F2(Y )

dY 3 − (1+2J2
2 )k

2 dF2(Y )
dY

.

(53)
On top on the bilayer, for Y = H, Eq.(52) and Eq.(53) simplify to give:

d2F1

dY 2 + J2
1 k2F1(Y ) = 0, (54)

d3F1(Y )
dY 3 − k2(p2 +2J2

1 )
dF1(Y )

dY
−d1k4F1(Y ) = 0. (55)

9.2 Appendix B: The polynomials of the dispersion relations

In Section 4, we have introduced the polynomial P1(J̃1,J2):

P1(J̃1,J2) = 1− J2
2 + p+ pJ̃2

1 (J2−1)+ J2(2+ p)+ J̃1(1+ J2
2 +2p). (56)

Similar polynomials enter the dispersion relation, Eq.(22) and Eq.(38), that we do not ex-
plicit such as: Q1 in Eq.(26) and P2 in Eq.(39). It reads:

Q1(J̃1,J2) = 1− J2
2 − p− J̃1(1+ J2

2 −2p)− J2(−2+ p)+ pJ̃2
1 (1− J2), (57)

P2(J̃1,J2) = 1− J2
2 + J̃1(1+ J2

2 −2p)+ J2(−2+ p)− p+ pJ2
1 (1+ J2). (58)
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9.3 Appendix C: Skin effect and meninges

Let us consider the case of a very thin layer on top of an infinite substrate. Only the substrate
grows: J1 = p = 1 and J2 > 1. The dispersion relation reads at first order in H :

D = P0(J2)−d0kJ2(1+ J2), (59)

where d0 = 4Hµ . Comparing with Eq.(22), we deduce that, in a first approximation, this
system behaves like a unique layer and the very thin layer only contributes to a surface
tension d0. The meninges and more specifically the pial basement membrane, one layer
among the three layers of the meninges, can be considered as a surface tension.
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