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Abstract This work presents an elegant formalism to model the evolution of the
full two rigid body problem. The equations of motion, given in a Cartesian coordi-
nate system, are expressed in terms of spherical harmonics and Wigner D-matrices.
The algorithm benefits from the numerous recurrence relations satisfied by these
functions allowing a fast evaluation of the mutual potential. Moreover, forces and
torques are straightforwardly obtained by application of ladder operators taken
from the angular momentum theory and commonly used in quantum mechanics.
A numerical implementation of this algorithm is made. Tests show that the present
code is significantly faster than those currently available in literature.

Keywords full two rigid problem · binary systems · spin-orbit coupling ·
numerical method

1 Introduction

Modelling the evolution of two rigid bodies with arbitrary shapes in gravitational
interaction is not an easy task. The first obstacle is the determination of the mutual
potential, the second is the derivation of the equations of motion in a suitable form
to allow fast computation. In general cases, the potential has to be expanded and
truncated at some order in the ratio of the bodies’ mean radii to the distance
between the two barycenters. Using the angular momentum theory developed by
Wigner (1959), Borderies (1978) manage to provide a compact expression of the
mutual potential at any order. In this expression, the gravity field of each body is
described by Stokes coefficients, the relative orientation of the two bodies appears
through Wigner D-matrices – also called Euler functions (Borderies, 1978) – and
the dependence in the distance between the two barycenters is embedded in solid
harmonics. Equations of motion associated to this expansion have been proposed
by Maciejewski (1995). A strictly equivalent formalism based on symmetric trace-
free (STF) tensor (Hartmann et al, 1994; Mathis and Le Poncin-Lafitte, 2009) has
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been implemented by Compère and Lemâıtre (2014) who studied numerically the
evolution of the binary asteroid 1999 KW4.

The decomposition in spherical harmonics has sometimes been discarded based
on the misconception that this formalism involves many trigonometric functions
increasing as much the computation time and the risk of numerical instabilities.
To circumvent this issue, alternative decompositions of the potential have been ap-
plied. For instance, Paul (1988) explicitly wrote the mutual potential in Cartesian
coordinates at all orders. The associated equations of motion were then provided
by Tricarico (2008). Recently, Hou et al (2016) revisited this approach and built the
as yet fastest algorithm able to integrate the full two rigid body problem thanks
to a set of recurrence formulae whose coefficients can be computed and stored
beforehand. Another example of alternative is the so-called polyhedron approach
relying on Stokes’ theorem in which the volume integral leading to the mutual
potential is converted into a surface integral over the boundaries of the two bod-
ies (Werner and Scheeres, 2005). This algorithm implemented by Fahnestock and
Scheeres (2006) was at the time the fastest integrator.

Here we revisit Borderies’ expression of the mutual potential developed in
spherical harmonics, but we express them in Cartesian coordinates. By conse-
quence, the description of the orbital configuration is actually equivalent to those
where the potential is explicitly written in Cartesian coordinates as in (Paul, 1988),
for instance. The main contribution of the present study is in the parametrisation
of rotations. Whereas in previous works, torques are computed by an explicit
derivation of the potential energy with respect to Euler angles or with respect to
rotation matrix elements, here forces and torques are simply obtained by appli-
cation of ladder operators taken from quantum mechanics theory. This approach
has already been successfully applied to the modelling of tidal evolution of close-in
planets (Boué et al, 2016). In this study we show that it allows to build the fastest
numerical integrator of the full two rigid body problem.

The paper is organised as follows: in Section 2, the equations of motion are com-
puted using Poincaré’s method (Poincaré, 1901). Forces and torques are written in
terms of ladder operators commonly used in quantum mechanics. The section also
contains all the recurrence relations allowing an efficient numerical implementa-
tion of the problem. Numerical tests are performed in Section 3. Conclusions are
drawn in the last section.

2 Equations of motion

Let two rigid bodies A and B with arbitrary shapes in gravitational interac-
tion in an inertial frame (O; ex, ey, ez). For both bodies A and B we define
body-fixed frames centred on their respective barycenters OA and OB which are
(OA; eAx , e

A
y , e

A
z ) and (OB ; eBx , e

B
y , e

B
z ), respectively. To fasten the integration, the

problem is not described in the inertial frame as in (Borderies, 1978), but in the
body-fixed frame of A (Maciejewski, 1995). This is also the choice of Hou et al
(2016) with whom we wish to compare the method. The convention used in this
paper is the following: unprimed quantities are expressed in the body-fixed frame
of A, while primed ones are written in the body-fixed frame of B. Vectors expressed
in the inertial frame are written with the superscript 0.



The Two Rigid Body Interaction using Angular Momentum Theory Formulae 3

2.1 Lagrangian

Following Maciejewski (1995), the potential reads

UAB =−GMAMB

∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

(
Rl1AR

l2
BZ

A
l1,m1

ZBl2,m2

× (−1)l2γl1,m1

l2,m2

Yl1+l2,m1+m2
(r)

rl1+l2+1

) (1)

where M∗, R∗, and Z∗l,m are the mass, the mean radius and Stokes coefficients

of the body ∗ = A,B, respectively. Note that ZAl,m is constant while ZBl,m is not
because both quantities are written in the body-fixed frame of A. The radius vector
r = rB − rA connects the two barycenters. Yl,m are complex spherical harmonics

and γl1,m1

l2,m2
are constant coefficients. Here we use the Schmidt semi-normalisation

of the spherical harmonics, such that,

Yl,m(θ, φ) = (−1)m

√
(l −m)!

(l +m)!
Pl,m(cos θ)eimφ (2)

where the associated Legendre polynomials Pl,m are defined as

Pl,m(x) =
1

2ll!
(1− x2)m/2

dl+m

dxl+m
(x2 − 1)l.

The complex Stokes coefficients Zl,m are related to the usual real Stokes coefficients
Cl,m and Sl,m by

Zl,m = (−1)m
1 + δm,0

2

√
(l +m)!

(l −m)!
(Cl,m − iSl,m) , for m ≥ 0 (3a)

and the symmetry relation

Zl,m = (−1)mZ̄l,−m , for m < 0 . (3b)

In Eq. (3a), δi,j is the Kronecker delta equal to 1 if i = j and equal to 0 otherwise.
In Eq. (3b), the bar above Zl,m denotes the complex conjugate. Following our

normalisation convention, the coefficients γl1,m1

l2,m2
are

γl1,m1

l2,m2
=

√
(l1 + l2 −m1 −m2)!(l1 + l2 +m1 +m2)!

(l1 +m1)!(l1 −m1)!(l2 +m2)!(l2 −m2)!
.

Let

CA = [eAx , e
A
y , e

A
z ], CB = [eBx , e

B
y , e

B
z ] and C = CT

ACB

be the rotation matrices such that

r = CT
Ar0, ZBl,m =

l∑
m′=−l

Dlm,m′(C)Z′Bl,m′ ,
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where CT
A means the transpose of CA and Dlm,m′(C) is an element of Wigner

D-matrix associated to the rotation C. Z′Bl,m′ are the (constant) complex Stokes
coefficients of body B expressed in its body-fixed frame.

In the barycentric frame, the kinetic energy of the system reads

T =
1

2
ΩT
AIAΩA +

1

2
(Ω + ΩA)T IB(Ω + ΩA) +

1

2
µ‖v + ΩA × r‖2 (4)

where IA and IB are the inertia matrices of the bodies A and B expressed in the
the body-fixed frame of A, respectively. ΩA is the rotation vector of the body A
with respect to the inertial frame, while Ω = ΩB −ΩA is the rotation vector of
the body B relative to the body A. µ = MAMB/(MA +MB) is the reduced mass
and v = ṙ is the relative velocity in the body-fixed frame of A. In the expression
of the kinetic energy (Eq. 4), IA is constant while IB = CI′BCT is a function of
C.

The Lagrangian of the problem f = T − UAB is a function of q = (CA,C, r)
and η = (ΩA,Ω,v). Note that CA and C are themselves functions of only three
coordinates, such as the 3-2-3 Euler angles (αA, βA, γA) and (α, β, γ), respectively:

CA(αA, βA, γA) = Cz(αA)Cy(βA)Cz(γA), C(α, β, γ) = Cz(α)Cy(β)Cz(γ).

To retrieve the equations of motion given by Maciejewski (1995), we use Poincaré’s
forme nouvelle des équations de la mécanique (Poincaré, 1901). We define a vector
field basis associated to infinitesimal rotations of the body A as

ĴA,x = cos γA cotβA
∂

∂γA
+ sin γA

∂

∂βA
− cos γA

sinβA

∂

∂αA
, (5a)

ĴA,y = − sin γA cotβA
∂

∂γA
+ cos γA

∂

∂βA
+

sin γA
sinβA

∂

∂αA
, (5b)

ĴA,z =
∂

∂γA
. (5c)

Equivalently, we introduce a basis field corresponding to infinitesimal rotations of
the body B relative to the body A:

Ĵx = − cosα cotβ
∂

∂α
− sinα

∂

∂β
+

cosα

sinβ

∂

∂γ
, (6a)

Ĵy = − sinα cotβ
∂

∂α
+ cosα

∂

∂β
+

sinα

sinβ

∂

∂γ
, (6b)

Ĵz =
∂

∂α
. (6c)

At last, we consider the canonical vector field basis associated to infinitesimal
translations

P̂x =
∂

∂x
, (7a)

P̂y =
∂

∂y
, (7b)

P̂z =
∂

∂z
. (7c)



The Two Rigid Body Interaction using Angular Momentum Theory Formulae 5

Let us gather all these vector fields into a single vector X̂ = (ĴA, Ĵ , P̂). The
generalised velocity vector q̇ of the Lagrangian reads

q̇ = η · X̂ (q) ≡
9∑
i=1

ηiX̂i(q), (8)

as required by Poincaré’s formalism. The equations of motion of CA, C, and r
given by Eq. (8) are made explicit in the following. To obtain the equations of
motion, we need the structure constants ckij defined as

[X̂i, X̂j ] ≡ X̂iX̂j − X̂jX̂i = ckijX̂k.

A direct calculation shows that the non-vanishing commutators are

[ĴA,x, ĴA,y] = −ĴA,z,

[ĴA,y, ĴA,z] = −ĴA,x,

[ĴA,z, ĴA,x] = −ĴA,y,

[Ĵx, Ĵy] = Ĵz,

[Ĵy, Ĵz] = Ĵx,

[Ĵz, Ĵx] = Ĵy.

(9)

To get Poincaré’s equation, we also need to evaluate X̂i(f). We have

ĴA(f) = 0, (10a)

Ĵ (f) = GB × (Ω + ΩA)− Ĵ (UAB), (10b)

P̂(f) = µV ×ΩA − P̂(UAB). (10c)

The equation (10a) results from the invariance by rotation of the problem. Indeed,
the Lagrangian does not depend on CA. In Eq. (10c), V = v + ΩA × r represents
the velocity relative to the barycentric frame expressed in the body-fixed frame of
A. In Eq. (10b), we have introduced GB = IB(Ω + ΩA), the angular momentum
of the body B. Similarly, we denote by GA = IAΩA the angular momentum of the
body A, and by L = µr×V, the orbital angular momentum. The last ingredients in
Poincaré’s equations are the partial derivatives of the kinetic energy with respect
to η which are

∂T

∂ΩA
= GA + GB + L,

∂T

∂Ω
= GB ,

∂T

∂v
= µV. (11)

Combining Eqs. (8), (9), (10), (11), and Poincaré’s equations

d

dt

∂T

∂ηi
=
∑
j,k

ckijηj
∂T

∂ηk
+ X̂i(f),

we get 
ĊA = ΩA · ĴA(CA),

Ċ = (ΩB −ΩA) · Ĵ (C),

ṙ = r×ΩA + V,


ĠA = GA ×ΩA + TA,

ĠB = GB ×ΩA + TB ,

V̇ = V ×ΩA + 1
µF,

(12)

with

F = −P̂(UAB), T = −L̂(UAB), TB = −Ĵ (UAB), TA = −T−TB .
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The rotation vectors are given by

ΩA = I−1
A GA, ΩB = I−1

B GB ,

and the vector field L̂ is defined as

L̂x = y
∂

∂z
− z ∂

∂y
, (13a)

L̂y = z
∂

∂x
− x ∂

∂z
, (13b)

L̂z = x
∂

∂y
− y ∂

∂x
. (13c)

The equations (12) are strictly equivalent to Maciejewski’s equations of motion,
but they are explicitly written in terms of the vector fields P̂, L̂, ĴA and Ĵ .
As shown in the subsequent section, textbooks on quantum theory of angular
momentum allow to evaluate these vector fields applied to UAB very efficiently.

2.2 Ladder operators, force and torques

We introduce a complex coordinate system (e+, e0, e−) in which coordinates of any
vector a are denoted (a+, a0, a−) and are related to the usual Cartesian coordinates
(ax, ay, az) by

a+ = − 1√
2

(ax + iay) a0 = az a− =
1√
2

(ax − iay) .

We apply the same rule for vector fields Â = (Âx, Ây, Âz). We get

Â+ = − 1√
2

(Âx + iÂy) Â0 = Âz Â− =
1√
2

(Âx − iÂy).

The vector fields defined in Eqs. (5), (6), (7), and (13) are related to ladder opera-
tors commonly used in quantum theory of angular momentum. With the notation
of Varshalovich et al (1988), we have

ĴA,ν ≡ iĴ ′ν(αA, βA, γA), Ĵν ≡ iĴν(α, β, γ), P̂ν ≡ ∇ν , L̂ν ≡ iL̂ν ,

for ν ∈ {+, 0,−}. Ĵ ′ν and Ĵν are the components of the spin operator expressed
in the rotated frame and in the initial frame, respectively. ∇ν is the usual gra-
dient operator and L̂ν is the orbital angular momentum operator. Given these
equivalences, we deduce the following relations (Varshalovich et al, 1988)

P̂ν
(
Yl,m(r)

rl+1

)
=


−
√

(l +m+ 1)(l −m+ 1)
Yl+1,m(r)

rl+2
ν = 0

−
√

(l ±m+ 1)(l ±m+ 2)

2

Yl+1,m±1(r)

rl+2
ν = ±1

(14a)

and

L̂ν
(
Yl,m(r)

rl+1

)
= i


m
Yl,m(r)

rl+1
ν = 0

∓
√
l(l + 1)−m(m± 1)

2

Yl,m±1(r)

rl+1
ν = ±1

, (14b)
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for the orbital part (embedded in the spherical harmonics), while spin operators
act on Wigner D-matrices according to

ĴνDlm,m′(C) = i


−mDlm,m′(C) , ν = 0,

±
√
l(l + 1)−m(m∓ 1)

2
Dlm∓1,m′(C) ν = ±1

(15a)

and

ĴA,νDlm,m′(CA) = i


−m′Dlm,m′(CA) , ν = 0,

±
√
l(l + 1)−m′(m′ ± 1)

2
Dlm,m′±1(CA) ν = ±1

.

(15b)

Forces and torques are then computed as follows. Let us define the constant
terms ul1,m1

l2,m2
as

ul1,m1

l2,m2
= −GMAMBR

l1
AR

l2
BZ

A
l1,m1

(−1)l2γl1,m1

l2,m2
. (16)

The potential (Eq. 1) reads

UAB =
∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

ul1,m1

l2,m2
ZBl2,m2

(C)
Yl1+l2,m1+m2

(r)

rl1+l2+1
,

and thus,

F = −
∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

ul1,m1

l2,m2
ZBl2,m2

(C)P̂
(
Yl1+l2,m1+m2

(r)

rl1+l2+1

)
,

T = −
∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

ul1,m1

l2,m2
ZBl2,m2

(C)L̂
(
Yl1+l2,m1+m2

(r)

rl1+l2+1

)
,

TB = −
∞∑
l1=0

l1∑
m1=−l1

∞∑
l2=0

l2∑
m2=−l2

ul1,m1

l2,m2
Ĵ
(
ZBl2,m2

(C)
) Yl1+l2,m1+m2

(r)

rl1+l2+1
,

TA = −T−TB ,

with

ZBl2,m2
(C) =

l2∑
m′2=−l2

Dl2m2,m
′
2
(C)Z′Bl2,m′2 ,

and

Ĵ
(
ZBl2,m2

(C)
)

=

l2∑
m′2=−l2

Ĵ
(
Dl2m2,m

′
2
(C)

)
Z′Bl2,m′2 .

The simplicity of the formulae (14) and (15) associated to the evaluation of the
ladder operators makes the calculation of the components of F, T, and TB very
efficient and easy to implement.
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2.3 Spherical harmonics

Naturally, spherical harmonics are not computed from their definition Eq. (2) but
from recurrence formulae which can also be found in many textbooks. Let u ≡
r/‖r‖ = (u+, u0, u−) be the unit vector along r. By definition Yl,m(r) ≡ Yl,m(u).
The initialisation is

Y0,0(r) = 1, Y1,0(r) = u0, Y1,1(r) = u+, (17a)

and the recurrence equations are

lYl,0(r) = (2l − 1)u0Yl−1,0(r)− (l − 1)Yl−2,0(r), (17b)
√
l +mYl,m(r) =

√
l −mu0Yl−1,m(r) +

√
2(l +m− 1)u+Yl−1,m−1(r) . (17c)

Spherical harmonics with negative order m are deduced from the symmetry rela-
tion

Yl,m(r) = (−1)mȲl,−m(r) . (17d)

As it can be noticed, in the set of equations (17), there is not any trigonometric
functions.

2.4 Cayley-Klein parameters

To avoid singularities, rotations – involved in Wigner D-matrices – are parame-
trised by Cayley-Klein complex parameters a and b (e.g., Varshalovich et al, 1988)
instead of the more common Euler 3-1-3 angles (ψ, θ, φ) or the Euler 3-2-3 angles
(α, β, γ). Cayley-Klein parameters are equivalent to quaternions, but are more
adapted to the formalism used in this work. For the sake of completeness, we here
summarise a few properties of these parameters (Varshalovich et al, 1988). They
and Euler 3-1-3 angles are related to each other by

a = cos
θ

2
e−iψ+φ

2 = D
1
2
1
2
, 1
2

(C) , b = −i sin
θ

2
ei
ψ−φ

2 = D
1
2

− 1
2
, 1
2

(C) , (18a)

and reciprocally,

ψ = arg(iāb) , θ = cos−1
(
|a|2 − |b|2

)
, φ = − arg(iab) . (18b)

The expression of the Cartesian coordinates of a rotated vector, e.g. r = Cr′,
expressed in terms of Cayley-Klein parameters is

r0 =
(
|a|2 − |b|2

)
r′0 + 2

√
2<
(
ab r̄′+

)
r+ = −

√
2āb r′0 + ā2r′+ − b2r̄′+ ,

where <(z) means the real part of z. The inverse rotation is obtained by the substi-
tution (a, b)→ (ā,−b). The product of two rotations C(a, b) = C(a1, b1)C(a2, b2)
is given by

a = a1a2 − b̄1b2 , b = b1a2 + ā1b2 .
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Finally, the equivalent of Maciejewski’s equations of motion of C and CA (Eq. 12)
in terms of Cayley-Klein parameters (a, b) are deduced from their expressions in
terms of Wigner D-matrix (Eq. 18a). Indeed, for all (l,m,m′), we have

Ḋlm,m′(C) = (ΩB −ΩA) · Ĵ
(
Dlm,m′(C)

)
Ḋlm,m′(CA) = ΩA · ĴA

(
Dlm,m′(CA)

) .

Taking the particular values of (l,m,m′) corresponding to the definitions of a and
b (Eq. 18a), we get

ȧ = − i

2

(
a(ΩB,0 −ΩA,0)−

√
2b(Ω̄B,+ − Ω̄A,+)

)
ḃ = +

i

2

(
b(ΩB,0 −ΩA,0) +

√
2a(ΩB,+ −ΩA,+)

) (19a)

and 
ȧA = − i

2

(
aAΩA,0 +

√
2 b̄AΩA,+

)
ḃA = − i

2

(
bAΩA,0 −

√
2 āAΩA,+

) . (19b)

2.5 Wigner D-matrices

Like for spherical harmonics, the computation of Wigner D-matrices is performed
recursively. Here, we need these matrices with integer l. The recurrence is initialised
with

D0
0,0 = 1 , D1

m,m′ =

(1 0 − 1)
a2 −

√
2ab̄ (b̄)2

√
2ab |a|2 − |b|2 −

√
2āb̄

b2
√

2āb (ā)2



(1
0

-1
)

0

.

For m ≥ 0, Wigner D-matrices of degree l ≥ 2 are given by (see Gimbutas and
Greengard, 2009)

Dlm,m′ = cl,−m,m′D
1
1,1D

l−1
m−1,m′−1 + cl,0m,m′D

1
1,0D

l−1
m−1,m′ + cl,+m,m′D

1
1,−1D

l−1
m−1,m′+1

(20a)
with coefficients 

cl,−m,m′ =

√
(l +m′)(l +m′ − 1)

(l +m)(l +m− 1)
,

cl,0m,m′ =

√
2(l +m′)(l −m′)

(l +m)(l +m− 1)
,

cl,+m,m′ =

√
(l −m′)(l −m′ − 1)

(l +m)(l +m− 1)
.

(20b)
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If |m′+ν|, with ν ∈ {−1, 0, 1}, is strictly greater than l−1, then Dl−1
m−1,m′+ν should

be discarded and replaced by zero in the left-hand side of Eq. (20a). Elements of
Wigner D-matrices with negative index m are deduced from the symmetry relation

Dlm,m′ = (−1)m−m
′
D̄l−m,−m′ .

3 Numerical implementation

The algorithm presented above has been implemented in C++. To fasten the
integration, recurrence coefficients in Eqs. (17b), (17c) and (20b), the constant

terms ul1,m1

l2,m2
(Eq. 16), as well as the constant values in the evaluation of the

ladder operators (Eqs. 14 and 15), are all calculated and stored before the effective
integration of the equations of motion (12). To be homogeneous with Hou et al
(2016), a truncation of the mutual potential at order n means that l1 + l2 ≤ n (l1
runs from 0 to n and l2 from 0 to n− l1) in the expression of UAB , F, T, and TB

(Sect. 2.2).

In order to compare the efficiency of the algorithm with that presented by
Hou et al (2016), we integrate the binary asteroid system 1999 KW4 (66391).
The polyhedral shapes of the two components are retrieved at the URL (http:
//echo.jpl.nasa.gov/asteroids/shapes/). Inertia integrals

T l,m,n =

∫
ρxlymzn dxdydz,

with ρ the (constant) density of the considered body and where the integration
is done over its whole volume, are computed using the formulae of Hou et al
(2016). In particular, inertia integrals of degree l + m + n = 0 and 1 are used
to compute the coordinates of the barycenter which are then subtracted to those
of the polyhedron vertexes. This procedure ensures that the body-fixed frame of
each component is well centred on the barycenter as required by the equations of
motion (Eq. 12). The generalised products of inertia are then converted into Stokes
coefficients following Tricarico (2008) but with a different normalisation factor1.
Stokes coefficients can alternatively be directly computed from the polyhedron
model using the algorithm of Werner (1997). We assume the following masses:
MA = 2.355× 1012 kg and MB = 0.135× 1012 kg, which implies that the densities
of the two components are 1970.2 kg.m−3 and 2810.5 kg.m−3, respectively.

The initial conditions are the same as in (Hou et al, 2016): the orbital elements
are

a = 2.5405 km, e = 0.01, i = Ω = ω = 0◦, M = 180◦ .

1 If we denote by {C(T )
lm , S

(T )
lm } Stokes coefficients defined in (Tricarico, 2008, Eqs. 14, 15),

those of the present paper are given by {Clm, Slm} = Nlm{C
(T )
lm , S

(T )
lm } with

Nlm =
2

1 + δm,0

(l −m)!

(l +m)!
.

http://echo.jpl.nasa.gov/asteroids/shapes/
http://echo.jpl.nasa.gov/asteroids/shapes/
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Fig. 1 Orbital evolution of the 1999 KW4 binary asteroid system over 10 000 h time span
obtained with an RKF7(8) integrator with a fixed time step of 200 s. The mutual potential is
truncated at order 6. a is the semi-major axis, e the eccentricity, and i the inclination relative
to the initial orbital plane.

The initial angular speeds of the two components in their respective body-fixed
frame are

ΩA =

0
0
1

 315.4◦.day−1, ΩB =

0
0
1

 495◦.day−1 .

The 3-1-3 Euler angles defining the initial orientations of the body-fixed reference
frames relative to the initial orbit plane are

ψA = 27.04◦, θA = 10◦, φA = −83.93◦ ψB = 0◦, θB = 0◦, φB = 180◦ .

In order to make the most objective comparison with Hou et al (2016), we use
the same RKF7(8) integrator with the same fixed time step of 200 seconds. Tests
are run on a single processor with a CPU frequency of 2.3 GHz.

Figure 1 represents the orbital evolution of the system with respect to the
initial orbital plane over 10 000h. The mutual potential is truncated at order 6.
As observed by Hou et al (2016), the energy stored in the rotational motion is
able to strongly influence the orbit by forcing its eccentricity and inclination to
oscillate in the intervals 0 ≤ e ≤ 0.035 and 0 ≤ i ≤ 16◦, respectively. The total
energy of the system is 8.7678 × 1010 J. Numerically, its variation is mainly due
to the dissipative effect of the RKF integrator. Over the 10 000 h of integration
time span, the total variation of the mechanical energy is only −0.3870 J, which
is perfectly consistent with the −0.3851 J obtained by Hou et al (2016).

A comparison of the integration times between our approach and the algorithm
of Hou et al (2016) is presented in Table 1. The system is integrated over 20 000 h
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Table 1 Computation time for a 200 h integration of the orbit using Hou et al’s algorithm
(first row) and our approach (second row).

Order 2 3 4 5 6 7 8 9
ta (sec) 0.2 0.7 2.1 6.6 17.3 42.6 99.3 206.0
tb (sec) 0.2 0.3 0.4 0.6 1.0 1.7 2.5 3.1
ta computation time using Hou et al’s algorithm on a single 2.9GHz CPU frequency processor.

tb computation time using the present algorithm on a single 2.3 GHz CPU frequency processor.

with a fixed time step of 200 s, and then the computation time is divided by 100 for
a direct comparison with Hou et al (2016) who did the integration of the orbit over
200 h. Absolute CPU times highly depend on the compiler and the optimisation
options. They should thus be compared with care. Nevertheless, both methods
spend the same amount of computation time when the potential is truncated at
the lowest order n = 2. We can thus assume that the other columns of Tab. 1
objectively reflect the efficiency of the algorithms. Moreover, as the expansion
order increases, the computation time growth differs significantly between the two
methods. Ours proves to be much faster. At the 6th order of truncation, we already
gain a factor 17 in speed, and at order 9, our approach only needs 3 seconds instead
of the 3.4 minutes required by the algorithm of Hou et al (2016).

4 Conclusion

The decomposition of the mutual potential of two rigid bodies with arbitrary shape
into spherical harmonics has sometimes been discarded because of the misconcep-
tion that this formalism would involve trigonometric functions. However spherical
harmonics do have expressions in terms of Cartesian coordinates. Moreover, not
only recurrence relations allow to evaluate them efficiently, but the force and the
orbital torque are easily computed by application of the gradient and the angular
momentum operators, respectively. By consequence, if we restrain ourselves to the
orbital part of the equations of motion only, our approach must be as efficient as
a polynomial decomposition of the potential in Cartesian coordinates.

Nevertheless, numerical tests show that our algorithm is faster. The reason
resides in the way rotations are handled. Here, we use the irreducible representation
of the group SO(3) acting on the set of functions defined on the sphere, viz. Wigner
D-matrices. These matrices have two advantages: they can be efficiently evaluated
with recurrence relations and the torque is simply obtained by application of the
spin operator. Combining spherical harmonics and Wigner D-matrices, we obtain
an algorithm for which forces and torques are calculated as rapidly as the mutual
potential.

In this work, in order to avoid singularities, rotations are parametrised using
Cayley-Klein’s formalism whose parameters are strictly equivalent to quaternions.
We make this choice because it is well adapted to the computation of Wigner
D-matrices. Because this representation in not common in the celestial mechanics
field, we briefly summarise the relation between these parameters and the standard
3-1-3 Euler angles. More properties can be found in textbooks on quantum theory
of angular momentum (e.g., Varshalovich et al, 1988).
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As a concluding remark, not only the present formalism allows to design a
fast integrator for the full two rigid body problem, but it also reveals the under-
lying structure which is controlled by the group of rotations. This structure is
often hidden in other approaches. We expect that this will allow to draw a more
comprehensive view of the analytical problem.

References

Borderies N (1978) Mutual gravitational potential of N solid bodies. Celestial
Mechanics 18:295–307, DOI 10.1007/BF01230170
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