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Abstract

The present study deals with a strength criterion for ductile porous materials
consisting in a Hill type orthotropic matrix containing spherical voids. The orig-
inality of the study lies into an attempt to develop an approximate static Limit
Analysis for this class of materials, based on the recent work of Cheng et al. (2014)
initially proposed for isotropic von Mises matrix. To this end, we considered, in
the framework of a statical limit analysis framework, a trial stress field comply-
ing with the boundary conditions of the homogenization problem. Interestingly,
the proposed procedure delivers an anisotropic macroscopic criterion which is not
only pressure dependent, but exhibits an original sensitivity to the sign of the third
invariant of the stress deviator. The obtained results are discussed and compared
to existing theoretical models, to numerical bounds and to recently available Finite
Element results. Finally, we provide the plastic strain rate equations and the void
evolution law which are crucial for formulating the failure of anisotropic ductile
metals. The influence of the plastic anisotropy on these constitutive equations is

illustrated.
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analysis; Third stress invariant.

Introduction

The macroscopic yielding and plastic behavior of isotropic porous materials
have been extensively studied following the pioneering kinematical approach
proposed by Gurson [19] who studied a hollow sphere and a hollow cylinder sub-
jected to uniform strain rate boundary conditions. The considered matrix is made
up of a rigid-perfectly plastic material obeying the von Mises criterion. Although
Gurson’s kinematical analysis involves several approximations, it has been shown
later that the obtained result preserves the upper bound character of the macro-
scopic criterion (see for instance [39]).

Gtill in the context of Kinematic Limit Analysisl, the standard Gurson model was
later extended by Tvergaard [43] and subsequently by Perrin and Leblond [40]
in a theoretical approach by introducing additional parameters in order to better
fit finite element (FE) unit cell computations and to account for the interaction
between voids 2. Other extensions accounting for void shape effects were further
developed for spheroidal voids (e.g. prolate and oblate ellipsoidal cavities) by
[29] and [30], [17], [16] and then [33]. Pardoen and Hutchinson [36] integrated the
extended model of Gologanu-Leblond-Devaux [17] into a heuristically enhanced
void growth and coalescence model incorporating the effect of strain hardening.
Studies concerning pressure-sensitive dilatant matrix have been also proposed by
[18] (see also[9], [11], [26] and [25]) who used a Drucker-Prager yield criterion to

describe the compressibility of the matrix.

! Another class of models for porous materials has been proposed in the literature based on
variational non linear homogenization techniques (see for instance [5], [6], [13] and [12]).
ZNote also the well-known computational results of Koplik and Needleman [24].
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All the above mentioned extensions concern an isotropic matrix. However,
initial anisotropy may be either naturally present in various engineering materials
or induced by the deformation during forming processes (e.g rolling, drawing
and extrusion). That has motivated several studies dealing with ductile porous
materials with plastically anisotropic matrix. Indeed, Benzerga and Besson [4] ex-
tended the Gurson yield criterion to porous materials with Hill orthotropic matrix.
This model has been extended by Monchiet et al. [32] and then by Keralavarma
and Benzerga [27] who developed micromechanical models that couple both the
matrix anisotropy and void shape effects by considering spheroidal voids. Re-
cently, Morin et al.[35] evaluated the above mentioned criteria using a new FE
technique for numerical limit-analysis of Hill materials. Their method is based on
the standard FE method. More completely, Pastor et al. [38] provided numerical
upper and lower bounds for the macroscopic criteria of orthotropic plastic mate-
rials using static and kinematic numerical limit analysis codes. The case of a Hill
type matrix with arbitrary ellipsoidal voids has been very recently investigated
by [34]. All the above models with matrix anisotropy have been derived from a
kinematic limit analysis approach (except the numerical static bound of Pastor et
al.) and thus yield upper bounds of the macroscopic yield criterion. Recently,
Cheng et al. [8] proposed an original statical limit analysis procedure for porous
materials with isotropic von Mises solid matrix. Notable feature of the static-based
model is the prediction of the third invariant in a rather easy way 3. The ease of
the derivation of the macroscopic criterion and the validity of the results obtained
using this approach make it an attractive alternative to kinematics-based models.

In the present study, we are concerned with the anisotropic plastic behavior

3This work has been preceded by that performed in the context of kinematical approach of
Limit Analysis by Cazacu et al [7] who had investigated the effect of the sign of the third invariant
for a von Mises matrix.
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of ductile porous metals and provide a static-based limit analysis of a Hill-type
anisotropic matrix containing spherical voids. This will lead to a fully explicit
macroscopic criterion. The plastic strain rate equations and the void evolution
law which are crucial for formulating the anisotropic plastic behavior of ductile
porous metals will be also provided.

The outline of the paper is as follows: The static limit analysis recently pro-
posed by Cheng et al.[8] is first briefly recalled in section 1. In section 2, an
approximate criterion is developed by applying the statical approach to materi-
als with anisotropic matrix and considering a new appropriate trial stress field.
The obtained criterion is illustrated in section 3, while a comparison of the model
predictions with those obtained from FE computations on unit cells (see [35]) is
presented. Numerical upper and lower bounds established by [38] are also con-
sidered for this comparison purpose. Finally, in section 5, we provide the void
growth equations and illustrate the porosity evolution laws for different examples

of materials anisotropy.

1. Basic principles of the static limit analysis approach of porous materials

In this section, general features of the statical limit analysis * of porous media
presented by Cheng et al. [8] are briefly recalled in the perspective of the extension

that we will expose below for ductile materials with anisotropic matrix.

Scale transition from microscopic scale (typical size of a cavity) to the macro-
scopic one is performed in the context of standard uniform boundary conditions.
The macroscopic stress X and strain rate D are then obtained from the volume aver-

ages of their microscopic counterparts ¢ and d over the considered Representative

*A thorough overview of the theory of limit analysis can be found in [3] and [42]
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Volume Element (RVE) of the porous material:

1 1
L=— odV, D:—fddV 1
IQIL_w 19l Ja g

Q refers to the domain occupied by the RVE, while QO — w corresponds to that of
the solid matrix.
Let us introduce the set x(V(x)) of kinematically and plastically admissible and

incompressible velocity fields:
k(V(x)) = {V(x) = Dx ondQ and di =0 with d = %(V(V) +VI(V)E (2
The set x(o) of statically admissible stress fields is given by:
x(o) ={o, 0ij=0j, dive =0, o.n=0ondw)} 3)

Let us recall the Hill-Mandel Lemma ([22]) which states that the macroscopic work

rate equals the average microscopic one and reads as follows:

1
D=— o:ddV 4
|Q|L—w @

in which (V, o) is an admissible couple. Moreover, the principle of maximum

plastic work, introduced by Hill [21], states that:
Vo' €C, (6"-0):d <0, (5)

where Cis the convex set of plastic admissible stress fields ( defined by the criterion

f(o) < 0 where f is the considered yield function). Introducing the indicator



function ¢ (o) of the plastic domain, defined by:

Y(o)=0e o0 €C ©)
Y(o)=+0 & 0 ¢C ,

the inequality (5) is reexpressed as:
d € dy(o) )

where di)(0) is the subdifferential of ¢. Hill’s variational principle [21] states that

among the stress fields, the true one makes the functional:

av — .n).vVd
v~ [ @nv ®

an absolute minimum. In (8), V denotes the prescribed velocity on a part I'y of the
boundary of the cell. An average functional ® over the RVE, appropriate for the

homogenization problem, is introduced such that:

1 _
® = min (i . ¥(0)dV — L : D) (9)

Since 1)(0) vanishes for licit o, this variational problem is equivalent to the follow-

ing one:
2ip, E: D) 10
where:
xi(0) = {o € x(0), f(o) <0}, (11)

The resulting minimization problem is solved using Lagrangian functional. By



relaxing the yield criterion 5and imposing the Lagrange multiplier to be uniform
over the matrix, the resulting saddle-point problem takes the following simple

form:

. 1 .
max min (L(o,A) = A@ L—a} f(o)dV —L:D) (12)

A=0 0€x(0)
The considered static limit analysis approach results into a stress variational
model which is equivalent to minimizing the functional ® under the condition:

F(X) = |15| N f(6)dV =0 (13)

This equality condition on X is interpreted as the equation of the macroscopic yield
function.

The crucial step to obtain F(X) consists in finding a trial stress field o satisfying both
the equilibrium equations and the void boundary conditions and implementing
it into (13). Once F(X) determined, the macroscopic flow rule is obtained by
performing the derivation of the Lagrangian functional L(, 1) with respect to I.
This reads:

. OF

D=A—, A> 14
Aaz, A>0 (14)

where A can be interpreted as a plastic multiplier.

2. Formulation of the approximate yield criterion

2.1. The general procedure

Let us now consider as a cell corresponding to the RVE a hollow sphere having
external and internal radii b and a, respectively such that the void volume fraction

p (porosity) reads p = (%)3. This hollow sphere is subjected to linear velocities on

Pollowing the numerical works of Nguyen [14], the yield criterion is satisfied only in an average
sense.
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(r = b) corresponding to a uniform strain rate. The solid matrix material is assumed
to be rigid-perfectly plastic and obeying Hill’s [20] quadratic orthotropic criterion.
With respect to a Cartesian coordinate system that coincides with the symmetry

axes of the plastic anisotropic matrix, the criterion is classically expressed as:

f(O')ZGe—U():\/%O':M:O'—GOSO (15)

where 0y is the yield stress of the material in a reference direction and M is a
symmetric fourth-order orthotropy tensor (M;ju = Mjx = M;j). With respect to
the symmetry axes, the fourth-order tensor M takes the following form in the

standard Voigt notation (6 X 6 matrix), the stress tensor being given as a vector:

H+G -H -G 0 0 0 011
-H F+H —F 0 0 0 027
-G —F F+G O 0 0 033
M = ;o= (16)
0 0 0 2L 0 O 023
0 0 0 0 2M O 013
0 0 0 0 0 2N o012

Note that the Hill criterion reduces to the isotropic von Mises one when the char-

acteristic constantsread F=G=H =1/3andL=M =N = 1.

For the tractability of the determination of F(o) from (13), and similarly to the
choice made by [4] and then Monchiet et al. [32] in the context of kinematic limit

analysis, we will consider an isotropic trial stress field:

o=0Y+0?, (17)
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where ¢!V reads in spherical coordinates (r, 6 € [0, 7], ¢ € [0, 27]):
a _ a 1
o’ =-C (ln(;)l — E(eg ®eg+ey®ey)), (18)

Co is a constant to be determined and 1 denotes the second order identity tensor.
o corresponds to the exact stress field in the case of hydrostatic loading for an
isotropic matrix. The second part ¢ is taken for capturing the shear stress effects.
At the difference of [8] who consider an homogeneous stress field, ¢ is inspired
here from the exact solution to linear elastic hollow sphere problem subjected to

deviatoric loading (see [23])°:

0@ = [BvA1x% + Ay — 2(5 — v)A3x 3 — 12A,x7%](1 + 3c0s26),

T

agé = [7(2 + v)A1x* = Ay + (1 — 2v)A3x ™ + 7A4x°](1 + 3c0s20)

+[=2(7 = 4v)A1x° + 2A5 + 4(1 = 2v)Asx™° — 4Ax7°]

(19)
af;; = [(7 + 111)A1x* + 3(1 = 2v)A3x ™2 + 5A4x°](1 + 3c0s20)
+[2(7 — 4v)Arx* — 24, — 4(1 — 2v)Azx > + 4A4x 7]
02 = 3[(7 + 21)A1x® = Ay — 2(1 + V) Asx~> — 8A4x~]sin20
in spherical coordinates. Where:
Ay =5(p~3 - pHCy/A,
Ay = [(49 — 25v2)p19 4 126p75/3 + 25(12 — 7)p~1]Cy /6A, 20)

As = 5(7 +5v)(p™° — p~1)C1/124,
Ay = =7 +5)(p718 — pSBYCy /4N

and A = [(49 —25V2)p108 £ 25(12 = 7)p73 +252p75/3 4+ 25(12 = 7)p~1 + (49 — 25v2)].

®This idea is similar to that already used by [15] in the context of kinematics limit analysis of isotropic
porous materials.
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C; is also a constant parameter, x = © and v is a free parameter which must be
determined by minimizing the macroscopic potential. ”

In contrast to the homogeneous deviatoric part taken in [8], the considered stress
field 6® satisfies not only the equilibrium equations but also the boundary condi-

tions on the inner surface of the hollow sphere.

The microscopic equivalent stress in the matrix g, = /30 : M : ¢ is computed
in a straightforward manner and is found to be a function of both 7,0 and ¢ that

could be recast in the form:

0 = JCAA,6,0) + C2x(r,0,6) + CoCi (1, 6, 9), 1)

where f;, f and f; are combinations of functions of r, 0 and ¢, whose expres-
sions are long so they were omitted here for brevity. The computation of the
axisymmetric macroscopic stress tensor using (1) yields:

Co In p 1

X = 3 1—§C1(e1®e1+e2®e2—2e3®e3) (22)

It follows that the macroscopic mean stress X,,, the macroscopic Hill equivalent

stress X, and the third invariant of the deviatoric part S of X, noted J3, are given

by:

3 3
Z? :EE:M:E = §(F+G)C%/ ]3 =

Colnp
3 7

tr(S°) 2

T = = —=C;
3 271

(23)

Note that in equation (23), the macroscopic Hill equivalent stress X, depends only

on coefficients F and G through their sum F + G. This is due to the axisymmetric

"Note that v (which may not be interpreted here as an elastic coefficient) has been shown by
optimization of F = ‘1@ fQ_w f(0) dV to be equal to 0.5

10
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character of the considered loadings. Anticipating on developments which will

follow, we introduce the following alternative expressions 8.

) %, . 3%, 2
Yo=————==|Cy| , Zypy=—-7—7=Cy, sign(J3) = 721_ =sign(Cy)  (24)

In
3(F+G) P

According to (13), the macroscopic yield surface is defined by:

F(X) = |15| . a.(r, 0, ) r’sin0 dO d¢p dr — (1 — p) ¢ (25)

where, taking into account (24), the microscopic equivalent stress (eq. 21) , can be

recast in the form:

VAG0,0)53 + fo(1,0,0)52 + f(r,0, B)sign(Js) £

m 22 Y. 3.,
\/fl(r 6, <f>>1 7, + 0. D) gy ~ A 0 @signta) - m i
(26)

Due to presence of the functions fi,f, and f3(r, 0, ¢), a closed form expression of
the macroscopic criterion F(X) by combining (25) and (26) is out of reach; this has

motivated the approximations described below.

2.2. Approximate criterion based on Cauchy-Schwarz inequality
A first approximation of the macroscopic criterion can be obtained by adopting
the Cauchy-Schwarz inequality, as in several previous works including those on

porous materials with Hill orthotropic matrix (see for instance Benzerga et al. [4]

8Note that if Z is the tensile yield stress in the principal anisotropy direction z, then we have
F + G=2 which confirms the positiveness of F + G and allows its use in the square root.

11
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or [32]). This easies the computation of the integral in (25) and leads to:

1 1
] f 0.(r, 0, d)r’sin0dOdpdr—(1-p)oy < ] 1Q - w| f 02(r, 6, ¢) r?sin6 dO dp dr—(1-p)oy
Q-w Q-w
(27)
The macroscopic criterion is obtained in the form:
Jas2 + B2 + ysign(p)L.L, - 00 <0, (28)

where «a, f and y are combinations of both the matrix anisotropy characteristics
and the porosity p. A power series expansion of those quantities up to order 1
allows to get a simplified expression:
a=3F+G)+[8(F+G)+ 5H+ 2N + (L +M)lp + O@p?),
B=3[2(F+G+H)+L+M+N],

y=5[-(L+M)-2(G+F—-N)+4Hlplnp + (p - pg)[‘g—?H + E(L+M)+ 2(F+ G- N)]+O0@p?).
(29)

which proved to be a good approximation of the exact expression for porosity

values up to 0.15. The new criterion takes the following form:

5.
T

T
: : ysign(s) ZeXw 4 _ g (30)
3F+G) oo” (Inp)

LE+Gmp?

In the limit of a vanishing porosity, one can check that since In p — —co0 and

-
ﬁ(a—o)2 -

a — %(F + G), the Hill quadratic criterion of the matrix is obviously retrieved.
Interestingly, criterion (30) shows an influence of the sign of the third deviatoric
stress invariant. Such type of effect has been already pointed out in a recent
kinematic-based limit analysis study by [7] for von Mises matrix materials (see
also [1] or [41] for the effect of Lode angle) and by [8] in the context of the static

approach (this result has been recently extended to the influence of Lode angle

12
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[10]). An originality of the present result is that the effect of the sign of the third
deviatoric stress invariant is coupled with the matrix anisotropy. In the limit of

isotropic matrix, the criterion reduces to:

8 X, 9 Yo
Jﬂ+§mﬁgy+qmpyﬁgﬁ—lso (31)

Remark1: The obtained criterion (31) has the same shape as the approximate
one obtained by [8] but differs from it by the factor multiplying X.. Indeed, in the
approximate criterion of Cheng et al. [8] the pure deviatoric point corresponds to
§—5’ = 1 - p, which is the same as in the Gurson model and which corresponds to

Voigt upper bound. This difference is obviously due to the choice of the trial stress

tield, the one considered here being more refined.

Remark2: It should be pointed out that for hydrostatic macroscopic stresses,
as expected, the isotropic criterion (31) predicts the same yield loci as in Gurson

model and Cheng et al. [8] and which corresponds to the exact solution of porous

materials with a von Mises matrix: 2% = —ZInp. The pure deviatoric point cor-

Lo _1
0 1+p

point given by the elliptic criteria of [5] and [31] (which correspond to i—o =

responds to which is, for p < 0.15, bounded below by the deviatoric

1-p
1+§p)

and bounded above by the one given by Gurson and Cheng et al.[8].

Remark3: It can be noted that in the isotropic case, the effect of the third
deviatoric stress disappears, this is due to the vanishing value of y. This absence
of the third stress deviator invariant contrasts with , the result established by [8]
in the context of static limit analysis. This limitation may be obviously attributed
to the use of the Cauchy-Schwarz inequality and has motivated an alternative

approach presented in what follows.
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2.3. Approximate criterion based on Taylor series expansion

Indeed, the microscopic equivalent stress o, may be put in the following form:

0 = i1, 0,0)53 + for, 6, 0)E2 T+ (7, 6,) (32)

where

f3(r, 0, P)sign(J3) L e
fi(r, 0, P)E2 + folr, 0, $)L2

Assuming o(r, 0, @) to be small, we adopt here an alternative approximation con-

o(r, 0, 9) =

sisting in performing a Taylor series expansion of the expression /1 + o(r, 0, $)

involved in (32) %:

f3(r, 0, ({J)sign J3) X
< fi >0-0 24 +<f2>Qwi2
f5(r, 0, ¢)’sign(J5)£3 L3 ]
(< fi >0w L2+ < fo a0 22)°
(33)

1 f3(r, 0, p)* L2 52
8 (< fi >0 L2+ < fo >0 0 L2)?

O, z\/<f1>g_w2 +< a2 |1+ %
L
16

+

for which has been made a complementary approximation consisting in replacing
fi(r, 0, ¢) and f,(r, 0, @) by their mean values in the matrix < f; >q_, and < fo >q_,

respectively. One gets:

1 1
< f1 >0—w= mL fldV = ﬁ,‘ < f2 >0—w= m L fde = (34)

The determination of the macroscopic criterion requires also the following inte-

grations:

ml—m Joroo 3V =
IQ - fQ S fidv = (35)

|Q—CU| j;)—a) f;dv = X

9This follows an idea already implemented in the isotropic case by [28] who has revisited the Gurson
kinematic limit analysis.

14


https://www.researchgate.net/publication/273036188_An_Improved_Description_of_Spherical_Void_Growth_in_Plastic_Porous_Materials_with_Finite_Porosities?el=1_x_8&enrichId=rgreq-5a4754f380a238151aff942103d14ddf-XXX&enrichSource=Y292ZXJQYWdlOzMxMjA4NzI4ODtBUzo0NDg1ODE4MDQwMDc0MjRAMTQ4Mzk2MTY0NDI3MA==

Let us draw the attention to the fact that a, f and y are given by (29). The
expressions of & and ), which are functions of anisotropy parameters and porosity

p are obtained as:

&=3(F2+G*+FG),

=27 (=32 — 323m)G® + (6857 — 536)F° + (117 — 224)F>G — (3737 + 32)G*F
~ 640 T '
(36)

Finally, introducing (33), (34) and (35) into (25) yields the following general form

of the macroscopic criterion:

./az§+ﬁzﬁ1[1+1“g~”(]3) ple £ Tty XS] oo (3)
2 aff+ L, 8 (afi+pE)? 16 (afl+BELY

for which it is recalled that ¥, and X, are defined in (24).

Note that (37) obviously reduces to the Hill quadratic criterion (of the matrix) in
the limit p—0.

It is worth noticing that in the particular case of the von Mises isotropic matrix,
the parameter y does not vanish and thus an effect of the third invariant in that

case is obtained:

\/ (1+ §p><§—;>2 + 4(1§ e (i—j)Z I(sign(Js), T,p) =1 <0, (38)
with
ek =37
(L+3p)+ npP (1+3p) + TV
(39)

and T denotes the stress triaxiality T = X,/ X, .

Remark 4: The criterion takes the same shape as in [8]. Besides, the function
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Figure 1: Yield surfaces of a metal matrix porous solid with 1% porosity given respectively by
Gurson [19] and by the proposed new criteria. Acronyms SVM-CS+ and SVM-CS-refer respectively
to criterion (31) for J3 > 0 and for J3 < 0 and acronyms , SVM-T+ and SVM-T- refer respectively to
criterion (38) for J3 > 0 and for 3 < 0.

I(sign(Js), T, p) is smooth for p € [0, 1]and T € ]—oo, + oo and takes values between
0.949 and 1.050; thus, as in [8], one can obtain an approximate criterion by taking
I1(sign(Js), T, p) to be unity. However, it should be pointed out that in that case the
influence of the third invariant J; is lost. Remarks 1-2 remain valid for this second

criterion.

3. Illustration of the established macroscopic criterion

In this section, we aim at illustrating some salient features of the obtained
criteria. The yield curve corresponding to the new criteria in the isotropic case
and its comparison with Gurson model for a porosity p=0.01 are reported on Fig
1.

It is seen that the yield envelopes predicted by the new criteria stay inside the
Gurson kinematic one as expected. It is recalled that for the isotropic case, the

parameter y vanishes and thus there is no effect of (J3) predicted by the criterion
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Table 1: Hill’s coefficients considered for the different studied cases

Material’s parameters F G H L M N
Isotropic: Fig 1 1/3 1/3 1/3 1 1 1
Set 1: Fig 2, Fig 8 0.332 0332 0.999 1 1 2.333
Set 2: Fig 3, Fig 6 0.268 0.345 0.311 1.096 3.622 3.498
Set 3: Fig 4, Fig 7 0.331 0402 0.168 3.669 1.141 22

(30) named SVM-CS. However, this effect is still present for the criterion obtained
by Taylor series expansion (37) named SVM-T.

Let us consider now the anisotropic case for which the parameters chosen for
every figure are indicated in table 1. In Figures 2(a) and 2(b) we compare the yield
curves predicted by the new criteria (30) and (37) for J3 > 0 and J; < 0 to those
pertaining to Benzerga et al. [4] model; two porosity values, p = 0.01 and p = 0.1
are considered. It is observed that the obtained criteria display an asymmetry with
respect to the axis X,, = 0 due to the sign of [5. A zoom on appropriate portions
of the figure reveals that the predicted macroscopic yield surface obtained by
the Cauchy-Schwarz inequality (30) is within the one obtained by Taylor series

expansion (37) and the effect of sign(J;) is more pronounced for the latter.

4. Validation by comparison to FE estimate and to numerical bounds

For validation purposes, we provide two different comparisons. We first com-
pare the obtained criteria (30) and (37) with FE limit-analysis results recently
reported by [35]. The FE computations were conducted on hollow sphere sub-
jected at its external boundary to homogeneous strain rate conditions. As in the
theoretical model, axisymmetric strain rate loadings are considered such that:
Yqp = Xy # 0, X33 # 0 and X;; = 0 for i # j. The porous solid is made up of an
anisotropic aluminium alloy for which the parameters (reported in table 1) were
experimentally obtained by [2]. The corresponding macroscopic yield surfaces are

presented in Fig3(a) for p = 0.01 and Fig 3(b) for p = 0.1. It is observed that the pre-
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(b) porosity p=0.1

Figure 2: Hill matrix: comparaison of the yield surfaces given by the proposed new criteria given
by eq (30) and eq(37) and that proposed by Benzerga et al. [4]
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dicted envelope remains inside the yield envelopes obtained from the numerical
FE results, as expected. However, one can note that the criterion obtained by [4],
by using a kinematic approach provides closer upper bounds when compared to
FE results. This fact may be explained by the fundamental difference between the
kinematic and the static limit analysis approaches. More specifically, the difference
with Benzerga criterion may be attributed to the relaxation of the yield condition
in the matrix, this condition being enforced only in the mean and by assuming a
uniform plastic multiplier. The same observation has been also made in the case
of an isotropic matrix in [8].

A second assessment of the accuracy of the proposed criterion is performed by
comparing the theoretical predictions to Pastor et al. [38] upper and lower bounds
of the macroscopic criterion for anisotropic materials. Those bounds are obtained
using respectively static and kinematic FE approaches and based on the solution
to the corresponding conic programming problems'’. In Fig 4 the yield surfaces
projected in the plane (X; — X33, X,,) corresponding to the established criteria
(30) and (37) are compared to the bounds given by the static and kinematic codes
from [38]. In all quadrants, the theoretical criteria predict a macroscopic yield
envelope inside the numerical lower bound. The discrepancy observed between
the analytical model and the numerical results is probably due to the isotropic
character of the used stress field which does not incorporate the anisotropy of
the matrix. In particular, for hydrostatic loadings, the model does not predict
the exact solution which can be estimated from the numerical upper and lower
bounds. However, the accuracy is quite satisfactory when the stress triaxiality is
low or moderate.

In summary, the assessment of the proposed model can be considered successful;

the readers interested by this original numerical approach and its application to various porous materials
can refer to [37].
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Figure 3: Hill matrix: comparaison of the yield surfaces given by the proposed new criterions
eq(37)and eq(30) and by FE [35]
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moreover it must be emphasized that, to the best of our knowledge, it is the first
criterion which accounts for the effect of the sign of J3 in a context of ductile porous

materials with an anisotropic matrix.

5. Plastic flow rule and void growth

The macroscopic plastic flow rule is obtained from the normality law already
presented in (14). The macroscopic mean and deviatoric parts of the plastic defor-

mation are readily obtained in the form :

188 Xy 3%, ysign(Js)
b - 1i9F _ jnp® og  2\BRF+0) )Inp.
"~ 379, 6 A(X)

(40)
20 X,  3Luysign(]s)

D, = 19F - 3/2(F +G)ag  o243/2(F+G)Inp
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in which have been introduced the following scalar quantity:

AX) = L(E)z _ 3ysign(Js) EZ ﬁ

3 0o 0o 00 ln 0o
S(E+G) ,/g(hc)lnp 4

Similarly, considering the macroscopic criterion obtained by Taylor series ex-

pansion (37), the corresponding macroscopic strain rates take the form:
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Figure 4: Comparison of the yield surfaces obtained from the established criteria (30) and (37) with
numerical upper and lower bounds given by [38], porosity p = 0.01 and p = 0.1

22


https://www.researchgate.net/publication/257672651_Limit_Analysis_of_hollow_spheres_or_spheroids_with_Hill_orthotropic_matrix?el=1_x_8&enrichId=rgreq-5a4754f380a238151aff942103d14ddf-XXX&enrichSource=Y292ZXJQYWdlOzMxMjA4NzI4ODtBUzo0NDg1ODE4MDQwMDc0MjRAMTQ4Mzk2MTY0NDI3MA==

dC D . 2CDIC _, » D
.[ D , J L, &, %, )
D, = A| 5 + Tsign(a)( =) = =( . )
(926 2 D D 47
aC D (42)
3DC*—— - 5C°
+ Xsion()(—2% &Ze)]
168" D8
in which have been introduced the following scalar quantities:
o p 3%
D(E) = {[aS2 + pE2 = [a(——==)? + B(—7=2)2
*) P \/ (\/3/2(P+ G)) Al Inp
gD _ ___aX, D _ _9Bxwm
Jdx.  3/2(F+G)D’ 9%, (1np)2
CE) = £,5,, = —Skm (43)
S 1“? \/3/2(P+G
JdC _ 3%,

R N ke o e

Owing to the plastic incompressibility of the matrix, the porosity evolution is

obtained from the mass balance equation, as in the case of the Gurson model:
p=3(1~-p)Dy (44)

The difference with the predictions of the Gurson model obviously lies in the
dependence of D,, not only on the stress triaxiality but also on the characteristics
of the anisotropic matrix as well as on the sign of the third stress invariant. Figs 5,
6,7 and 8 illustrate the normalized evolution of porosity given as function of stress
triaxiality for initial porosity p = 0.01 and different parameters of anisotropy. We
consider the range [0..4] for T which corresponds to stress triaxiality levels for most
commonly specimens used in ductile fracture experiments [3]. For completeness,
these figures also include the predictions of Gurson [19] for the isotropic case and
those of Benzerga et al. [4] model. The effect of the sign of the third invariant

coupled to anisotropy parameters is much more pronounced for the porosity
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Figure 5: Evolution of porosity as function of the stress triaxiality for an isotropic matrix and for
initial porosity p=0.01.

evolution than for the macroscopic criterion.

Conclusion

In this paper, we presented a new macroscopic yield criterion for plastic
anisotropic materials obeying Hill’s quadratic criterion and containing spheri-
cal voids. Specifically, this criterion is derived by generalizing to an anisotropic
matrix the statical limit analysis approach recently proposed by Cheng et al. [8] for
von Mises matrix. For the derivation of the macroscopic criterion, an appropriate
statically admissible trial stress field has been considered. The obtained criteria
are clearly impacted by the matrix anisotropy. A second interesting feature of the
criterion obtained by a Taylor Series expansion is its dependence on the sign of the
third invariant of the stress deviator, [3, as well as on the two stress invariants X,
and X, (Hill’s equivalent stress). The criterion has been compared successfully to
its theoretical kinematic counterpart proposed by Benzerga et al. [4] , to numer-

ical data given by Pastor et al. [38] and to recent FE results of Morin et al. [35].
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Figure 7: Evolution of porosity as function of the stress triaxiality for matrix parameters Set 3 in
table 1 and for initial porosity p=0.01.
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Figure 8: Evolution of porosity as function of the stress triaxiality for matrix parameters Set 1 in
table 1 and for initial porosity p=0.01.

For completeness, we also provided the plastic strain rate equations and the void
evolution law derived from the new criterion. It turns out that the effect of the

sign of J3 is more pronounced on the porosity evolution.
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