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SEMI-DISCRETIZATION FOR STOCHASTIC SCALAR CONSERVATION LAWS
WITH MULTIPLE ROUGH FLUXES

BENJAMIN GESS, BENOIT PERTHAME, AND PANAGIOTIS E. SOUGANIDIS

ABSTRACT. We develop a semi-discretization approximation for scalar conservation laws with multi-
ple rough time dependence in inhomogeneous fluxes. The method is based on Brenier’s transport-
collapse algorithm and uses characteristics defined in the setting of rough paths. We prove strong
L'-convergence for inhomogeneous fluxes and provide a rate of convergence for homogeneous one’s.
The approximation scheme as well as the proofs are based on the recently developed theory of path-
wise entropy solutions and uses the kinetic formulation which allows to define globally the (rough)
characteristics.

1. INTRODUCTION

We introduce a semi-discretization scheme and prove its convergence for stochastic scalar conservation
laws (with multiple rough fluxes) of the form

N
(1) du+Z@IiAi(aj,u)od2‘§ =0 inRY x(0,7),
’ i=1

u(-,0) = ug € (L' N L?)(RN).

The precise assumptions on A, z are presented in the sections 2] and [3| below. To introduce the results
here we assume that A € C2(RY x R;RY) and z is an a-Holder geometric rough path; for example,
z may be a d-dimensional (fractional) Brownian motion or z(t) = (¢,...,t) in which case we are back
in the classical deterministic setting — see Appendix [A] for some background on rough paths. For
spatially homogeneous fluxes, the theory is simpler and z € C([0,T]; R") is enough. In what follows
we may occasionally use the term “stochastic” even when z is a continuous or a rough path.

Stochastic scalar conservation laws of the type ([1.1)) arise in several applications. For example, (|L.1))
appears in the theory of mean field games developed by Lasry and Lions [15], [16], [17]. We refer

to Gess and Souganidis |11] and Cardaliaguet, Delarue, Lasry and Lions [6] for more details on the
derivation of (1.1)) in this case.

The semi-discretization scheme we consider here is based on first rewriting (1.1)) in its kinetic form
using the classical Maxwellian

+1 for 0 < ¢ < u(x,t),
(1.2) x(x, &, t) = x(u(z,t),8) := ¢ —1 for u(z,t) < £ <0,
0 otherwise.
The theory of pathwise entropy solutions introduced by Lions, Perthame and Souganidis in [19] and

further developed by Lions, Perthame and Souganidis in [21] and Gess and Souganidis in |11] (see
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2 B. GESS, B. PERTHAME, AND P. E. SOUGANIDIS

Appendix [B| for the precise definition and some results) asserts that there exists a non-negative,
bounded measure m on R x R x [0, 7] such that, in the sense of distributions,

N N
(1.3) orx + Z a'(xz,€)0y,x 0 dz' + Z O, A’ (2,€)0ex 0 d2" = O¢m,

i=1 i=1
where, for notational simplicity, we set

a'(x,€) = (0uA")(2,€).

Given a partition 0 = tg < t; < --- <tg =T of [0,T] with mesh size At := maxp—o_ x—1 |[tk+1 — til,
the approximation ua; of the pathwise entropy solution to ([1.1]) that we are considering here is based
on the following splitting and fast relaxation scheme.

We first solve the linear “free-streaming” transport equation

N N

(14)  Oufar+ Y a'(2,0)0s farodz’ + ) 0p, Al(2,)0cfarodz’ =0 on RN x R X [t, tpy1),
i=1 i=1

and then introduce a fast relaxation step setting (see section [1| for the notation)

(1.5) uat(x,t) ::/fAt(x,n,t—)dn and  far(z, & trr1) == x(ua(z, tps1), §);

for future reference we note that fa; is discontinuous at t; while ua; is not.

For the homogeneous stochastic scalar conservation law

N
(1.6) du+Y 9y Al(u)odz' =0 in RN x (0,7),

i=1
we show the strong convergence of the approximations ua; to the pathwise entropy solution u and
provide an estimate for the rate of convergence (see Theorem below), that is, for ug € (BVNL>*N
LY (RYN), we show that there exists C' > 0 depending only on the data such that

(1.7) [u(,t) = uac(-, 1)l < CVAz,
where Az is defined by
(1.8) Az := max sup |z — 2, |-

k=0, =L gefty g 41]

In the general inhomogeneous case, that is, for , no bounded variation estimates are known either
for the solution u or for the approximations ua¢. In addition, due to the spatial dependence, we cannot
use averaging techniques. To circumvent these difficulties, we devise a new method of proof based on
the concept of generalized kinetic solutions and new energy estimates (see Lemma below). The
result (see Theorem is that, if up € (L' N L?)(RY), then
Aimful8) = e Bl L@y xgo.ap)-

The semi-discretization scheme we introduce here is a generalization of the transport-collapse scheme
developed by Brenier [3,/4] and Giga and Miyakawa [13] for the deterministic homogeneous scalar
conservation law

N
(1.9) O+ 0 A'(u) =0 in RN x (0,7).

i=1
In this setting, the convergence of the scheme was proven in [3,/4,|13] based on bounded variation
arguments. A general methodology for this type of result as well as for error estimates was developed



SEMI-DISCRETIZATION FOR STOCHASTIC SCL WITH MULTIPLE ROUGH FLUXES 3

by Bouchut and Perthame [2]. In [26] Vasseur provided an alternative proof of the weak convergence
of the transport-collapse scheme based on averaging techniques for the Burger’s equation, that is for

(T9) with N =1 and A'(u) = Ju’.
The results we present here are new for both deterministic and stochastic settings.

Firstly, we establish a rate of convergence for the transport-collapse scheme (see ([1.7])), which was
previously unavailable even in the deterministic case (although maybe not too surprising in view

of [2)).

Secondly, we prove the convergence of the scheme also in the inhomogeneous case. The classical
averaging techniques and, thus, the method developed in [26] do not apply here, since our assumptions
allow for degenerate fluxes.

Indeed we assume that there exist 6 € (0, 1] and C' > 0 such that, for every compact interval I C R,
all (0,2) € SN"1 xR,z ¢ RV, and ¢ > 0,

{eel: |o-A(x,€) -z <e}| < Ce,
where SV~ is the unit sphere in R and A'(z,u) := 0, A(z,u).

The well-posedness of the pathwise entropy solutions for has been proven in |11,/19,21]. Regularity
and long-time behavior has been considered by Lions, Perthame and Souganidis [20] and Gess and
Souganidis [12]. For a detailed account of numerical methods for (deterministic) conservation laws we
refer to LeVeque [18], Bouchut [1], Godlewski and Raviart [14], Eymard and Gallouét, Herbin [8] and
the references therein.

Finally, we recall that kinetic solutions to (1.9) were constructed by Brenier and Corrias [5], Lions,
Perthame and Tadmor [22] and Perthame [25] as limits of the so-called Bhatnagar, Gross, Krook
(BGK) approximation, that is,

N
; 1
(1.10) O+ (A (€0 f7 = —(MS* = f7),
i=1
where the “Maxwellian” associated with a distribution f is defined by

(111) Mz, 6.t) == x( / £ (., t)dn, €).

In comparison, the transport-collapse scheme we are considering here is based on a fast relaxation
scale for the right-hand side of ((1.10f), that is on enforcing M f€ = f¢ at the time-steps tx.

Structure of the paper. The strong convergence and the rate for the homogeneous case is obtained
in section The inhomogeneous case is treated in section Some background for the theory
of rough paths is presented in Appendix [A] The definition and fundamental properties of pathwise
entropy solutions to are recalled in Appendix Bl A basic, but crucial, bounded variation estimate
for indicator functions is given in Appendix [C]

Notation. We set Ry := (0,00) and 9§ is the “Dirac” mass at the origin in R. The complement and
closure of a set A C RY are denoted respectively by A¢ and A, and Bp is the open ball in RV centered
at the origin with radius R. We write || f[|¢(o) for the sup norm of a continuous bounded function f
on O CRM and, for k = 1,..., 00, we let C¥(O) be the space of all k times continuously differentiable
functions with compact support in O. For v > 0, Lip? (O; R) is the set of R! valued functions defined
on O with k = 0,...,|v]| bounded derivatives and v — || Holder continuous |+|-th derivative; for
simplicity, if v = 1 and [ = 1, we write Lip(O) and denote by || - ||co.1 the Lipschitz constant. The
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subspace of L!-functions with bounded total variation is BV. If f € BV, then | f|pv is its total
variation. For u € LY([0,T]; LP(RY)) we write ||u(t)||, for the LP norm of u(:,t). To simplify the
presentation, given a function f(x, &) we write ||f||L1 = [|fldzd¢ = [|f(z,&)|dzdE. For a measure
m on RY x R x [0,T] we often write m(x, &, t)dxdgdt instead of dm(x,&,t). If f € LY(RYN x [0,T)) is
such that ¢ — f(-,¢) € LY(RY) is cadlag, that is, right-continuous with left limits, we let

/f(x,t—)dx = %ﬁ)l/f(x,t — h)dx

The space of all cadlag functions from an interval [0, T'] to a metric space M is denoted by D([0,T]; M).
For a function f : [0,7] — R and a,b € [0,T] we set f| := f(b) — f(a). The negative and positive
part of a function f: RY — R are defined by f~ := max{—f,0} and f* := max{f,0}. Finally, given
a,b € R, a Ab:=min(a,b) and for a,b € RN we set ab := (a’b"),.

2. SPATIALLY HOMOGENEOUS STOCHASTIC SCALAR CONSERVATION LAWS

We consider stochastic homogeneous scalar conservation laws, that is, the initial value problem

1) {du + 5N 0, AN () odz' =0 in RN x (0,T),
u(-,0) = ug € (BV N L®)(RY),

where

(2.2) 2€ C([0,T;;RY) and A€ C*R;RY).

Informally, in view of (1.2]), the kinetic formulation yields a non-negative bounded measure m on
RY x R x [0, 7], where a := A’, such that

(2.3) Oy x + Za Op,x 0dz' = Ogm.

Fix At > 0, define ¢} := kAt with £ =0,..., K and KAt ~ T and Az as in (1.8]), and assume that
(2.4) Az < 1.

The approximation ua; is defined as

(2.5) uat(-,0) =ug and  uag(- /fAt €, t—)d¢,
where fa; solves
{atfm + 300 @' (€)Ds, farodz' =0 on (ty, thi1)
fae(@, & tr) = x(uat(z, tr), £),
that is, for ¢ € [ty,tpy1), = € RY and € € R,
(2.6) far(@, &) = fac(z — a(§) (2t — 21,), &, tr)-

The main result in this section is:

Theorem 2.1. Assume ([2.2) and [2.4), and, for ug € (BV N L®)(RY), let u be the pathwise entropy
solution to (2.1) and uay be defined as in (2.5). Then

up. [uls) = uadl D)l < \/2||uoIIBvIIallco,l([fuuo||oo,||uo||m]) [uoll2v Az.
te|0,
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Before presenting the rigorous proof of Theorem we give an informal overview of the argument.
For the sake of this exposition we assume z € C1([0, T]; RY) for now and for simplicity we set
M = ||ug||co-

The proof is based on the observation that the semi-discretization scheme introduced above has the
kinetic interpretation

N

(2.7) Ofar + Z ai(f)azifAtZi = 8§mAt = Z St —tg)(Mfar — fae)-
i=1 k

Recalling and we observe that

(28) ’X|7 ’fAt’ € {07 1} and Sgn(X($’£7t)) = Sgn(fAt(xugut)) = sgn(§)

It follows that
/ (t) — Fac(t)|deds = / X(t) — fau(t) Pdéda = / (@) = 2x() faclt) + |facl®)?) déda

- / ()] — 2x(8) Fae() + | fae (0)]) dédl.
Multiplying (2.3) and . 2.7) by sgn(£) and integrating yields
d
dt/|x(t)|d£d:v: —2/m(x,0,t)daz and dt/]fm(tﬂdgda:: —2/mAt(x,0,t)dm,

and, since in the sense of distributions

dex = 6(&) — o(u(z,t) — &) < d(6),
and
Oefar < 0(&) — Dofar(x — a(€)(z — 24,), & t) - ' () (2 — 21,),

we obtain

~2% [ fadgde = —2 [ Qo+ xaufan) dedo

N N
=2 / (fm( =Y (), xE + em) +x(— Y a' (&), fart + agmm)> dedz
=1

=1
=2 [ @cfam+ Opmar) deds
< 2/ (m(x,0,t) + mae(z,0,t)) dx
- / D far(w — al(€) (21 — 2,6 ) - @/ (€) (2 — 2, )md€da

<5 [ xldeds = 5 [ Ifaddgdo + ' loog aamlen = 2] [ |Domldéds,

and, hence,
G [ xt0) = fas@ldeds < oo eanple - 20| [ 1Dimided.

At this point we face a difficulty. The term [ |D,m|d{dxz may not be finite and thus an additional
approximation argument is necessary.
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To resolve this issue we replace x by its space mollification x* making an error of order ¢||lug| gy and
we note that, if m® is the mollification of m with respect to the z-variable, then

l|uoll2
2 '

In conclusion, we find

[ 1u(0) ~ wsi(@)lds < ol + oo Az
and choosing ¢ ~ v/Az finishes the informal proof.
For future reference we observe that, if
Xae(z,§,t) == x(uae(z, t),§),
then
(29) Xarlw &) = x( [ farle,n, 0dn,€) = Mfae,6.1).

We continue with

The proof of Theorem[2.1, We first assume z € C'([0,T];RY). In this case x and fa; solve (2.3)
and (2.7)) respectively. It has been shown in Theorem 3.2 in [19] that x depends continuously on the
driving signal z, in the sense that, if u', u? are two solutions driven by z!, 2% respectively, then

sup [|u'(t) — w?(t)|l1 < Cll2" = 2%[loo,mm)-
tel0,T

In view of ([2.6)), it also follows that fa; and ua; depend continuously on z. This can be seen by
induction over k. Given two smooth smooth signals z', 2% we denote by fglt, fft the corresponding
free streaming functions and we note that, since fth(x,f,t) = fgzt(:p,f,t) =0 for all [§| > M and

sup / (@, 6,8) — F2(2, €, 0)|dode

tE[tk,tk+1)
—  sup / |fRu(a — a(€)(2f — 2) 6 tr) — fhg(e — a(€)(2 — 22.), €, ty,) | dade
te[tk,tk+1)

Z1 Z2
<sup { / |fRe(@ + h, & tr) — fAi(2, & te)ldwdS + h € RN, |h| < 2|lallco(—aramllz' — 22”00([0,T];RN)}7

it follows that

sup /|fm . 60) — fZ(w, &, 1)|dedE = 0.

m

12" =22l co (0, 77;RN ) 0 teltr thr1)
Hence, the rough case z € C([0,T];R") can be handled by smooth approximations in the end (see
step 5 below).

Step 1: The kinetic formulation. The proof is based on the kinetic interpretation of the
semi-discretization scheme given by ([2.7)).

An important observation, used in Lemma below, is the following L'—contraction property

(2.10) IMF = Mglls < I1f = gllzs
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which follows from the observations that [ |x(u,&) — x(v,&)|d§ = |u — v| for all u,v € R and
[ 1M, - MG, 91d = [ Ix( [ £e.min) = x([ gtemanlde = | [ 1. - g(a. )|
We note that ma, is a non-negative measure. Indeed,

¢ i ¢ i
mat = /0 ;5(?5 —tp)(Mfar — far)d§ = %:5@ - tk)/o (Mfar = far)dE

I3 5 3 .
/0 M far(t)dé = /0 X / Fae(e,n, t)dn, )dE = € A / fae(m, t)dn

Since fa; <1 we find

and, moreover,

3 - -
| st <en [ aitordé
0
and, hence,

13 -
/0 (Mac — fad)dé > 0.

Step 2: The approximation. We obtain here an estimate for the error at the kinetic level between
the solution and the approximation. This follows using an argument introduced by Perthame in [24.25]
for the kinetic formulation as an alternative to Kruzkov’s method.

Aiming to estimate the error

/ u(t) — ()| dz = / | / (x(t) — Fe(£))de|da < / X(8) = Fac(t)ldeda,

we begin by regularizing y using a standard Dirac sequence ¢ (x) := E%cp(%) with ||¢|[y = 1. That is,
we consider the z-convolution

Xs(x7£7t) = (X('afvt) * @E)(m)u

which solves, for m® = m * ¢°,

orx°© —I—Za zxz—ﬁgm

In fact in order to make the following calculatlons rigorous it also necessary to consider a regular-
ization in time and velocity, so that the equation on x® is satisfied in a classical way. For simplicity
of the presentation we drop this technicality here.

We first note that, using (2 ,

/ X(t) = fac(t)]deds = / X(t) — far(8)2dda

(2.11) - / (O] — 2x(0) fae (t) + | ()| ded
= F°(t) + Errl(t),
where

Fe(t) = / ()] — 2 (8) fae () + | fae (D)) déd,
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and
Errl(t) == /(Ix(t)! = X = 2(x(t) = x°(8)) fae(t)) déd.

Since u(-,0) = ua(+,0), it follows that

/ x(t) - farltldedo = [

N(t) — fac(t)]dédz — / X(0) = v (0)]dédz
t
_/0 %FE(S)dS-FETT’l’g.

(2.12)

Step 3: The estimate of %F . Using again ([2.8), we first note that

(2.13) c;lt/ |X°|dédx = —Q/me(x, 0,t)dr and jt/|fAt|d§da: = —2/mAt(x, 0,t)dx.
Furthermore, since
(2.14) Oex* = (3(6) — 8(6 — ulw, 1)) * &* < 5(€) and Dex < 6(¢),
and, for t € [tg, tir1), far(x, & tr) = x(uae(z, tg), ), we find ,
O¢ far = O (fAt(l' —a(§)(z — Ztk)agatk))
(2.15) = (Oexad)(@ — a(§) (2t — 24,), &, tk) — Dafae(® — a(€)(ze — 24,), &, t) - a'(€) (2 — 2¢,)
< 6(8) — Dafar(z —a(§) (2 — 21,), & 1) - ' (§) (2 — 21,),

with the above inequalities satisfied in the sense of distributions.

Combining next (2.13)), (2.14]), (2.15), and the facts that |fa;] < 1 and fa¢(z,&,t) = 0 for all
|€] > M we obtain

d
_2£ /XEfAtdfdw = _2/(atX€fAt + X°0: far)dédx

N N

= —2/ (fAt( — Z a,i(g)arixazi + 8§m5) + X‘g( — Z ai(f)azifméi + 8§mAt)) dédzx
i=1 1=1

=2 / (8§fmm5 + 6§X6mAt) dfdx

< 2/(m€(ac,0,t) + mae(z,0,t)) dz

-2 Z Ly <t<tinn) /Dwat(fﬁ —a(&)(zt — 24,), &, tr) - @ (€) (2 — 24, )m°ddx
k

d g d g
4 [ eds - dt/\fAt\dgda:—|—2Ha’HCO([_M7MDAz/\Dmm dedz

< —/!x |dédz — 75/|fmldfdar+2” HC( —M.M)) /m z, €, t)déde,
and, in conclusion,
d
(2.16) SFe(t) < <oll” HCO( —M.M]) /m 2, €, t)dédz.

Step 4: The estimate of Errl. We estimate |Err!(t)| in terms of the BV-norm of uy.
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Lemma 2.2. Assume ug € (BV N L>®)(RY) and (2.2). Then,

/ X(t) — (1) dédz < elluol sy,

and, for all t € ]0,T],

|Brri(t)] < elluoll pv-

Proof. Since

IX(O)] = IXE@)] = 2(x(8) — x7(8)) fae(t) = (x(£) — x“(£))sgn(€) (1 — 2| fael(t))
and |fa¢| € {0,1}, we first observe that, for all ¢ > 0,
|Errl(t)] < /’X (t)|d¢dzx.
In addition it follows from [19, Proposition 2.1] that, for all t > 0,

[u®)|lBv < lluoll BV

Hence, using Lemma [C.I], we find

/ () — x*(8)|dédz < e / X € Dl e = elu®) v < &llul s

i

Step 5: The conclusion. It follows from (2.12), (2.16), (B.2) and Lemma[2.2]that, for all ¢ € [0, 77,

Ha,HCO([—M,M])AZ
13

t
/ (. 6,1) — faela €. 1)\ dédz < 2 /0 / (. &, v)dudédr + 26| o 5y

lal|co((—ar,np) Az
< I o3 + 2elluoll v

and hence, choosing € ~ v/Az to minimize the expression yields

(2.17) [ Ix(@.6:6) = Fat g )dedo < \2unllav lellovs aran ol VA

We now go back to z € C([0, T]; RY) and choose 2™ € C1([0, T]; RY) such that 2” — z in C([0, T]; RV).
In view of the continuity in the driving signal, we observe that, as n — oo

X" —x and xR; — xar in C’([O,T];LI(RNH)).

It follows from ([2.17)) that

[ I 6t) = Rl t)ldede < \f2uollavllallcosanany ol VAZ?

Passing to the limit in n completes the proof. O



10 B. GESS, B. PERTHAME, AND P. E. SOUGANIDIS
3. SPATIALLY INHOMOGENEOUS STOCHASTIC SCALAR CONSERVATION LAWS

We consider here the inhomogeneous stochastic scalar conservation law
3.1) Ou+ N 9, Al(z,u) odz' =0 in RN x (0,7),
' u(-,0) = ug € (L' N L?)(RY),

and its kinetic formulation

(3.2) 3tx+z (z,€) xxodz—Zb’xfagxodz—ﬁgm
=1

where ' ‘ ‘ ‘
a'(x,&) == (0,A")(x,§) and b'(x,§) := 0y, A'(z,§)

and z is an a-Holder geometric rough path for some a € (0,1).

More precisely, we assume that

2 € € ([0, T); GLI(RY)),

A€ C?*(RN x R;RY),

a,b € Lip?™?(RY x R) for some v > 1 >1, and

b(z,0) =0 for all z € RY,

and note that it has been shown in [11] that, under these assumptions, the theory of pathwise entropy

solutions to (3.1)) is well posed.

Fix At > 0 and a partition {to,...,tx} of [0,T] given by t; := kAt. The approximation scheme is
given by

(3.3)

atfm+z (,)Ou, far 0 d2’ —szxfagfmodz =0 on (tp,tp1),

(3.4) pa
fAt(fU?&tk) = x(uat(z, tg), §),
where
(3.5) uat(z,0) :=up(x) and uas(z,t) ::/fAt(x,f,t—)df.

We begin by expressing fa; in terms of the characteristics of (3.4]). For each final time t; > 0, we
consider the backward characteristics

dXEz,E tl)(t) = ai(X(a:EM)(t) E( £, tl)(t))dzthi(t); Xgr,ﬁ,tl)(o) = SUZ', i=1,...,N,

d“(:8 & t1 Z b (¢, t1) E(%E,h)(t))dzthi(t)a E(m,ﬁ,tl)(()) =¢,

where 2! is the time-reversed rough path, that is, for ¢ € [0, ],
(3.6) 21(t) = 2(ty —t).
Note that, in view of (3.3)), the flow of backward characteristics (z,£) = (X(z.¢,¢,)s Z(z,¢,1)) 1S volume

preserving on RVN*1. This fact follows from Liouville’s Theorem, the stability of X, = in z and the
fact that, for all z € C1([0, T|;RY), t € [0,T], (z,¢) € RN+

> Oyl (x,8) — 0 (Z b (z, 5)21) -
=1 i=1
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In addition, since b(-,0) = 0, for all t1,¢ € [0,7] and (z,£) € RN+ we have

(3.7) Sg(E(ze,) () =sgn(§) and  Eg o4 (t) =0.
Let
(Yt ) Ceen) ) = Xz (), Ewen)
The solution fa; to , for t € [tg,tg+1), is given by
fac(x,&,t) = fas (X(z,g,t)(t — 1) B (E— 1), tk) .
We have:

Theorem 3.1. Let ug € (L' N L?)(RY) and assume (3.3)). Then

At flu(cs 8) = uacl Bl L@y <go,))-

Proof. We begin with a brief outline of the proof. The first step as in the proof of of Theorem is
to rewrite the scheme in a kinetic formulation with a defect measure ma;. Then we establish uniform
in At estimates for fa; and ma;. This allows to extract weakly- convergent subsequences fa; = f,
ma¢ — m. In the third step we identify the limit f as a generalized pathwise entropy solution to
(3.1)). Since, in view of |11, Proposition 4.9, Theorem 3.1], generalized entropy solutions are unique,
it follows that f = x, and this yields the weak convergence of the fa;. In the last step we deduce the
strong convergence.

Step 1: The kinetic formulation of the approximation scheme. Similarly to the homogeneous
setting we observe that the semi-discretization scheme has the following kinetic representation:

N N
(3.8) Orfar+ Y a (2,8)0n, farodz’ + Y 04, A'(2,€)0¢ far 0 d2' = Demy

=1 =1
where

Demar =Y 6(t — tr)(Mfar — far),
k

ma¢ being a non-negative measure on RY x R x [0, 7], and M is defined as in (2.9)).

We pass to the stable form of (3.8) by convolution along characteristics. For any ¢° € C®(RN+1)
to € [0,7] and (y,n) € R¥*!1 we consider

X (t—to) —y
3.9 Ly, 6, t) =0 2wt 0 >
(3.9) 010 (2,9,€, 1, 1) := 0 < S (t —to) = 1

Then, in the sense of distributions in ¢t € [0, 7],

8t(fAt * Qto)(y7n7t) = —/85@1:0(377y7§7"7,t)mAt($7§7t)dmd§a

which is equivalent to

(310) (fAt * Qto)(yu m, t) - fAt * Qto (y7 m, S) = - [ t] /859150 (:C, Y, 57 m, T)mAt(w, 57 T’)d’f’dl'dg

for all s < t, s,t € [0,T].

Step 2: Stable apriori estimate. We establish uniform in At estimates for fa; and ma;. We begin
with an L'-estimate.
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Lemma 3.2. Let up € (L' N L?)(RY) and assume (3.3). Then, for all t € [0,T],

(3.11) / [ fadl(@, €, t)dde <|luol-

and, for some independent of At positive constant M

1 [t 1
(3.12) : /0 / mad(z, €, 7)dgdudr + / el & )6drde < ol + Mol

Proof. Since (7,€) = (X(z.¢.4,), E(z,¢,t1)) 18 volume-preserving, using we find, for all ¢ € [tg, tky1),
[ st g o = [ 1fadd (Xt = ). St — b)) dods = /rfmr 7., ) dad
= [1Misil (et o < [ Vel (06t dade,

which proves (3.11)) by iteration.
Then (3.12) follows as in |11, Lemma 4.7]. O

Next we show that the approximations fa; are uniformly tight.

Lemma 3.3. Let ug € (L' N L?)(RY) and assume (3.3). The family fa; is uniformly tight, that s,
for each € > 0, there is an R > 0 (independent of At) such that

sup / ’fAtK‘Tv{at)dxdg <e.
t€[0,T] / BE xR

Proof. Choose ¢*° € C°(RY) non-negative and ¢*° € C°(R) and consider (3.9) with ¢%(z,¢) :=
0°9(x)"0(¢); the superscripts s, v refer to the state and velocity variables respectively.

Then
e pry (2,0,€,0,1) = 9 (0" (X (a6, (t — 10))0"* (B(ae. (t — t0)))
= (0e0”° (X(zg.)(t = 10)))0"° Baey (t — t0))
+ 0" (X(zey (t = 10)) (0" (Ea g, (t — t0)
= Do** (X(pe)(t — 10)) - (0 X (g, (t — 10)) 0" w0y (t — t0))
)

+ 0" (X (g (t = 10)) D" (Ez e (t — 10)) By (t — to)-

Fix € > 0. It follows from Lemma[A.1| that we may choose § > 0, s < t, to € [s,?] and |t — s| so small
that, for all (x,&) € RN*! and r € [s,1],

(3.13) OeEwenr(r—1t0) 20, [Xgen(r—rto) —z| <
Hence, for all (z,£) € RN*T € [s, 1],
— Do** (X ey (r —t0)) - (0eX 260y (1 — 10)) 0" (E e (1 — t0))
< D™ (X (g gy (r = t0) 106 X (g, (r — t0)] 0" (Ew ) (r — t0))]
< 0|D0*° (X (a,e, (1 — t0))]-

and |6§X(x,§,r) (7" - t0)| < 0.

=
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Next we consider a sequence of Qv %5 such that QZ’O — sgn in L2(R) for L — oo, QL non-decreasing

n [—1,1] and | Do} %)) <1 for all 1 < [¢] and Dgz’o(f) =0 forall 1 <|[{| < L. Then

— 0" (X (4. (1 = 10)) D} (Ba e (1 — 10))OcEw e (1 — to)
< 0" (X ey (r = 10)) D0y (Ewe.y (1 — t0))IeE e .0 (1 — )z, ¢y (r—to)]>1-

Using Lemma [3.2] and dominated convergence, we conclude
— Lhm / / m £, r) ))DQZ’O(E(%&T)(T — to))@gE(Lg,,ﬂ) (T‘ - to)mAt(l', &, T)d(l?dfd'f‘ <0
— 00 S t]
and, hence,

— lim / /85,0,507L(m,0,§,O,r)mm(a:,§,r)dmd{dr S/ /5]DQS’O(X(L§’T)(T—to)\mm(x,g,r)dxdgdr.
s,t] (s,t]

L—oo (

Thus, with (y,7) = (0,0) € RV*! in , we get
Lli_{go/fAt(l‘agat)QtO,L('T?O)ng)t)dxdg - Lli_I};o/fAt(l‘agaS)Qto,L($707£)07 S)d$d§

~ — Jim / / De010,1.(2,0,€, 0, rymay (@, €, r)dwdédr
(s.t]

L—o0
< 5/ ] / 1D*° (X (6. (1 — t0))Imag(x, &, 7)dudEdr.
s,t
We choose fo = s, use tha QZ’O — sgn in L®(R) for L — oo and sgn(fa¢(x,&,t)) = sgn(&) to find

/|fAt33§t N X (e (t — s))dad — /|fAt|:U§, $)0™0(2)dwdg
(3.14)
: 5/ o] / 1D (X(pg.)(r = 5))lmac(x, €, r)dwdEdr.

Let R > 0 large enough to be fixed later and choose ¢*° : RV — [0, 1] such that
1 x| >R -1
0*0 = =] 411 and |DQ5’O| < 4.
If follows, using (3.13)), that

1 || > R
S,O )( . t _ ’
0" (X@en(t =) 0 || < R-—1.

We employ again Lemma to choose a partition 0 = 79 < 71 < --- < 77 = T of [0,7] with
M = M (6) such that (3.13) is satisfied for all intervals [s,t] = [7g, Tk41]. Then, using (3.14)), for all
t€[0,7] and k € {0,..., M} such that t € [1x, T+1), we find

/Bc |fAt|(x7§7t)dxd€§/|fAt|(x7gat)Q&O(X(:E,g,t)(t_Tk))dmdé-
§/IfAtI(w,E,Tk)QS’O(:v)dwdf+5/ /IDQSO X(zgr) (1 — 7)) mardzdEdr

< / (e, €, m)dedé + 45

B%_ 4 (Tk,1]

/ mardxdEdr,
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which, after an iteration and in view of Lemma [3.2] yields

/ el (. €, t)dade < / el (2, €, 0)dads + 45 /
BS, Be

[0,¢]

/mAtdxdfdr
R—M
1
S/ IUOI(fv)d$+45(§HUOII§+MHUO|!1)-
R—M

To conclude, we first choose § < and then R large enough. O

e
2[|uoll5+2M [[uo|lx

Step 3: The weak convergence. For all ty > 0, all test functions g, given by (3.9) with o’ e 0¥
and all ¢ € C2°([0,T)), we have

T
/0 Bup(r) (010 * Far) (w0, 7)dr + 2(0) (01 * Far)(y,11,0)

(3.15) .
- /0 / () e ot (9, €7, )me (. €, 7)dededr,
that is,
T
/0 / g (1) 010 (.1, €,17,7) Fae(, €, )y + / 2(0) 010 (2., €7, 0)x (1 (x), €)dard
(3.16)

T
= /0v /@(T)@ggto(m,y,f,n,r)mm(:lt,f,r)dxdfdr.

Moreover, once again using Lemma we find that, for some C' > 0 and all ¢ € [0, 77,
(3.17) sup <C.

< )f(z,;t)(t —) - )
iy Eent =) =& Jlcoqom)

Since " has compact support so does gy, in view of ([3.17). Moreover, Lemma gives

sup || fae(, - Ol 1@y xr) < lluoll1-
t€[0,T]

We use next Lemma and |fa;] < 1 to find a subsequence (again denoted as fa;) such that, as
At — 0,

far = fin L°RY x R x [0,7]) and fa; — fin L'(RY x R x [0, 7).
Moreover, Lemma, [3.2] yields

| £1l oo (jo,7;1 (RN xR)) < lluol|1-
Since sgn(fa¢(z, &, t)) = sgn(&), the weak* convergence of the fay’s implies

f(z, & t)sgn(§) = |f|(2,&,1) < 1.

Next, we note that

Ocfar = Oe(far(Xaen(t = te), Een (E— ) ) Lt s ) ()
k
= (0exa) X et = t): Ewen(t = t): k)0 meny (= tr) Lty 1y ()
k

) (Dafad) X eny(t = 1) By (t = 1) k) - O X () (b = 1) Lty 1) (1)
k
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Moreover, (3.7)) implies that, in the sense of distributions,
(Oexat) Xen(t —th), Een(t —tr), tr)
(3.18) = 0(Emen)(t —tr) = 0(Zwen (t — tr) — une(X gzt —tr), tr))

= 0(8) = 0 (Ewen (t — te) —uat(X(en(t —tr) tr)),
where, for ¢ € C°(RN+1),

0(E et —tr) —uat(X(zen (t — t), k) (@) == /@(Y(z,g,tk)(t)» Qo) ())& — une(, ty,))dxd,
and thus
Ocfar =0(&) —vae(z, &, t) + 25 e E et (E—t) = Dl ) ()

(3.19)

+ ) Defar(Xiaen (t —th), Swen (t — th)ytr) - 0 X men (t — ti) Lty ) (£,
k

with
var(@,6,8) =Y (et — tr) — uar(Xaen (E = tr), tr)0cE ey (t = te) Lty ey 1) ()
k

We use again Lemma to get for At small enough and all ¢ € [t, tg+1),
(3.20) 855@@) (t — tk) S [0, 2],

which implies that va; is a non-negative measure.

Furthermore, for all R > 0, (3.20) and (3.17) give, for some constants R, C' > 0 independent of At,

T tet1
/ / vardxdédt = Z/ / i(E H(:Jc,it (t —tx) — UAt(X(x@t) (t —tr), tk))agE(w,g’t) (t — ty)dzdedt
0 Br
tet1 _
- Z/ // 8(€ = une(@ 1)) wen) (b = t)|y(y ) (.o (0 d0AEDE
Ytk Bp

tkt+1
< zzk:/tk //BR 5(€ — une(w, ty))dadédt < C.

Hence, there exists a non-negative measure v so that, along a subsequence,

*
VAt — L.

Observe that, for each ¢ € C=°(RN x R x [0,7),

Z/@(x,f,t)(Dfot)(X(z,g,t) (t = tk), Eeny(t — k), tr) - OeX(ag0)(t — ti) Lty 1y,y) (D) dwd€dl
p
tit1
= Z/t /(DarfAt)(xvfutk) e (Va ) (D), Qg i) (0, D)0 Xy (0= )y, ) (0.0 e, (0 AT AEAE
k 1

tit1
:_zk: /t | / fai(@, &, ty) - Dy (‘P(Y(x,g,tk)(t)yC(x,g,tk)(t)at)agX(gc,&t)(t ) Vi) (-G (¢ )dxdgdt

and, since Lemma yields that, as At — 0,

sup \|8§X (t — tk)ch (RN+1) — 0,
te[tk,thrl]
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we find
> / (@, &) (D fae)(X(ze)(t —th)s E@en)(t — i) tr) - O X(og)(t — th) 1y 4,,,) (t)dxdEdt — 0.
k

Moreover, again Lemma gives that, for At — 0,
10¢E (... 0)(t = tr) — Ulcmn+1y = 0,
and thus letting At — 0 in (3.19) we find that, in the sense of distributions,

Ocf =0(8) — v
Recall that (see Lemma , for all t € [0, T

I 1
3 | [ g rdedzar <3 ol + Mol
0

It follows that there exists some nonnegative measure m and a weakx convergent subsequence such
that ma Aom.

Taking the limit in (3.16]) then yields

T
/0 / o (r) o1 (0,9, €0, 7) f (. €, v)dwddr + / 0(0) 0, (., €, 1, O)x (u (&), €) dardé

T
— /0 / o(r)Be oty (9, €, 1, 7)m(z, €, r)dwdgdr.

Hence, f is a generalized rough kinetic solution to . The uniqueness of generalized rough kinetic
solutions (see [11, Theorem 3.1, Proposition 4.9]) yields that f = x and thus f is the unique pathwise
entropy solution to (3.1). Hence, the whole sequence fa; converges to x weaklyx in L>(RY xR x [0, T)
and weakly in L'(RY x R x [0, T]).

Step 4: The strong convergence. We note that, in view of the weak convergence of fa: to x in
LYRY x R x [0,T]), we have, for At — 0,

T T T
/ / far — x[*dwdédt = / / Fadl? = 2fa0x + |Pdadedt < / / il — 2Fax + [x|dededt
0 0 0

T T
- /O / Fassen(€) — 2fanx + |x|dededt — /O / xsgn(€) — 2y + yldededt
=0.

The uniform tightness of fa; then implies fOT [ |far — x|dzdédt — 0 and, hence, as At — 0,

/OT/|UAt—U|dSUdt=/OT/|/fAtd§_/Xd€|d:Udt§/oT/|fAt_X|d§dxdt_>O‘
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APPENDIX A. DEFINITIONS AND SOME ESTIMATES FROM THE THEORY OF ROUGH PATHS

We briefly recall some basic facts of the Lyons’ rough paths theory used in this paper. For more details
we refer to Lyons and Qian [23] and Friz and Victoir [10].

Given z € C'=v ([0, T]; RY), the space of continuous paths of bounded variation, the step M signature
Swm(x)o,r given by

Sm(x)or == (1,/ dmu,...,/ dxy, ®---®dxuM> ,
o<u<T O<u <--<up <T

takes values in the truncated step-M tensor algebra
TMRM) =RaRY o RN 9 RM) & ... o (RV)®M,
in fact, Sys(z) takes values in the smaller set GM(RY) c TM (R") given by
GMRN) = {Sy(2)o1 = € C([0,1];RM)} .

The Carnot-Caratheodory norm of G (RY) given by

1
lgll == inf{ [ 1 7 € (0,158 ana sMw)m:g},
0

gives rise to a homogeneous metric on GM (RV).

Alternatively, for any g € TM(RY), we may set
9 := gy @y = max |mk(g)],

where 7 is the projection of g onto the k-th tensor level, which is an inhomogeneous metric on
GM(RYN). Tt turns out that the topologies induced by || - || and | - | are equivalent.

For paths in TM (R™V) starting at the fixed point e := 1+0+...4+0and 3 € (0,1], it is possible to define
B-Holder metrics extending the usual metrics for paths in RV starting at zero. The homogeneous /-
Holder metric is denoted by dg_ps and the inhomogeneous one by pg_ps1. A corresponding norm is
defined by | - ||g—ne1 = dg—msi(-, 0), where 0 denotes the constant e-valued path.

A geometric B-Holder rough path z is a path in T11/8) (R) which can be approximated by lifts
of smooth paths in the dg_ps metric. It can be shown that rough paths actually take values in

GLY/BI(RN). The space of geometric S-Holder rough paths is denoted by C%#([0, T7; G[%](RN)).

We state next a basic stability estimate for solutions to rough differential equations (RDE) of the form
dx =V (z) odz,

where z is a geometric a-Holder rough path.

It is well known (see, for example, [10]) that the RDE above has a flow ¢* of solutions. The following
is taken from Crisan, Diehl, Friz and Oberhauser |7, Lemma 13].

Lemma A.1. Let o € (0,1), v > é > 1, k € N and assume that V € Lip?™*(RN;RN). For all
R > 0 there exist C = C(R, [|V|| j,0+x) and K = K(R,[|V|[;,v++), which are non-decreasing in
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all arguments, such that, for all geometric a-Hdélder rough paths 21, 22 € C%([0, T); G[é](RN)) with
12 la—mst0,17 122 la—nssfo,r) < R and all n € {0, ...k},

n zZ ZQ
sup D" (¢ = V=) (@) || a—ns1;0,m) < CpafHél;[O,T](Zlazz)a
z€R

sup HDn((Wl)_l - (WQ)_l)(UC)Ha—Hél;[O,T] < Cpa—Hél;[07T](zl7 %)

xzeRN
and, for alln € {1,...,k},

sup [ D" (2)|a—to Jo,r] < K and sup 1D ()1 (@) o Hol0,7) < K.
zeRN zeRN

APPENDIX B. PATHWISE ENTROPY SOLUTIONS TO STOCHASTIC SCALAR CONSERVATION LAWS

Assume (2.2)) and consider the spatially homogeneous problem
B.1) du+ N 8,41 (u) odz' =0 in RN x (0,7),
' u(-,0) = ug € (L* N L®)(RY).

The following notion of pathwise entropy solutions to (B.l)) and its well-posedness were introduced
in [19].

Definition B.1. A function u € (L' N L>®)(RN x [0,T]) is a pathwise entropy solution to (B.1]), if
there exists a nonnegative, bounded measure m on R x R x [0, T] such that, for all ¢® € C°(RV¥+1),
all p given by

oz, y,&,m,t) == Oy — x + a(§)z(t), £ — ),
and all ¢ € C2°(]0,7)),

/ drp(r) (0% X)(y, n, 7)dr + ©(0) (0 * x)(y,71,0 / / r)d¢o(x,y, & n,r)m(z, &, r)dzdédr,

where the convolution along characteristics g * x is defined by

0% x(ymr) = / oz, y, &1, 7)x (@, €, ) dade.

The following is proved in [19].

Theorem B.2. Let ug € (L' N L®)(RY) and assume (2.2). Then there evists a unique pathwise
entropy solution u € C([0,T]; L*(RN)) satisfying, for all p € [1,00],

sup |u(t)([p < [[uollp,
te[0,7]

and

T T
(B.2) / / / m(x, &, t)dxdédt = 0, / / m(z, &, t)dedédt < EHUOH%'
0 [_”U()HoovHuOHoo}C RN 0 RN+1 2

The notion of pathwise entropy solutions was extended in [21] and [11] to inhomogeneous stochastic
scalar conservation laws of the type

{8tu + 2N 0, Al(z,u) odz' =0 in RN x (0,7),

(B.3) u(-,0) = ug € (L* N L2)(RN).
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Assume that A, z satisfy (3.3). For each t; > 0 and for i = 1,..., N, consider the backward charac-
teristics

Ay 611y (0) = @' (Ko g0) (0, Eirgn (1) © 27 (1),
N

dE(f’f7§7t1)(t) == Z(axiAi)(X(x,E,tl)(t)aE(x@tl)( )) o Azt (¢ (t),

i=1
Xlpean(0) = 2" and g ¢1,)(0) = €,
where, for ¢t € [0,11], 2" is the time-reversed rough path defined in (3.6]).

Let o4, be a test-function transported along the characteristics, that is, for some ¢° € C®(RN*+1)
to € [O’T]v (y, 77) € RN+17

X (t—to) —y
B.4 : @g8)\ ™ 0 > :
(B.4) 0to (2, y,&,m,1) == 0 ( B ,5t)(t—to) n

The following definition is Definition 2.1 and Definition 4.2 of [11].

Definition B.3. Let ug € (L' N L?)(RY). (i). A function v € L>®([0,T]; L*(RY)) is a pathwise
entropy solution to (B.3)), if there exists a nonnegative bounded measure m on RY x R x [0, 7] such
that, for all ¢y > 0, all test functions g, given by (B.4) with ¢° € C° and ¢ € C°([0,T)),

(B.5) {foT Arp(r) (010 * X) (s n, 7)dr + ©(0) (01 * X) (3,1, 0)
| —fo [ o(r)Oc oty (x,y,&,n,m)m(z, &, r)dxdEdr.

(ii). A function f € L°°([0,T]; L*(RY x R)) is a generalized pathwise entropy solution to (B.3), if
there exists a nonnegative measure v and a nonnegative, bounded measure m on RY x R x [0, T] such
that

(B.6) f(2,6,0) = x(uo(x),8), [f(2,€,t) = sgn(&) f(z,€,t) <1 and gg =0(8) —v(=z,&,1),

and (B.5|) holds with f replacing x, for all ¢ty > 0, g4, as in (B.4)) and ¢ € C°([0,T)).

The following well-posedness results was proved in [11]

Theorem B.4. Let ug € (L' N L?)(RY) and assume (3.3)). Then there evists a unique pathwise
entropy solution to (B.3|) and generalized pathwise entropy solutions to (B.3|) are unique.

APPENDIX C. INDICATOR FUNCTIONS OF BV FUNCTIONS

We present here an observation which connects the BV-norms of v and x(u(-), ).

Lemma C.1. Let u € L}, (RY). Then

lully = / Ix(u(), )| sy de.

Proof. 1t follows from Theorem 1 in Fleming and Rishel [9] that, for any u € L}

lullsy = / 11y () v de.



20

B. GESS, B. PERTHAME, AND P. E. SOUGANIDIS

Hence,

ullsv = [[u™|lBv + [[u” || BV

/H T r\Bvd§+/||1 Oyt
- / 1L oo () (O v e + /m||1<oo,u-(.»<f>|3vds
0
=/ o) <>||Bvds+/ 10y () e
0
= [T I 0 lsvas + [ Inr (.9lsvde
0 0

Since, for £ 2 0, x(u,€) = Lio,u) (&) = L(o,ut)(§) = x(v",§) and x(u, §) = —x(—u, =¢) we get

0

/R Ix(u(), &)l| v = / Ix(u(), )l pvde + / Ix(u().6) v

—0o0

0
=/ [Ix(u (‘),ﬁ)led§+/ I = x(=u(-), =&l BvdE

0 —00

= [T Int O Ollmvde + [ (-, €) v
0 0
= [T I v+ [ (.9 v,

0

and, hence, the claim. O
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