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On the motion law of fronts for scalar reaction-diffusion
equations with equal depth multiple-well potentials:
the degenerate case

Fabrice BETHUEL* and Didier SMETS f

Abstract

We derive a precise motion law for fronts of solutions to scalar one-dimensional
reaction-diffusion equations with multiple-wells, in the case the second derivative of the
potential vanishes at its minimizers. We show that, renormalizing time in an algebraic
way, the motion of fronts is governed by a simple system of ordinary differential equa-
tions of nearest neighbor interaction type. These interactions may be either attractive
or repulsive. Our results are not constrained by the possible occurence of collisions nor
splittings. They present substantial differences with the results obtained in the case the
second derivative does not vanish at the wells, a case which has been extensively stud-
ied in the literature, and where fronts have been showed to move at exponentially small
speed, with motion laws which are not renormalizable.

1 Introduction

This paper is a continuation of our previous works [4, 5] where we analyzed the behavior of
solutions v of the reaction-diffusion equation of gradient type

v 0% 1
(PGL): afta - 8726 = —;QVV(U&)?
where 0 < € < 1 is a small parameter. In [5], we considered the case where the potential V' is
a smooth map from R to R¥ with multiple wells whose second derivative vanishes at the wells.
The main result there, stated in Theorem 1 here, provides an upper bound for the speed of
fronts. In the present paper we restrict ourselves to the scalar case, k = 1, and provide a
precise motion law for the fronts, showing in particular that the upper bound provided in [5]
is sharp. We assume throughout this paper that the potential V' is a smooth function from
R to R which satisfies the following assumptions:

(A1) inf V' =0 and the set of minimizers ¥ = {y € R, V(y) = 0} is finite,
with at least two distinct elements, that is

Y ={o1,..,0q}, §>2, 0y <--- < 0.
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(Ag) There exists a number § > 1 such that for all ¢ in {1,--- ,q}, we have

V(u) = N\i(u — Gi)% + o ((u— 01)29),Where A > 0.

u—0;
(A3) There exists constants & > 0 and R, > 0 such that
u-VV (1) > aoolul?, if |u| > Reo.

Whereas assumption (A;) expresses the fact that the potential possesses at least two minimiz-
ers, also termed wells, and (A3) describes the behavior at infinity, and is of a more technical
nature, assumption (Ag), which is central in the present paper, describes the local behavior
near the minimizing wells. The number 6 is of course related to the order of vanishing of the
derivatives near zero. Since 6 > 1, then V" (0;) = 0, and (Asz) holds if and only if

dj . 20
WV(O'Z') =0 forj=1,---,20—1 and mV(Gi) > 0,
with
1 d26

A typical example of such potentials is given by V(u) = (1 —u?)%* = (1 — u)?(1 + u)?
which has two minimizers, +1 and —1, so that ¥ = {+1, —1}, minimizers vanishing at order
26. In this paper, the order of degeneracy is an integer assumed to be the same at all wells:
fractional or site dependent orders may presumably be handled with the same tools, however
at the cost of more complicated statements.

We recall that equation (PGL). corresponds to the L? gradient-flow of the energy functional
& which is defined for a function u : R — R by the formula

5€(u):/ReE(u):/R€’;‘2 +V((€“).

As in [4, 5], we consider only finite energy solutions. More precisely, we fix an arbitrary
constant My > 0 and we consider the condition

(Ho) Eo(u) < My < +00.

Besides the assumptions on the potential, the main assumption is on the initial data v2(-) =
ve(+,0), assumed to satisfy (Hp) independently of e. In particular, in view of the classical
energy identity

E(ve (-, T2)) +€/gj2/]R

2

Ove (xz,t)dx dt = E(ve(,T1)) VYO<T) <Ts, (1)

ot

we have
& (U€(~,t)) < My, Vit > 0.

This implies in particular that for every given ¢ > 0, we have V(v.(z,t)) — 0 as |z| — oo.
It is then quite straightforward to deduce from assumption (Hg), (A1), (A2) as well as the
energy identity (1), that v.(x,t) — 04 as * — oo , where 04 € ¥ do not depend on ¢. In
other words, for any time, our solutions connect to given minimizers of the potential.



1.1 Main results: Fronts and their speed
The notion of fronts is central in the dynamics. For a map u : R — R, the set
D(u) = {z e R, dist(u(z),X) > uo},

is termed throughout the front set of u. The constant pg which appears in its definition is
fixed once for all, sufficiently small so that

i 1
§(u —0)? <V(u) < gvl(u)(u —07) <4V (u) < 8\i(u — 0)%, (2)
for each i € {1,---,q} and whenever |u — 0;| < po. The front set corresponds to the set

of points where u is “far” from the minimizers o;, and hence where transitions from one
minimizer to the other may occur. A straightforward analysis yields

Lemma 1 (see e.g. [4]). Assume that u verifies (Hy). Then there exists £ points 1, ...,xy in
D(u) such that

¢
D(u) C kgl[xk — e,z + €,

with a bound ¢ < % on the number of points, ng being some constant depending only on V.

In view of Lemma 1, the measure of the front sets is of order &, and corresponds to a
small neighborhood of order ¢ of the points x;. Notice that if (ue)-¢ is a family of functions
satisfying (Hp) then it is well-known that the family is locally bounded in BV (R,R) and
hence locally compact in L'(R,R). Passing to a subsequence if necessary, we may assert that

ue — u* in Li (R),
where u* takes values in % and is a step function. More precisely there exist an integer
(< %, { points a1 < - -+ < ay and a function 7 : {%, ,%—1—6} —{1,---,q} such that
ut = Ty 1) OB (g, ag+1),

for k =0,--- ¢, and where we use the convention ag := —oo and a1 := +00. The points
ay, for k =1--- £, are the limits as ¢ shrinks to 0 of the points x; provided by Lemma 1 (the
number and the positions of which are of course € dependent), so that the front set D(uc)
shrinks as ¢ tends to 0 to a finite set. In the sequel, we shall refer to step functions with
values into ¥ as steep front chains and we will write

u* =u*(l,i, {ar})
to determine them unambigously.

We go back to equation (PGL). and consider a family of functions (v.).~o defined on RxR*
which are solutions to the equation (PGL). and satisfy the energy bound (Hp). We set

De(t) = D(UE(') t))

The evolution of the front set D.(t) when ¢ tends to 0 is the main focus of our paper. The
following result! has been proved in [5]:

Lwhich holds also more generally for systems.



Theorem 1 ([5]). There exists constants pg > 0 and xg > 0, depending only on the potential
V and on My such that if 1 > xge, then
D:(t + At) C D.(t) + [, 7], for every t >0, (3)

0+1

provided 0 < At < por? (L)1 .

As a matter of fact, it follows from this result that the average speed of the front set at
that length-scale should not exceed

r -1, —(w w
Cave ™ E) < pg Lp—(wt1) g, (4)
where 041

Notice that 1 < w < 400 and that the upper bound provided by (4) decreases with 6, that
is, the more degenerate the minimizers of V' are, the higher the possible speed allowed by the
bound (4). In contrast, the speed is at most exponentially small in the case of non degenerate
potentials (see e.g. [9], [4] and the references therein). One aim of the present paper is to
show that the upper bound provided by the estimate (4) is in fact optimal?® and actually to
derive a precise motion law for the fronts. An important fact, on which our results are built,
is the following observation?:

Equation (PGL). is renormalizable.

This assertion means that, rescaling time in an appropriate way, the evolution of fronts in
the asymptotic limit ¢ — 0 is governed by an ordinary differential equation which does not
involve the parameter €. More precisely, we accelerate time by the factor e™%
the new time s = &¥t. In the accelerated time, we consider the map

and consider

ve(x,8) = ve(x, 56 ), and set D.(s) = D(v.(-,s)). (6)
It follows from Theorem 1 that for given r > xpe,
D.(s+ As) CD(s) + [—r,7], for every s > 0, (7)

provided that 0 < As < pgre*2.
Concerning the initial data, we will assume that there exists a steep front chain v*(¢y, %, {al})
such that

(H ) ’Ug — ’U*(e()ai()?{a%}) in Llloc(R)a
! D.(0) — {al}1<k<sy, locally in the sense of the Hausdorff distance ,

as € — 0. Let us emphasize that assumption (Hy) is not restrictive, since it follows assuming
only the energy bound (Hp) and passing possibly to a subsequence (see above). In our first
result, we will impose the additional condition

. 1. 1
(Hmin) |7/0(k+§)_10(k—§)‘ =1forl Skégo
2at least in the scalar case considered here.
3which to our knowledge has not been observed before, even using formal arguments.




This assumption could be rephrased as a “multiplicity one” condition: it means that the
jumps consist of exactly one transition between consecutive minimizers ¢; and o;4;. To each
transition point a% we may assign a sign, denoted by Tx € {+, —}, in the following way:

We consider next the system of ordinary differential equations

d I Iy
Sr—ar = o — B (S)
ds (ak — akt1) i (ar — ak—1) i

for 1 < k < /¢y, where &, stands for the energy of the corresponding stationary front, namely
Okt 1)
S.= [ " 2V (u)du, (8)

0.
ig(k—3%)

and where we have set, for k=1,--- /g

__1
Of= 2 (Nuey) A0 i = fin
L (9)
=2 () 8

In (9), )‘io(k+%) is defined in (Az) and the constants Ay > 0 and By > 0, depending only on
0, are defined in (A.9) of Appendix A. Note in particular that (S) is fully determined by the
pair (€o,%), and we shall therefore sometimes refer to it as Sy ;,. Our first result is

Theorem 2. Assume that the initial data (ve(0))o<e<1 satisfy conditions (Hy), (Hy), and
(Hmin), and let 0 < Smax < +00 denote the mazimal time of existence for the system Sy, ;,
with initial data ax(0) = ag. Then, for 0 < s < Smax,

ve(s) — v* (4o, 70, {ar(s)}) (10)

in LS (R\ Uf;ozl{ak(s)}), as € — 0. In particular,

D.(s) — Ul {ar(s)} (11)
locally in the sense of the Hausdorff distance, as € — 0.

We consider now the more general situation where (Hp,iy) is not verified, and for 1 < k < 4y
we denote by mg the algebraic multiplicity of a%, namely we set
. 1, . 1
my =i(k+ =) — ik —=). (12)
2 2
The case m{ = 0 corresponds to ghost fronts, whereas |m{| > 2 corresponds to multiple
fronts. The total number of fronts that will eventually emerge from such initial data is given

by
Lo

0 =>"|mf,

k=1



and their ordering is obtained by splitting multiple fronts according to the order in 3. More
precisely, we define the function #; by

1 1
11(5)—10(5)7
1 1
il(M,g+p+§):io(k+§)+p, for p=0,...,|mY —1if m) >0 (13)
1 1
il(M£+p+§):io(k+§)—p, for p=0,...,|mY —1if mY <0,

where k =1, ,{y and M} := Z’,ﬁ;i Im2|. We say that (¢1,7;) is the splitting of (£o,%)-
Definition 1. A splitting solution of (S) with initial data (£y,%,{a2}) on the interval [0, S)
is a solution a = (a1, ,az) : (0,5) —= R of (S, 4,) such that

. 0 _ 0 0 0
51_1)1(1)1+ak(s)—aj for k=M, -, M;+|mj| -1,

for any j =1,--- Ly, where (¢1,%1) is the splitting of (Lo, o).
We are now in position to complete Theorem 2 by relaxing assumption (Hpin).

Theorem 3. Assume that the initial data (v0)o<c<1 satisfy conditions (Ho) and (Hy). Then
there exists a subsequence e, — 0, and a splitting solution of (S) with initial data (Lo, %, {al}),
defined on its maximal time of existence [0, Smax), and such that for any 0 < s < Smax

e, (s) — v* (1,11, {ar(s)}) (14)

in LS (R Uf;lzl{ak(s)}), as n — +oo. In particular,

loc
D.,(s) — UL {ax(s)} (15)
locally in the sense of the Hausdorff distance, as n — +o0.

Remark 1. Local existence of splitting solutions can be established in different ways (in-
cluding in particular using Theorem 3 !); to our knowledge, uniqueness is not known, unless
of course if |m| < 1 for all k.

So far, our results are constrained by the maximal time of existence Syax of the differential
equation (§), which is related to the occurrence of collisions. To pursue the analysis past
collisions, we first briefly discuss some properties of the system of equations (S), we refer to
Appendix B for more details. The system (S) describes nearest neighbor interactions with an
interaction law of the form +d~ @1 d standing for the distance between fronts. The sign
of the interactions is crucial, since the system may contain both repulsive forces leading to
spreading and attractive forces leading to collisions, yielding the maximal time of existence
Smax. In order to take signs into account, we set

€pr :sign(I‘]H_%) = — 1§ tka1, for k=0,--- 0o — 1. (16)

The case €, 1= —1 corresponds to repulsive forces between ap and ayg41, whereas the case
€41 = +1 corresponds to attractive forces between ay and agy1, leading to collisions. As
2



a matter of fact, in this last case ags; corresponds to the anti-front of ap. In order to
describe the magnitude of the forces, we introduce the subsets J* of {1,--+ , 4y} defined by
Jt={ke{l,--- 4y —1}, such that €yl = F1} and the quantities

84(s) = inf{|ax(s) — agr1(s)|, for k€ 1,--- 4y — 1} (17)
ot (s) = inf{|ax(s) — apy1(s)], for k € J*}

Proposition 1. There are positive constants Sy, So, S and Sy depending only on the coef-
ficients of the equation (S), such that for any time s € [0, Smax) we have

& (s) > (515 + Sgb[f(())“"m)wL+2 ,

a

1 (18)
o, (5) < (838, (0)1% — Syt) “+2..
If for every k = 1,--- £y we have €l = —1, then Smax = +oo. Otherwise, we have the
estimate S
— w2 _ w+2
Smax < g (8 (0)77 = Ko (8 (0)) 7 (19)

This result shows that the maximal time of existence for solutions to (S) is related to
the value of &, (0), the minimal distance between fronts and anti-fronts at time 0. By the
semigroup property, the same can be said about & (s), namely

Smax — S < 84 (s)“’+2.

On the other hand, in view of (§), &, (s) provides an upper bound for the speeds a(s) in
case of collision, namely

L ay(s)] S o (5) .

a

It follows that
Smax d Smax wtl
/ y%@mmg/ (St — 5)™ 55 ds < o0
0 ds 0

and therefore that the trajectories are absolutely continuous up to the collision time. Also,
since 8 remains bounded from below by a positive constant, each front can only enter in
collision with its anti-front (but there could be multiple copies of both). From a heuristic
point of view, it is therefore rather simple to extend solutions past the collision time: it
suffices to remove the colliding pairs from the collection of points, so that the total number
of points has been decreased by an even number. More precisely, we have

Corollary 1. Let {1,711, a = (a1,--- ,ap,) and Smax be as in Theorem 3. Then, there exist
ly € N such that ¢1 — o € 2Ny, and there exist {3 points by < --- < by, such that for all
k=1,---.0
lim  ag(s) = bjx) for some j(k) € {1,--- ,la2}.
S—Smax

Moreover, if we set ig(%) = il(%) and

i2(q + %) =1(k(q) + %) where  k(q) = max{k € {1,--- , 01} s.t. j(k) =q},



forq=1,--- ¥, then
1

i2(q + 5) —d2(q — %) € {+1,-1,0}

forallg=1,--- {s.

We stress than Corollary 1 is obtained from Theorem 3 using only properties of the system
of ODE’s (S), in particular Proposition 1.
We are now in position to state our last result, namely

Theorem 4. Under the assumptions of Theorem 3, we have as n — 400,

O, (Smax) — v*(l, B2, {bk})  in LS (R\ U, {bi}), (20)
where 3, 12 and by < --- < by, are gwen by Corollary 1. In particular the sequence

(0s, (Smax))neN, considered as initial data, satisfies the assumptions (Hg) and (Hi) with
lo ==l and {ad} := {0}

We may therefore apply Theorem 3 to the sequence of initial data (v, (Smax))nen, and
therefore, using the semi-group property of (1), extend the analysis past Spax. Notice that
since the multiplicites given by 25 are either equal to £1 or 0, no further subsequences are
needed to pass through the collision times. Finally, since the total number of fronts is
decreased at least by 2 at each collision times, the latter are finitely many.

Some comments on the results. Motion of fronts for one-dimensional scalar reaction-
diffusion equations has already a quite long history. Most of the efforts have been devoted
until recently to the case where the potential possesses only two wells with non vanishing
second derivative: such potentials are often referred to as Allen-Cahn potentials. Under
suitable preparedness assumptions on the initial datum, the precise motion law for the fronts
has been derived by Carr and Pego in their seminal work [9] (see also Fusco and Hale [10]).
They showed that the front points are moved, up to the first collision time, according to a
first order differential equation of nearest neighbor interaction type, with interactions terms
proportional to exp(—&~*(af(t) —aj(t))). These results present substantial differences with
the results in the present paper, in particular we wish to emphasize the following points:

e only attractive forces leading eventually to the annihilation of fronts with anti-fronts
forces are present.

e the equation is not renormalizable. Indeed, the various forces exp(—e~!(a5 ,, (£)—ag(t)))
for different values of & may be of very different orders of magnitude, and hence not
commensurable.

Besides this, the essence of their method is quite different: it relies on a careful study of the
linearized problem around the stationary front, in particular from the spectral point of view.
This type of approach is also sometimes termed the geometric approach (see e.g. [8]). At least
two other methods have been applied successfully on the Allen-Cahn equation. Firstly, the
method of subsolutions and supersolutions turns out to be extremely powerful and allowed to
handle larger classes of initial data and also to extend the analysis past collisions: this is for
instance achieved by Chen in [8]. Another direction is given by the global energy approach
initiated by Bronsard and Kohn [7]. We refer to [4] for a more references on these methods.



Several ideas and concepts presented here are influenced by our earlier work on the motion
of vortices in the two-dimensional parabolic Ginzburg-Landau equation [2, 3]. As a matter
of fact, this equation yields another remarkable example of renormalizable slow motion, as
proved by Lin or Jerrard and Soner ([13, 11]). Our interest in the questions studied in this
paper was certainly driven by the possibility of finding an analogous situation in one space
dimension.

This paper belongs to series of papers we have written on the slow motion phenomenon
for reaction-diffusion equation of gradient type with mutiple-wells (see [4, 5, 6]). Common to
these papers is a general approach based on the following ingredients:

e A localized version of the energy identity (see subsection 1.3). Fronts are then handled
as concentration points of the energy, so that the evolution of local energies yields
also the motion of fronts. Besides dissipation, this localized energy identity contains
a flux term, involving the discrepancy function, which has a simple interpretation for
stationary solutions. Using test functions which are affine near the fronts, the flux term
does not see the core of the front, only its tail.

e Parabolic estimates away from the fronts.

e Handling the time derivative as a perturbation of the one-dimensional elliptic equations,
allowing hence elementary tools as Gronwall’s identities.

Parallel to this paper, we are also revisiting the scalar non-degenerate case in [6], considering
in particular the case were there are more than two wells, leading as mentioned to repulsive
forces which are not present in the Allen-Cahn case. Several tools are shared by the two
papers, for instance we rely on related definitions and properties of regularized fronts, and the
properties of the ordinary differential equations are quite similar. From a technical point of
view differences appear at the level of the magnitudes of energies as well as of the parameter o
involved in the definition of regular fronts, and more crucially on the nature of the parabolic
estimates off the front sets. Whereas in [6] we rely essentially on linear estimates, in the
degenerate case considered here our estimates are truly non-linear, obtained mainly through
an extensive use of the comparison principle.

Finally, it is presumably worthwhile to mention that the situation in higher dimension
is very different: the dynamics is dominated by mean-curvature effects. The phenomena
considered in the present paper are therefore of lower order, and do not appear in the limiting
equations.

Among the problems left open in our paper, we would like to emphasize again the question of
uniqueness of splitting solutions for (S), as well as the possibility to interpret our convergence
results in terms of Gamma-limit involving a renormalized energy (see e.g [15] for related
results on the Ginzburg-Landau equation).

1.2 Regularized fronts

The notion of regularized fronts is central in our description of the dynamics of equation
(PGL).. It is aimed to describe in a quantitative way chains of stationary solutions which
are well-separated and suitably glued together. It also allows to pass from front sets to front
points, a notion which is more accurate and requires therefore improved estimates. Recall



first that for i € {1,---,q — 1}, there exist a unique (up to translations) solution ¢;" to the
stationary equation with ¢ =1,

—Vze + V'(v) =0 on R, (21)

with, as conditions at infinity, v(—oc0) = 0; and v(+00) = 0;41. Set, for i € {1,--- ,q — 1},
¢; () = ¢i(—), so that ¢; is the unique (up to translations) solution to (21) such that
v(+00) = 0; and v(—o0) = 0;41. A remarkable yet elementary fact, related to the scalar
nature of the equation, is that there are no other non trivial finite energy solutions to equation
(21) than the solutions Cii and their translates: in particular there are no solutions connecting
minimizers which are not nearest neighbors. For ¢ = 1,--- ,q — 1, we fix a point z; in the
interval (o;, 0;4+1) where the potential V restricted to [0}, 0;11] achieves its maximum and we
set Z ={z1,---,%—1}. Again, since we consider only the one-dimensional scalar case, any
solution (; takes once and only once the value z;.

We next describe a local notion of well-preparedness?. For an arbitrary » > 0, we denote
by I, the interval [—r,7].

Definition 2. Let L > 0 and & > 0. We say that a map u verifying (Hy) satisfies the
preparedness assumption WPL(8) if the following two conditions are fulfilled:

e (WPIL(5)) We have

D(u) N1y C 1y (22)
and there ezists a collection of points {ax}rey in 1y, with J = {1,--- ¢}, such that
D(u) N1y, C kUJIk’ where I, = [ar — b, aj + ). (23)
€

For k € J, there exist a number i(k) € {1,---,q — 1} such that u(ar) = zx) and a
symbol Ty, € {+, —} such that

ut) - <l ()

where [[ullc1 7,y = ullLoo (1) + €l Loo (1)

< exp (—5) | (24)
CL(Iy) €

4
e (WPOL(%)) Set Qp, =1, \ kgllk. We have the energy estimate

/QL ee (u(z)) de < Cy My (%)w (25)

In the above definition Cy, > 0 denotes a constant, whose exact value is fixed once for all
by Proposition 2.1 below, and which depends only on V. Condition WPIZ(§) corresponds to
an inner matching of the map with stationary fronts, it is only really meaningful if 6 >> e.
In the sequel we always assume that

Z ) 2 aqée, (26)

N |

“By local, we mean with respect to the interval [~L,L]. In contrast the related notion introduced in [6] is
global on the whole of R

10



where o is larger than the o of Theorem 1 and also sufficiently large so that if WPIL ()
holds then the points a; and the indices i(k) and fi are uniquely and therefore unambigously
determined and the intervals Ij, are disjoints. In particular, the quantity d;,(s), defined by

min

di(s) :=min {aj(s) —aj(s), k=1,--- l(s)—1}

min

if £(s) > 2, and 5 (s) = 2L otherwise, satisfies d3;,(s) > 26. Condition WPOZX(8) is in some
weak sense an outer matching: it is crucial for some of our energy estimates and its form is
motivated by energy decay estimates for stationary solutions. Note that condition WPIX(3)
makes sense on its own, whereas condition WPOZ(8) only makes sense if condition WPIZ ()
is fullfilled. Note also that the larger 0 is, the stronger condition WPIL(3) is. The same is
not obviously true for condition WPOZ(3), since the set of integration €, increases with 3.
As a matter of fact, the constant Cy, in (25) is chosen sufficiently big® so that WPOZ(8) also

becomes stronger when 0 is larger. We next specify Definition 2 for the maps x — v.(z, s).

Definition 3. For s > 0, we say that the assumption WPL(8,s) (resp. WPIZ(8,s)) holds if
the map x — v.(x,s) satisfies WPL(d) (resp. WPIL(d)).

When assumption WPIZ (3, s) holds, then all symbols will be indexed according to s. In
particular, we writeS ¢(s) = ¢, J(s) = J, and af(s) = aj. The points ai(s) for k € J(s), are
now termed the front points. Whereas in [6] we are able, due to parabolic regularization, to
establish under suitable conditions that WPL (9, s) is fulfilled for length of the same order as
the minimal distance between the front points, this is not the case in the present situation.
More precisely, two orders of magnitude for & will be considered, namely

e 1 € e w 1 €
5. = — ‘1 <4M2—>‘ d o 8= el 7)1 (4M2—>‘ . 27
log Dw € |log 0 L an loglog pWE 0og O og 0 L ( )
In (27), the constant py (given by Lemma 2.4 below) depends only on V. The main property

for our purposes is that &, , /¢ and 61€Og/65 both tend to +o00 as /L tends to 0.

loglog loglog

In many places, it is useful to rely on a slightly stronger version of the confinement condition
(22), which we assume to hold on some interval of time. More precisely, for positive L, S we
consider the condition

(CL7S) @5(3) ﬂI4L C IL7 V 0 S S S S

where the constant C, is defined in Proposition 2 here below. For given Ly > 0 and S > 0,
it follows easily from assumption (H;) and Theorem 1 that there exists L > L for which the
first condition in (Cy, g) is satisfied. Under condition (Cr,g), the estimate

Eo:(s)1u\Ig) < Ce (1) Ve 12 5], (28)

follows from the following regularizing effect, which was obtained in [5]:

°In view of WPIZ(5), how big it needs to be is indeed related to energy decay estimates for the fronts ;.
5n principle and at this stage, all those symbols depend also upon e. Since eventually ¢ and J will be
e-independent, at least for e sufficiently small, we do not explicitly index them with e.
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Proposition 2 ([5]). Let ve be a solution to (PGL)., let zop € R, r >0 and 0 < 59 < S be
such that
UE(Z/? 8) € B(Gia HO) fO’f’ all (ya S) € [x(] —T,xo + ’I"] X [807 S]7 (29)

for some i € {1,--- ,q}. Then we have for sp < s < S

zo+3r/4 1 W2 % 1\¥%
—w < -
© /xo—3r/4 65(05(357 S)) dﬂ? - 1006 (1 + (S — So> (’I"> (30)
1 1 T w 2(91 Ty
1 - 3 -
—0y < — = - 1
oc(y,5) — 03] < -Cie (() (=) ) (31)

fory € [xo — 3r/4,x0 + 3r/4], where the constant C > 0 depends only on V.

as well as

Our first ingredient is

Proposition 3. There exists ay > 0, depending only on My and V, such that if L > aye and
if (Cr,s) holds, then each subinterval of [0, S] of length e**?(L/e) contains at least one time
s for which WP{;(SIEOg, s) holds.

The idea behind Proposition 3 is that, (PGL). being a gradient flow, on a sufficiently large
interval of time one may find some time where the dissipation of energy is small. Using elliptic
tools, and viewing the time derivative as a forcing term, one may then establish property
WPg(élgog, s) (see Section 2 and Section 3).

The next result expresses the fact that the equation preserves to some extent the well-
preparedness assumption.

€

Proposition 4. Assume that (C ) holds, that e*L? < sy < S is such that WPZ(8)54, 50)
holds, and assume moreover that

L\t
dst (s0) > 16(@> e, (32)

Then WPg(éfoglog, s) holds for all times so + 27 < s < T (s0), where

L \ oz
75 (s0) = max {5 € [so+e*™, 8] st dol(s) > 8<E) e Vs e[so+ 5””,5]} .
0
For such s we have J(s) = J(so) and for any k € J(so) we have Gi(ki%)(s) = Gi(k:i%)(SO) and

tr(s) = Tr(s0)-

Given a family of solution (v:)p<c<1, we introduce the additional condition

min min

fin(s0) = lim inf =Y (s9) > 0, (33)

which makes sense if WP (¢, so) holds and expresses the fact that the fronts stay uniformly
well-separated. The first step in our proofs, which is stated in Proposition 6 below, is to
establish the conclusion of Theorem 2 under this stronger assumptions on the initial datum.
From the inclusion (7) and Proposition 4 we will obtain:

12



Corollary 2. Assume also that Cr, g holds, let s € [0,S] and assume that WP (e, so)
holds for all e sufficiently small and that (33) is satisfied. Then, for e sufficiently small,

€ € 1 *
W,PI‘;(élogloy S) and drr;I;n(s) > idmin(sﬂ) (34)

are satisfied for any

s e If(sg) = |so + 2L%Y, 5o + po (nmé(so)> } n[o, 5],

as well as the identities J(s) = J(sg), Gi(ki%)(s) = O—i(k:t%)(so) and tr(s) = tk(so), for any
ke J(SO).

Hence, the collection of front points {aj(s)}res is well-defined, and the approximating
regularized fronts C;r&) do not depend on s (otherwise than through their position), on the
full time interval I¢(sg).

1.3 Paving the way to the motion law

As in [4], we use extensively the localized version of (1), a tool which turns out to be perfectly
adapted to track the evolution of fronts. Let x be an arbitrary smooth test function with
compact support. Set, for s > 0,

Z(s0) = [ - (0cl,9) (o) (35)
R
In integrated form the localized version of the energy identity writes
S92 52
L(s2) L)+ [ [ S x@)00c(n, ) dods == [ Fo(soxds. (30)
S1 R S1

where the term Fg is given by

-2

v, V(ve)
Fs(s, X, 0e :/ E— ———
s(8, X, 0¢) RX{g}([ 5 .

The last integral on the left hand side of identity (36) stands for local dissipation, whereas
the right hand side second is a flux. The quantity &, is defined for a scalar function u by

j{(w)) de/RX{ R Al

E(u) = 5.— — , (38)

and is referred to as the discrepancy term. It is constant for solutions to the stationary
equation —ug;+c2V'(u) = 0 on some given interval I and vanishes for finite energy solutions
on I = R. Notice that |- (u)| < e-(u). We set for two given times so > s; > 0 and L > 0

dissipy [s1, s2] = 5/ |8UE ]2dwdt = EH“’/ ’805 \deds. (39)

_ —w1 Ot ds
Ing[sls w,s0e7 ] I%LX[81,82]

13



Identity (36) then yields the estimate, if we assume that suppy C I TR

S2
T (52, %) — To(s1,X) — ¥ / Fsls,x v.)ds
81

< dissipl [s1, s2]lIx|| oo (r)- (40)

We will show that under suitable assumptions, that the right hand side of (40) is small (see

52

Step 3 in the proof of Proposition 6), so that the term ¢~ Fs(s, x,ve)ds provides a good

S1
approximation of Z.(s2, x) — Z-(s1, x). On the other hand, it follows from the properties of

regularized maps proved in Section 2.2 (see Proposition 2.1 there) that if WPL(510g10g7 s)
holds then
£
)~ S Ma ()| < OMo (Q—; )l +6Hx’Hoo> S @
keJ loglog

where &;(; stands for the energy of the corresponding stationary front. Set
S2 52
38(3175%)() ng/ fS(SaX7Ua)d5 = / 57w§£(ba('78))>‘<’(’) ds.
S1

Combining (40) and (41) shows that, if WPL(,

have

loglog» ) holds for any s € (s1,s2), then we

1> Delai(s2) = x(@i (1)) Sige) = Fe(s1,52.)
keJ (42)
€\ —w ..
< OMo ((log[1og ) ™lIxloe + llx'lls ) + dissip [s1, s2] [

If the test function x is choosen to be affine near a given front point ay, and zero near the
other front points in the collection, then the first term on the left hand side yields a measure
of the motion of ay, between times s; and sz, whereas the second, namely §-(s1, s2,X), is
hence a good approximation of the measure of this motion, provided we are able to estimate
the dissipation dissipg (s1,s2). Our previous discussion suggests that

1
X' (g, )Siko)
It turns out that the computation of §<(s1, s2, x) can be performed with satisfactory accuracy

if the test function y is affine (and hence as vanishing second derivatives) close to the front
set, this is the object of the next subsections.

ai0(32) - aio(sl) = S (51,52, X)-

1.4 A first compactness result

A first step in deriving the motion law for the fronts is to obtain rough bounds from above for
both dissipy [s1, s2] and Fe(s1, s2, X). To obtain these, and under the assumptions of Corollary
2, notice that if ¥ vanishes on the set {a},(s0) }kes + [—diin (50)/4, diin(50) /4], then from the
inequality |&:(u)| < e-(u), from Corollary 2 and from (30) of Proposition 2, we derive that
for s; < s9 in I¢(sp),

|8=(51, 52, X)| < Cdiyin(s0) ™ “|IX Loo(m) (52 — 51)- (43)

Going back to (36), and choosing the test fucntion y so that x = 1 on I% ., with compact
support on I, estimate (43) combined with (41) yields in turn a first rough upper bound on
the dissipation dissip [s1, s2]. Combining these estimates we will otain

14



Proposition 5. Under the assumptions of Corollary 2, for s1 < sy € I°(sg) we have
* —\w € \—w g%
a5.(51) = @i (52)] < C (i (50) ™) (52 = 1) + Mo ((1og [ Tog ) ““dis(50) +€) ) - (44)

As an easy consequence, we deduce the following compactness property, setting

] Ain (50) \ w2
I"(s0) = (80,50+po( S ) )0(0,5).
Corollary 3. Under the assumptions of Corollary 2, there exist a subsequence (€p)pen con-
verging to 0 such that for any k € J the function a3 () converges uniformly on any compact
interval of I*(so) to a lipschitz continuous function ay(-).

1.5 Refined estimates off the front set and the motion law

In order to derive the precise motion law, we have to provide an accurate asymptotic value
for the discrepancy term off the front set. In other words, for a given index k € J we need to
provide a uniform limit of the function 7%, near the points

ag(s) +aj,(s)

a, 1(s) = 5 and az_%(s)

aj_1(s) + az(s)
2

° 1(s). In view of estimate (30),

We notice first that v, takes values close to Oj(kt 1) TCAT @) !

we introduce the functions
1 _ 1
. (-, s) = wk(,s) =0, — itk 1) and 0, = WF = ¢ -1k = 71 (ns - O‘i(k_,’_%)) . (45)

As a consequence of inequality (31) and Corollary 2 we have the uniform bound:

Lemma 2. Under the assumptions of Corollary 2, we have

1

|, (z,5)| < C(d(z,s)) 7T (46)
for any x € (ag(s) +6160g10g,ak+1(s) - Sfoglog) and any s € I¢(sg), where we have set d(x, s) :=
dist(z, {ag,(s), aj,(s)}) and where C > 0 depends only on V' and My. Moreover, we also have

1, -
(6loglog) ot

_Sign(Tk)wE (GZ(S) + 6lgoglog) > 6

1 1
>
- C

(47)
(éloglog) ot

We describe next on a formal level how to obtain the desired asymptotics for e7%¢,, as
e — 0, near the point a;, 1(s). Going back to the limiting points {ax(s)}res defined in
2

Sign(Tk+1)§m5 (a’i+1(5) - 6lgoglog)

Proposition 5, we consider the subset of R x R

Vi(so) = U (ak(s), ar+1(s)) x {s}. (48)

sel*(so)

It follows from the uniform bounds established in Lemma 2, that, passing possibly to a further
subsequence, we may assume that

W, — W, in L (Vi(s0)), for any 1 < p < oo.

loc
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On the other hand, thanks to estimate (46), for a given point (x,s) € Vi(so) we expand
(PGL), near (z,s) as

L0W. 9%, _ 1
e " a2 T 29Ai(,€+%)w§9 L= O(e1). (49)

Passing to the limit &,, — 0, we expect that for every s € I*(sg), 2, solves

82%* 260—1
- o2 (57 ) + 20}‘1([94» )m* (57 ) =0on (ak(s)’ ak-}—l(s)),

W.(ar(s)) = —sign(fx)oo and Wi (ax41(s)) = sign(fx)oo,

1
2

(50)

the boundary conditions being a consequence of the asymptotics (47). It turns out, in view
of Lemma A.1 of the Appendix, that the boundary value problem (50) has a unique solution.
By scaling, and setting 7y (s) = 3 (aps1(s) — ax(s)) , we obtain

1 _
B L —s-n vt (¥ T Ogqd . _
‘,Zﬂ*(x, S) - :|:T‘k(5) -1 (Az(k—i-%)) u < Tk(s) 5 if Tk = Tk-‘rla

1

1 BICES)) T—0ap 1 )
W, (2, s) = rp(s) 1 (Ai(k—i-%)) BT (W) oo A TR = T,

+

v . :
where u  (resp. 5) are the unique solutions to the problems

—Uypy + 20U =0 on (—1,+1), (51)
U(—1) = 400 (resp. U(—1) = —o0) and U(+1) = +oc.
Still on a formal level, we deduce therefore the corresponding values of the disprecancy
_1
eV (0e) = (W) = =\, 7 rk(s) "WV Ag T = —Ta,
i(k+3) (52)

_1
e ¥Ee(be) = E(We) = A Z;I%)Tk(S)_(WH)Be if T = Tk,

i

where the numbers Ay and By are positive, depend only on 6, and correspond to the absolute
vt
value of the discrepancy of u and u respectively. Notice that the signs in (52) are different,

the first case yields attractive forces whereas the second yields repulsive ones. Inserting this
relation in (42) and arguing as for (44), we will derive the motion law.

The previous formal discussion can be put on a sound mathematical ground, relying on
comparison principles and the construction of appropriate upper and lower solutions (see
Section 5). This leads to the central result of this paper:

Proposition 6. Assume that conditions (Ho) and (Hi) are fulfilled. Let 0 < S < Smax be
given and set

0 S
Lo := 3max q |ag|, 1 <k < {o; (;)“’+2 :
0
Assume that WPIL (o, 0) holds as well as (33) at time s = 0. Then J(s) = {1,--- £}

and the functions af(-) are well defined and converge uniformly on any compact interval of
(0,5) to the solution ai(-) of (S) supplemented with the initial condition ay(0) = a.
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Notice that the combination of assumptions WPIZ(x;¢,0), (Hy) and (33) at s = 0 implies
the multiplicity one condition (Hpyi,). Whereas the conclusion of Proposition 6 is similar to
the one of Theorem 2, the assumptions of Proposition 6 are more restrictive. Indeed, on one
hand we assume the well-preparedness condition WPIL, and on the other hand we impose
(33) which is far more constraining than (Hp,): it excludes in particular the possibility of
having small pairs of fronts and anti-fronts. Our next efforts are hence devoted to handle
this type of situation: Proposition 6, through rescaling arguments, will nevertheless be the
main building block for that task.

In order to prove Theorem 2, 3 and 4 we need to relax the assumptions on the initial
data, in particular we need to analyze the behavior of data with small pairs of fronts and
anti-fronts, and show that they are going to annihilate on a short interval of time. For that
purpose we will consider the following situation, corresponding to confinement of the front
set at initial time. Assume that for a collection of points {b}4cs, in R we have

D:(0)N1,, C qGUJO[bZ =7 by + 7] C L and b, — by > 3R forp#q € Jo, (53)
for some kg < 3 and oye < r < R/2 < L/4. It follows from (7) that if 0 < s < pg(R — r)<+?
then

D(s)N1,, C kUJ (b — R,b; + R) C Lo, where the union is disjoint.
€Jo

Consider next 0 < s < pg(R — 7)“*2 such that WPL(«4¢, s) holds, so that the front points
{aj.(s)}wes(s) are well-defined. For g € Jo, consider J,(s) = {k € J(s),af(s) € (b5 — R, b5 +
R)}, set £y = #Jy, and write Jy(s) = {kg kg1, -+, kqye,—1}, where k1 = 1, and k; =
b+ -+ Ly + 1, for ¢ > 2. Our next result shows that, after a small time, only the
repulsive forces survive at the scale given by r, provided the different lengths are sufficiently
distinct.

Proposition 7. There exists positive constants x, and p., depending only on V and My,
such that if (53) holds and

. Ly
Ko > O, T > o€ = , R > o, (54)
then at time
Sp = purT?

condition WPL (e, s,) holds and, for any q € Jy and any k, k' € Jy(s,) we have tj(s,) =
i (sr) or equivalently for any k € Jy(sr) \ {kq(sr) + €4(sr) — 1}, we have

€ry1(sr) = Tr(sr) frrr (sr) = +1. (55)

Moreover, we have
Aok (s,) >, (56)

and if §Jy(sr) < 1 for every q € Jo, then we actually have di (s,) > R.

The proofs of Theorems 2, 3 and 4 are then deduced from Propositions 6 and 7.

The paper is organized as follows. We describe in Section 2 some properties of stationary
fronts, as well as for solutions to some perturbations of the stationary equations. In Section 3
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we describe several properties related to the well-preparedness assumption WPL, in particular
the quantization of the energy, how it relates to dissipation, and its numerous implications
for the dynamics. We provide in particular the proofs to Proposition 3, Proposition 4 and
Corollary 2. In Section 4, we prove the compactness results stated in Proposition 5 and
Corollary 3. Section 5, provides an expansion of the discrepancy term off the front set, from
a technical point of view it is the place where the analysis differs most from the non-degenerate
case. Based on this analysis, we show in Section 6 how the motion law follows from prepared
datas establishing the proof to Proposition 6. In Section 7 we analyze the clearing-out of small
pairs of front-antifront and more generally we present the proof of Proposition 7. Finally, in
section 8 we present the proofs of the main theorems, namely Theorem 2, 3 and 4. Several
results concerning the first or second order differential equations involved in the analysis of
this paper are given in separate appendices, in particular the proof of Proposition 1.

2 Remarks on stationary solutions

2.1 Stationary solutions on R with vanishing discrepancy

Stationary solutions are described using the method of separation of variable. For w solution
o (21), we multiply (21) by uw and verify that £ is constant. We restrict ourselves to solutions
with vanishing discrepancy

¢ = %iﬁ V() =0, (2.1)

and solve equation (2.1) by separation of variables. Let 7; be defined on (0;, 0;41) by

/ \/7 for u € 027 Gi—i—l)a (2.2)
where we recall that z; is a fixed maximum point of V' in the interval (0;, 0;4+1). The map y;
is one-to-one from (03, 0;11) to R, so that we may define its inverse map C;r :R — (04, 0441)
by

(@) =v; () as well as ¢ (z) =, '(—z) for z € R. (2.3)
In view of the definition (2.3), we have ¢;-(0) = z;, C;“’(O) = 4/2V(z;) > 0, whereas a change
of variable shows that (; has finite energy given by the formula (8). We verify that Cﬁ' (g)

and ¢; (%) solve (2.1) and hence (21). The next elementary result then directly follows from
uniqueness in ode’s:

Lemma 2.1. Let u be a solution to (21) such that (2.1) holds, and such that u(xg) €
(0i,0i4+1), for some xyg € R, and some i € 1,---q — 1. Then, there ezists a € R such
that u(x) = ¢ (x —a) oru(x) =( (v —a),Yz €R.

We provide a few simple properties of the functions Cii which enter directly in our argu-
ments. We expand V near o; for u > o; as

VV(u) =V Aiu A+0u—o0y), asu— o

Integrating, we are led to the expansion

0—-1
Yi(u) = — 5 (u—0) M1+ 0(u—0y), asu— oy,
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and therefore also to the expansions

CE(z) = o; + <\/927i7’1$|>_0_1 (I+o0(1)), asz— Foo.

Similarly,

' 0—-1

() = 0441 — <M> - (I14+0(1)), asz— too,

and corresponding asymptotics for the derivatives can be derived as well (e.g. using the fact
that the discrepancy is zero).

For 0 <e <1given,andi=1,-- — 1, consider the scaled function = Ci (7> which

is a solution to
—Ugy + 2V (1) =0,

hence a stationary solution to (PGL).. Straightforward computations based on the previous
expansions show that

e () ) = @ e - P o (L)

- (2.4)
€e ( zia) (z) = (2>\z’+1)_9%1(9 - 1)2791% ’f’ (wl) | gﬁoioo (1 } } w+1)>
3

with w defined in (5). Hence there is some constant C' > 0 independent of r and e such that
G; > / €e (Ci) dr > &; = C (;)w (2.5)

2.2  On the energy of chains of stationary solutions

If u satisfies condition WPIL (8) and (Hp), we set

el (u ZGZ(k and EF(u) = / ec(u(x))dx. (2.6)

keJ Tor

Proposition 2.1. We have

EL(w) > €L(u) — Cr My ( 6)w if WPIL(5) holds, .

EL(u) < €L(u) + (Cy + Cr) Mo (%) if WPL(5) holds.
Moreover, for any smooth function x with compact support in 1, we have

e\v / . L
=Y X(@)Sig| < (Co+COMo ((5) Illoe +€lXlloc) . if WPE(S) holds,
keJ
(2.8)

where T ( flz x)dx. The constant C¢ which appears in (2.7) and (2.8) only

depends on V, and the constant Cyw appears in the definition of condition WPE.
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Proof. We estimate the integral of |ec(u) — €s(§j&)(' —ay))| on Iy as

€ . : N 1 1 5
QA\ﬁ—@hm«—%»%mgdu—d@4~wwmwh>&mw+&@mkw}J;
k
and likewise we obtain

_ d
e! . |V (u) — V(CJ(’Z),E(' —a))| < Cg”“ - C;L(kk)yg(' - ak)”LOO(Ik)'
k
It suffices then to invoke WPIZ(8) and WPOZ () as well as the decay estimates (2.5) to
derive (2.7), using the fact that since & > «je, negative exponentials are readily controlled by
negative powers. Estimate (2.8) is derived in a very similar way, the error in ¢||x||o being a

,€

consequence of the approximation of [ Xee(g(kk) (- —ax)) by x(ar)S;()- O

This result shows that, if 6 is sufficiently large, the energy is close to a set of discrete values,
namely the finite sums of &;. We will therefore refer to this property as the quantization
of the energy, it will play an important role later when we will obtain estimates on the
dissipation rate of energy.

2.3 Study of the perturbed stationary equation
Consider a function u defined on R satisfying the perturbed differential equation
Upy = €2V (u) + f, (2.9)

where f € L2(R), and the energy bound (Hp). We already know, thanks to Lemma 2.1 that
if f =0 then w is of the form fa( —a). Our results below, summarized here in loose terms,
show that if f is sufficiently small on some sufficiently large interval, then wu is close to a chain
of translations of the functions Ciia suitably glued together on that interval.

Following the approach of [4], we first recast equation (2.9) as a system of two differential
equations of first order. For that purpose, we set w = eu, so that (2.9) is equivalent to the
system

1 1.,
Uy = gw and w, = EV (u) +¢f,
which we may write in a more condensed form as

1
Uy = EG(U) +eF on R, (2.10)

where we have set U(z) = (u(z), w(x)) and F(z) = (0, f(x)), and where G denotes the vector
field G(u,w) = (w, V'(u)). Notice that the energy bound (Hp) and assumption (As) together
imply a global L*> bound on w. In turn, this L* bound imply a Lipschitz bound, denoted
Cy, for the nonlinearity G(u, w).

Lemma 2.2. Let u; and ug satisfy (2.9) with forcing terms fi and fa, and assume that
both satisfy the energy bound (Hy). Denote by Uy, Us, F1, Fy the corresponding solutions and
forcing terms of (2.10). Then, for any x,xy in some arbitrary interval I,

KM—%WMSQM—%MM+J%ﬂE—BMm»m(%E;m>-(MU
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Proof. Since (U; — Us), = G(Uy) — G(Us) + e(Fy — F») we obtain the inequality
Co
|(Ul - UQ)x| < ?|U1 - U2‘ +8|F1 — F2|

It follows from Gronwall’s inequality that
(U1 = Ua)(@)] < exp (LL=20) (U — Uy)(ao) | + | / e|(Fy — F)(y) exp (L2l ) ay)
zo

Claim (2.11) then follows from the Cauchy-Schwarz inequality. O

We will combine the previous lemma with

Lemma 2.3. Let u be a solution of (2.9) satisfying (Hy). Then

sup (& (u) (@) — &(u) (y)] < v2Moe?||f ]l 21y

z,yel

where I C R is an arbitrary interval.

d d

Proof. This is a direct consequence of the equality d—&;(u) =cf d—u, the Cauchy-Schwarz
x x

inequality, and the definition of the energy. O

Lemma 2.4. Let u be a solution of (2.9) satisfying (Hy). Let L > 0 and assume that
D(u) NIy C 1.

There exist a constant 0 < Ky < 1, depending only on V', such that if

€ 13
MOE + M02€2 ||fHL2(I%L) S R, (212)

then the condition WPIL(8) holds where

O 2 o (M E 4 MEES 2.13
c T T ow og ( op T Mo'E HfHL2(I%L))7 (2.13)
and where the constant py depends only on My and V. Moreover, ky is sufficiently small so
that 2|log ky|/pw > a1, where a1 was defined in (26).

Proof. If D(u) N1, = () then there is nothing to prove. If not, we first claim that there exist
a point a1 € I, such that u(a;) = 2y for some i(1) € {1,---,q — 1}. Indeed, if not, and
since the endpoints of I,;, are not in the front set, the function u would have a critical point
with a critical value in the complement of U; B(0}, po). At that point, the discrepancy would
therefore be larger than C/e for some constant C' > 0 depending only of V' (through the
choice of pi9). On the other hand, since || < e., by averaging there exist at least one point
in I3, where the discrepancy of u is smaller in absolute value than My/(3L). Combined with
the estimate of Lemma 2.3 on the oscillation of the discrepancy, we hence derive our first
claim, provided £y, in (2.12) is choosen sufficiently small. Wet set 1 = sign(v/(a1)), u1 = u

and ug = C;r(ll)ﬁ(- —x1)). Since

V(ui(ar)) = V(uz(a1)) = V(zi)),
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and since
e (un)(an) — & (un) (@) = [€e(un)(@n)| < Mo/(3L) + V2Moe? | fll 2y, )

we obtain

)% (1) = =(u3)*(an)] < Mo/(L) + 2v/220e% 2, -
Since also

w1 (a1) + up(a1)] > |us(ar)] = |

2V (zi(1))
T()| > Cle,

it follows that
€ 3
et — u5)(an)| < € (MoZ 4Vl iy )

for a constant C' > 0 which depends only on V. We may then apply Lemma 2.2 to u; and us
with the choice zg = a1, and for which we thus have, with the notations of Lemma, 2.2,

£ 3
|(Uy — Us)(mo)| < C (MOL + \/ﬁo62 HfHL?(I%L)) :

Estimate (2.11) then yields (24) on Iy = [a; — J,a1 + 6], for the choice of ¢ given by (2.13)
with py = 4(Cp + 1), where Cy depends only on My and V' and was defined above Lemma
2.2.

If D(u) N (I3, \ [a1 — 0,a1 + 6]) = (), we are done, and if not we may repeat the previous
construction (the boundary points of [a; — d, a; + J] are not part of the front set), until after
finitely many steps we cover the whole front set. O

We turn to the outer condition” WPOL.

Lemma 2.5. Let u be a solution of (2.9) verifying (Hy), and assume that for some index

(XS {17 e aq}
u(z) € B(oi, po) Vz e A,

where A is some arbitrary bounded interval. Set R = length(A), let 0 < p < R, and set
B = {x € A | dist(x, A°) > p}. Then we have the estimate

1 1
£-(u, B) < C, (gewuB)é(z)”é +REM ()1 rerL2<A>> ,

where the constant C, depends only on V.

Proof. Let 0 < x <1 be a smooth cut-off function with compact support in A and such that
x =1 on B and |Y'| <2/p on A. We multiply (2.9) by e(u — 0;)x? and integrate on A. This
leads to

1
/ euzx’ + =V'(u)(u — 05)x* = /
A &

2ety(u — 6:)xX / ef(u— o).
A\B A

"for which several adaptations have to be carried out compared to the non-degenerate case.
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We estimate the first term on the right-hand side above by

[, 2eustu—ognd| < ([ ed)H([ e ([
A\B A A\B A\B
1 1 2 AN e
2/A€uzx o 9(/A\B )\iea(u))e <P> (20)7

1 1 /e 1+
/ uZy? + 161, ? () E-(u, A\ B)
2 Ja p

where we have used (2) and the fact that length(A \ B) = 2p. Similarly we estimate

—o)y? ) 5203 it
| [ ertu=el < el [ (o) F

2
20| fll2a (5 )IM”R?"-

| /\

IA
mw

Also, by (2) we have

1 1
—V'(u)(u — Gi)x2 >0 | =V(u).
A€ BE€

Combining the previous inequalities the conclusion follows. O
Combining Lemma 2.4 with Lemma 2.5 we obtain

Proposition 2.2. Let u be a solution to (2.9) satisfying assumption (Hpy), and such that
D(u) N1y, C I,. There exist positive constants® Cy and oy, depending only on My and V,
such that if a > oy and if

€ 1
1. MOE 5 P(_%Wa)y
1 7% _§ Pw
1 fllL2g) < My 2™ 2 exp(—55-a),

2
CW 1—i g *1*29 _3 —w
3. HfHLQ(IgL) < TCOMO 20 ( > L 2

then WPZ(ae) holds.

Proof. Direct substitution shows that assumptions 1. and 2. imply condition (2.12), provided
o is choosen sufficiently large, and also imply condition WPIZ(§) for some § > ae given by
(2.13). It remains to consider WPOL(ag). We invoke Lemma 2.5 on each of the intervals
A= (ax+ %aa, Qi1 — %aa), taking B = (ar + ag, agy+1 — ae). In view of WPIL(ae) and (2.5),
we obtain

E(u, A\ B) < Ca™,

and therefore ) )
E.(u, A\ B)ba™17} < Ca®,

8Recall that C,, enters in the definition of condition WPL. A parameter named Cy, already appears in the
statement of Proposition 2.1 above: We impose that its updated value here is be larger han its original value
in Proposition 2.1 (and Proposition 2.1 remains of course true with this updated value!).
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where C depends only on V. Also, in view of assumption 3. we have
3L 1+ L 3 L 1+ L 1 _
COZRQMOQG (%) o £l 224y < CoL2> Mg (%) o [l z2(s) < §CWMOOZ “,
k

provided «; is sufficiently large (third requirement). It remains to estimate e.(u) on the
intervals (—2L,a1) and (ag, 2L). We first use Lemma 2.5 with A = (—3L,—L) (resp. A =
(L,3L) and B = (—5L,—3L) (resp. B = (3L, 3L)). This yields, using the trivial bound
E(u, A\ B) < My, the estimate
& I % € 1+% % € % —w

e(u, s\ Tz ) <C <MO (f) + M; (f) ) < Ca™, (2.14)
in view of 1. and provided «; is sufficiently large. We apply one last time Lemma 2.5, with
A= (-2L— }ae, a1 — 3ae) (resp. A= (as+ 3ae,2L+ Jae)) and B = (—2L,a; — ag) (resp.
B = (ag+ ag,2L)). Since A\ B C IgL \ I%L, it follows from (2.14) and Lemma 2.5, combined
with our previous estimates, that condition WPOZ(«ae) is satisfied provided we choose Cy,
sufficiently large. m

Remark 2.1. Notice that condition 1. in Proposition 2.2 is always satisfied when ae <
éleog, since L/e > 1. Also, for a = Sfog/e, assumption 3. in Proposition 2.2 is weaker than
assumption 2. We therefore deduce

Corollary 2.1. Let u be a solution to (2.9) satisfying assumption (Hy), and such that D(u)N
L, C L. If

1
Mo\ 2
Wl < (1) (2.15)

€

then WPZ(8),,

) holds.

3 Regularized fronts

In the whole section, we assume that v, is a solution of (PGL). which satisfies (Hp) and the
confinement condition Cy, .
3.1 Finding regularized fronts

We provide here the proof to Proposition 3, which is deduced from the following:

Lemma 3.1. Given any s; < sz in [0, 5], there exist at least one time s in [s1,s2] for which
v:(+, s) solves (2.9) with

My
So — 81 - 82—81.

. . 3L
w1 dissipZ™(s1, s2) < ol

17121y, = € 10502 8) 221, < € (3.1)

Proof. Tt is a direct mean value argument, taking into account the rescaling of (PGL). ac-
cording to our rescaling of time. O
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Proof of Proposition 3. We invoke Lemma 3.1, and from (3.1) and the assumption so — s1 =
e“T1L of Proposition 3, we derive exactly the assumption (2.15) in Corollary 2.1, from which
the conclusion follows. O

Following the same argument, but relying on Lemma 2.4 and Proposition 2.2 rather than
on Corollary 2.1, we readily obtain

Proposition 3.1. For a; < a < éfog :

1. Each subinterval of [0,S] of size qo(a)e“t? contains at least one time s at which
WPIL (ag, s) holds, where
qo(a) = 4MZ exp (pwar) . (3.2)

2. Each subinterval of [0,S] of size qo(c, 3)e“T? contains at least one time s at which
WPL(ae, s) holds, where

B = % and qo(a, f) = max <q0(a), (20%)2<]50) l—éa2W> ) (3.3)

3.2 Local dissipation

For s € [0, 9], set £-(s) = EX(v.(s)) and, when WPIL(xe, s) holds, €L (s) = €L (v.(s)), &
being defined in (2.6). We assume throughout that s; < sa are contained in [0, S], and in
some places (in view of (28) that sp > L2e¥.

Proposition 3.2. If s, > L%“, we have
L —Ww
EL(sy) + dissip® (s1,59) < EX(s1) 4+ 100C.L~“F2) (55 — 1) 4+ Co(1 + Mp) <5> . (34)

Proof. Let 0 < ¢ <1 be a smooth function with compact support in I,;, such that ¢(z) =1
on I, || < 100L~2. It follows from the properties of ¢ and (28) that

L

T.(s,0) < EX(s) for s € (s1,89) and T.(s2, @) > EX(s2) — Ce <5> ,

which combined with (36) yields

L\ 52
SEL(SQ) + dissipy (s1, s2) < E}(sl) + Ce <8> + gw/ Fs(s,@,0:)ds
S1

where Fg is defined in (37). The estimate (3.4) is then obtained invoking the inequality
|€e| < e. to bound the term involving Fg: combined with (28) for times s > L%e% and with
assumption (Hg) for times s < L2e¥. O

If WPL(5,51) and WPI (&, s2) hold, for some 8,8 > e and sy > L2e*, then combining
inequality (3.4) with the first inequality (2.7) applied to v.(s2) as well as the second applied

25



to v:(s1) we obtain

€L (s9) + dissipt (s1, 52)

ENY L
< SEL(SQ) 4+ Cs My <§) + dissipy (s1, s2)
< EX(s1) + 100C L™+ (55 — s1) + Ce My (5>w + Ce(1 + Mp) (E)w
< &g e 5 © L
5
&

9

< € (s1) + (Cw + Cp) Mo (5

v v 2 E\W
o (5] s, i ()
(3.5)
We deduce from this inequality an estimate for the dissipation between s; and s and an

upper bound on £X(sy):

Corollary 3.1. Assume that WPZL(8,s1) and WPIL (8, s2) hold, for some 5,8 > aqe and
59 > L2%e¥, and that €L (s1) = €L(sq). Then

<
o

3

dissip [s1, s2] < (Cy + C¢) My ( 5

) +CeMo ()" H100C L) (55—51)+Co (14 M) (£)

L

EL(s5) — €4 (s) < (Cy + Cr) My (g)“ +100C, L™ ) (55 — s1) + Co(1 + Mo) (%)w .

3.3 Quantization of the energy

Let s € [0,5] and & > ¢, and assume that v, satisfies WPL(5,s). The front energy & (s),
by definition, may only take a finite number of values, and is hence quantized. We emphasize
that, at this stage, €L (s) is only defined assuming condition WPI% (8, s) holds. However, the
value of €X(s) does not depend on 8, provided that § > e, so that it suffices ultimately to
check that condition WPIL (¢, s) is fulfilled.

Since €.(s) may take only a finite number of values, let n; > 0 be the smallest possible
difference between two distinct such values. Let Lo = Lg(s1, s2) > 0 be such that

H

100C Ly “ ™ (55 — 51) = : (3.6)
and finally choose o sufficiently large so that
((QCf 4 C) Mo + Co(1 + M0)> ar < % (3.7)

As a direct consequence of (3.5), (3.6), (3.7) and the definition of p; we obtain

Corollary 3.2. For s; < sy € [0,5] with so > L2, assume that WP (o€, s1) and
WPIL (x1e, s2) hold and that L > Lo(s1,s2). Then we have QEIg(SQ) < (’EI;(sl). Moreover, if
€L(sg) < €L(s1), then €L(se) + 1y < €L(s1).

In the opposite direction we have:

Lemma 3.2. For s; < sg € [0,5], assume that WPIZ (o€, 1) and WPIZ (o€, s2) hold and
that L > Lo(s1, s2). Assume also that

1 . w—+2
So— 81 < Po gdn’;in(sl) . (38)
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Then we have €L (s9) > €L(s1). In case of equality, we have J(s1) = J(s2) and

1
(k1) (51) = Oy 1y(s1), for any k € J(s1) and diyi (s2) > idi’.ﬁ(sl) (3.9)

Proof. Tt a consequence of the bound (7) in Theorem 1 on the speed of the front set combined

with assumption (3.8). Indeed, this implies that for arbitrary s € [s1, so], the front set a time

s is contained in a neighborhood of size d:;;; (s1)/8 of the front set at time s1. In view of the

definition of dZ};(s1), and of the continuity in time of the solution, this implies that for all
ko € J(s1) the set

1 1
Apy = {k € J(s2) such that aj(s2) € [af,(s1) — Zd;?ﬂ(sl),aio(sl) + de,;fn(sl)]}

is non empty, since it must contain a front connecting O (hg— 1L )(51) 0 0,44 1 )(81). In partic-
2 2
ular, summing over all fronts in Aj,, we obtain

L L
> Site) = Gilho)
kE.AkO

with equality if and only if .4, = 1. Summing over all indices kg, we are led to the conclusion.
O

3.4 Propagating regularized fronts

We discuss in this subsection the case of equality €L(s1) = €L(s3). We assume throughout
that we are given éfog > 8 > aje and two times s1 < sy € [e¥L2, 9] such that

{ WPL(5 and WPI" (8,s2) hold

781)
C(5,L,s1,s
( 1 2) €l(sy) = €l(sy), with L > Lo(s1, s2).

Under that assumption, our first result shows that v. remains well-prepared on almost the
whole time interval [s1, s3], with a smaller & though.

Proposition 3.3. There exists ag > &1, depending only on' V', My and Cy, with the following

property. Assume that C(8, L, 51, s2) holds with ase < & < &), then property WPE(Ajog(8), s)

log?
24w
)

holds for any time s € [s1 + & sa], where

Apog(8) = pﬁs <1og i) . (3.10)

W

The proof of Proposition 3.3 relies on the following.

Lemma 3.3. Assume that C(8,L,s1,s2) holds with & > «je. We have the estimate, for
5 € [s1 +&“+?, 59]

/I |0ve (2, 567)|?dx < Ce3dissipZ[s, s — ¥ T2,

3
5L
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Proof of Lemma 3.3. Differentiating equation (PGL.) with respect to time, we are led to
C
0(0rve) — Oa(Opve) | < ?‘atve‘-

It follows from standard parabolic estimates, working for = € I,; on the cylinder A (z) =
[ —e,x+¢] x [t —&2,t], where t := se~“, that for any point y € [z — 5,z + 5] we have

1010 (y, 1) < Ce™2(|0pvel| 2. (2 -

Taking the square of the previous inequality, and integrating over [z — §, 2 + 5], we are led to

z+£
| owwopay<ce | Oy, 1) Py,
x [x—2e,2+2e] x [t—e2,t]

£
2

A elementary covering argument then yields

/ |0e (y, t)|2dy < 05*2\\8151)5\\%2(15“[t_ggﬂ) < Ce 3dissipZ[s, s — ¥ 12].
3

Is
3L

O]

Proof of Proposition 3.3. In view of Proposition 3.1, of Corollary 3.2, and of assumption
C(5,L, s1,s2), we may assume, without loss of generality, that

S92 — 8§71 < 2q0(5/€,L/€). (3.11)

Let s € (51 +&“*2,s5), and consider once more the map u = v.(-, s), so that u is a solution
to (2.9), with source term f = Opv.(-,se™%). It follows from Lemma 3.3, combined with the
first of Corrolary 3.1 on the dissipation, that

2 -3 AN —(w+2) (g, _ £\
1£122ay,) < C (Cy +2C0)Mo () +100CL* (s — 51) + Ce(1 4+ Mo) (£) |-

€

Notice that (3.11) combined with the assumption & < ).,

yields

100C, L=+ (s, — 51) < C (%)w .

We deduce from Lemma 2.4, imposing on oy the additional condition i(log ®2) > «y, that

w
WPIL ((Alog(d), s) holds. It remains to show that WPOZ (Ajg(8), s) holds likewise. To that
aim, we invoke (3.1) which we use with the choice s; = s; and s9 = s. This yields, taking
once more (3.11) into account,

€L(s) — EE(s) < (C + Cy) (%)“’ .

Combining this relation with (2.5) and the first inequality of (2.7), we deduce that

/Qes(bs(s))ds < (C+Cy) (%)w +C (Aloz(&)w < CyMo <AIZ(6)>W (3.12)

provided o is choosen sufficiently large. O
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In view of (3.8) and (7), we introduce the function

q1(a) = <qo(a))wi2

Po

which represents therefore the maximum displacement of the front set in the interval of time
needed (at most) to find two consecutive times at which WPIZ(ae) holds.
From Proposition 3.3 and Lemma 3.2 we deduce

Corollary 3.3. Let s € [¥L2, 5] and og < o < Slaog, and assume that WP (ag, s) holds as
well as dii,(s) > 16q1(c)e. Then WPE(Ajog(ae), s') holds for any s + > < &' < T (a, s),
where

min

T (a, s) = max {s + e < <S8 st doE(s") > 8qi(a)e Vs € [s 49T, s}

We complete this section presenting the

Proof of Proposition 4. This follows directly from Corollary 3.3 with the choice a = élsog,

noticing that Alog(éfog) = 6150g]0g' -

Proof of Corollary 2. If we assume moreover that so > ¢“L? and that WPg(zsfog, s0) holds,
then it is a direct consequence of the inclusion (7) and Proposition 4, taking into account
the assumption (33). If we assume only that sop > 0 and that WPL(aqe, sp) holds, then it
suffices to consider the first time s{, > so + “L? at which WP;(ZSIEOg, sg) holds and to rely
on Proposition 4 likewise. Indeed, since s, — sp < e“L? + e¥*T1L by Proposition 3, we may
apply Corollary 3.2 and Lemma 3.2 for s1 = s¢ and sy = s{,, which yields €L (sg) = €L(s))
and therefore also the same asymptotics for di;; at times sg and sj). ]

4 A first compactness results for the front points

The purpose of this section is to provide the proofs of Proposition 5 and Corollary 3.

Proof of Proposition 5. As mentioned, we choose the test functions (indepently of time) so
that they are affine near the front points for any s € I¢(sp). More precisely, for a given kg € J
we impose the following conditions on the test functions x = xg, in (42):

x has compact support in [ag(so) — gdmin(so)’ ag,(so) + gdmin(so)],
1 1
X is affine on the interval [a},(so) — denin(s[)), ay,(so) + zdfmn(so)], with ¥’ = 1 there

x| Loo () < Cliin (50), X | Loy < € and [[x"]| oo () < Cdiin (50) ™"
(4.1)
It follows from Corollary 2 that, for £ sufficiently small, we are in position to claim (42) and
(43) for arbitrary s; and sg in the full interval I*(sg). Combined with the first estimate of

Corollary 3.1, with 8 =" = 6fog10g, this yields the conclusion (44). O

Proof of Corollary 3. The family of functions (v:)g<c<1 is equi-continuous on every compact
subset of the interval I*(s), so that the conclusion follows from the Arzela-Ascoli theorem. [
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5 Refined asymptotics off the front set

5.1 Relaxations towards stationary solutions

Throughout this section, we assume that we are in the situation described by Corollary 2, in
particular L is fixed and € will tend to zero. Our main purpose is then to provide rigorous
mathematical statements and proofs concerning the properties of the function 20, = an’gn
defined in (45), for given k € J, which have been presented, most of them in a formal way,
in Subsection 1.5. We notice first that we may expand V’ near o = Oj(t 1) 2S

V(04 u) = 20027 (14 ug(u)), (5.1)

where ¢ is a some smooth function on R and where we have set for the sake of simplicity
A= Ajt1)- We work on the sets Vi(so) defined in (48) and on their analogs at the ¢ level
2

Vils) = U T X {5} = U (05 + S 0t (9) ~ Shgog) X {5} (52
We will therefore work only with arbitrary small values of u. Let ug > 0 be sufficiently small
so that |ug(u)| < 1/4 on (—ug,up) and V'(0 + u) is strictly increasing on (—ug, ug), convex
on (0,up) and concave on (—ug,0). For small values of ¢, the value of v in (5.1), in view of
(46) in Lemma 2, will not exceed ug, and we may therefore assume for the considerations in
this section that ug(u) = upg(ug), if u > ug and —ug(u) = upg(up), if u < —ugy. Equation
(PGL), translates into the following equation for 20,

070, 9%90.
where we have set ) .
fe(w) = 2001 (1 + 6ﬁwg(€ﬂw)>. (5.4)

Notice that our assumption yield in particular
3 _
| fe(w)] > SOlw* (5.5)

The analysis of the parabolic equation (5.3) is the core of this section. As mentioned, our
results express convergence to stationary solutions. We first provide a few properties con-
cerning these stationary solutions: the first lemma describes stationary solutions involved in
the attractive case, whereas the second lemma is used in the repulsive case.

v+t VT
Lemma 5.1. Let r >0 and 0 < e < 1. There exist unique solutions u_, (resp. u_,) to

du
2 + Af:(U)=0on (—r,r),

U(—r) = +oo (resp. U(—r) = —o0) and U(r) = +oo (resp. U(r) = —o0).
Moreover we have,

1 -1 VT _ 1 R 1
Cro1i<u, <Cr—lz)) T and C"r o1 < —u_,  <C(r—|z|) o1, (5.6)

— e,r — — e,r —

for some constant C > 0 depending only on V.
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Lemma 5.2. Letr >0 and 0 < € < 1 be given. There exists a unique solution 5E,T to

;ZLIQ +Af:(U)=0o0n (—r,r), U(—r) = —oc0 and U(r) = +oo.

These and related results are standard and have been considered since the works of Keller
[12] and Osserman [14] in the fifties, at least regarding existence. The convexity and concavity
assumptions are sufficient for uniqueness. We refer to Lemma A.1 in the Appendix for a short
discussion of the case a a pure power nonlinearity.

We set r°(s) = k:+ 1 (s) = §(ai+1(5) —aj(s)). Our aim is to provide sufficiently accurate

expansions of 2. and the renormalized discrepancy e~ “£. on neighborhoods of the points
a; 41 (s), for instance the intervals
2

7 7 1 1
O 1 (9) = 5y () + [ 27°(5), £1°(9)] = [a(s) + 5r°(5), 0 (5) — (). (5.7)
We first turn to the the attractive case {x = —tr+1. We may assume additionally that
]{56{1, 76_1} and Tk:_Tk-l-l:]-u (58)

the case tx = —Tx+1 = —1 being handled similarly.

Proposition 5.1. If (5.8) hold and € is sufficiently small, then for any s € I¢(sg) and every
T € @k+1( s) we have the estimate

1 + ; 1 w—1
20 (2, 5) = AT, ()] < CeMMm D), (5.9)
The repulsive case corresponds to tr = trr1 and we may assume as above that
k‘E{l,"' ,f—l} and T = Trp+1 = 1. (5.10)

Proposition 5.2. If (5.10) hold and € is sufficiently small, then for any s € I¢(sg) and
every T € @Z+l(5) we have the estimate
2

1 w—1
12, (2, 8) — AT . ) ()] < CemM G R, (5.11)
Combining these results with parabolic estimates, we obtain estimates for the discrepancy.

Proposition 5.3. If € is sufficiently small, then for any s € I¢(sg) and every x € @ZJrl(S)
2

we have the estimate
__1 1
’8—0-158(05) — Az(ljf%)l) rf(s)_(w+1),-)/k+%‘ < 0697, (512)

where

1 = Ay if =—
{7“2 0 | T Thtt (5.1
Mert = Bo it T = Tt

For the outer regions, corresponding to kK = 0 and k = /¢ estimates for the discrepancy
are directly deduced from the crude estimates provided by Proposition 2. Proposition 5.3
provides a rigorous ground to the formal computation (52) of the introduction, and hence
allows to derive the precise motion law. The proofs of Proposition 5.1 and Proposition 5.2
however are the central part of this section. Note that by no mean the estimates provided in
Propositions 5.1, 5.2 and 5.3 are optimal; our goal was only to obtain convergence estimates,

valid for all e sufficiently small, uniformly on Usep(so)@2+%(s) x {s}.
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5.2 Preliminary results

We first turn to the proof of Lemma 2, which provides first properties of 2.

Proof of Lemma 2. Let x € (ax(s) + Slaoglog, ag+1(8) — éfogbg) and any s € I¢(sp), and recall
that d(z, s) := dist(z, {ag,(s), aj,,(s)}). In view of Proposition 3, and in particular of estimate
(31), it suffices to show that

d(z, s) d(z, s)

5 , T+ 5 | X [s — e¥d(x, 5)?, 5].

v(y,s) € B(0i, no) forall (y,s) € [z -

By Theorem 1, on such a time scale the front set moves at most by a distance

1
w 2\ wiz _ 1 w
4= (SRR < gy (S < )

€
Po 6loglog

provided /L is sufficiently small. More precisely, Theorem 1 only provides one inclusion,
forward in time, but its combination with Corrolary 2 provides both forward and backward
inclusions (for times in the interval I¢(sp)), from which the conclusion then follows. O

For the analysis of the scalar parabolic equation (5.3), we will extensively use the fact that
the map f; is non-decreasing on R, allowing comparison principles. The desired estimates for
2. will be obtained using appropriate choices of sub- and super-solutions. The construction
of these functions involve a number of elementary solutions. First, we use the functions W,
independent of the space variable x and solving the ordinary differential equation

waWEi _ +
&g = M)

We(0) = £o0.

(5.14)

Using separation of variables, we may construct such a solution which verifies the bounds

0 < WH(s) < Ce0 T [\s] 70 and 0 > W= (s) > —Ce0 1 [\s] 201, (5.15)

so that it relaxes quickly to zero. We will also use solutions of the standard heat equation
and rely in several places on the next remark:

Lemma 5.3. Let ® be a non negative solution to the heat equation e¥0;® — @, = 0, and U
be such that L.(U) =0. Then L.(U + ®) >0, and L.(U — ®) < 0.

Proof. Notice that L.(U £ ®) = A(f-(U = ®) — f.(U)), so that the conclusion follows from
the fact that f. is non-decreasing. O

Next, let s be given I¢(sg). By translation invariance, we may assume without loss of
generality that
a;, 1(s)=0. (5.16)

We set he = (¢/ 2p0)%+2, and consider the cylinders

A (s) = J™(s) x [s — ¢, 5] and Aient(s) = jaint(s) X [s—e,s], (5.17)

32



where J2(s) = [=15,(5), 7 (5)], TE(s) = [~1&a(5), 7é (s)] with
Tet (8) = 1°(8) + 2he and i (s) = r°(s) — 2h..
If € is sufficiently small, in view of (7) we have the inclusions, with V;(sg) defined in (5.2) ,

AMt(s) € T(s) = Vi(so) N ([s — €, 8] x R) C AS(s).

As a matter of fact, still for e sufficiently small, we have for any 7 € [s — ¢, 5],

{ —Text(8) + he < ag(T) + diogiog < —Tine(s) — e, (5.18)

Tisnt + hE < a’i—l—l(T) - 6lgoglog < Tgxt(s) - h6(80)'
We also consider the parabolic boundary of AZ*(s)

OpAZ(5) = [18a (), 16 ()] x {s — e} U {1} x [s — e, 5] U{ri} x [s — &, 5]
= OAZY () \ [=76(8), e (9)] x {5},

and define 9,A"(s) accordingly. Finally, we set
apHE(s) = 8(1_[5(8)) \ [ai(s) + 6laoglog’ ai+1(8) - 61€0g10g] X {8}
A first application of the comparison principle leads to the following bounds:

Proposition 5.4. For x € Ji"(s)

\/+ w—1
Q;UE(I’ S) < us,r? (1:) + Ce20-D
int (5.19)

w—1
QUE($7 8) Z ;«/lsﬂ.g (x) — C&‘m‘

int
Proof. We work on the cylinder A™(s) and consider there the comparison map
+ 4
WE (y,7) = U_pe () + We(r — (s — ) for (y,7) € A (s).

Since the two functions on the r.h.s of the definition of WZ"P are positive solutions to (5.3)
and since f. is superadditive on R, that is, since

fe(a+0) > fo(a) + f-(b) provided a > 0,b >0, (5.20)
we deduce that
Le (WE*(y, 7)) > 0 on Aient(s) with W2 (y, 1) = 400 for (y,7) € 8pAzi§nt,

so that W™ (z, s) > 2. on J,AM™. Tt follows that WE'(y,7) > W, on A, which, com-
bined with (5.15) immediately leads to the first inequality. The second is derived similarly. [

At this stage, the constructions are some somewhat different in the case of attractive and
repulsive forces, so that we need to distinguish the two cases.

33



5.3 The attractive case

We assume here that tp = —fx4+1. Without loss of generality, we may assume that
Te=—Ter1 =1, (5.21)
the case T = —fr = —1 being handled similarly. The purpose of this subsection is to provide

the proof to Proposition 5.1. We split the proof into separate lemmas, the main efforts being
devoted to the construction of subsolutions. We start with the following lower bound:

Lemma 5.4. Assume that (5.21) holds. Then, for x € J.(s — §), we have the lower bound
g w—1
W.(x,s — 5) > —(Ce2@-1),
Proof. In view of (47), we notice that
ws(y, T) >0 on apHE(S) \ [ak<s - 6) + 6lsoglogv Ak+1 (3 - 5) - 6lsoglog] X {S - 6}'

We consider next the function W, defined for 7 > s — e by W.(y,7) = W (1 — (s — ¢)).
Since W, < 0, and since W(s — ¢) = —o0, we obtain W, < 20, on 9,I1.(s), so that, by the
comparison principle we are led to W, < 20, on II.(s) leading to the conclusion. O

Proposition 5.5. Assume that (5.21) holds. We have the lower bound for x € J(s)

v+ 1 , et
ms(x, 8) > ua,rgxt (.’L') — (e 301 exp | —7m W . (522)
Proof. On J.(s — §) we consider the map ¢, defined by
€ vt
pe(z) = inf{We(z,s — 5) —u e (2),0} <0. (5.23)

+
Invoking (5.18) and estimates (5.6) for thz .» we obtain, for z € J:(s — 5)

v+ _ 1
0<t,,. (r)<Ch.7T, (5.24)

" ext

which combined with Lemma 5.4 yields

1

e (z)] < Che ™ for @ € Jo(s — %). (5.25)

Combining (5.24), estimate (5.6) of Lemma 5.1 and estimate (47) of Lemma 2, we deduce
that, if € is sufficiently small then

13 € g €
@E(ai(s - 5) + 6loglog) = (pi(ai—i-l (S - 5) - 6loglog) =0. (526)
We extend . by 0 outside the set J.(s — §), and consider the solution ®. to
0] iJ
swaa: — gwg =0on A™'(s)N{r>s— %}
O (x,s — g) = . (x) forx € J™(s — %) (5.27)

O (Lre

ext

(s),7) =0 forT e (s— %,s).
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Notice that ®. < 0. We consider next on A®'(s) N {7 > s — £} the function W defined by

inf vt
W (yv T) = Ug e (y) + cI)E(ya T)'

It follows from Lemma 5.3 that L. (W) < 0, so that Wit is a subsolution. Since Wt < 21,
on 8, ((s) N {7 > s — 5}) it follows in particular that

wint < 95, on J.(s). (5.28)

To complete the proof, we rely on the next linear estimates for ®..

Lemma 5.5. We have the bound, fory € J&™ and 7 € (s — 5, s)

ylr=(s=5)
2.7l < Conp (—n2e T B oo

We postpone the proof of Lemma 5.5 and complete the proof of Proposition 5.5.
Proof of Proposition 5.5 completed. Combining Lemma 5.5 with (5.25), we are led, for
x € J:(s), to

_% 5 E—w—i—l
. (z, < e T 55 = o |- 2
|®:(z,5)| < Ch exp( v 32(7‘5(3))2> (5.29)

The conclusion then follows, invoking (5.28). O

Proof of Lemma 5.5. Consider on the interval [—2r°(s), 2r¢(s)] the function ¢ (z) defined by

Y(x) = COS(F(S) ), so that —i) = 7;;(7“5(5))21/1, P >0, Pp(—2rc(s)) = (2r°(s)) = 0 and
P(x) > 1/2 for z € [—15 (), 54 (8)]. Hence, we obtain

_(s_c¢
W, — WU, =0 on A (s)N{r >s5— g}, where ¥(x,7) = exp (—Wgé_wm> ¥(x).

On the other hand, for (y,7) € 8, (A™*(s) N {7 > s — 5}) we have

1P (y, T)| < llpell oo (7. (s—£)2¥ (Y, 7)
and the conclusion follows therefore from the comparison principle for the heat equation. [

Proof of Proposition 5.1 completed. Combining the upper bound (5.19) of Proposition 5.4
with the lower bound (5.22) of Proposition 5.5, we are led, for ¢ sufficiently small, to

+

€
&Tint

_l’_
U e (2) — Ae < We(z,s) < u

€T ext

(z) + A, (5.30)

where we have set

A = Cer D, (5.31)

The conclusion (5.9) then follows from Proposition A.1 of the Appendix combined with the
definition of h. and (A.7). O
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5.4 The repulsive case

In this subsection, we assume throughout that {5 = fx+1 and may assume moreover that

Tk =Tee1 =1, (5.32)

the case tx = {x = —1 is handled similarly. The main purpose of this subsection is to provide
the proof of Proposition 5.2, the central part being the construction of accurate supersolutions,
subsolutions being provided by the same construction. We assume as before that (5.16) holds,
and use as comparison map il defined on Z'S(s) = (—rSy(s), 75, (s)) by

>
115(~) = Ug re(s) ( + 2h€) )

so that H.(x) — 400 as © — ri,(s), U(x) = —o0 as & — —ri(s) and |[U(—r°(s))| <
_1
Che 7.

Proposition 5.6. For z € (ax(s) + 6foglog,rfm(s)) we have the inequality, where C' > 0
denotes some constant

1 —w+1
W (z,8) < Ue(x) + Ce™ 3T exp <—w2w> . (5.33)

Proof. As for (5.23), write for z € Z"(s) N J-(s — ¢)

Ye(x) = sup{W.(x,s —e) — 4,0} > 0.
We notice that

¢€<ak<3 - 6) + 6loglog) = wé(rignt(s)) = 0.
Indeed, for the first relation, we argue as in (5.26) whereas for the second, we have 4 (r5 . (s)) =
5577@(5) (r°(s)) = 4+o00. We extend 1. by 0 outside the interval Z*5(s) N J-(s — ¢) and derive,
arguing as for (5.25),

1
e (z)] < Che ™' < Ce™ 31 for z € R. (5.34)

We introduce the cylinder AT (s) = (—rg(s), 75, (s)) X (s — €, s) and the solution ¥, to

“’a\ljs 8\1]5 _ trans
€ 87- 81‘2 - O on AE (S)

D (1,5 — €) = () for = € (=15 (s), 75 (5)) and (5.35)
e (—rexe (), 7) = We(riy(s),7) = 0 for 7 € (s — ¢, 5),

so that W, > 0. Arguing as for (5.29), we obtain for 7 € (s — ¢, s)

07| < O 51 exp (e L2, (536

We consider on A"5(s) the function WS defined by

W;rans(ya 7’) = us(y) + \IIE(ya T)'
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It follows from Lemma 5.3 that L.(W'ans)_ > 0, that is W;rans is a supersolution for L. on
A0S (g). Consider next the subset II%#"(s) of AT defined by

ngans(s) = 76(3%5 s)(ak(T) + 6(l‘:oglogv riant(s)) X {T}

We claim that
W;rans > 20, on 0, ngans(s). (5.37)

Indeed, by construction, we have WS = 400 on 75, (s) X (s — &, s) and WS(z,s — ) >
W (z,s —¢) for x € (ar(s — &) + 8jpg10g: Mint (8))- Finally on Ure(s—c o {ar(T) + 80400t X {7}
the conclusion (5.37) follows from estimate (47) of Lemma 2. Combining inequality (5.37)

with the comparison principle, we are led to
WIrans > 9. on T1275(s). (5.38)
Combining (5.38) with (5.36) we are led to (5.33). O

Our next task is to construct a subsolution. To that aim, we rely on the symmetries of the
equation, in particular the invariance x — —x and the almost oddness of the nonlinearity.
To be more specific, we introduce the operator

= ou  0%*u ~ ~ 1 1
— W _ : _ 20—1 D1 01
Le(u)=e 97 o2 + Afe(u) =0, with f.(u) = 260u (1 —e0-Tug(—e? 1u)) ,
which has the same properties as L. and consider the stationary solution ftwe( s) for L. defined
on (=1%(s),7%(s)) by

2<1
O ug pe(s) <

FAfe(Uepee) = 0, Te ooy (—7(5)) = +00 and 1z e (o) (r°(s)) = —o0,

o 0a?
so that —3577.5(8) is a stationary solution to L.. Consider the function 20, defined by
W, (z,7) = —We(—=z,7) (5.39)
and observe that L.(20.) = 0. Finally, we define the interval (—r, (s), 75 (s)) the function

V. (2) = U pe(s) (2he — @),

so that Y. (z) — —o0 as & — —rf,

(s) and V. (x) — +00 as v — 15 (5).

ext

Proposition 5.7. For x € (—rf,(s),ar4+1(s) — 51Eoglog) we have the inequality,
1 , e Wil
Qﬂg($7 S) > %E(x) — (e 361 exXp (—7[' ]_6(7“5(8))2> . (540)

Proof. We argue as in the proof of Proposition 5.6, replacing L. by &, 2. by 29,, and 4.
by i, = —ﬁws(s) (+ — 2he(s0)). Inequality (5.40) for 20, is then obtained inverting relation
(5.39) and from the corresponding estimate on 20.. O

Proof of Proposition 5.2 completed. Combining (5.33) with (5.40) we are led to

Uo(z) — A. < W (x,5) < Ve(x) + A, (5.41)
_ 1 E—w-‘,—l
where we have set A, = Ce™ 301 exp(—n?————— ). The proof is then completed with the
16(r¢(s))?
same arguments as in the proof of Proposition 5.1 ]
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5.5 Estimating the discrepancy
5.5.1 Linear estimates

The purpose of this section is to provide the proof of Proposition 5.3. So far Proposition
5.1 and Proposition 5.2 provide a good approximation of 20. on the level of the uniform
norm. However, the discrepancy involves also a first order derivative, for which we rely on
the regularization property of the linear heat equation. To that aim, set

11
A=(-1,1) x[0,1], AV = (—5, 5) X [%, 1], and more generally for o > 0
1 1 3
— 29 al/2 1 1 02 2
Ao =(=0,0) x 0,07, A7 = (=50, 50) x [70% 07

The following standard result (see e.g. [2] Lemma A7 for a proof) is useful in our context.

Lemma 5.6. Let u be a smooth real-valued function on A. There exists a constant C > 0
such that

Uzl oo (nrr2y < Cllue — Ugallpoo(a) + [[ullLoo(a))-
We deduce from this result the following scaled version.

Lemma 5.7. Let o > 0 and let u be defined on A,. Then we have for some constant C > 0
independent of o

HUxHEOO(Aé/z) < C | lut = gzl oo (a1l Lo (a,) + Q_QHUH%OO(AQ)} : (5.42)

Proof. The argument is parallel to the proof of Lemma A.1 in [1], which corresponds to its

elliptic version. Set h = u; —ugy, let (xg,tg) be given in Aé/Q, andlet 0 < p < g be a constant
to be determined in the course of the proof. We consider the function

(y,7) = u (2py + w0, 4p° (1 — 1) + t0)) ,

so that v is defined on A and satisfies there

Vg — Vyy = ,u2h((2uy + x0, 43 (T — 1) + tg)) on A.
Applying Lemma 5.6 to v we are led to

vy (0,1)] < C (1|1 (2uy + o, 4> (1 — 1) +t0)) [l oo ) + [[0]l Lo ()

< C (12||hllpooa,) + lull zooga,)) -

so that, going back to u, we obtain
plua (20, t0)| < C (12]|Blpoo(a,) + lulloe(a,)) - (5.43)

We distinguish two cases:

[ ]l L=
12| o

1
2
Case 1: ||ul|p= < 0*||h||L=. In this case we apply (5.43) with y = ( > . This yields

1/2 1/2
luy (0, to)| < 2C [ul[¥2 B2,
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Case 2: ||ul|p= > 0%||h||Le. In this case we apply (5.43) with p = . We obtain

|tz (20, t0)| <C (ollhllLeo(a,) + 0 1HUHL°°(A )

1 2 1/2 - (5.44)
< C(IIE2 Il 2 )+ Ml za,)) -
Ao) Ao)

In both cases, we obtain the desired inequality. O

5.5.2 Estimating the derivative of 2.

Consider the general situation where we are given two functions U and U, defined for (z,t) €
A, and such that Lo(U) = 0 and L.(U:) = 0, where s := ¢~ “¢, so that, in view of (5.4),

10,(U — U.) — 8,u(U —U.)| < C [\U — UL|([U2072 + |U.|20-2) + 5ﬁ\U€y29)} on A,.

We deduce from (5.42) applied to the difference U — U, that we have (we use the notation
|1l =" lzeo(a,) for simplicity)

| (U = Vo) 12, yayzy < C U = el (JUIP=2 4+ [V + 072) + €77 |[U = U] U]
Similarly applying (5.42) to U and U, we obtain

(U + U, 12 172y < CUUIP T 07> (U1 4 [T ]?) +e77 ([ U *)),
so that

I(U* = U2), I} a2y SCIU-Te PRI(U, Us) + U = ULl|RS(U, Ue)] (5.45)

where we have set
RI(U,U:) = (111772 + U2 + o 2) WU + U* + o 2 (U] + 1Ue]1?)
+ e (U2 + U |[T:|*)),
R§(U, Uz) = 7 U (U % + U1 + o 2(IU) + |U:)1?)
+ e (|| U240 + U] |[T:|*)).

We specify next the discussion to our original situation. Thanks to the general inequality
(5.45), we are in position to establish:

Proposition 5.8. If (5.21) hold and ¢ is sufficiently small, then for any s € I¢(sg) and

every x € O] (s) we have the estimate
2

vt a1
(20.)2() — AT (fe () 2(2)] < Cet.

Proof. We apply inequality (5.45) on the cylinder A, with o = 116 d’ ;. (so) and to the functions
v+

Uy, 7) = We(y + z,e%7 + 5) and Uc(y,7) = U, (y + ). We first estimate Ry and Ra.

Since we have

IN

Uy, 7)| + |U] < Cltn(s0) 77, for (y,7) € Ay,
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it follows that

R1(U,Ue) < d (80)747ﬁ and RS (U,U:) < gﬁd* . (30)747 -1,

min

Invoking inequality (5.42) of Lemma 5.7, and combining it with (A.7) and the conclusion of
Proposition 5.1, we derive the conclusion using a crude lower bound for the power of . [

Similarly we obtain

Proposition 5.9. If (5.10) hold and € is sufficiently small, then for any s € I¢(sy) and
every T € 924—1(8) we have the estimate
2

(W22 () — AT (e ()2 (2)] < Ceie. (5.46)

Proof of Proposition 5.3 completed. The proof of Proposition 5.3 follows combining Proposi-
tion 5.8 in the attractive case and Proposition 5.9 in the repulsive case with the estimates
(A.10). O

6 The motion law for prepared datas

In this section, we present the

Proof of Proposition 6. Step 1. First, by definition of L, assumption (H;) and estimate (7),
it follows that for fixed L > Lg, and for all ¢ sufficiently small (depending only on L),

D(s)Nl,, C I V0o <s< S,

so that (Cy,g) holds.

Step 2. Since the assumptions of Corollary 3.1 are met with the choice sg = 0 and L = Ly,
we obtain that for ¢ sufficiently small, WPI;O(SIEOgIOg,s) holds and d‘;’lli“n(s) > 1dr..(0) =
%min{a%_H —al, k=1,--- 6y — 1}, for all s € I°(0), as well as the identities J(s) = J(0),
Gi(ki%)(s) = Gi(ki%)(O) and tx(s) = 1x(0), for any k& € J(0).

Step 3. We claim that for any s; < s € I*(0), we have

lim sup (dissipt (s1, s2)) = 0. (6.1)

e—0

Indeed, let L > Lo be arbitrary. We know from Step 1 that (Cr,g) holds provided ¢ is
sufficiently small. By Proposition 3, for € sufficiently small there exists two times s and s5
such that 0 < s§ < 51 < s9 < 85, |s; — 55| < e* L and WPI;(éfog, s%) holds for i = 1,2. From
the second step and assumption (H;) we infer that €L (s]) = &Llo(s]) = e¢lo(s5) = &L (s5).
Invoking Corollary 3.1 we are therefore led to the inequality

€
dissipX® (51, 59) < dissipZ (s, s5) < C My <6£

w
) + CL™@F2) (55 — 51 4 2e¥HIL).
log

Since L > Lo was arbitrary the conclusion (6.1) follows letting first ¢ — 0 and then L — oc.
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Step 4. In view of Corollary 3 we may find a subsequence (¢, )en tending to 0 such that
the functions a;" (-)nen converge uniformly as n — 0 on compact subsets on I*(0). Consider
the cylinder

CZ.;_% = [ak + dmm( ) ak+1 d;knm( )] X I*(O)

It follows from Step 2 and Proposmon 5.3 that

1
en Y&, (0s,) = A (2(9 )l)rk+ (s)_(‘“+1)7k ase, =0, fork=1,---45—1 (6.2)
uniformly on every compact subset of C;
ax+1(8) — ax(s).

Step 5. As in (4.1), we consider a test function y = x, with the following properties

Y where 7, is defined in (5.13) and where r;, 1(s) =
2

x has compact support in [a} dfmn( ), af + dmm( )],
x is affine on the interval [a) 4d:‘mn( ), af + 4dfmn( )], with ¥’ =1 there

X oo @) < Cldiin (0), [1X'|| oo (ry < € and [|X" || oo ) < Clfsn(0)
It follows from the definition of xj that x} = 0 outside a, and so is e~“&(v.)x}. It follows
from (6.2) that for s; < sp € I*(0),

A= 4d:nln( ) 52 —% 1
e (51,82, x,) = (/ e ) X"(@dw) (/51 )\k_z(g Vry_a(s) 917k_;ds> -

min

/ak+ 5Tin //( \d (/82 )\_72(91—1) ( ),% d >
X (z)dx . 1(8) 0=17, 1ds
ak+1d* (0) s1 k+% bta bta

4 “min

as €, — 0. Since the above two integrals containing x” are identically equal to 1 and —1
respectively, we finally deduce from (42) combined with (6.1) and (6.3), letting &, tend to 0,
that for s; < s9 € I*(0) we have

ED) _ 1
lak(s1) — ak(52)|6;x) = /81 (Ai(;(e;)l) kaé(s)f(wﬂ)’m; - A (2(9 )1 Tk+;(8)(w+l)%+;> ds,

which is nothing else than the integral formulation of the system (S). Since the latter
possesses a unique solution, the limiting points are unique and therefore convergence of the
ay, for s € I*(s) holds for the full family (v.)c>0.

Step 6. We use an elementary continuation method to extend the convergence from I*(0)
to the full interval (0, S). Indeed, as long as d’; (s) remains bounded from below by a strictly
positive constant (which holds, by definition of Spax, as long as s < S) we may take s as a
new origin of times (Step 2 yields WPL°(xi¢€, s)) and use Steps 1 to 5 to extend the stated
convergence past s. The proof is here completed. ]

7 Clearing-out

The purpose of this section is to provide a proof to Proposition 7. We are led to consider the
situation where for some length L > 0 we have

D.(0) N [=5L,5L] C [—koL, koL (7.1)
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for some (small) constant ko < 1. It follows from Theorem 2 that

Cr,s holds, where S = pg <2> 7

and that for s € [0, S] we have
D.(s) N [-AL, 4] € [Ko(s)L, ko(s)T] (72

where )
s \«t2 1
Ko(s) :=ko+ [ — —. 7.3
o= w0+ (=) 73)

For those times s € [0, S] for which the preparedness assumption WPIL(«;e, s) holds we set

{dsmil(s) = min{laj;,(s) —ai(s)], k € J7(s)}, and
dypin(s) = min{ag 1 (s) — ag(s)], k€ T (s)},
with JE(s) = {k € {1,--- ,£(s)—1}, s. t €yl = F1}, o that d2,, (s) = min{d>} (s),d> (s)},

? 'min

with the convention that the quantities are equal to L in case the defining set is empty.

At first, we will focus on the case J~(s) # (. The following result provides an upper bound
in terms of d.’. (s) for a dissipation time for the quantized function ¢L. This phenomenon
is related to the cancellation of a front with its anti-front, and is the main building block for
the proof of Proposition 7.

Proposition 7.1. There exist k1 > 0, oz > 0, and Ko > 0, all depending only on V' and
My, with the following properties. If (7.1) holds, if sg € (e“L2,S) is such that ko(so) < K1,
WPL(ase, so) holds, J~(so) is non empty, and sy + ICCOld '~ (s0)“T2 < S, then there exists

min

some time 7;i’1+(50) € (s0,S) such that WPIL(«ge, 7;01 (so)) holds,

EL(Te (s0)) < €L(s0) — 1, (7.4)

where Wy 1s a constant introduced in Lemma 3.2, and

w—+2
Tt (50) = 50 < Koot (dimls0)) " - (7.5)

We postpone the proof of Proposition 7.1 to after Section 7.1 below, where we will analyze
more into details the attractive and repulsive forces at work at the ¢ level. We will then prove
Proposition 7.1 in Section 7.2, and finally Proposition 7 in Section 7.3.

7.1 Attractive and repulsive forces at the ¢ level

In this subsection we consider the general situation where Cy, 5 holds, for some length L > 0
and some S > 0.

In order to deal with the attractive and repulsive forces underlying annihilations or split-
tings, we set

Frps(s) = = By (a1 (s) —ai(s)
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and consider the positive functionals

Fanl8) = D Frya(s) Fauls) == D Fraals), (7.6)

keJt(s) keJ=(s)

with the convention that the quantity is equal to 400 in case the defining set is empty. For
some constants 0 < ko < k3 depending only on My, we have and V'

R P ()75 < diia() < maF(s) 2,
U o (7.7)
K2 frgep(s) “ dm (S) < /i3‘/__‘r€ep(8) “.
Let so € [¢“L?, 9] be such that
WPL(xge, s9) holds  and  dok(so) > 16q1(ae)e. (7.8)

We consider as in Corollary 3.3 the stopping time

T (x2, 50) = max {so + > < s < S st dil(s) >8qi(a)e Vs € [so+£“2 5]},

min

and for simplicity we will write 75 (so) = T (x2, S0). In view of (7.8) and the statement of
Corollary 3.3,

WPL(aye,s) holds Vs € Z5(s0) = [s0 + €, T (s0)]-

The functionals F5; and Fr, are in particular well defined and continuous on the interval of
time Z§(so) with J*(s) = J"(so) and J~(s) = J (sg) for all s that interval. Note that the
attractive forces are dominant when d;; (s) < d’ * (5) and in contrario the repulsive forces

min
. + s
are dominant when d_\ (s) < d_: (s).

We first focus on the attractive case, and for s € Z§(sp), we introduce the new stopping
times
Ti(s) = inf{s < 5" <75 (s0), Fare(s') = V¥ Fare(s) or s" =T (s0)},

where V1 = 10k%#5 2, so that v1 > 10 and T (s) < T (so). In view of (7.7), we have

1 /i2 £, €, €
o (2 e < o, 79
and if 77 (s) < 75 (so) then

The next result provides an upper bound on 7y (s) — s. Central in our argument is Propo-
sition 6, which we use combined with various arguments by contradiction. We have

Proposition 7.2. There exists g > 0, depending only on V and My, with the following
properties. If J~(so) # 0, § € Z§5(so) and

Boe < di(8) < diii(3), (7.11)
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then we have

R N O\ w2
TE6) -5 <Ko (A7) (7.12)
where Kg is defined in (19), and moreover if T(8) < S then
doin (T (3)) < Ao (TF(3)). (7.13)

Proof. Up to a translation of times we may first assume that § = 0, which eases somewhat
the notations. We then argue by contraction and assume that the conclusion is false, that
is, there does not exist any such constant 35, no matter how large it is chosen, such that
the conclusion holds. Taking g = n, this means that given any n € N, there exist some
0 < &, < 1, a solution v, to (PGL)., such that &, (v,) < My, such that WP (ot1€,,,0)
holds, such that

nep < dN

(0) = diz;, (0) < 7 (0), (7.14)

min min

and such that one of the conclusion fails, that is such that either

TP = T (0) > Ko (diin(0)), (7.15)
or
i (1) > doi (TY). (7.16)
Setting S§ = Ko(d:%(0))“T2, relation (7.15) may be rephrased as
Fa(s) < V7 F(0) and dif, (s) > 8q1(ez)en for any s € [0, Sg, (7.17)

where the superscripts n refer to the corresponding functionals computed for the map wv,,.
Passing possibly to a subsequence, we may therefore assume that one at least of the properties
(7.17) or (7.16) holds for any n € N,. Also, passing possibly to a further subsequence, we
may assume that the total number of fronts of v,(0) inside [-L,L] is constant, equal to a

number ¢, denote af'(s),---,a}(s) the corresponding front points, for s € [0,7"], and set
dy, (s )_dfn"l’n (5),df(s) = dfﬁif( ); dn(s) = di (5).

In order to obtain a contradiction we shall make use of the scale invariance of the equation:
if ve is a solution to (PGL). then the map ¥z(z,t) = v (rx,r*t) is a solution to (PGL)z with

& = r~le. As scaling factor r,, we choose r,, = d-"'~(0) > ne, and set

O (2, ) = vp(rpx, r2t), op(z,7) = Op(x,8,°7), (7.18)

so that o, is a solution to (PGL)s, satisfying WPé:(ocgén, 0) with L, = r,'L and

n

1
Yep = (d57(0))'e, < —, hence we have &, — 0 as n — +oo0.
n

én = (Tn) min

-1, n (2+4w)

Jap(s) =ry, ag (rn s) are the front points of v,,.
d=T de . for b, so that

min’ “min’ “min

d (s) = —ld (r; —(24w) s), J+(s) —1d+( —(24w) s), and Czn( )—T_ld (ro —(2+w) s),

The points af(s) = o tal (rn (2+w)8), e

Let d* d+ d,, be the quantities corresponding to d’.-

and notice that d,,; (0) = d,(0) = 1. We next distinguish the following two complementing
cases.
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Case 1: (7.17) holds for all n € N,. It follows from assumption (7.17) that WP?:(OQ&::”,T)

holds for every 7 € (0, S7), where S = r;(2+w)5’3 = Ko. Let ko € {1,---, £} be such that
agy11(0) — ag, (0) = dii (0).

Upon a translation if necessary, we may also assume that aj, (0) = 0 so that ay, ,,(0) = d.7 " (0).

min

We denote by fgtt the functional F5, computed for the front points of v,, so that

Faie(ry ®H)s) = rZH Fi(s).

By construction we have
ay,(0) = 0 and ay, 1(0) =1 =d, (0). (7.19)

Since £, — 0 as n — 0o, we may implement part of the already established asymptotic anal-
ysis for (PGL). on the sequence (Un)nen. First, passing possibly to a subsequence, we may
assume that for some subset J C J(0) the points {ax(0)},.; converge to some finite limits
{&g}kejg whereas the points with indices in J(0) \ J diverge either to +oo or to —co. We
choose LL > 1 so that

_ L L
u{ay} cl-=, = (7.20)
ke 272
In view of (7.19), we have ag,(0) = 0,dr,+1 = 1 and inf{|ag1(0) — ax(0)|,k € J} = 1. We
are hence in position to apply the convergence result stated in Proposition 6 to the sequence
(0,,(-))nen. It states that the front points (@} (7))kes, which do not escape at infinity con-
verge to the solution (ax(+)) wej of the ordinary differential equation (S) supplemented with
the corresponding initial values (a(0)), ., uniformly in time on every compact subset of
(0, S’max), where gmax denotes the maximal time of existence for the solution. In particular,
we have

d, (1) — d; (7), uniformly on every compact subset of (0, Sinax),

lim sup F;‘tt(T) > Fae(a(r)) forevery 7 € (0, gmax),

n—-+o00

the presence of the lim sup being related to the fact that some points might escape at infinity
so that the limiting values of the functionals are possibly smaller. We use next the properties
of the differential equation (S) established in Appendix B. We first invoke Proposition 1
which asserts that S'max < Ko and that

Fy(a(r)) = 400 as 7 — S

Hence, there exists some 71 € (0, Smax) C (0, Kp) such that, if n is sufficiently large, then

Fain(r1) > v Fi 0).

Coing back to the original time scale, this yields F2, (r%*21) > 0¥ F7%, (0). Since r¥*+27 €

(0,72 o) = (0,57 this contradicts (7.17) and completes the proof in Case 1.

Case 2: (7.16) holds for all n € N,. We consider an arbitrary index j € J*. As above,
translating the origin, we may assume without loss of generally that a?(()) = 0. We also
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define the map v,, as in Case 1, according to the same scaling as described in (7.18), the only
difference being that the origin has been shifted differently. With similar notations, we have

a}(0) =0 and @}, ,(0) > 1 =d,, (0).

Passing possibly to a further subsequence, we may assume that the front points at time 0
converge to some limits in R denoted a;(0). We are hence again in position to apply the
convergence result of Proposition 6, so that the front points (@} (s))res, which do not escape
at infinity converge to the solution (a(-))xe,; of the ordinary differential equation (S) supple-
mented with the corresponding initial values (@ (0))xe;, uniformly in time on every compact
subset of (0,5 ..), where S’

hax ! ax denotes the (new) maximal time of existence for the solution.
It follows from assumption (7.3~9), Theorem 1 and scaling that 0 < 77 = lim inf T” <gs

max-*
We claim that, for any 7 € (0,77), and for sufficiently large n, we have

K2
2/%3 '

Y

a3 (1) = afsa ()| (7.21)
This is actually a property of the differential equation (S). We have indeed, in view of
Proposition B.1, 0 < Fiep(a(7)) < Frep(a(0)), so that it follows from (7.7) that

_ K
|a;(7) — aja(r)| = —,
K3
which yields (7.21) taking the convergence into account. Since (7.21) holds for any j, we
deduce that

at (T7) 2 S2dz (0)

min — 2/4‘ min
and therefore by (7.16) we have
A (T7) = & (T) = &5 (T7) > —2 450 (0) > —2 ne. (7.22)
min min min 2/{1 min 2”3

For n sufficiently large, this implies that 7" < 77", and therefore from (7.10) we have

1 ko _
d€n7 < 7z En‘,
min (7?1) — 10 K3 min ( )’
which is in contradiction with (7.22). O

We turn now to the case where d:' (s) < d7 (s). In order to handle the repulsive forces

at work, for s € Z§(sp) we introduce the new stopping times

T (s) = inf{s < 5" < T5(s0), Frep(s') < V5 Fg(s) or 8" =75 (s0)},

where vy = 18%, so that vy < 1. Notice that, in view of (7.7), we have, if 75 (s) < 75 (s0),
3
Ao (T5 () 2 vy ' 2ot () > 1043 (s). (7.23)
K3
With & introduced in Proposition 1, we set
B 2/{3 w42

=8¢ . .24
=5 (2 (720
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Proposition 7.3. There exists 31 > 0, depending only on V and My, with the following
properties. If JT(so) # 0, § € I5(so) and

Bre < dii(8) < din(3), (7.25)
then we have oo
T(3) -5 <K (dh(9) (7.26)
and if Ty (8) < S then T3 (8) < Ts (so) and for any s € [8,T5 ()], we have
1
n() > S (5), (7.27)
and
€ -1 e [ay—L 1 e, (4
Fawe ()% < Fa(8) 7% + ;S(dmin(s))’ (7.28)

where Sy is defined in Proposition 1 and k3 is defined in (7.7).

Proof. The argument possesses strong similarities with the proof of Proposition 7.2, we there-
fore just sketch its main points, in particular relying implicitly on the notations introduced
there, as far as this is possible. By translation in time we also assume that § = 0 and argue
by contradiction assuming that for any n € N, there exist some 0 < ¢, < 1, a solution v,
to (PGL)., such that &, (v,) < Mo, WPE (a1€y,0) holds, such that ne, < d;(0), and such
that either, we have for any s € (0, ST"), where ST = K1d,} (0)%*2, d,,(s) > 8q(x2)e, and

K5 (dy (8) 7 = Fiop(s) = 05 Fe,(0) = v5k5 (dy (0)) ™ (7.29)
or, there is some 7, € (0,75") such that
1
driin (Tn) < 5S20l5,(5) (7.30)
or
1 R | -
i (ra) ™5 < Fi0)5 + 2 (d(5)). (7.31)
3
As in (7.18), but with a different scaling r, we set
Tn = dfgnj(O) > nep, On(z,t) = va(rpz, 72t), and 0,(z,s) = O, (z,£,%s). (7.32)

We verify that 9, is a solution to (PGL)z, with &, = (7,) ', — 0 as n — oo and that the
points a; (1) = r;laZ(r;(Hw)T) for k € J, are the front points of v,. We distinguish three

cases, which are complementing going if necessary to subsequences.

Case 1: (7.29) holds, for any n € N. Tt follows WP?:(oqén,T) holds for every 7 € (0,S"),

where SI' = r, (2+M)S{L = Ki. Let j be an arbitrary index in JT. Translating if neces-
sary the origin, we may assume that a}(0) = 0 so that a?,(0) > d;7(0) > ne, and hence
aj,1(0) —a%(0) > 1. Since &, — 0 as n — oo, we may implement part of the already estab-
lished asymptotic analysis for (PGL). on the sequence (0,)nen. First, passing possibly to a
subsequence, we may assume that for some subset J C J(0) the points {a;(0)} pej converge

to some finite limits {a)}, 7, whereas the points with indices in J(0) \ J diverge either to
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+00 or to —oo. We choose L > 1 so that (7.20) holds. It follows from Proposition 6 that for
T € (0,K1), we have

~ - - - L 1
(@541 (7) = @3 (T)] = [a@j1(7) = @5(7)] > (S17 + 8267 (0)F2) =F2 = (S17 + Sp) =t
as n — 0o, where the last inequality is a consequence of Proposition 1. Taking the infimum
over J*, we obtain, for n sufficiently large

~ 1
di(r) = inf (a7, (r) = @ (7)| 2 5 (SiT + 8)59 = 3 ($im)5 ¥ € (0,K1),  (7.33)

" jeJt J

N

On the other hand, going back to (7.29), with the same notation as in Proposition 7.2, we
are led to the inequality .
d (1) < kawy vyt for T € (0,Ky). (7.34)

In view of our choice (7.24) of Ky, relations (7.33) and (7.34) are contradictory for 7 close to
K1 yielding hence a contradiction in Case 1.

Case 2: (7.29) does not hold, but (7.30) holds, for any n € N. The argument is almost iden-
tical, we conclude again thanks to (7.33) but keeping S instead of S;7 in its last inequality.
Case 3: (7.29) does not hold but (7.31) holds, for any n € N. As in the proof of Proposition
7.2, we conclude that 0 < 75 = liminf, 4 7;” This situation is slightly more delicate than
the ones analyzed so far, and we have to track also the fronts escaping possibly at infinity.
Up to a subsequence, we may assume that the set J is decomposed as a disjoint union of

q
clusters J = ‘U1Jp where each of the sets J, is an ordered set of m, + 1 consecutive points,

that is J, = {%p, kp+1,---k,+mp,} and such that the two following properties holds:

e There exists a constant C' > 0 independent of n such that

|ag, (0) = ak,4-(0)| < C for any p € {1,--- ,q} and any r € {ky,--- ,mp}  (7.35)

e For 1 < p; < p2 <gq, we have &Zm - dzpl — +00.

Foragivenp € {1,--- ,q}, translating if necessary the origin, we may assume that ZLZP (0) =0,
and passing possibly to a further subsequence, that the front points at time 0 converge as
n — 400 to some limits denoted @y, ;(0), for k& € {k,,--- ,kp +m,}. Notice that, as an effect
of the scaling, all other front points diverge to infinity, in the chosen frame. We apply now
Proposition 6 to this cluster of points : it yields uniform convergence, for k € {k,,--- , k,+m,}
of the front points aj(-) to the solution a,(-) of the differential equation (S) supplemented
with the initial time conditions @, x(0) defined above. If Fftt denotes the functional F,q;
defined in (7.6) restricted to the points of the cluster .J,, we have in view of (B.17)
d

%Fftt(v') >0, forany p=1,---,q, foranyté€ (0,7'2).

On the other hand, since the mutual distances between the distinct clusters diverge towards
infinity, and hence their mutual interactions energies tend to zero, one obtains, in view of the
uniform convergence for each separate cluster, that

q q
lim Fri(r) =) Fh(r) > > FF(0)= lim 7, (0), for7e (0,72).
p=1 p=1

n—-+o0o n—-+o0o
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Therefore, for n sufficiently large we are led to

~ a1 ~ _1 1
Fin(T) ™% < Fin(0) 7% 45—

Scaling back to the original variables, this contradicts (7.31) and hence completes the proof.
O

From Proposition 7.2 and Proposition 7.3 we obtain

Proposition 7.4. There exists Ko > 0, depending only on V and My, with the following
properties. Assume that J~(so) # 0 and that s € I§(so) satisfies

At (s) > max(Bo, B)e,  and s+ Kadgp (s)“F? < S (7.36)
Then there exists some time T_(s) € Z§(so) such that
7:21 ( ) ] < ICQdfr’un( )UJ-"—Q’ (737)
and
A (Top (5)) < max (Bo, 8q1(02)) €. (7.38)
Proof. We distinguish two cases.
Case I:
diin(s) = dijin (s) < diii (s). (7.39)

In that case we will make use of Proposition 7.2 in an iterative argument. In view of (7.36),
we are in position to invoke Proposition 7.2 at time § = s and set s; = 7(s), so that in

particular
(s)°*2 and % (s1) < d%F(s1). (7.40)

min min

s1—s8 < Kods’

min

Notice that by (7.36) and (7.40) we have s; < S.
We distinguish two sub-cases:

Case 1.1: s1 = T§(s0) or d i (s1) < Boe. In that case, we simply set 7} (s) = s1 and we
are done if we require Ko > Ko, by (7.40) and the definition of 7 (so).

Case 1.2: 51 < T&(so) and d2); (s1) > Boe. In that case, we may apply Proposition 7.2 at

mln
time § = s; and set so = 7y (s1), so that in particular

(51)%12 and do (s9) < dot (s9). (7.41)

min min

82—31<]C0d’

min

Moreover, since in that case s = T(s) < Ty (s0), it follows from (7.10) that

A1) < S (s), (7.42)

min — 10 min
and therefore from (7.41) we actually have

S9 — 81 S ]C()IO (w+2)d€ .

min

(5)“T2  and  do(s2) < d5(s2). (7.43)

min
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We then iterate the process until we fall into Case 1.1. If we have not reached that stage
up to step m, then thanks to Proposition 7.2 applied at time § = s, we obtain, with

Sm+1 ‘= ﬂa(sm)a

St — Sm < Kodoo (8,)* T2 and A (sma1) < 5 (Sma1)- (7.44)

min

Moreover, since Case I.1 was not reached before step m, we have s, = T (sp—1) < T (so) for
all p < m, so that repeated use of (7.10) yields

_ 1\? . _
diin(sp) < (10> drin(5); Vp <m. (7.45)
From (7.44) we thus also have

Spi1 — 8p < Kol0 PWHD o (5)wt2) Vp < m, (7.46)

min

and therefore by summation

Smi1 — 8 < Ko(D_107P@D) o (5)+2, (7.47)

min
p=0

so that in particular from (7.36) it holds s,,+1 < S if we choose Ko > 2K. It follows from
(7.45) that Case I.1 is necessarily reached in a finite number of steps, thus defining 7, (s),
and from (7.47) we obtain the upper bound

(o]
Ty () —s < Ko(>_ 107P@H2) g5 (5)9+2 < 2Kod ()12, (7.48)
p=0
from which (7.37) follows.
Case 1I:
diib (s) = dit (5) < diga(s). (7.49)

Note that this implies that JT(sg) # 0. We will show that Case II can be reduced to Case
I after some controlled interval of time necessary for the repulsive forces to push d;+ above
dS:> . More precisely, we define the stopping time

Toos(s) = f{T5(s) = s > 5, di (s') < dipf ()}

As in Case I, we implement an iterative argument, but based this time on Proposition 7.3.
In view of (7.49) and (7.36), we may apply Proposition 7.3 at time § = s and set s; = 75 (s),
so that in particular

51— 8 < Kidoh (5)“T2 < Kydi (s)972 (7.50)

min

Notice that by (7.36) and (7.50) we have s; < S and therefore d= (s1) > 10d55 (s) > By,
and by (7.28)

(7.51)
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We distinguish two sub-cases.

Case II.1: s1 > T5.s(s). In that case we proceed to Case I which we will apply starting at
s1 instead of s and we set 7 (s) := T (s1). Since, combining the first inequality of (7.51)
with (7.7), we deduce that

A5 (s1) < kgky M (s) + dt (8) < (kgky b+ 1) d5 (s), (7.52)

min min

the equivalent of (7.48) becomes

T (s1) — s1 < Ko 210 PADy o (1)@ 2

col
p=0
< QICodmm

< 2K (kaky ' + l)w+2 do (s)“T2,

min

(o) (7.53)

and therefore it follows from (7.50) that

min

oy (8) = s < T (s1) —s1+(s1—s) < (IC1 + 2K (kaky ' + 1)“’*2) do ()2, (7.54)

and (7.37) follows if Ky > K1 + 2Ko (rgry ' +1)“72.

Case I11.2: s1 < T5.s(s). In that case we proceed to construct sa = Ty (s1). Notice that
combining the second inequality of (7.51) with (7.7), we deduce that

_ _ 1 . _
diﬂln(sl) < "13"12 1d16171in( ) Sdfnjr_l( 1) S R3"€271d16171in(8) Sdfmn(sl) (755)
so that 5
A (51) < iy (s1) < gy o (s). (7.56)

We explain now the iterative argument. Assume that for some m > 1 have already con-
structed s1,-- - , Sy, such that for 2 <p <m

sp< S, Pre <df(sp) S (5p),  sp=T5(sp-1)
First, repeated use of (7.23) yields
i (sp) = 10°df (s),  VI<p<m, (7.57)
and actually
din(sp) > 107795 (s),  V1<g<p<m, (7.58)

Hence, by repeated use of (7.28), we obtain
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Combining the latter with (7.7), we deduce that

dein(sm) < Raky ' di(s) + L (sm) < gra Tl (s) + 5dfn;(8m)

min min 5 min

so that

min min min

05t (5m) < @5 (5m) < rsmg ' (5) (7.59)

Let $pm+1 := T5 (Sm). Then by (7.26) and (7.57)

mln

Smg1 — s < Ky | d5F (s)9F2 + dem (sp) )@ +2

m-1 (7.60)
< K Z 10~ (w+2)(m— p)di:r-l( m)w+2

p=0
< 2K d () T2

Combining (7.60) with (7.59) we are led to

s ) OK3 +1Cde—()w+2

m+1 4/432 min
and therefore by (7.36) we have sp,41 < S.
Combining (7.59) with (7.57), we obtain

0 < driy (5m) = difiy (sm) < — dg_()—lom(d8+())

min min min min

and therefore necessarily

m < logg (%)

min

It follows that the number mg = sup{m € N,,d" (sp) > d=F (s,,)} is finite, and at that

*5 Y'min min

stage we proceed to Case I as in Case I1.1 above, and the conclusion follows likewise, replacing
(7.52) by
9
diin(8mo1) < 21 i (5)
which is obtained combining

+ - +
diun(smoJrl) < K3ko 1dmln( ) dfnln(5m0)7

with 5
driin(5mo) < diyin(smo) < Jhisny iy, (s).
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7.2 Proof of Proposition 7.1

We will fix the value of the constants k1, ag and K. in the course of the proof.
Let sg be as in the statement. We first require that

K3 > Ko and that o3 > 16q1(oc2),

so that assumption WPL(«s, so) implies assumption 7.8 of Subsection 7.1.

Next, we set s = sg 4+ £“12 and we wish to make sure that the assumptions of Proposition
7.4 are satisfied at time s. In view of the upper bound (7) on the velocity of the front set, we
deduce that

dei(s) > dib (so) — Cp“’”a > age — Cp“’”s > max(fBo, B1)e

min min

provided we choose o3 sufficiently large. Also,

L (s0) < diii(s0) — Cp“+2€<difn() d;?n(80)+00“+26<2di,m( 0); (7.61)

2 min min

and therefore provided we choose
’Ccol > 2W+2/C2

it follows from the assumption so+ Keoldin (50)* 2 < S that s+ Kad3h (s)“+? < S. Therefore
we may apply Proposition 7.4. Let T, (s) € Z§(so) be given by its statement, so that by
(7.61)

7;01 ( ) - < 2w+2l€2d;1n( )w+2,
and
iy (Tey () < max (8o, 8q1(o2)) €. (7.62)

By Proposition 3.1, there exists some time T2, (so) € [T2) (s), Ty (8) + do(oes)e“™?] such

that WPIL (e, 7201 (s0)) holds. In view of (7.61) and since d_’; (so) > age, it follows that

0< 7;01 (s0) — so < evt? 4 2‘”*21C2d;m(so)‘”+2 + qg(oc3)€w+2

1+
< (2 P ) s (769
3
<K001dm1n( )w+2

provided we finally fiz the value of K.y as

1+ go(ex:
Keol = <2w+21<2 + o:m 3)> .
3

[Note that at this stage Ko is fixed but its definition depend on «s which has not yet been
fixed. Of course when we will fix o3 below we shall do it without any reference to K¢q, in
order to avoid impossible loops]

Next, we first claim that

¢l(s0) > €L(s) > LTS (s0)).
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In view of Corollary 3.2, it suffices to check that L > Lo(so, 7= (s0)), where we recall that

col

the function Lo(-) was defined in (3.6). In view of (7.63), this reduces to

100C L=+ [Cod® (s0)<+2 < L.

min = 4

Since by (7.2) we have d_; (so) < 2ko(so)L, it suffices therefore that

1
1 W wF2
<1 L =
Ko(so0) < 5 <4OOCelCcol> a

and we have now fized the value of k;.
Next, we claim that actually

EX (TS (s0)) < €X(s0) — 1.

Indeed, otherwise by Corollary 3.2 we would have €X(75"(sg)) = €L(so), and therefore

col
€,+

condition C(age, L, sg, 7.1 (s0)) of Subsection 3.4 would hold. Invoking Proposition 3.3, this

col

would imply that condition WP (Ajeg(etse), 7) holds for 7 € (so + 72, 7;i’l+(so)), so that in
particular

drin(Ter (50)) = Aog(exze).
It suffices thus to choose ag sufficiently big so that
Alog(O('g,e) > max(ﬁo, 8C|1(O(2)))€,

and the contradiction then follows from (7.62). O

7.3 Proof of Proposition 7

We will fix the values of k4 and p, in the course of the proofs, as the smallest numbers which
satisfy a finite number lower bound inequalities.
First, recall that it follows from (53) and (7) that if 0 < s < po(R — 7)“*2 then

D(s) N1y C kUJ (by — R, b, + R) C I, where the union is disjoint, (7.64)
€Jo

and in particular Cy, g holds where

S = po(R— 1)**? > py (2) |

Having (3.6) in mind, and in view of (7.64) and (54), we estimate

R

*(UJ+2) < 7
100C.L S < 100C, <2L

w—+2
> S < 100C.0 @t < %

where the last inequality follows provided we choose o, sufficiently large. As a conse-
quence, the function €L is non-increasing on the set of times s in the interval [e¥L2,S]
where WP (e, s) holds.
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For such times s, the front points {aj(s)}recs(s) are well-defined, and for ¢ € Jy, we have

defined in the introduction Jy(s) = {k € J(s),aj(s) € [b; — R,b; + R]}, and we have set
by =1Jq and Jy(s) = {kg, kgs1,- -, kgye,—1}, where ky =1, and kg = 01 +--- + £41 + 1, for
q=>2.
Step 1. Annihilations of all the pairs of fronts-antifronts. We claim that there exists some
time 5 € (¢“L?,15) such that ng(éfog, 5) holds and such that for any ¢ € Jy, ek+%(§) = +1,
for k€ Jg(5) \ {kq(8) + £4(5) — 1} or #J4(5) < 1, or equivalently that 14(5) = T4 (5) for k
and k' in the same J,(5). In particular, d°. (5) > 2R.

min

Proof of the claim. If we require &, to be sufficiently large, then by (54) we have that e“L2 +
el < §/2, and therefore by Proposition 3 we may choose a first time

50 € [e¥L%,e“L? + e TL]  such that WP;(élsog, s0) holds.
Actually, we have

50 < e9T2 4 eI < 26912 < 207 @HDyt2 < 972D gt < L guis( AetDg (7 65y
- - - - = po

Note that by (7) we have the inclusion
@E(SQ) NI, C ./\/(b, To),

where )
w2
ro=r-+ <80) < 2r,
Po

provided once more that «, is sufficiently large, and where for p > 0 we have set N(b, p) =
Ugeso[b5 — p, b5 + p]. In view of the confinement condition (53) only two cases can occur:

i) do: (so) > 3R —2rg or i) dS (s0) < 2r.

min min

If case i) occurs, then, for any ¢ € Jy, we have €yl = +1, for any k€ Jo(11)\ {kq(s0)+

l4(sp) — 1}. Choosing § = sq, Step 1 is completed in the case considered.

If instead case ii) occurs, then we will make use of Proposition 7.1 to remove the small
pairs of fronts-antifronts present at small scales. More precisely, assume that for some j > 0
we have constructed 0 < s; < .S and 7; > 0 such that WPQ(éfog, s;) holds, such that we have

De(sj) NI CN(byry),  €L(s5) < €X(s0) — jhu, (7.66)

as well as the estimates,

no|

Jw2) _
)2 Ltz 9 (7.67)

; Sj§50+(2w+2Kcol+1m0 S5

TOS?”jS’YjTOS

1

where 7y := (2 +2 <%) W), and moreover that case ii) holds at step j, that is

do (S]’) < 27"j < R. (768)

min
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Let 3; := 7.; (s;) be given by Proposition 7.1 (the confinement condition holds in view
of (7.64) and we have 6180g > «ge provided «, is sufficiently large), and let then s;41 €

37,8 4+ e“T1L] satisfying WPg(éfog, sj+1) be given by Proposition 3. In particular, we have
L., Liz. L. L .
EL(s511) < €4(3;) < €L (sj) — w1 < €L (s0) — (G + D, (7.69)

Since
Sj+1 — 8j < ]Ccol(QTj)w+2 + vty < (2w+2K:CO1 + 1) T;f)+2,

we have, in view of (7.67)

,yj(w+2) -1

Sj+1 < S0 + (2w+2/ccol +1) EGEEEE

+ ,_Yj (w+2)] TSH_Q

) AUHDW+2) _ 1 -
etz 0

(7.70)
< 5o+ (2972 Ko + 1

and by (7) D.(sj11) NI, C N(b,rj41), where

1 1 1
]C w42 1 L w+2 ,C w42
rip1 =1;+ 2 ( “‘1) i+ —¢ <> <|2+2 <1> rj=nqrj.  (7.71)
Po Po € Po

In view of (7.65) and (54), we also have

’)’j+17“0 < 2f>,j+1o(*—1R (7.72)
and
G +2)
So + (2w+2/C001 + 1) 7 7w+2 1 TBU+2
| (7.73)
w3 (w+2) 92w+4 o ,y(]+1)(w+2) -1 —(wt2)
< ?a* + T (2"‘) ,Ccol + 1) W Qly S.

It follows from (7.70), (7.71), (7.72) and (7.73) that if o, is sufficiently large (depending only
on My, V and j), then (7.67) holds also for s;;1. As above we distinguish two cases :

i) dyn(sjt1) 23R =2rj41 or i) diy (si1) < 24

If case i) holds then by (7.67) we have d. (sj+1) > 2R, we set § = s;41 which therefore
satisfies the requirements of the claim, and we proceed to Step 2.

If case ii) occur then we proceed to construct sj;o as above. The key fact in this recurrence
construction is the second inequality in (7.66), which, since ¢L(s;) > 0 independently of j,
implies that the process as to reach case i) in a number of steps less than or equal to My/n;.
In particular, choosing the constant o, sufficiently big so that the right-hand side of (7.72) is
smaller than R/2 for all 0 < j < My/u; and so that the right hand side of (7.73) is smaller
than S/2 for all 0 < j < My/p ensures that the construction was licit and that the process
necessarily reaches case i) before it could reach j = My/u; + 1, so defining § as above. [
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Step 2: Divergence of the remaining repulsing fronts at small scale. At this stage we have
constructing § € [e¥L2, %S] which satisfies the requirements of the claim in Step 1. Moreover,
note that in view of (7.65) and (7.67) we have the upper bound

Mo

i g

§< [ 205t 4 ow 2wtk 41 rot?, (7.74)

2-1

In order to complete the proof, we next distinguish two cases:
i) #J4(5) <1, for any q € Jp. i) $Jg(8) > 1, form some gg € Jy.
If case i) holds, then we actually have

d=t () > 2R. (7.75)

min

Since 2R > 16q1(5150g)5 when o, is sufficiently large, it follows from Corollary 3.3 that
WPL (81041050 8) holds for any 5 4 2T < s < T (8, 3), where

min

T5 (Brog, §) =max {5+ < s < S st dih(s)) > 8q1(B,)e Vs € [§4+12 5]}
In particular, WP;(éfoglog, s) holds for any s in § +&?T% < s < 755(61€og, 5), where

Ee(éfog,é) =max {5+t <s< S st dL(sS)>R Vs €[5+ 4]},

min

In view of (7.75) and estimate (7), we obtain the lower bound
T (B10g: 8) > 5+ po R T2 (7.76)
Note that (7.76) and (54) also yield
T3 (B1og: 8) = &+ poo; 7912 > poo 1re 2, (7.77)
Combining (7.74) and (7.77) we deduce in particular that

WPL(xe,8,) holds and  dok(s,) >R>r

min

which is the claim of Proposition 7, provided

Yo (w+2)

B 1
P > (3 + 2922 )+ 1)7 : 1 ) and ps < pooi; L. (7.78)

It remains to consider the situation where case ii) holds. In that case, we have

di ( ) > 2R and d5+( ) < 2,7Mo/u17= < R

min min

so that we are in a situation suited for Proposition 7.3. We may actually apply Proposition
7.3 recursively with sg := & and § = §; = (75)*(50) where 59 = § + 5“’*2 as long as do (55)

remains sufficiently small with respect to R (say e.g. d2. (sk) < o2 R provided o is chosen
sufficiently large), the details are completely similar to the ones in Case II of Proposition 7.4
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and are therefore not repeated here. If we denote by kg the first index for which dfn;(fko)

becomes larger than S%r (in view of (7.27)) and k; the last index before d=f reaches as R,
then we have

1 _ 1
Sko < Cret? and Sk > = (@+2)/2 pw+2 > 7a5kw+2)/2rw+27
¢ C
for some constant C' > 0 depending only on My and V, and the conclusion that WPL(aqe, s;)

holds follows as in case i) above, choosing first p, sufficiently large (independently of «.) and
then «, sufficiently large (given p.). O

8 Proofs of Theorem 2, 3 and 4

8.1 Proof of Theorem 2

Theorem 2 being essentially a special case of Theorem 3, we go directly to the proof of
Theorem 3. Notice however that in Theorem 2 the solution to the limiting system is unique,
so that the result is not constrained by the need to pass to a subsequence.

8.2 Proof of Theorem 3

We fix S < Spmax and let L > k;'Lg, where Lg is defined in the statement of Proposition 6
and Kk, in the statement of Proposition 7. We set R = %min{agJrl — a%, k=1,---,6y—1}
and consider an arbitrary 0 < r < R/«,. Since (H;) holds, there exists some constant &, > 0
such that, if 0 < ¢ < &, then (53) holds with by, = af for any k € {1,---,4y}. We are
therefore in position to make use of Proposition 7 and assert that for all such £ condition
WPL (e, sp) holds as well as (55) and (56). It follows in particular from (55) and (56) that
for every k € 1,---,ly we have §Ji(s,) = |mY|, where m{ is defined in (12), and therefore
gJ(sr) = iozl ]mg\ = /1, in other words the number of fronts as well as their properties do
not depend on € nor on 7.

We construct next the limiting splitting solution to the ordinary differential equation and
the corresponding subsequence proceeding backwards in time and using a diagonal argument.
For that purpose, we introduce an arbitrary decreasing sequence {r, }men, such that 0 <
r1 < R/a,, and such that r,, — 0 as m — +oo. For instance, we may take r,, = %R/oc*, and
we set s, = S;,,. Taking first m = 1, we find a subsequence {1 }nen, such that e,7 — 0
as n — oo, and such that all points {a;""(s1)}kes converge to some limits {a}(s1)}res as
n — +o0. It follows from (56), passing to the limit n — 400, that

min(81) = 71. (8.1)

We are therefore in position to apply the convergence result of Proposition 6, which yields in
particular that
De,(5) N — UL {aj(s)}  Vs1 <5 < Sha, (82)

as n — 400, where {a},(-) }xes is the unique solution of (S) with initial data {aj,(s1)}res on

its maximal time of existence (s1,SL,.).
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Taking next m = 2, we may extract a subsequence {e, 2 }nen, from the sequence {e,, 1 }nen.
such that all the points {a;"*(s2)}yes converge to some limits {aZ(s2)}res as n — +oc.
Arguing as above, we may assert that

D, ,(s) N Ly — U {ak(s)}  Vsa < s < S2. (8.3)

as n — +oo, where {a2(-)}xes is the unique solution of (S) with initial data {a?(s2)}xres

on its maximal time of existence (sq, S2,,). It follows from (55), namely that only repulsive

forces are present at scale smaller than R, that S2,, > s1. Therefore, since we have extracted

a subsequence, it follows from (8.2) and (8.3) that af(s1) = aj(s1) for all k € J, and therefore

also that S2,, = SL.« = Smax and a2(-) = al(-) = ax(-) on (82, Smax)-

We proceed similarly at each step m € Ny, extracting a subsequence {&, m }nen, from the
En,m

sequence {€,m—1}nen+ such that all the points {a,"" (s,,) }res. Finally setting, for n € N,
En = Ep,n, We obtain that

D, (5) Ly — UL {ar(s)} YO <s< ST

where {ay(-) }res is a splitting solution of (S) with initial data {a{ }re,, on its maximal time
of existence (0, Spmax). Since L > Ly was arbitrary, it follows that (15) holds.

It remains to prove that (14). This is actually a direct consequence of (15), the continuity
of the trajectories ag(-) and regularizing effect off the front set stated in Proposition 2 (e.g.
(31) for the L*° norm). As a matter of fact, it is standard to deduce from this the fact that
the convergence towards the equilibria oy, locally outside the trajectory set, holds in any C™
norm, since the potential V' was assumed to be smooth. 0

8.3 Proof of Theorem 4

As underlined in the introduction, Theorem 4 follows rather directly from Theorem 3 and
more importantly its consequence Corollary 1 (whose proof is elementary and explained after
Proposition 1), combined with Theorem 1 and Proposition 2.

Let thus L > Ly and § > 0 be arbitrarily given, we shall prove that, at least for ¢ = ¢,
sufficiently small,

D:(Smax) N1, C Ujeqt, ’52}[6]' —0,bj + 6], (8.4)

and )
|0(@, Smax) — Gi(j-‘,—%)‘ < CO(6, L), (8.5)
for all j € {0,---,¢2} and for all x € (bj + 0,bj4+1 — 6), where we have used the convention

that by = —L and by,+1 = L. Since L can be arbitrarily big and J arbitrarily small, this will
imply that assumption (Hj) is verified at times Spax, which is the claim of Theorem 4.
Concerning (8.4), by Corollary 1 there exists

4]

w—+2
s € [Smax — Po (4> 7Smax)- (86)

such that 1 1
Uke{l"“’zl}{ak(‘g_)} C Uj6{1,~~-,£2}[bj - 15, bj + i(S]
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The latter and Theorem 3 imply that, for € sufficiently small,

_ 1 1. \¢

In turn, Theorem 1 (inclusion (7)) and (8.7), combined with the upper bound (8.6) on Smax —
s, imply that

3 3 \¢ _
D.(s) N3, N (uje{l,...m by — 26,5 + 15]) —0,  Vsels,Smal.  (8.8)

For s = Spax this is stronger than (8.4).
We proceed to (8.5). In view of (8.8), for any zg € I\ (Ujeq1,... ¢} [bj — 6, b+ 0]) we have,
for € sufficiently small,

1 1 _
Us(ya 3) € B(O—i7/"LO) V(y, S) € [.f() - §67 To + éd] X [5 7Smax]-

The latter is nothing but (29) for r = %5, sop = s~ and S = Spax, and therefore the conclusion

(8.5) follows from (31) of Proposition 2, with C(§,L) = %06(8/6)9711 as soon as €“/(Smax —
57) < 6%/64. O

Appendix A

vt vt
In this Appendix we establish properties concerning the stationary solutions u ‘1>1, u

which we have used in the course of the previous discussion, mainly in Section 5.

s €tc,

A.1 The operator L,

Consider for p > 0 the nonlinear operator £, defined for a smooth functions U on R by
2
dx?

and set for simplicity £ = £1. Most results in this section are deduced from the comparison
principle: if w1 and us are two functions defined on some non empty interval I, such that

L,(U) = U+2u0 U1,

Ly(ur) >0, L, (uz2) <0, and uy; > up on 91, (A.1)

then wuj(x) > ug(x) for x € I. Scaling arguments are also used extensively. Given r > 0 and
n > 0 we provide a rescaling of a given smooth function U as follows

U
Uypr=nU (> , and we verify that
" (A.2)

x —
‘CH(U%T)(x) = d EW(U)(;) where v = PL772(0 1)7-2_

)
In particular, if £,,(U) = 0, then we have

Eu(r_("fll) U(-)) =0and Ly, (N 2T U) =0, for any r > 0 and any A > 0.

r

Notice also that U* defined on (0, 4o00) by U*(z) = [v/2(0 — 1)30]_ﬁ solves L(U*) = 0.
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+ +
Lemma A.1. There exists a unique smooth map 1\./17" on (—r,r) such that ﬁ(l\./lr) =0 and

+
l\./lr (£r) = 400, and a unique solution U, such that L( 57«) =0 and 5T(:|:r) = +00. Moreover,

+ + +
Ytr s even, l1>1f, 1 odd, and, settingl\i = )\y/ll and v = 51, we have
vt _1 vtz _ 1 >,T
U (z) =r 710 () and tp(z) = r 7 1u(5). (A.3)
r r

. A Al
Proof. For n € N*, we construct on (—r,7) a unique solution u, ,, that solves L(u,,,) = 0 and
vt
u'I‘,TL
VA oo . . .
u, , is non negative, increasing with n and uniformly bounded on compact subsets of (—r,r)

(+£r) = n, minimizing the corresponding convex energy. By the comparison principle,

in view of (A.5) below. Hence a unique limit i/l:_ exists, solution to E()Yt:r ) = 0. We observe
that i/l:_n() > U*(rp — -), where r, = 7 + [v2(0 — 1)]7'n~=D so that we obtain the
required boundary conditions for Ytr . Uniqueness may again be established thanks to the
comparison principle. We construct similarly a unique solution ‘1>1T,n that solves E(inn) =0

v : > . - .
and u,,(£r) = +n. We notice that u,, is odd, its restriction on (0,7) non negative and
increasing with n. Moreover, on some interval (a,r), where 0 < a < r does not depend on n,

+
we have ,\“/lrn() > U*(7, — ) where 7, = 7+ [(§ — 1)]"'n~=1 | and we conclude as for the
first assertion. O

v >
Remark A.1. Given 7 > 0 and A > 0 we notice that the function U} and U} defined by

v __1 vt e 1 >
UMNz) = X" 2001 (2) and UMx) = A" 20Dy, (z) (A.4)

\Y% > +
solve £(U}) = 0 and £,(U}) = 0 with the same boundary conditions as i/tr and 1,.

Lemma A.2. i) Assume that L(u) <0 on (—r,r). Then, we have, for x € (—r,r)

1

u(@) < (V20-1)) T @) @) (A.5)
i1) Assume that L(u) >0 on (—r,r) and that u(—r) = u(r) = +o0o. Then we have

u(x) > (\/5(9— 1)>*m max{(a:+r)7ﬁ,(r—:r)fﬁ}. (A.6)

Proof. Set U = U*(- +r) 4+ U*(r — -). By subaddivity and translation invariance, we have
L(U) >0 on (—r,r) with U(£r) = 400, so that (A.5) follows from the comparison principle
(A1) with u; = U and ug = wu. Similarly, (A.6) follows from (A.1) with u; = » and
ug =U*(-+7r) or ug =U*(r — ). O

Combining estimate ii) of Lemma A.2 with the scaling law of Lemma A.1 we are led to

d v+ d > __0 77
= = < - — I ). .
|drur (x)|+|drur(ac)\ <Cr 71, forx € ( 8r,87") (A.7)
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A.2 The discrepancy for L,
The discrepancy =, for £, relates to a given function u the function Z(u) defined by

:2

E(u) = % s (A.8)

This function is constant if u solves L, (u) = 0. We set = = Zy,

Ap=2(8) = — (002 < 0and By=3(h) = MOk (A.9)

In view of the scaling relations (A.3) and Remark A.1, we are hence led to the identities

" ’ (A.10)

A.3 The operator L°

In this subsection, we consider more generally, for given A > 0 the operator L¢ given by

d2

L(U) = —a2Ut 20 fe(U),
. . .oVt oy > :
with f. defined in (5.4), and the solutions u,,, u.,, and u., of L*(U) = 0 on (—r,7) with

corresponding infinite boundary conditions, whose existence and uniqueness is proved as for
Lemma A.1.

Lemma A.3. We have the estimates

UL (@) + e ()] < C (20 1) 777 [ 4r) 77 4+ (=) 71

+
Proof. Tt follows from (5.5) that La /\(1\1/.5 ») < 0, so that, invoking the comparison principle as
4 b

+ +
well as the scaling law (A.2) we deduce that Ylw < (3)\/4)_2(9_1)11{,, . A similar estimate holds

for ﬁe,r and the conclusion follows from Lemma A.2. O

. . . . vt v
We complete this appendix by comparing the solutions u, and u_,., as well as ET and 55,7«.

£,1
Proposition A.1. In the interval (—&r, Ir) we have the estimate

vt vt 1 _20-1
., —u, | < Ceor 00-1),

Proof. Let ¢ < 6 < /16 to be fixed. It follows from Lemma A.3 that, for z € (—r+ 4,7 —9),
we have

+ _1
0<em (@) <C(5)"
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and therefore also

+ + =
T g (i, )| < 0 (5) 7 (A1)

+ +
It follows from (A.11) and the fact that £5(¥tw) = 0, that £, (ﬁw) < 0, where \f =
A1+ C(%)ﬁ) On the other hand, by the scaling law (A.2), we have

L~

5 <()\§)2("1” ’Yl:r—(s) = 0.

It follows from the comparison principle, since the second function is infinite on the boundary
of the interval [—r 4 0,7 — 0], that

+ - +
n,, < ()\TE)_WI*D Xtr_(; on [—r+46,r — 6.

e,r

Integrating the inequality (A.7) between r — ¢ and r, we deduce that for x € (—%r, %r), we

have the inequality
VT vt __0_
u,_s(x) —u, (x)] < Cor- =1, (A.12)

On the other hand, it follows from estimate (A.5) of Lemma A.2 that for z € (—%r, Ir),

_ n i 1
)T () s <€ (5) 7T (A1)

We optimize the outcome of (A.12) and (A.13) choosing § := =575 and we therefore obtain
+ + _ 20-1 77
’\”/la,r < l/l,n + CE%T #(e-1)  on (—gr, gr)

v+t
The lower bound for u_ . is obtained in a similar way but reversing the role of super and

e,r

+ 1 \/+ \/+

subsolutions: the function ( )‘Tf) 20-1 u, 5 yields a subsolution for £ on [~r, 7] whereas u,,
is a solution. The conclusion then follows. O

Similarly, we have:

Proposition A.2. In the interval (—%r, %7‘) we have the estimate

> > 1 201
e, —up| < Cedp 000-1)

Proof. We only sketch the necessary adaptations since the argument is closely parallel to
the proof of Proposition A.1. First, by the maximum principle ﬁa,r can only have negative

. . .. > . . .
maximae and positive minimae, so that actually u., has no critical point and a single zero,
which we call a.. Arguing as in Proposition A.1, one first obtains

()\;/)\)_2(61_1) 57‘767(18(. - a’e) Z 1‘>157T Z (Aj/)\)_m;—l) ]l'>17”+6*a5(. - 0/5) on [aE’ r—= 6]’
and

— (AT N T T (= a2) 2 ey = — (AN T D b 45(- —a.) o [—r + 4, a.).
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Since is,r is continuously differentiable at the point a. (indeed it solves L¢ (i,r) = 0), and

since the derivative at zero of the function ﬁr is a deacreasing function of r, it first follows
from the last two sets of inequalities that |a.| < 4, and the conclusion then follows as in
Proposition A.1. O

Appendix B

B.1 Some properties of the ordinary differential equation (S)

This Appendix is devoted to properties of the system of ordinary differential equations (S),
the result being somewhat parallel to the results in Section 2 of [5]. We assume that we are
given ¢ € N*, and a solution, for k € J = {1,--- £} t — a(t) = (a1(t), - ,as(t)) to the
system

%%ak(é’) = B l(an(s) = ap-1 ()] TV + By [(ansa(s) —an(s)] ", (B.D)
where the numbers q; are supposed to be positive, and are actually taken in (S) equal to
Sj(x), whereas the numbers B, 1 which may have positive or negative signs, are taken in
(S) to be equal to Fi(k_%). We also define qin = min{q;} and quax = max{q;}. We consider
a solution on its maximal interval of existence, which we call [0, Tipax]. An important feature
of the equation (B.1) is its gradient flow structure. The behavior of this system is indeed

related to the function F' defined on R? by

U):ZF,H_%(U), where, for k=0,---,£—1, and U = (uy, - ,uyp), we set

Fk+%(U) = —w_lB,H_% (ugr1 —ug)”“ with the convention that ug = —oco.
Ifug <ug <---<uy, fork=1,...,¢, then we have
oF —(w —(w
8Ttk<U) =By 1 (u, —up—1) (D) _ By 1 (upsr = up) @Y (B.2)
d OF
so that (S) writes gak(s) =—q. ' — B (a(s)). Hence, we have

l

2
Z@uk dak(’f)z—zqil (aF(a(t))> < —q; L [VF(a(®)]?, (B.3)

k=1

hence F decreases along the flow. We also consider the positive functionals defined by

rep ZFk+ , att— ZFk+ , fOTU:(Ul,"',W),
keJ* ke~

where J* = {k € {0,¢ — 1} such that €yl = sgn(BH%) =41}
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Proposition B.1. Let a = (a1, ,ay) be a solution to (B.1) on its mazximal interval of
existence [0, Timax]. Then, we have, for any time t € [0, Tiax]

w w L

(Foep(a(t)) %" > (Fiep(a(0)))™% + Sot, &5 (t) > (Sit + Sadf (0)¥H2) =+ (B.4)
_wt2 _ w+2 - . w 1 .
(Fae (a(t)))” = < (Fare(a(0)))™ = = Sot, &g (1) < (838, (0)°F% — Sat) =+2
where S > 0, §1 > 0, Sy > 0, S3 > 0 and Sg > 0 depend only the coefficients of (B.1).
Since &, (s) > 0, an immediate consequence of (B.4) is that
T < 2267, (0). (B.5)
Sy

Since the system (B.1) involves both attractive and repulsive forces, for the proof of Propo-
sition B.1 it is convenient to divide the collection {aj(t), az(t),--- ,ar(t)} into repulsive and
attractive chains. We say that a subset A of J is a chain if A ={k,k+1,k+2,--- ,k+m}
is an ordered subset of m consecutive elements in J, with m > 1.

Definition 4. A chain A is said to be repulsive (resp. attractive) if and only if €1 =—1
2

(resp. +1) for j =k, -k +m. It is said to be a maximal repulsive chain (resp. maximal
attractive chain), if there does exists any repulsive (resp. attractive) chain which contains A
strictly.

It follows from our definition that repulsive or attractive chain contain at least two elements.
We may decompose J, in increasing order, as

JIB[)UAlU31UA2UBQU'~~UBP,1UApUBp, (B.G)
where the chains A; are maximal repulsive chains, the chains B; are maximal attractive for
t=1,...,p—1, and the sets By and B), being possibly empty or maximal attractive chains.
Moreover for i =1 --- ,p the sets A; N B;, and B; N A;+1 contain one element.

B.2 Maximal repulsive chains

In this subsection, we restrict ourselves to the study of the behavior of a maximal repul-
swe chain A = {j,7 + 1,...7 + m} of m + 1 consecutive points, m < ¢ — 2 within the
general system (B.1). Setting, for £ = 0,---,m, ug(-) = ap4;(-), we are led to study
U() = (uo(+),ui(+), - ,up(-)). Since Bk+% < 0 in the repulsive case the chain U is moved
through a system of m — 1 ode’s,

%%Uk(s) = =B 1l[(ue(s) = e ()] 7Y + 1B gy 1y [(Me42(5) = we(s)] "€ (B.7)

d
for k=1,--- ,m — 1, whereas the end points satisfy two differential inequalities
_,0F, d _,0F,
n(s) 2~ S (), uols) < a5 (o), (B.5)
B m—1
where we have set Fyep(U) = ZF i1 (U). We assume that at initial time we have
2
k=0
UO(O) < ul(O) <0 < Um(O) (Bg)

Set &,(t) = min{ug41(t) —uk(t), k=0,---,m —1}. We prove in this subsection:
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Proposition B.2. Assume that the function W satisfies the system (B.7) and (B.8) on
[0, Tmax), and that (B.9) hold. Then, we have, for any t € [0, Tiax]

_wt2 w+2 w41 . 2(wt1)

(Frep(ll(t))) v _(Fmp(u(o»)*Tzﬂqm(wb’max)‘ “ 1, sothat  (B.10)

_1
Su(t) > (Sit + Saby(0)F2) =72, (B.11)
where 81 > 0 and Sy > 0 depend only on the coefficients of the equation (B.1).

The proof relies on several elementary observations.

Lemma B.1. Let U be a solution to (B.7), (B.8) and (B.9). Then, we have,

d ~ 2
5 Frep(U(1)) < ~imax |V Erep(W(H))| , for every t € [0, Tina]. (B.12)
The proof is similar to (B.3) and we omit it. For U = (ug,u1, - ,um) € R with
up < o0 < Uy set pmin(U) = inf{|ugsr —ugl, k=0,---,m—1} and Buyin = inf{]Bk+%|},
Bnax = Sup{|8k+%|}‘
Lemma B.2. Let U = (ug, -+ ,um) be such that ug < ug < -+ < Uy,. We have,
Bminwilpmin(U)iw S Frep(U) S Bmax(m + 1)(w)7lpmin(U)7w- (B13)
= _wtl =~ wil
[VEep(U)| < (m+ 2)Bmax((w — 1)Bmin) ™« (Frep(U)) =, (B.14)
OFep(U), _ 1 w1 (o “
> . w f— DR . .
e 2 5 (Bas) (Bep (@) = for every k=0, ,m (B.15)

Proof. Tnequalities (B.13) and (B.14) are direct consequences of the definition of Fiep. We

turn therefore to estimate (B.15). In view of formula (B.2), the cases k = 0 and k =
m + 1 are straightforward. Next, let k = 1,---m and set T} 1 = B, 1 (ugt1 — uk)_(wﬂ).
2 2

We distinguish two cases:

Case 1: Tp1 <3 T 1. Then, we have, in view of (B.2) T}, 41 < 2\—F( U)| <2|VF(U)|, and
we are done.

Case 2 : Tk_% > %Tk+%
Then either Tk_3 < %T _1, which yields as above Tk_% < 2|VF(U)|, so that we are done,
or T} 3 > Tk+ , and we go on. Since we have to stop at k£ = 0, this leads to the desired
1nequahty (B. 15) O

In that case, we repeat the argument with k£ replaced by k — 1.

to

Proof of Proposition B.2. Combining (B.12) with (B.15) we are led to

d - 1 _ 2(wtl) W

G Freo(U0) € 0k (@Bus) 7 (Frep(u(2)

Integrating this differential equation, we obtain (B.10). Combining the last inequality of
Lemma B.1 with inequality (B.13), inequality (B.11) follows. O
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B.3 Maximal attractive chains

Maximal attractive chains B = {j,j + 1, ...j + m}, with m < ¢ — 1 within the general system
(B.1), are handled similarly. Defining U as above, the function U still satisfies (B.7), but the
inequalities (B.8) are now replaced by

d 1 8Fatt d —1 aﬁ’att
Jotim(5) < =0l 5 (), ovo(s) > —ay 5 2 () (B.16)

Fatt(U ) is defined by Fog = —Frep, so that we have in the attractive case Fyy > 0. Up to a

change of sign, the function F, verifies the properties (B.13), (B.14) and (B.15) stated in
Proposition B.2. However the differential inequality (B.12) is now turned into

d -

— Fe(U(2)) > gt
dt tt( ( )) Z 9max

2(w+1)

VE )| > )=, (B.17)

where the last inequality follows from (B.15) and where C is some constant depending only
on the coefficients in (B.1). Integrating (B.17) and invoking once more (B.13), we obtain

Lemma B.3. Assume that U satisfies the system (B.7) and (B.16) on [0, Tiax] with (B.9).
Then for constants S3 > 0 and Sy > 0 depending only on the coefficients of (B.1), we have

8u(t) < (S304(0)912 — Syt) =3

B.4 Proof of Proposition B.1 completed

Inequalities (B.4) of Proposition B.1 follow immediately from Proposition B.2 and Lemma
B.3 applied to each separate maximal chain provided by the decomposition (B.6). O
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