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1 Introduction

In [1], 2], J. Kigami has laid the foundations of what is now known as analysis on fractals, by allowing
the construction of an operator of the same nature of the Laplacian, defined locally, on graphs having
a fractal character. The Sierpiriski gasket stands out of the best known example. It has, since then,
been taken up, developed and popularized by R. S. Strichartz [4], [20].

The Laplacian is obtained through a weak formulation, obtained by means of Dirichlet forms, built
by induction on a sequence of graphs that converges towards the considered domain. It is these Dirich-
let forms that enable one to obtain energy forms on this domain.

Yet, things are not that simple. If, for domains like the Sierpiniski gasket, the Laplacian is obtained
in a quite natural way, one must bear in mind that Dirichlet forms solely depend on the topology of the
domain, and not of its geometry. Which means that, if one aims at building a Laplacian on a fractal
domain, the topology of which is the same as, for instance, a line segment, one has to find a way of
taking account a very specific geometry. We came across that problem in our work on the graph of
the Weierstrass function [6]. The solution was thus to consider energy forms more sophisticated than
classical ones, by means of normalization constants that could, not only bear the topology, but, also,
the very specific geometry of, from now on, we will call W—curves.

It is interesting to note that such problems do not seem to arise so much in the existing literature.
In a very general way, one may refer to [8|, where the authors build an energy form on non-self similar
closed fractal curves, by integrating the Lagrangian on this curve.

We presently aim at investigating the links between energy forms and geometry. We have chosen to
consider fractal curves, specifically, the Sierpiniski arrowhead curve, the limit of which is the Sierpinski
gasket. Does one obtain the same Laplacian as for the triangle ? The question appears as worth to be
investigated.



2 Framework of the study

We place ourselves, in the following, in the Euclidean plane of dimension 2, referred to a direct or-
thonormal frame. The usual Cartesian coordinates are (z,y).

Notation. Given a point X € R?, we will denote by:

1
i. Simy 1 « the similarity of ratio 37 the center of which is X, and the angle, g ;
O RIEY

1
ii. SimX’%’_% the similarity of ratio 3 the center of which is X, and the angle, ——

Definition 2.1. Let us consider the following points of R?:

A=(0,0) , D=(L0) , B=S8imy1:(D) , C=Simy,

’2°3

We will denote by Vi the ordered set, of the points:

{A’ B’ C? D}

The set of points V7, where A is linked to B, B is linked to C, and where C is linked to D, constitutes
an oriented graph, that we will denote by Sg?. V1 is called the set of vertices of the graph ng.

Let us build by induction the sequence of points:

— S
(Vm)mEN* - (X;n)lgjg./\/’g”meN* ) Nm € N*

such that:
Xl=A , X}=B , Xi=4 , Xl=D
and for any integers m >2,0<j < NS, k€ N,/ € N:

T =X"N i k=03

. —1 : —
X g = Simenot 3 e s (X]’.’_‘H ) if k=1[3] and ¢ € 2N

Xpgr = SimMyma s Cpymecs (X;.n—l) if k=2[3 and ¢ e N\2N

J j+1 020
The set of points V,,, where two consecutive points are linked, is an oriented graph, which we will
denote by ngn. Vin is called the set of vertices of the graph Sg%.

Property 2.1. For any strictly positive integer m:

Vm C Vm—l—l



Property 2.2. If one denotes by (SGm),,cn the sequence of graphs that approxzimate the Sierpiriski
gasket SG, then, for any strictly positive integer m:

SG¢ € SGm

Definition 2.2. Sierpinski arrowhead curve
We will denote by SG° the limit:

SG¢ = lim S¢°,

m—r+00

which will be called the Sierpinski arrowhead curve.

Property 2.3. Let us denote by SG the Sierpiniski Gasket. Then:

lim SG¢ = S8G°¢ = SG

m——+00

Remark 2.1. The sequence of graphs (SG..),,cn+ can also be seen as a Lindenmayer system
("L-system"), i.e. a set (V,w, P), where V denotes an alphabet (or, equivalently, the set of constant
elements and rules, and variables), w, the initial state (also called "axiom"), and P, the production
rules, which are to be applied, iteratively, to the initial state.

In the case of the Sierpiniski arrowhead curve, if one denotes by:

i. F' the rule: "Draw forward, on one unit length" ;

it. + the rule: "Turn left, with an angle of %” ;

i71. — the rule: "Turn right, with an angle of g" ;
then:
1. the variables can be denoted by X and Y ;
7. the constants are F', +, — ;
714. the initial state is X F' ;

w. the production rules are:

X—-YF+XF+Y |, Y=>XF-YF-X



BEV1 _ .CGV1

AcV, DeV,

Figure 1: The graph SGY.
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Figure 2: The graph SGS.

1
Notation. Given a point X € R? we will denote by H 1 the homothecy of ratio 3 the center of
2
which is X,.

Property 2.4. Self-similarity properties of the Sierpinski arrowhead curve

Let us denote by E the point of R? such that A, D and E are the consecutive vertices of a direct

equilateral triangle. One may note that A, D and E are, also, the frontier vertices of the Sierpinski
gasket §G.

The Sierpinski arrowhead curve is self similar with the three homothecies:



BeV, C€V1

AcV, /_\ De V,

Figure 3: The graph Sgg.

Proof. The result comes from the self-similarity of the Sierpinski Gasket with respect to those homote-
cies:

3
SG = JMi(89)

=1



Figure 5: The points A, D and F, as frontier vertices of the Sierpiriski gasket.

Property 2.5. The sequence (/\/;‘,Sl) 18 an arithmetico-geometric one, with le =4 as first term:

meN
VmeN: NS =4N5—1)— (N5 —1)=3N3 -2

This leads to:
Vm e N*: NS

m

a=3" (NP -1 +1=3"T 41

Definition 2.3. Consecutive vertices on the graph SG¢

Two points X and Y of SGC will be called consecutive vertices of the graph SGC if there exists a
natural integer m, and an integer j of {1, ,/\/}ﬁ - 1}, such that:

X=X" and Y =X,

or:

Y=X" and X=X/,

Definition 2.4. For any positive integer m, the j\/;‘fZ consecutive vertices of the graph SQS1 are, also,
the vertices of 3™~ trapezes Tm,j, 1 <J < 3m~1. For any integer j such that 1 < j < 3™~ !, one ob-
tains each trapeze by linking the point number j to the point number j + 1 if j =imod 4, 0 < i < 2,
and the point number j to the point number j — 3 if j = —1 mod 4. These trapezes generate a Borel
set of R2.



In the sequel, we will denote by 77 the initial trapeze, the vertices of which are, respectively:

A, B, C , D

Trapeze 7,

Trapeze 7,4 Trapeze 7,3

Figure 6: The trapezes 72,1, 72,2 and 72 3.

Definition 2.5. Trapezoidal domain delimited by the graph SG¢, m € N

m?

For any natural integer m, well call trapezoidal domain delimited by the graph Sg%, and denote
by D (S(]fn), the reunion of the 3™~ ! trapezes Tm,j, 1 <J < 3m—1

Property 2.6. Taking into account that the Lebesque measure of the first trapeze Ty is given by:

A1=.A(7-1):\{1§

one obtains, for any natural integer m > 1, the Lebesgue measure of a trapeze Tpj, 1 < j < 3m=1 by
noticing that each trapeze is, also, the reunion of three equilateral triangles.

Thus, for any natural integer m > 2, the Lebesgue measure of a trapeze Tp, j, 1 < j < 3m-1
by:

1S glven

3A
Am = ATng) = 1
Definition 2.6. Trapezoidal domain delimited by the graph SG°

We will call trapezoidal domain delimited by the graph SG¢, and denote by D (Sgc), the limit:

D(SG°) = lim D (SGS,)

m—-+00



Notation. In the sequel, we will denote by dg2 the Euclidean distance on R2.

Definition 2.7. Edge relation, on the graph SG°

Given a natural integer m, two points X and Y of ngn will be called adjacent if and only if X and Y
are two consecutive vertices of ngn. We will write:

X~Y
m
Given two points X and Y of the graph SG°, we will say that X and Y are adjacent if and only if

there exists a natural integer m such that:
X~Y
m

Property 2.7. Euclidean distance of two adjacent vertices of ngn, m € N

Given a natural integer m, and two points X and'Y of Sgﬁl such that X ~Y:
m

1
dR2(X, Y) == 27771

Property 2.8. The set of vertices (Vin),,en 5 dense in SG°.

Definition 2.8. Measure, on the domain delimited by the graph SG°
We will call domain delimited by the graph SG, and denote by D (SQC), the limit:

D (SG°%) = lim D (SG%,)

n—-+00

which has to be understood in the following way: given a continuous function u on the graph SG°,
and a measure with full support x on R?, then:

3m—1
/p(sgC)Ud“ =mg1£wz > u(X) p(Tomy)

Jj=1 X vertex of Tp, ;

We will say that p is a measure, on the domain delimited by the graph SG°.

Definition 2.9. Dirichlet form (we refer to the paper [14], or the book [23])

Given a measured space (F, ), a Dirichlet form on E is a bilinear symmetric form, that we will
denote by &, defined on a vectorial subspace D dense in L?(E, i), such that:

1. For any real-valued function u defined on D : E(u,u) > 0.



2. D, equipped with the inner product which, to any pair (u,v) of D x D, associates:

(u,v)e = (u,v) 2, + E(u,v)
is a Hilbert space.

3. For any real-valued function u defined on D, if:

u, = min (max(u,0),1) € D

then : &(uy, uy) < E(u,u) (Markov property, or lack of memory property).

Definition 2.10. Dirichlet form, on a finite set ([2])

Let V' denote a finite set V', equipped with the usual inner product which, to any pair (u,v) of functions
defined on V, associates:

peV

A Dirichlet formon V is a symmetric bilinear form £, such that:

1. For any real valued function u defined on V: £(u,u) > 0.
2. E(u,u) = 0 if and only if u is constant on V.
3. For any real-valued function v defined on V, if:

uy = min (max(u,0), 1)

le. :

1
VpeV: wulp) =4 ulp) si 0<up) <1
i 0

then: &(uy, uy) < E(u,u) (Markov property).

Notation. Let us denote by:

In3

the box-dimension (equal to the Hausdorff dimension), of the Sierpiniski arrow curve SGC.
For the sake of simplicity, we will from now on denote it by Dsg.

Let us now consider the problem of energy forms on our curve. The following points have to be
taken into account:



1. As mentioned in the preamble of this work, Dirichlet forms solely depend on the topology of the
sequence of graphs that approximate our curve.

7. Our curve is, indeed, self-similar, yet, it cannot be obtained by means of an iterated function
system, as it is the case with the Sierpiriski gasket, or the W—curve we studied in [6].

Such a problem was studied by U. Mosco [7], who specifically considered the case of what he called
"the Sierpinski curve", or "Sierpinski string". Yet, he did not dealt with the curve itself, but with
the Sierpinski gasket: "2D branches (...) meet together". Contrary to the arrow curve, the Sierpiriski
gasket exhibits self-similarity properties which turn it into a post-critically finite fractal (pcf fractal).

Yet, one can find interesting ideas in the work of U. Mosco. For instance, he suggests to generalize
Riemaniann models to fractals and relate the fractal analogous of gradient forms, i.e. the Dirichlet
forms, to a metric that could reflect the fractal properties of the considered structure. The link is to
be made by means of specific energy forms.

There are two major features that enable one to characterize fractal structures:
1. Their topology, i.e. their ramification.

7. Their geometry.

The topology can be taken into account by means of classical energy forms (we refer to [1], [2], [4],
120)).
As for the geometry, again, things are not that simple to handle. U. Mosco introduces a strictly positive
parameter, 0, which is supposed to reflect the way ramification - or the iterative process that gives
birth to the sequence of graphs that approximate the structure - affects the initial geometry of the
structure. For instance, if m is a natural integer, X and Y two points of the initial graph V;, and M
a word of length m, the Euclidean distance dr2(X,Y") between X and Y is changed into the effective
distance:

(dg2(X,Y)’

This parameter § appears to be the one that can be obtained when building the effective resistance
metric of a fractal structure (see [20]), which is obtained by means of energy forms. To avoid turning
into circles, this means:

1. either working, in a first time, with a value §y equal to one, and, then, adjusting it when building
the effective resistance metric ;

it. using existing results, as done in [§].

In the case of the arrow curve, at a step m € N* of the iteration process, the distance between two
adjacent points of Sg% is the same as the one between two adjacent points of the graph §G,,, and
take:

Inb
0= —
In4

10



C

m?

Definition 2.11. Energy, on the graph SG; , m € N, of a pair of functions

Let m be a natural integer, and u and v two real valued functions, defined on the set
Vi = {X?,...,X}(}S}
of the NS vertices of SGS,.

We introduce the energy, on the graph SG¢, of the pair of functions (u,v), as:

NS-1
e ey —a(xm) (o) - (X))
Ssgfn(uw) = ; ( d%Q(X,Y) - > < deQ(X,Y) . )
NS-1
= 302 (WX —u (X)) (0 (X — v (X]1)
=1

For the sake of simplicity, we will write it under the form:

Esge (w,0) = Y 4™ (u(X) —u(Y)) (v(X) —v(Y))
X%Y

Property 2.9. Given a natural integer m, and a real-valued function u, defined on the set of vertices
of Sggw the map, which, to any pair of real-valued, continuous functions (u,v) defined on the set V,
of the Ny, vertices of SGC,, associates:

m’

Esge (u,0) = D 4™ (u(X) = u(Y)) (v(X) —v(Y))
X;Y

is a Dirichlet form on SGS,.
Moreover:

Esge (u,u) = 0 & u is constant

Proposition 2.10. Harmonic extension of a function, on the graph of Sierpinski arrow
curve - Ramification constant

For any integer m > 1, if u is a real-valued function defined on Vp,_1, its harmonic extension,
denoted by u, is obtained as the extension of u to Vi, which minimizes the energy:

Esge (i, @) = Y 4™ (U(X) - a(Y))?
X;Y

The link between Egge and Egge » s obtained through the introduction of two strictly positive con-
stants ry, and rymy1 Such that:

rm Y AT (G(X) = a(Y)? = 4™ D (u(X) — u(Y))?

X~Y X ~1Y

m m—

In particular:

11



P40 3 (@(X) —a(V)E =40 Y (u(X) — u(Y))?

X~Y X~Y
1 1

For the sake of simplicity, we will fix the value of the initial constant: r1 = 1. One has then:

. 1 .
SSQTCn (u7u) = 71 S6¢ (’LL, u)
Let us set:
1
r=—
1
and:

Em() =rm Y 4™ (W(X) — a(Y))?

X~Y
m

Since the determination of the harmonic extension of a function appears to be a local problem, on the
graph I'w, ., which is linked to the graph Sgg1 by a stmilar process as the one that links Sgg to ng,
one deduces, for any integer m > 2:

By induction, one gets:

If v is a real-valued function, defined on Vy,—1, of harmonic extension v, we will write:

Em(u,0) =1~ Y 4™ (A(X) —al(Y)) (9(X) — 3(Y))
X~Y

The constant r—1, which can be interpreted as a topological one, will be called ramification constant.
For further precision on the construction and existence of harmonic extensions, we refer to [13].

Remark 2.2. Determination of the ramification constant r

Let us denote by u a real-valued, continuous function defined on V;, and by 4 its harmonic extension
to Va.

Let us denote by a, b, ¢ and d the values of u on the four consecutive vertices of V; (see the following
figure):

and by:

i. e and f the values of 4 on the two consecutive vertices ££ and F' that are between A and B:

7. g and h the values of @ on the two consecutive vertices G and H that are between B and C"



Figure 7: Determination of the ramification constant between graphs of level 1 and 2.

7. 4 and j the values of @ on the two consecutive vertices I and J that are between C' and D:
ul)=i , u(J)=y
One has:

Ssgf(ﬂ,ﬁ) =(a—b 4 (b—c)*+ (c—d)?

Esge (@) = (a—e)? +(e— )P+ (0= )+ (90" +(h—g)* +(c—h)* +(i— )’ + (i —i)* + (d— j)

Since the harmonic extension % minimizes 589(2:, the values of e, f, g, h, i, j are to be found among

the critical points e, f, g, h, 4, 7 such that:

Psog 1) | Psos (1) _ | Psos (1) | Psos (1) _ | 0505 (i) _ | DEsge (u D
Oe of dg oh 0i 0j

This leads to:

2a+0b) 2(a+20) 2b+c 2(b+2¢) . 2c+d) 2(c+24d)

p— T ——— p— h:7 p— p—
e 5 o 3 y g 5 ; 5 ;0 3 s J 5
and:

. 1 -
Thus:

1
rt=2

One may note that the ramification constant is exactly equal to one plus the number of points that
arise in Vi, 11, for any value of the strictly positive integer m, between two consecutive vertices of Vi,.
We thus fall back on the results we previously obtained in [18], [6] for the graph of the Weierstrass
function.

Definition 2.12. Energy scaling factor

By definition, the energy scaling factor is the strictly positive constant p such that, for any inte-
ger m > 1, and any real-valued function v defined on V,,,:

5395; (u,u) = Pgsgfn (u|Vm717u‘Vm71)

13



Proposition 2.11. The energy scaling factor p is linked to the topology and the geometry of the fractal
curve by means of the relation:

Definition 2.13. Dirichlet form, for a pair of continuous functions defined on the graph SG¢

We define the Dirichlet form £ which, to any pair of real-valued, continuous functions (u,v) defined
on the Sierpinski arrow curve SGC, associates, subject to its existence:

E(u,v) = im E, (W, Vv, ) = i A (upy, (X) = upy, (V) (o, (X) = vy, (V)
Xy

Definition 2.14. Normalized energy, for a continuous function u, defined on the Sierpinski
arrow curve

Taking into account that the sequence (Em (umn))meN is defined on

V.= JV

1€N
one defines the normalized energy, for a continuous function u, defined on the curve SG¢, by:

Ew) = lim En (wy,,)

m—-+00

Notation. We will denote by dom & the subspace of continuous functions defined on SG, such that:

E(u) < 400

Notation. We will denote by dom; £ the subspace of continuous functions defined on SG¢, which take
the value on V7, such that:

E(u) < 400

14



3 Laplacian of a continuous function, on the Sierpinski arrowhead
curve

Definition 3.1. Self-similar measure, on the graph of the Sierpiriski arrow curve

A measure p on R? will be said to be self-similar for the domain delimited by the Sierpiriski arrow
curve, if there exists a family of strictly positive pounds (u1, 2, p3) such that:

3 3
p=> pipoH;t . > =1
=1

i=1

For further precisions on self-similar measures, we refer to the works of J. E. Hutchinson (see [?]).

Property 3.1. Building of a self-similar measure, for the domain delimited by the Sier-
pinski arrow curve

The Dirichlet forms mentioned in the above require a positive Radon measure with full support. The
choice of a self-similar measure, which is, mots of the time, built with regards to a reference set, of

measure 1, appears, first, as very natural. R. S. Strichartz [3], [4], showed that one can simply consider
auto-replicant measures [i, i.e. measures ji such that:

3
i=) mfoHt (%)
i=1
where (fi1, fie, fi3) denotes a family of strictly positive pounds.

This latter approach appears as the best suited in our study, since, in the case of the graph SGC, the ini-
tial set consists of the trapeze Ty, the measure of which, equal to its surface, is not necessarily equal to 1.

Let us assume that there ezists a measure fi satisfying (*).
Relation () yields, for any set of trapezes Tpj, m € N, 1 < j < 3™ 1:

3
il U s | =Y malwt | U T

1<j<3m -1 i=1 1<j<3m—1

and, in particular:

3
A (H1 (Ti) U H2 (Th) UH3 (Th)) Z
1.e.:
3 3
Zﬂ i(T) = Z i/1(Th)
The convenient choice, for any i of {1,2,3} , is

p(Hi (1)) 3

T TR

One can, from the measure fi, build the self-similar measure p, such that:

15



3
p=> pipoH; !
=1
where (Mi)1<i<3 18 a family of strictly positive pounds, the sum of which is equal to 1.

One has simply to set, for any i of {1,2,3} :

223 9
The measure p is self-similar, for the domain delimited by the Sierpiriski arrowhead curve.

Definition 3.2. Laplacian of order m € N*

For any strictly positive integer m, and any real-valued function u, defined on the set V,,, of the vertices
of the graph SGSI, we introduce the Laplacian of order m, A,,(u), by:

Apu(X) = > (@Y)-uX)) VX € Vn\W
YGVm,YzX

Definition 3.3. Harmonic function of order m € N*

Let m be a strictly positive integer. A real-valued function u,defined on the set V,,, of the vertices of
the graph Sg%n, will be said to be harmonic of order m if its Laplacian of order m is null:

Apu(X)=0 VX € Vo \ Vo

Definition 3.4. Piecewise harmonic function of order m € N*
Given a strictly positive integer m, a real valued function u, defined on the set of vertices of SG°, is

said to be piecewise harmonic function of order m if, for any word M of length m, uw o T\ is
harmonic of order m.

Definition 3.5. Existence domain of the Laplacian, for a continuous function on the
graph SG¢ (sce [14])

We will denote by dom A the existence domain of the Laplacian, on the graph SG¢, as the set of

functions v of dom Esuch that there exists a continuous function on SQC, denoted A wu, that we will
call Laplacian of u, such that :

E(u,v) = — vAudp for any v € dom; €
D(8G¢)

Definition 3.6. Harmonic function

A function u belonging to dom A will be said to be harmonic if its Laplacian is equal to zero.

16



Notation. In the following, we will denote by Hg C dom A the space of harmonic functions, i.e. the
space of functions © € dom A such that:

Au=0

Given a natural integer m, we will denote by S (Ho, V,,,) the space, of dimension N]", of spline functions
" of level m", wu, defined on SG°, continuous, such that, for any word M of length m, wo Ty is
harmonic, i.e.:

Ap (woThm) =0

Property 3.2. For any natural integer m:

S (Ho, Vin) C dom &

Property 3.3. Let m be a strictly positive integer, X ¢ Vi a vertex of the graph SGC, and Y € S(Ho, Vin)
a spline function such that:

m _Joxy VY eV, B 1 if X=Y
wx(Y)—{ 0 v vguy, o where 5XY‘{0 else

Then, since X ¢ Vo: Y% € domy E.
For any function u of dom&, such that its Laplacian exists, definition (3.5) applied to ¥} leads to:

E(u, %) =02, Em(w, ) = —r "%y Apu(X) = —/ VX Audp ~ —Au(X) / VX dp
D(86°) D(86°)

since Au is continuous on SGC, and the support of the spline function P is close to X :

VY Audp ~ —Au(X) / Y du

/D(sgc) . D(86°) X

By passing through the limit when the integer m tends towards infinity, one gets:
: m _ : m

1.e.:

m——+00

-1
Au(X)= lim rm4m ( /D (Sgc)w;’?du> Apu(X)

17



4 Explicit determination of the Laplacian of a function u of dom A

The explicit determination of the Laplacian of a function u of dom A requires to know:

d
/D(sgc) Yy dp

As it is explained in [20], one has just to reason by analogy with the dimension 1, more particulary,
the unit interval I = [0, 1], of extremities Xy = (0,0), and X; = (1,0). The functions ¥x, and v¥x,
such that, for any Y of R? :

vx,(Y)=0xy , Yx,(Y)=0x,y

are, in the most simple way, tent functions. For the standard measure, one gets values that do not
depend on X7, or Xy (one could, also, choose to fix X; and X9 in the interior of I) :

1
[oxidu= [owidu=3
I I

(which corresponds to the surfaces of the two tent triangles.)

Y
X

Figure 8: The graphs of the spline functions ¥ x, and ¥x,.

In our case, we have to build the pendant, we no longer reason on the unit interval, but on our trapezes.

18



Given a strictly positive integer m, and a vertex X of the graph SQE,L, two configurations can occur:

i. the vertex X belongs to one and only one trapeze 7y, ;, 1 < j < 3m-t,

In this case, if one considers the spline functions v which correspond to the 3 vertices of this
trapeze distinct from X:

> /D () Vg dp = 11(Tn.j)

Z vertex of Tp,

i.e., by symmetry:

N Tdp = 1 (Trn,
i (oge) PR =T

Thus:

X

Figure 9: The graph of a spline function ¥%, m € N.

it. the vertex X is the intersection point of two trapezes 7, ; and Py, j41, 1 < j < am-1

On has then to take into account the contributions of both trapezes, which leads to:

/ Y dp = % e (Ting) + 1 (Tigjs1) }
D(86°)

19



Theorem 4.1. Let u be in domA. Then, the sequence of functions (fm),,en+ Such that, for any strictly
positive integer m, and any X of V, \ V1 :

~1
fn(X) =M amd (/D(SQC) (56 dM) Ay u(X)

converges uniformly towards Aw, and, reciprocally, if the sequence of functions (fm),en+ converges
uniformly towards a continuous function on V, \ Vy, then:

uw € domA

Proof. Let u be in dom A. Then:

-1 / . Au'¢dp
—m gm (/ ?Chﬁ) Ay u(X) = D(S9°)
D(56°) /D (o) R

Since u belongs to dom A, its Laplacian A u exists, and is continuous on the graph SGC. The uniform
convergence of the sequence (fp,),,cn follows.

Reciprocally, if the sequence of functions (fy,),,c~ converges uniformly towards a continuous function
on V, \ V1, the, for any natural integer m, and any v belonging to dom; &:

Em(u,v) = Z P (yy, (X) =y, (V) (o, (X) = o, ()
(XY)€VZ, X~y

- > P AT (g, (V) = gy, (X)) (o, (Y) = vy, (X))
(XY)eVR, XY

S Y e Y (0 () - ()

X eV \W Y eVm, VX
=t S (X) (g, (V) =, (X))
Xev, Y €V, Y~ X
_ — D A y(X) Ay u(X)
XEVm\Vl
-1
_ Z v(X) (/ . w;g%m) P gmo </ . lb??du) A u(X)
X eV\V1 D(SQ ) D(Sg )

Let us note that any X of V,,, \ V; admits exactly two adjacent vertices which belong to V;,, \ Vi, which
accounts for the fact that the sum

> rmame > v(X) (up,, (V) =y, (X))
X eVn\Vi Y €Vin\V1, Y~ X
has the same number of terms as:
> r=m A" (upy, (V) =y, (X)) (v, (V) = oy, (X))
(X,Y) S (\/m\‘/v1)27 X%Y
For any natural integer m, we introduce the sequence of functions (fy,),,en« such that, for any X

of Vm \ VII
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-1
fm(X)=r"™ 4mo (/D(Sgc) (LA du) Ay u(X)

The sequence (fi),,cn+ converges uniformly towards A u. Thus:

Euw) = ~ [ oy | T () B, (X008

X eVp\V1

4.1 Spectrum of the Laplacian

In the following, let u be in dom A. We will apply the spectral decimation method developed
by R. S. Strichartz [20], in the spirit of the works of M. Fukushima et T. Shima [23]. In order to
determine the eigenvalues of the Laplacian A u built in the above, we concentrate first on the eigen-
values (—Ay,),,cy of the sequence of graph Laplacians (A, u),, . built on the discrete sequence of
graphs (I'w,, ),,en- For any natural integer m, the restrictions of the eigenfunctions of the continu-
ous Laplacian Awu to the graph I'yy, are, also, eigenfunctions of the Laplacian A,,, which leads to
recurrence relations between the eigenvalues of order m and m + 1.

We thus aim at determining the solutions of the eigenvalue equation:

—Au=Au on SQC

as limits, when the integer m tends towards infinity, of the solutions of:

—Apu=Anu onVy,\V

Let m > 2. We consider an eigenfunction u,,—1 on V,,—1 \ Vi, for the eigenvalue A,,_1. The aim
is to extend u;,—1 on Vj,, \ V1 in a function wu,,, which will itself be an eigenfunction of A,,, for the
eigenvalue A,,, and, thus, to obtain a recurrence relation between the eigenvalues A,, and A,,_1. Given
three consecutive vertices of ngn_l, Xk, Xg+1, Xgy2, where k denotes a generic natural integer, we
will denote by Yj11, Yiio the points of V,, \ V,,—1 such that: Yi1, Yiio are between Xj and Xp,q,
by Yii4, Yits, the points of V,, \ V-1 such that: Yii4, Yii5 are between X1 and Xjio, and
by Yii7, Yiis, the points of V,, \ Vi,—1 such that: Yy, 7, Yiig are between Xy o and Xy, 3. For the

sake of consistency, let us set:

Yi=Xi , Yies=Xir1 » Yige = Xiyo o Yigo = Xpgs

The eigenvalue equation in A,, leads to the following system:

{ {Am =2} um (Yigiv1) = —um Yeri) — um Yepire) = —Um—1 (Xpgi) — m (Yegize)

,0<i<2
{Am =2} um (Yeriv2) = —tm Yipit1) — um YViriv1) = —wm—1 (Xgriv1) — wm (Yeriv1)

The sequence (um (Yk+i))o<ico Satisties a second order recurrence relation, the characteristic equation
of which is:

2+ {A, -2} r+1=0

The discriminant is:
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Yi:4€Vim Yi+5€Vm

X k42€ Vi,
X k+1€ V-1 kv2® Fm-1

Yk+2€ Vi

X k+3€ Vin_q

X k€ V-1

Figure 10: The points Xy, Xg+1, Xgt2, Xg+3, and Yy, ..., Yito.

bm={Am -2 —4=w? , wneC
The roots 71, and o ,, of the characteristic equation are the scalar given by:

2— Ay — wm , :2—Am—|—wm
2 ) 2,m 2

One has then, for any natural integer ¢ of {0,...,9} :

Ttm =

U (Yiti) = Om T + B T

where «,, and 3, denote scalar constants.

The extension u,, of uy,—1 to Vi, \ V1 has to be an eigenfunction of A,,, for the eigenvalue A,,.

Since -1 is an eigenfunction of A,,_1, for the eigenvalue Ay,—1, the sequence (um-—1 (Xr+i))ocico
must itself satisfy a second order linear recurrence relation which be the pendant, at order m, of the
one satisfied by the sequence (um (Yi1i))o<i<g, the characteristic equation of which is:

{Am—l —2} r=—1 —7“2

and discriminant:

5m—1 = {Am_1 — 2}2 —4 = w2 , Wm—1 € C

m—1

The roots 71,,—1 and 72,1 of this characteristic equation are the scalar given by:

2— A1 — w1 ” _ 2— Ayt +wm—t
2 ; 2,m—1 2

"ym—1 =

For any integer ¢ of {0,...,9}:

Um—1 (Yk—l-z) = Qm—1 Ti,mfl + /Bm—l Té,mfl

where «a;,_1 and 3,,_1 denote scalar constants.
From this point, the compatibility conditions, imposed by spectral decimation, have to be satisfied:

um (Yi) = um—1(Xg)
Um, (Yits) = um—1(Xk+1)
Um (Yies) = tm—1 (Xig2)
Um, (Yito) = um—1(Xk+3)

ie.:
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O + B = -1+ Bm-1 Cm

3 3 _
m - - s — - ym— s
Am Ty + B T, Un-1T1m-1+ Bn-172m-1 Cim
6 6 _ 2 2
Am T+ B2 = Qm—171 -1 T Bm-173,_1 Com
9 9 _ 3 3
OmTim + Bm Tam = Om—1T1;m—1 + /Bm—l T2m—1 C37m

where, for any natural integer m, a,, and [, are scalar constants (real or complex).

Since the graph SGS,_; is linked to the graph SGS, by a similar process to the one that links SGS
to ng, one can legitimately consider that the constants «,, and f,, do not depend on the integer m:

VvmeN: ap,=a€eR , B,=p€R

The above system writes:

e T?,m + Bré”m = arym-1+Br2m-1

o T?,m + 6 rg,m = T%,m—l + /B r%,m—l
8 g _ 4 1

ATy + 815y = Qrip, g+ BT

One has then to consider the following configurations:

1. First case:
For any natural integer m :

T1,m € R Tom € R

and, more precisely:

rl,m < 0 3 ’r2’m < O
since the function ¢, which, to any real number x > 4, associates:

2—x+ey/{z—2}>—4

o(z) = 5 , e {-11}

is strictly increasing on |4, +-00[. Due to its continuity, is is a bijection of |4, +o00[ on ¢ (|4, +o0[) =] — 1, 0[.

Let us introduce the function ¢, which, to any real number x > 2, associates:

—24+x—¢ x—22—4
o(a) = lp(a)| = LV

2

where ¢ € {-1,1}.

The function ¢ is a bijection of |4, +o00[ on ¢ (]4, +o0[) =]0, 1[. We will denote by ¢! its inverse
bijection:

(y+1)°

Vzeloll: ¢ Hz)= y

One has then:
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4.

2— A _

This yields:

which leads to:

and:

Second case :
For any natural integer m:

Tim € C\R Tom =T1,m € (C\R

Let us introduce:

Pm = ’Tl,m‘ € R* ;O = argrim if T1,m #0

The above system writes:

P8 {7y cos (60,,) + 0 sin(660,,)} = p2,_1 {7y cos(20m—1)+ 6 sin(26,,-1)}

o2, {y cos(30,) +0sin(30,)} = pm_1 {7y cos(Om_1) + 6 sin (0m_1)}
P2 {7y cos(90,,) +0sin(960,,)} = pd,_1 {7 cos(30m_1)+ 6 sin(36,,-1)}

where v and ¢ denote real constants.

The system is satisfied if:

and thus:

6 (Am) = (& (A1)

which leads to the same relation as in the previous case:
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where ¢ € {—1,1}.

5 Detailed study of the spectrum of the Laplacian

As exposed by R. S. Strichartz in [20], one may bear in mind that the eigenvalues can be grouped into
two categories:

i. initial eigenvalues, which a priori belong to the set of forbidden values (as for instance A = 2) ;

7. continued eigenvalues, obtained by means of spectral decimation.

We present, in the sequel, a detailed study of the spectrum of A.

5.1 Eigenvalues and eigenvectors of A,

Let us recall that the vertices of the graph Sgg are:

with:
X}=A , X}=B , X:(=C , X},=A
For the sake of simplicity, we will set here:
X3=E , X;=F , X¢=G , X¢=H , X¢=I , X3=1J
One may note that:

Card (V2\V1)=10—-4=6

Let us denote by u an eigenfunction, for the eigenvalue —A. Let us set:

u(A)=a€R , uB)=beR , ulC)=ceR , uD)=deR

uE)=eeR , uwF)=feR , ul@G@=9g€R , uwH)=heR , ul)=ieR , ulJ)=j5€R

One has then:
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Figure 11: Successive values of an eigenfunction on V5.

(a+f = —(A-2)e
b+e = —(A=2)f
b+h = —(A-2)yg
g+c = —(A=2)h
c+j = —(A—2)i

( i+d = —(A-2)j

are obtained for:

f = —(A-2e
e = —(A=2)f
h = —(A=2)g
g = —(A=2)h
j = —(A-2)i
i = —(A—2)j
([ = (A=2)?f
e = (A-2)%e
h = (A-2)h
g = (A=2)yg
j o= (A—-2)%i
i = (A—2)%i

The forbidden eigenvalue A = 2 cannot thus be a Dirichlet one.

Let us consider the case where:

(A-2)7=1

ie.

A=1 or A=3
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which yields a three-dimensional eigenspace. The multiplicity of the eigenvalue A =1 is 3.

In the same way, the eigenvalue A = 3 yields a three-dimensional eigenspace. the multiplicity of the
eigenvalue A = 3 is 3.
Since the cardinal of V5 \ Vj is:

NS —4=6

one may note that we have the complete spectrum.

5.2 Eigenvalues of A,,, m € N, m >3

As previously, one can easily check that the forbidden eigenvalue A = 2 is not a Dirichlet one.
One can also check that A,,, =1 and A,, = 3 are eigenvalues of A,,.

By induction, one may note that, due to the spectral decimation, the initial eigenvalue Ay = 1 gives
birth, at this m'" step, to eigenvalues A<;1,m, and, in the same way, the initial eigenvalue Ay = 3 gives
birth, at this mt" step, to eigenvalues Az .

The dimension of the Dirichlet eigenspace is equal to the cardinal of V,,, \ Vi, i.e.:

NS NS =3m-3

Level | Cardinal of the Dirichlet spectrum ‘
m 3m—3 |
2 6 |
3 24 |
4 78 |

Property 5.1. Let us introduce:
A= lim 37m4m?
m——+00

One may note that, due to the definition of the Laplacian /A, the limit exists.

5.3 Eigenvalue counting function

Definition 5.1. Eigenvalue counting function

Let us introduce the eigenvalue counting function, related to SG€ \ Vi, such that, for any positive
number x:

NSIE\ (x) = Card {A Dirichlet eigenvalue of —A : A <z}
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Property 5.2. Given an integer m > 2, the cardinal of Vi, \ Vi is:

NS —NS=3m-3
This leads to the existence of a strictly positive constant C' such that:
NS (Cg=mgmdy = gm _3
If one looks for an asymptotic growth rate of the form
NSQC (x) ~ x%sg¢
one obtains:

In3 In3

(8 c = =
S9 (5ln%

b 1., 4

Wi 103

which is not the same value as in the case of the Sierpinski gasket (we refer to [20]):
_ In3

It appears then that increasing the number of points, and the number of connections, decreases the value
of the Weyl exponent a.

By following [20], one may note that the ratio

NSG© (x)

X

is bounded above and away from zero, and admits a limit along any sequence of the form C 37™ 4™ C > 0,

m = 2. This enables one to deduce the existence of a periodic function g, the period of which is equal
0 é

to In 5 discontinuous at the value 5 such that:

{ngc ()

x

lim
T—+00

—g(lnx)} =0
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