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ABSTRACT: We describe the infinitesimal moduli space of pairs (Y, V') where Y is a manifold
with G2 holonomy, and V is a vector bundle on Y with an instanton connection. These
structures arise in connection to the moduli space of heterotic string compactifications on
compact and non-compact seven dimensional spaces, e.g. domain walls. Employing the
canonical Gy cohomology developed by Reyes-Carrion and Fernandez and Ugarte, we show
that the moduli space decomposes into the sum of the bundle moduli H iA (Y,End(V))
plus the moduli of the G5 structure preserving the instanton condition. The latter piece
is contained in H glg (Y,TY), and is given by the kernel of a map F which generalises the
concept of the Atiyah map for holomorphic bundles on complex manifolds to the case at
hand. In fact, the map F is given in terms of the curvature of the bundle and maps
H ale(Y, TY) into HazA (Y,End(V)), and moreover can be used to define a cohomology on
an extension bundle of TY by End(V). We comment further on the resemblance with the
holomorphic Atiyah algebroid and connect the story to physics, in particular to heterotic
compactifications on (Y, V') when o’ = 0.
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1 Introduction

Manifolds with special holonomy have, since long, been used to construct supersymmetric
lower-dimensional vacuum solutions of string and M theory. Seven-dimensional manifolds
with G2 holonomy are of interest for two types of vacua: firstly, compact G2 holonomy
manifolds may be used as the internal space in M theory constructions of four-dimensional
vacua preserving N’ = 1 supersymmetry. Secondly, non-compact G holonomy manifolds
have been used to construct four-dimensional N/ = 1/2 BPS domain wall solutions of the
heterotic string. In both types of configurations, the moduli space of the compactification
is of fundamental importance for the lower dimensional model.

In the mathematical literature, G2 manifolds were first discussed by Berger [1], and
the first examples of G2 metrics were constructed by Bryant [2], Bryant-Salamon [3] and
Joyce [4, 5]. Deformations of Gy holonomy manifolds, and their associated moduli space,
have been thoroughly studied, both by mathematicians and theoretical physicists [4—10]
(see [11] for a recent review). It has been shown, by Joyce [4, 5], that, for compact spaces,
the third Betti number sets the dimension of the infinitesimal moduli space.! This space
may be endowed by a metric [14-16], that shares certain properties with the Kahler metric
on a Calabi-Yau moduli space [8, 9]. In particular, when used in M theory compacti-
fications, Grigorian and Yau [17] have proposed a local Kéhler metric for the combined
deformation space of the geometry and M theory flux potential.

However, to the best of our knowledge, the moduli space of the G5 structure manifolds
needed for heterotic BPS domain walls of [18-26] remains largely to be explored.? In this
paper, we will focus on this topic. Our study follows up on our recent paper [33], where the
moduli space of certain six-dimensional SU(3) structure manifolds was explored using an
embedding manifold with G9 structure. Here, we take a different perspective and study the
moduli space of G2 holonomy manifolds together with that of a vector bundle that encodes
the heterotic gauge field. As we will discuss in section 3, supersymmetry translates into
an instanton condition on the vector bundle. Deformations of instanton bundles over Go
manifolds have been studied before, see e.g. [34-38], and deformation studies of G structures
with instantons also appeared recently in [39—41].

In this article, we will construct the infinitesimal moduli space of the system (Y, V),
where Y is a manifold with G2 holonomy and V is a vector bundle on Y with an instanton
connection. This is a well-defined mathematical problem, and provides a first approxima-
tion of the geometry and bundle relevant for heterotic N' = 1/2 BPS solutions. Our main
result is that the infinitesimal moduli space of this system is restricted to lie in the kernel
of a map F in the canonical G5 cohomology of [34, 35, 42]. We thus show that the so-called
Atiyah map stabilisation mechanism for Calabi-Yau moduli in N' = 1 heterotic string vacua,
which was first discussed by Anderson et al. [43-45], may be extended to less supersymme-
tric configurations. We term this map the Go Atiyah map, in analogy with the correspon-
ding map in Dolbeault cohomology on complex manifolds with holomorphic vector bundles.

!See [12] for a recent discussion of deformations of non-compact Ga holonomy manifolds. The study
of large deformations of G2 holonomy manifolds is complicated by the fact that the deformation may lead
to a torsionful G2 structure [6]. In this paper, we restrict to infinitesimal deformations of G2 holonomy
manifolds, and will return to the topic of deformations of torsionful G structures in a companion paper [13].

2See [27-32] for discussions on the classification of this type of heterotic and M theory vacua.



Recently, a sequence of papers [46-49] , two of which written by two of the present
authors, have shed new light on the Atiyah stabilisation mechanism in A/ = 1 heterotic
string vacua. Due to the heterotic anomaly condition, which relates the gauge field strength,
tangent bundle curvature to the H-flux of the Kalb-Ramond B-field, the infinitesimal
moduli space is restricted to a more intricate nested kernel in Dolbeault cohomology, which
is most conveniently encoded as a holomorphic structure on an extension bundle. This N =
1 result is also of importance for the development of a generalised geometry for the heterotic
string [49-56]. We expect to obtain similar result for the N' = 1/2 compactifications, once
we allow H flux. We will return to a study of this system, which corresponds to instanton
bundles on manifolds with so-called integrable Go structure, in the companion paper [13].
Let us remark already now that, to a large degree, the new results of this paper carry
through to this general case.

We also mention that when finalising the current paper, an article appeared on
ArXiv [57], wherein the authors compute the infinitesimal moduli space of seven-
dimensional heterotic compactifications and show by means of elliptic operator theory that
the resulting space is finite dimensional. They also relate the resulting geometric structures
to generalised geometry in a similar fashion to the six-dimensional Strominger system [49].
Our approach to the problem resembles more that of [46-48], and it would be very inter-
esting to compare with the findings of [57], as can be done in the six-dimensional case.

The structure of this paper is as follows. In section 2 we recall the basic properties
of manifolds with G5 structure, and review the cohomologies that may be defined on such
spaces. In particular, we introduce the canonical G cohomologies H3(Y') and H 59 (Y, TY)
for differential forms with values in the reals and the tangent bundle TY, respectively.
Section 3 contains a review of instanton bundles on manifolds with integrable G2 structure.
We also prove, following [34, 35], that a canonical G5 cohomology can be constructed for
any system (Y, V'), where Y is a manifold with integrable G structure, and V' and instanton
bundle. To achieve this, we define a new operator d4, and show that this gives rise to an
elliptic complex. In section 4 we reproduce known results for the infinitesimal moduli
space of Go manifolds, and in particular how the moduli are mapped to the canonical
G5 cohomology group H ég(Y, TY). Finally, in section 5, we study the variations of the
instanton bundle V', and the combined system (Y, V). We show that the moduli space
corresponds to

Hy (Y,End(V)) ® ker(F) € Hy (Y,End(V)) ® Hy (Y,TY),

where elements in H alA (Y,End(V)) correspond to bundle moduli and the geometric moduli

are restricted to lie in the kernel of the Gy Atiyah map F. This result is also discussed
from the perspective of extension bundles.

2 Manifolds with G5, structure

In this section, we recall relevant facts about manifolds with G2 holonomy. Our discussion is
brief, and the reader is referred to [2, 14, 58—61] for further details. Let Y be a 7-dimensional
manifold. A G9 structure on Y exists when the first and second Stiefel-Whitney classes are



trivial, that is when Y is orientable and spin. When this is the case, Y admits a nowhere-
vanishing Majorana spinor 7. Equivalently, ¥ has a non-degenerate, associative 3-form ¢,
constructed as a spinor bilinear:

Pabec = *mT%ch .

Here 744 is an antisymmetric product of three 7-dimensional ~ matrices, that we take
to be Hermitian and purely imaginary. We note that the three-form ¢ is positive, as is
required to define a Gy structure [60]. We will often refer to ¢ as a Gy structure. Y has
G2 holonomy when 7 is covariantly constant with respect to the Levi-Civita connection:

Vn=0 (2.1)

or equivalently when ¢ is closed and co-closed.
The form ¢ determines a Riemannian metric g, on Y by

69, (z,y) dvol, = (z0p) A (yop) A, (2.2)

for all vectors z and y in I'(TY"). In components this means

det g, erer _ 1

Gpab = W Pacico Pbezes Pescger € E Pacico Pbezey 7/}61026364 s (2'3)
where
¢ =x*p,

which in terms of spinors corresponds to Ygped = nT’yabcdn, and

da®™ = y/det g, €7 dvol,, .

With respect to this metric, the 3-form ¢, and hence its Hodge dual v, are normalised
so that
pAxp=lplPdvoly, el =1,
that is
pip =9 =T7.

2.1 Decomposition of forms

The existence of a G structure ¢ on Y determines a decomposition of differential forms on
Y into irreducible representations of Go. This decomposition changes when one deforms
the G5 structure.

Let AF(Y) be the space of k-forms on Y and A%(Y)) be the subspace of A*(Y) of k-
forms which transform in the p-dimensional irreducible representation of Go. We have the
following decomposition for each k = 0, 1,2, 3:>

AY =AY,

A=A =TY 2TY,
A? = A7 @Ay,

AN =ANaAaAd.

3Note that T*Y = TY only as vector spaces.



The decomposition for k = 4,5,6,7 follows from the Hodge dual for k = 3,2,1,0 respec-
tively. For a form of a given degree, the decomposition into G2 representations is obtained
using contractions and wedge products with ¢, see [2]. A comprehensive discussion will
also appear in [13].

2.2 Torsion classes

Decomposing into representations of G2 the exterior derivatives of ¢ and v we have
d7p = T0¢ + 371 Ao+ #7753, (2.4)
d7p =471 ANp + %72, (2.5)

where the 7; € AY(Y) are the torsion classes, which are uniquely determined by the Ga-
structure o on Y [59]. We note that 7 € A3, and that 73 € A3.. A G structure for which

7 =0,

will be called an integrable G structure, using the parlance of Ferndndez-Ugarte [42]. The
manifold Y has Go holonomy if and only if all torsion classes vanish.

2.3 Cohomologies on G2 structure manifolds

In this section, we recall different cohomologies that are of relevance for G2 holonomy
manifolds. In fact, a large part of our discussion is valid for a larger class of GGy structure
manifolds, namely the integrable ones. When we can, we will state our results for this
larger class of manifolds, of which the G2 holonomy manifolds form a subclass.

2.3.1 De Rham cohomology

For completeness, and to state our notation, let us first discuss the de Rham complex. As
above, AP(Y') denotes the bundle of p-forms on Y. The exterior derivative

d: AP(Y) — APTH(Y) (2.6)
maps p-forms to p + 1 forms:
dw = JZI ??c;jdxj Adal (2.7)
Since d? = 0, the sequence
0L A) S AL Y) ... S Ay Lo, (2.8)

forms a complex. We show in detail in appendix B that this de Rham complex is elliptic.
As a consequence, the de Rham cohomology groups

HP(Y) = ker(d,)/im(dp_1) (2.9)

are finite-dimensional for compact Y. Finally, using the wedge product, we see that H*(Y)
is endowed with a natural ring structure, cf. Theorem 2 below.



2.3.2 The canonical G2 cohomology

We now turn to the Dolbeault complex for manifolds with an integrable G2 structure which
was first constructed in [34] and [42]. In these references, a differential operator d acting
on a sub-complex of the de Rham complex of Y, is defined in analogy with a Dolbeault
operator on a complex manifold.

Definition 1. The differential operator d is defined by the maps

do: A2(Y) = AY(Y), dof =df, fen(y),
dy: ANY) — A2(Y), dia = m7(de), € AY(Y),
do : A2(Y) = A3(Y), doB =m(dB), BeA(Y).

That is,

Consider the following lemma

Lemma 1. Let Y be an integrable Go holonomy manifold and B € A?,(Y). Then
dg e A3(Y) @ AS,(Y).
Proof. Consider
0=d(BAY)=dBAY+BAdY

Hence
doANYy=—-BANdY=—4BAT1 AY=0.

Therefore the result follows.

O
We then have the following theorem:
Theorem 1. Let Y be a manifold with a Go structure. Then
0 A°Y) S ANY) & AZ(v) S A3(Y) > o (2.10)

is a differential complex, i.e. A2 = 0 if and only if the Gy structure is integrable, that is,
T2 = 0.

Proof. Let f € A°(Y). Then
d%f = md(df) = 0.

Consider a € AY(Y). In this case

d’a=m (d(r7(dev))) = m (d(da — ma(da))) = =1 (d(m14(de))) .

Hence
d?a=0 iff d(ma(da)) € A2 A3, iff d(ma(da)) Ay =0,



for all o € A'(Y). We have
d(mi4(da)) A = d(ma(da) A ) — (m1a(da)) Ady = —(m14(dar)) A 72

Therefore
61204 =0 iff (7r14(da)) Nx1o =0,

for all « € AY(Y). This can only hold true iff 7, = 0.
O

We denote the complex (2.10) by A*(Y). It should be mentioned that the com-
plex (2.10) is actually an elliptic complex [34]. We give a proof of this in appendix B.
We denote by H Ci’l‘(Y) the corresponding cohomology ring, which is often referred to as the
canonical Ga-cohomology of Y [42].

One curiosity to note about d is that in contrast to the familiar differentials like the
de Rham operator d or the Dolbeault operators 9 and @, d does not generically satisfy a
Poincare lemma. To see why, consider o € A'(Y) = AL(Y). If there was a Poincare lemma,
then da = 0 would imply that a = df = df for some locally defined function f. But then
we would have da = 0, which is not true in general. In other words the complex (2.10) is
not locally trivial. Hence, it becomes harder to define a notion of sheaf cohomology for d.

Note that we can endow H} (Y) with a natural ring structure. Indeed, we have the
following theorem

Theorem 2. The wedge product induces a well-defined ring structure on the cohomology
H;(Y) The corresponding symmetric product is denoted by

. P q p+q
(,) : H{(Y)x H{(Y) = H"™(Y),
and is given by, for a € Hg(Y) and 8 € Hg(y),

(avﬁ) = 777,'(05 A ﬁ) .
where w; denotes the appropriate projection onto the correct subspace Af+q(Y) of APT4(Y).

Proof. The proof of this theorem is very similar in spirit to the proof of Theorem 5 below.
One needs to show that if o and S are d-closed, then (a, B) is d-closed. Also, in order to
be a well-defined product, if either « or § are d-exact, then the product should also be
exact. We leave this as an exercise for the reader.

O

2.3.3 A canonical G2 cohomology for TY

In the following, and in the accompanying paper [13], we will discover that deformations
of G2 holonomy manifolds can be understood by means of a connection dy on the tangent
bundle TY. In anticipation of these results, in this subsection we define this connection
and include a number of properties.



Let A% be a p-form with values in TY, that is A € AP(TY). Let dp be a connection
on TY defined by
dgA® = dA® + 6, A AL,

where the connection one form 6, is given by
0y = I'p."da”,

and I' are the connection symbols of a metric connection V on Y which is compatible with
the G5 structure, that is
V=0, Vy =0.

On G5 holonomy manifolds, this connection is unique, and corresponds to the Levi-Civita
connection. Thus, we have

d@Aa = dA® + Hba A Ab _ vaC Aca dxbc‘ (211)

Note that this implies that the connection dy is metric.

Given the connection dg on T'Y defined in this subsection, one can define the operator
dg as will be done in definition 2, and a complex A*(Y,TY) as in equation (2.10). We
then have:

Theorem 3. Let Y be a manifold with integrable Go structure. Then

0— A%TY) 2% ANTY) 2 AZ(TY) 2% A3(TY) = 0 (2.12)
is a differential complez, i.e. dv(g2 =0 if and only if R() is an instanton, i.e. R(0),"Atp = 0.
Proof. We omit this proof, since it is similar to the proofs of Theorems 1 and 4. O
On a G2 holonomy manifold, Theorem 3 always holds, since the curvature
R(0)" = d0," + 0" A 6,°,
equals the curvature of the Levi-Civita connection V:
(R(0)a")ed = 0cTad” + Tee’ ATad® = 8l da” + Tee” ATda® = (R(V)a")ea

Consequently, we may denote the curvature for both connections by R. Moreover, integra-
bility of the spinorial constraint (2.1) for Gy holonomy implies that V is an instanton

Vi, Vpln =0 <= RopaY™n=0 <= R AY=0.

It thus follows that G5 holonomy implies that € is an instanton. As a consequence, TY
is an instanton bundle with connection #. We will discuss instanton bundles in complete
generality in next section, and will prove that the complex (2.12) is elliptic and that the
associated cohomology groups H Ci(Y, TY') are finite-dimensional (if Y is compact).



3 Instanton bundles on manifolds with integrable G5 structure

In this section, we discuss vector bundles with an instanton connection over manifolds
with G2 structure. Higher-dimensional instanton equations generalise the self-dual Yang-
Mills equations in four dimensions, and were first constructed in [62-64]. The instanton
condition can be reformulated as a Go invariant constraint [36, 37, 65-73], and explicit
solutions to the instanton condition on certain Gy manifolds are also known [74, 75]. Here,
we show that the G instanton condition is implied by a supersymmetry constraint in string
compactifications, and that it, in turn, implies the Yang-Mills equations as an equation of
motion of the theory. In the second part of this section, we define an elliptic Dolbeault
cohomology on (G5 instanton bundles, which we will use in the subsequent discussion of the
infinitesimal moduli space of G2 manifolds with instanton bundles.

3.1 Instantons and Yang-Mills equations

Let Y be a d-dimensional real Riemannian manifold and let V' be a vector bundle on Y
with connection A. Suppose Y has a G-structure and that @ is a G-invariant four-form on
Y. The connection A on V is an instanton if for some real number v (typically v = +1),
the curvature F' = dA + A A A satisfies (see e.g. [68])

FAxQ=v xF. (3.1)
In fact, taking the Hodge dual, equation (3.1) is
F.Q=vF. (3.2)
In the case when G = G5 and d = 7, the Ga-invariant four-form is QQ = ¥ = *xp, so
FANp=—%F <— Fu=-F,

where we have taken the Hodge dual in the second equality. This is the condition that
F € A2,(Y,End(V)) and it is equivalent to

FAY=0. (3.3)

An instanton is supposed to satisfy the Yang-Mills equation, which in our case, appears
as an equation of motion of the superstring theory. We will review how this works for the
general d-dimensional case with non-zero torsion, specialising at the end of this section
to d = 7 and G2 holonomy. Note also that the instanton equation is implied from the
vanishing of the supersymmetric variation of the gaugino

Fony™n=0,

whenever we are considering compactifications which preserve some supersymmetry (here
71 is a nowhere vanishing globally well defined spinor which defines the G-structure on Y,
cf. section 2). Hence the Yang-Mills equation (as an equation of motion) is satisfied if this
supersymmetry condition (as an instanton) is satisfied.



To see that equation (3.1) satisfies the Yang-Mills equation, we begin by taking the
exterior derivative of equation (3.1)

dFA+Q+ FANd*xQ =vd=*F. (3.4)
Using the Bianchi identity for F
AuF =dF+ ANF—FAA=0,
on the first term of the left hand side of equation (3.4) we have
AF A%Q = (—AANF+FAAA*Q =v(—AAN*F 4+ (—=1)2 « F A A).
Plugging this back into equation (3.4) and rearranging we find
vdax F=FAdxQ, (3.5)

where

daf=dB+ANB—(-1)FBAA,

for any k-form 8 with values in End(V).
Recall that in d-dimensions, for any k-form with values in End(V)

dijﬁ _ (_l)dk-i-d-‘rl * d g * B
= dTB 4 (=) HHFL w (ANB + (—1)TFFL B A A).
Therefore, taking the Hodge dual of (3.5) we find
vdl F=F.dfQ, (3.6)

which should then be the Yang-Mills equation when there is non-vanishing torsion. In the
G2 holonomy case, we have that () = v is coclosed, by which we conclude that

dLF =0 (G2 holonomy) . (3.7)

This is in fact the equation of motion for the gauge field in fluxless A' = 1 supersymmetric
compactifications of the heterotic string, as can be seen using the identity (A.22) and
comparing with equation (A.4d) in [76]. In a similar fashion, one may show that (3.6)
is indeed the equation of motion for the dilaton when there is non-vanishing torsion (as
discussed in [76] this is requires that Y permits generalised calibrations, which relate the
H-flux to dQ).

3.2 A canonical G2 cohomology for instanton bundles

Let us now construct a Dolbeault-type cohomology that generalizes the canonical Gy co-
homology of Y to a vector bundle V over Y, as was first done in [34, 35]. We assume that
the connection A on V is an instanton, so that its curvature satisfies

WAF =0, (3.8)

~10 -



or, equivalently, F € A2,(Y,End(V)). We will state all results of this section in the most
general terms, namely for integrable G structures and for forms with values in a vector
bundle E, where the bundle E can be V, V* End(V) = V ® V*, or any other sum or
product of these bundles. We note first that Lemma 1 readily generalises to the exterior
derivative d 4.

Lemma 2. Let 5 be a two form with values in a vector bundle E defined above. Let A be
any connection on V. If B A = 0, that is if B € A3,(Y, E), then

dap € MY, B) & AL(Y, E).
Proof. Consider
0=da(BAY)=dapAp+BAdY

Hence
daf Ay =—-BANdy=—-48AT NYp=0.

The result follows.

We now define the following differential operator

Definition 2. The maps d;a,i = 0,1,2 are given by

&OA:AO(Y7E)_>A1(KE)7 aOAf:dAf7 fGAO(Y,E),
dia: AYY,E) = A2(Y,E), diga =mr(daa), acA (Y, E),
doa : A%2(Y,E) = A3(Y, E), doaf = m(daB), BEAAY,E).

where the m;’s denote projections onto the corresponding subspace.

It is easy to see that these operators are well-defined under gauge transformations. We
then have:

Theorem 4. Let Y be a seven dimensional manifold with a Go structure. The complex
0 AYY, E) 245 AYY, B) 94 A2(Y,E) 245 A3(Y, E) - 0 (3.9)

s a differential complez, i.e. 3124 = 0, if and only if the connection A on V is an instan-
ton and the manifold has an integrable Go structure. We shall denote the complex (3.9)
A (Y, E), where E is one of the bundles discussed above.

Proof. Let f € A°(Y, E). Then

d4f = mr(d4f) = (w7 F) f.

Hence
d4f=0 VfeA (Y, V) if FAyp=0,

- 11 -



i.e. the connection A on the bundle V is an instanton. Now, consider o € AY(Y, E). In
this case

aia =m (dA(m(dAoz))) =m (dA(dAa — 7r14(dAa))) =m (F Ao — dA(7T14(dAa))) ,

where we recall that we find the singlet representation of a three-form by contracting with
p, or wedging with 1. Thus, the first term vanishes, since F' is an instanton. Hence

dja=0 iff da(ma(daa)) Ay =0,
for all @ € A1(Y). We have

da(ma(daa)) Ay = da(ma(daa) A ) — (ma(da)) Ady = —(m14(dac)) A *72.

Therefore
Pa=0 iff (71'14((1,404)) ANx*x1o =0,

for all « € A'(Y, E). This holds true iff 75 = 0.
0

Note that by a similar argument as given for the complex (2.10) in appendix B, it
follows that the complex (3.9) is elliptic, as was also shown in [35]. As a consequence, the
corresponding cohomology groups are of finite dimension, provided that Y is compact.

Finally, we prove the following theorem, which generalises Theorem 2:

Theorem 5. We have a ring structure on the cohomology H(i*A(Y’ End(V)),
w1 H? (V.End(V)) x HY (Y.End(V)) — H2¥(Y,End(V))
where w; denotes the appropriate projection.

Proof. The cases {p = 0,q = n} for n = {0,1,2,3} are easily proven. For the case
p=q =1, note that if a; » € A} (Y,End(V)) are are d-closed, then

damr([ar,0]) = 0.
Indeed, we have
da([ar, ag]) = damr([ar, o)) + damia([ar, az)) -

Wedging this with 1, using that ;o are d4-closed, and applying Lemma 2 on the last
term after the last equality, the result follows. Note also that if e.g. «q is trivial, that is
ag = d €., We get

[, o] Ap = [, daca] AP = —da([an, €a]) A,

and so (a1, an] = —mr(dalar, €d]) = —&A[al,ea]. We thus find a well-defined product
on the level of one-forms. By symmetry of the product, the only case left to consider is
{p=1,¢g=2}. Welet a € A'(Y,End(V)) and 3 € A2(Y,End(V)). Clearly

dale, 5] =0.
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We only need to show that the product is well-defined. That is, let o = dge = dge. We
then have

Uy [Cl, B] =T [dA67 ﬂ] = aA[Qﬁ] - 771[67 dA/B] = (1,4[6, 5] )
as daf = 0. Similarly, let 3 = day = mrday for v € AY(Y,End(V)). Then 8 = day + &,
where k € A2,(Y,End(V)). We then have
YA, Bl =Y Ala,day + K] =P Afa, dar] = —¢ Adala, 9],

where we have used that ¥ A dgqa = 0. Hence

mle, B] = —dala, ] -

It follows that the product is well defined. This concludes the proof.
O

We will drop the projection ; from the bracket when this is clear from the context.
As a corollary of Theorem 5 it is easy to see that the complex A*(Y,End(V)) forms a
differentially graded Lie algebra. That is, there is a bracket

[-] : AP(Y,End(V)) ® AYY,End(V)) — APTY(Y,End(V)),

which is simply inherited from the Lie-bracket of End(V'). As a result, this bracket also
satisfies the Jacobi identity. Moreover, following similar arguments to that of the proof of
Theorem b5, it is easy to check that for x € AP(Y,End(V)) and y € AY(Y,End(V)) we have

dafz,y) = [daz,y] + (=1)7[z,day] . (3.10)
It follows that A*(Y,End(V)) forms a differentially graded Lie algebra. We will return to
this in section 5.4 when discussing higher order deformations of the bundle.
3.2.1 Hodge theory

We now want to consider the Hodge-theory of the complex (3.9). To do so, we need to
define an adjoint operator of d4. We have the usual inner product on forms on Y,

(a,ﬂ)z/yom*ﬁ

for {a, 8} € A*(Y). Note that forms in different G2 representations are orthogonal with
respect to the inner product. We want to extend this to include an inner product on
forms valued in V' and End(V). In the case of endomorphism bundles, we can make use of
the trace

(a,ﬁ):/ytra/\*ﬁ,

for {a, 5} € A*(Y,End(V)). For a generic vector bundle E, we must specify a metric
Gy € A% (Sym(E* ® E*)), in order to define the inner product

(o, B) = / a® N #BY Gay , (3.11)
Y
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for {a®, Y} € A*(Y, E). As in the case of endomorphism bundles, we may choose a trivial
metric .y, but other choices may be more natural. In order to simplify our analysis, we
will keep the metric G, arbitrary, but require it to be parallel to da:

daGuy = daGey =0.

In the case of complex structures, this would be a Hermiticity condition that uniquely
specifies the Chern-connection. For G2 structures, things are a bit more subtle, and we will
return to this discussion in the companion paper [13]. Note however that when E = TY,
we can use the canonical metric g, in the inner product (3.11). In the case when Y has G
holonomy, the connection on 7Y will simply be the Levi-Civita connection, which is metric.

Having specified an inner product on F, we would now like to construct the ad-
joint operators of d4 and also use these to construct elliptic Laplacians. We have the
following proposition

Proposition 1. With respect to the above inner-product, and with Gy, is parallel to du,
the adjoint of d4 is given by

dL —rnodl , where dl, = — s dyx,
Here w denotes the appropriate projection for the degree of the forms involved.

Proof. Consider o« € A3(Y,E) and v € A3(Y,E). Using definition 2, the inner prod-
uct (3.11), and the orthogonality of forms in different Go representations, we then compute

(o, dlyy) = (@, 77 0 dlyy) = (0, dyy) = (dac,y) = (dac,7) -
The cases for forms of other degrees are similar. O
Using a parallel metric G, we can then construct the Laplacian
Ay = dudl, +dida.
With this Laplacian, we now prove a Hodge-theorem of the following form
Theorem 6. The forms in the differential complex (3.9) have an orthogonal decomposition
A (Y, E) = Tm(da) © Tm(d)) @ ker(A4) .

Proof. Note first that as A4 is self-adjoint, the orthogonal complement of Tm(A ) is its
kernel. Hence
A (Y,E) = Im(A,) @ ker(A )

Moreover, it is easy to see that Im(d,) and Im(&L) are orthogonal vector spaces, hence
contained in Im(A 4), and that they are both orthogonal to ker(A 4). Indeed, consider e.g.

dafp=a+7,
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where o € Tm(d4) and 7 € ker(da). It follows that

(’777) = (VvaAB_a) =0,

and so v = 0. Similarly, one can show that Im(aTA) C Im(A4). We can then write a generic
AspeIm(Ay) as
Aap=daf+dyy+r,

where x € Im(A ) is orthogonal to Im(d,) and Im(az). However, as Im(A 4) is made up
of sums of d-exact and cvli‘-exact forms by construction of Ay, it follows that x = 0. This
concludes the proof. O

The Laplacian A 4 is elliptic by construction (see Lemma 9 in appendix B), and hence
for compact Y has a finite dimensional kernel. We refer to the kernel of A4 as harmonic
forms and write

ker (Aq) = H*(V,E) .

Moreover, it is easy to prove that H*(Y, E) are in one to one correspondence with the
cohomology classes of H &*A (Y, E) as usual. Indeed if o1 and «y are harmonic representatives
for the same cohomology class, then

a1 —ag = daB,
for some 5. Applying (vif4 to this equation gives
dlds8=0,

which implies d4 8 = 0. Hence there is at most one harmonic representative per cohomology
class. Moreover, if the class is to be non-trivial, by the Hodge-decomposition there must be
at least one harmonic representative as well. Also, recall that by ellipticity of the complex,
the cohomology groups H S‘A (Y, E) are finite dimensional for compact Y.

4 Infinitesimal moduli space of G, manifolds

We now discuss variations of Y preserving the G2 holonomy condition, a subject that
has been discussed from different perspectives before. Firstly, Joyce has shown that, for
compact (G2 manifolds, the infinitesimal moduli space maps to the space of harmonic three-
forms, and thus has dimension b% [4, 5]. Secondly, it has been shown by Dai et al. that this
moduli space maps to the first d-cohomology group [7]. This second result has also been
found using a string theory analysis by de Boer et al. [8]. In this section, we reproduce
these results, using both the form and spinor description of the Go structure.

Let Y be a compact manifold with G5 holonomy. In this case the three-form ¢ is a
harmonic three-form. Consider a one parameter family Y; of manifolds with a G5 structure
given by the associative three-form ¢; with Yy = Y and @9 = ¢. Below, we analyse
the variations that preserve G holonomy. For ease of presentation we relegate some of
the details of the computation to [13], where variations of integrable Gy structures will
be discussed.
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4.1 Form perspective

Let us start by discussing the variation of . Since the space of G2 structures is an
open orbit in the space of three-forms, this variation is a general four-form, which can be
decomposed into G representations as

oY =cv+as AN+, (4.1)

where ¢; is a function, a; is a one-form, and v € A%?- Equivalently, we may write the
variation of ¢ (or any four form) in terms of a one form M; with values in TY:

1

o7 M A Poeda de®d | M® = M;,*da®. (4.2)

Ot

We can think of M; as a matrix, where its trace corresponds to forms in A} (i.e. ¢;), its
antisymmetric part (B;q) to A%, and its traceless symmetric part (hyqp) to A3,. In parti-

cular,
1 4
‘=z Ya0ph = 7 trMy , (4.3)
1
Agpp® = My — 7 (trMy) 5ab, (4.4)
1
"= g he® A Ybcda dbed € A;l?v hiap = At (ab) » (45)
1
ap = Brap, Bt = 5 Ay [ab] dz® € A%(Y) . (4.6)

The deformation of ¢ can be decomposed in an analogous manner. Moreover, using
that ¥ = % one finds relations between the two variations, that give

- 1
Op=¢Crp—apnp —xp = ) My A peq dz’, (4.7)

where ¢ = 3¢;/4 and 4 = *x;. Finally, using (2.2), we may compute the variation of the
G5 metric:
Ct
Oy Jpab = 5 Jpab — 2hiap - (48)
Note that the variation of the metric is only sensitive to the symmetric part of A®.

We now turn to trivial deformations which correspond to diffeomorphisms. Again, we
focus on 1 (using the results above, we can compute the trivial variations of ¢):

ﬁv”(/) = d('l)_l’(/)) + U_I(d"(ﬂ) = Ctriv T/J + Qriv A @ + Veriv (49)

where Ly denotes a Lie derivative along vectors V € TY, v € T*Y is the one-form dual
to V using the metric, and we have included the decomposition of the Lie derivatives in
representations of Gi. The second term can be rewritten in terms of a two-form By € A2
which is related to the one form ayiy by

5triv = § Qtriv 1P -

We then have
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Theorem 7. On a Go manifold Y, deformations of the co-associative form i due to
diffeomorphisms of Y are given by

1
Ly = ~3 (dgV%) A thpedq dab? VerTy (4.10)

where
dgVe =dVe +6,° V?, 0, = T2 da®, (4.11)

is a connection on TY , and I'p.*

are the connection symbols of the Levi-Civita connection
V compatible with the Go structure on'Y determined by . In fact, this is the connection
dg defined in section 2.3.3.

The correspondence with

Ly = ciriv Y + riv A @ + Voriv

s given by
4 4
riv — 5 Va a:_*dT 5 4.12
Ct z VoV Z v ( )
Btriv = —dv, (413)
1
(htriv)ab = - (v(avb) + ? Jpadb dTU) ) (4'14)

Proof. This is proven by direct computation of the Lie derivatives. We relegate this proof
to [13], where variations of integrable G structures will be discussed. O

Note that if Y is compact, by the Hodge decomposition of the function ¢; appearing
in equation (4.1), equation (4.12) means that one can take ¢; to be a constant. More-
over, (4.13), uses the d differential operator defined in subsection 2.3.2. By the d-Hodge
decomposition, we can write 3; as

B = dB; +d'\, + phar

?ar. This means we can

for some one form By, three form ), and d-harmonic two form 3
choose f; to be d-coclosed, which implies that oy may be taken to be d-closed:

da=0. (4.15)
By the d-Hodge decomposition we can write oy as

ap = dA; + ol = dA 4 ol

for some function A;, and d-harmonic one form al'®*. Note however that there are no

d-harmonic one forms on a compact manifold with G holonomy [42], therefore oy can be
chosen to be d-exact
oy = dAt B

We now require that the variations preserve the Gy holonomy, that is,
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The first equation, together with equation (4.1) gives
dy =0 < dTXt:O.
The second, together with (4.7), gives

d(xt +owp) =0.

However

et = (dA) s = — % ((dA) A g) = — xd(Ag) = —d(49),
which implies
d(x: — dt(Aw)) = 0.
We conclude then that the three form

Xt +ounp = xe —di(Ay),

is harmonic, and therefore the infinitesimal moduli space of manifolds with Go holonomy
has dimension b3, including the scale factor ¢;.

We would like to compare this result with Joyce’s proof [4, 5] that the dimension of
the infinitesimal moduli space of manifolds with G2 holonomy has dimension b3. Without
entering into the details of the proof, Joyce finds the dimension of the moduli space by
imposing conditions (4.16) together with

mr(dT90) = 0. (4.17)

This constraint comes from requiring that the variations 9, are orthogonal to the trivial
deformations given by Ly ¢

(Dep, Lyp) =0,  VV eI(TY).

In fact,
(O, Lyvp) = (Opp, d(vap)) = (AT (0rp), vap)

which vanishes for all V' € I'(TY) if and only if (4.17) is satisfied, or equivalently, when
dT(9yp) € A2,. Now,

d'(Bep) = —d'(xe + arp) = —dT (@, ),
as x: is co-closed. Taking the Hodge-dual of the constraint (4.17) we find

0= *(dT(atcp) Ap) = #( Axd * (apt))) = — % (Y Axd(oy A @)
= —tpa(doy A @) = dagap = doy,

which is the same as (4.15).
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Finally, we would like to discuss the map between A and 7, in particular we would
like to describe the moduli space of compact manifolds with G2 holonomy in terms of A.
We begin with the moduli equations which for this case are

dg A% A yegq dz®? =0, (4.18)
dg A% A @peq dz? = 0. (4.19)

The second equation is equivalent to

((dgA") ) =0, (4.20)
(m14(deAF))ba = 0, (4.21)
(dQAc)d(aSOb)cd ~Yepcla (aQAC—'@)b) =0. (422)

Note that equation (4.20) is just the trace of equation (4.22). Equation (4.18) can be better
understood by contracting with ¢ (the contraction with 1 just gives back equation (4.21)).
We find

2 (Ao A" app Peja” = —(dgAt")ad Pbe” - (4.23)

Then, applying equation (A.20) to dgA¢, and contracting indices, we find
(oA da Loc” = (doA)ap Lga” + Gpap (deAY)20) g -
With this identity at hand, we can write the equation for moduli (4.23) as
(oA"Y ap Peja® = gpap (doA"20) 4 - (4.24)
Adding up this equation and equation (4.22) we find
(doA™)ap pea” + (7T14(d9Ata))d(b Pera’ = gpab (dgA"Sp)c . (4.25)

Using identity (A.17) in the second term

(7T14(d9Ata’))d(b Copa’ = % (2 m14((dgA")) 4y Pea” — m1a((doAe")) %bd)
= m14((dgA*)) 4y Pea’
where we have used equation (4.21). Hence equation (4.25) becomes
(Ao A" b Pea’ = Gpab (dg A" ). (4.26)
The derivative dy acts on Af as the Levi-Civita connection when Y has G2 holonomy
dp A = dA% 4+ 0,2 A AY =V A, ¢ dab,
where V is the Levi-Civita connetion. Then

dpAf s = gobcd VA * dz? ,
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and equation (4.26) is equivalent to
Vehiaa ¢ = Va(Biag)y - (4.27)
Taking the trace and using (A.13) we find that
0= dT(ﬂtJSO) =d'a.

However, recall that by using diffeomorphisms we may choose a; to be closed. It then
follows that «; is an harmonic one-form, and then has to vanish on compact manifolds
with G2 holonomy. We conclude that a; and hence f; vanish, and so (4.27) implies that

(doA%) ap = Ve hy g® o°4yda® = 0, (4.28)

where we have used that 5, = 0. Using Theorem 7, which states that diffeomorphisms
correspond to changing A® by dg-exact forms, we see that A% remains dg-closed under
diffeomorphisms. We can then conclude that the infinitesimal moduli space of compact Go
manifolds maps to the canonical Gy cohomology group H io (Y, TY).

4.2 Spinor perspective

We now derive again the results obtained in previous section from another perspective. As
the Gy holonomy on the manifold Y is determined by a well defined nowhere vanishing
spinor 7 which is covariantly constant, we study in this section the moduli of Y by deforming
the spinor and the G2 holonomy condition.

Let us first recall the definition of the fundamental three-form ¢ and four form % in
terms of the Majorana spinor 7,

Pabec = —1 nT’Yabcn ) (429)
Yabed = —1Vabed!] - (4.30)

The gamma-matrices satisfy the usual Clifford algebra

[} = 260 (4.31)
where v, = €,%Y4, and e,“ denote the vielbein corresponding to the metric

ab = €a” €5 0o . (4.32)

We use labels {«, 3,...} to denote tangent space flat indices. We take the v matrices to be
hermitian and imaginary. We will need below some v matrix identities which can be found
in e.g. [77]. The G2 holonomy condition on Y can be expressed in terms of the spinor 7 by
the fact that it is covariantly constant with respect to the Levi-Civita connection

1 .
vani - 8(1771' + ZQa aﬁ(’yaﬁ)ij n; = 0 ) (433)

where {7, j, ...} are spinor indices. Here €24 is the spin connection defined by V, e, = 0,
that is
Qa aff = _ebﬂ (aa €ha — Fabc eca) . (434)
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Note that the « matrices are covariantly constant.* In, fact

1
Va (')’b) =0, ('Vb) + Facb () — 1 Quap evb Y7, ’7046} )

and therefore
Vot = (8aeab + ol e’ + Qaa” e,gb> 7 = (Vaea?)7* =0,
where we have used the v matrix identity
7, 7% = 4671 AFL (4.35)

The moduli problem is discussed in this section in terms of those variations of 7 and
the vielbein e,* which preserve the G2 holonomy condition (4.33). On manifold with a G4
structure, a general variation of 7 is given by

O = dym + by,

where d; is a real function and b; a real one form. Any other terms would be of the form
77 or 42y, however one can use the identities in equation (3.8) in [78] to show that this
is in fact the general form of an eight dimensional Majorana spinor on a manifold with a
G5 structure. Note moreover that 17 is a constant, hence d; = 0, and we are left with

O = by (4.36)

The computation of the deformations of the G5 holonomy condition (4.33) requires
that we first compute the variations of the Christoffel connection, the spin connection and
the vielbein.” The variations of the Christoffel connection are easily computed in terms of
the variations of the metric

1
Oy Fabc = 5 ng (va 8tgbc +Vy 8ifgac - Vy 8tgab) . (437)
The variations of the vielbein can be obtained from equation (4.32)

8tgab = 2(8t€(aa) € = 2 ((8t€aa) eba — Ny ab) )

where we have defined
Atab = (8t€[aa) eb}a . (4.38)

Hence
1
Oreq” = eba (2 OtGab + Atab) . (439)

“Indeed, the ~ matrices with flat tangent space indices are covariantly constant with respect to any con-
nection.

"These quantities can be found in the literature (see for example [79]), however we briefly sketch here
the computations in order to make this section self contained.
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Note that A; corresponds to deformations of the vielbein which do not change the metric.
For the inverse of the vielbein we find

1
ateaa — gab eca <—2 atgbc + At bc> . (440)

The variations of the spin connection are computed using equations (4.37), (4.39) and (4.40)
and is left as an exercise for the reader

0 Qaap = eba ecﬁ (vaAt be — v[b 6tgc]a) : (4.41)

Next, we consider the deformations of the Gy holonomy condition (4.33). Varying
equation (4.33), and using equations (4.41) and the identity (see [78])

v =ip®. A%, (4.42)
we have

1 1 1
0:Van = a0 + 1 asv*P 0 + Z(atﬂaa,@)v”‘ﬁ n = VaOin + i(atﬂaaﬁ)vaﬂ n
i
= Vaatn + 1 (vaAt bec — v[b 8tgc]a) ‘pbcd f)/d n
i i
=V, (&n + 5 (Aeap)s 7”77> = 5 Vb 99a ¥ ar"

, 1 . .
=iV, <btc+2(AtJ90)c> e — ZV[b@gc}awb av'n=0,

where in the last equality we have used equation (4.36) and the fact that the « matrices
are covariantly constant. Therefore

1 1
Va <btd + 5 (At—‘(P)d> - Z V[b 81590](1 (Pbcd : (443)

This equation is precisely equation (4.27) as we discuss below.

To compare this analysis with our previous discussion in section 4.1, and in particular,
to see how the moduli of the spinor and the vielbein are related to the moduli of ¢, we
consider an infinitesimal variation of ¢ in equation (4.29)

Oipabe = —1 (O Yabe 1+ 01 Yave On + 3 (Drea®) ean’ Vpean)
= —biq "7T ['Yda Yabe] 1+ 3 eda (ate[aa)cpbc]d .

Using the v matrix identity
[7&577 '76] =2 YaBv6 s

and equation (4.30), we find

1 (0% aoc
Opp = 2bp ) + 3 o (Dre1a®) Ppeja 4z . (4.44)
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Comparing (4.44) with (4.7)

2
M,* = -3 (btap)ap €% — Drey™ . (4.45)
Moreover,
4
Ct = ? (ateaa> eacx ,

1 1
M(ab) = _5 OtGab = _? (8teaa) e“a 9ab + Prab
,Bt_l(p =-2 bt - At_l(p,

where f; is defined in equation (4.6). Note that f; is a combination of the deformation of
the spinor and m7(A4), the latter corresponding to deformations of the vielbein which do
not change the metric. This was to be expected as these parameters are not independent:
indeed the deformations of the spinor can be considered as variations of the vielbein in
SO(7) which are not in G9.° The equation for moduli (4.43) then becomes

1
Va(Bap)a) = =5 Vip 9i9cla ©"q, (4.46)

and hence, we obtain the same conclusions as in subsection 4.1, as it should be. It is worth
noting that the parameters b; and A; do not contribute to deformations of the metric. As
we can choose B; = 0 using diffeomorphisms, these two are related by

2 bt == —AtJQO .

Moreover my4(A¢) corresponds to deformations of the vielbein which do not change the
G5 structure.

5 Infinitesimal moduli space of G; instanton bundles

Consider a one parameter family of pairs (Y, V) with (Yo, Vo) = (Y, V), where the cur-
vature F' on the bundle V satisfies the instanton equation F' A ¢ = 0. We want to study
simultaneous deformations of the G structure on Y together with those of the bundle
which preserve both the Gy holonomy of Y and the instanton equation. To achieve this,
we deform the system to first order which gives the infinitesimal moduli space. We will
then discuss how this result relates to an extension bundle, and finally give a few remarks
on higher order obstructions.

5.1 Form perspective

We start by varying the instanton equation:

0=0,(FAY) = F Ap+ F Adyib.

SWe thank the referee for indicating this fact to us.
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Note that in the first term, the wedge product of OyF with v picks out the part of O;F
which is in A%, Noting that
O F =d 0,A,

and contracting with i) we obtain
< 1
7T7(dA8tA) = dAatA = —g ¢J(F VAN 8,57/1) s (51)

where we have used equation (A.16).
Keeping the Gy structure fixed (9;1 = 0) on the base manifold gives the equation for
the bundle moduli, that is, let ¢ be a bundle parameter, then

da0sA=0. (5.2)

Moreover, it is clear that d4-exact one-forms correspond to gauge transformations, so the
bundle moduli are in correspondence with the cohomology group H (%A (Y,End(V)).”

Suppose now that t is a deformation of the Gg structure. Then equation (5.1) is a
constraint on the geometric moduli A;, that is required if the deformed bundle connection
shall be an instanton. Recall that we may decompose the variations of ¢ as

oY =ctY + W,
where ¢; is a constant, and 7, € A‘% + A‘Ql7 is related to the traceless matrix Ay gp:

1
Y= 5y

bed
= 31 Atae ¢bcde dz®.

To understand the right hand side of equation (5.1) we define the map

F: AP(Y,TY) — APTHY, End(V))
A — F(A) = —Fyda® A A

We also define the map
F: AV, TY) — APV, End(V)),

where AZ(Y,End(V)) C AP(Y,End(V)), A% (Y, End(V)) C AP*(Y,End(V)), and r and
r’ are appropriate irreducible G5 representations as follows:

F(A) = F(A) = —F,pda® A, for AeA(TY),
F(A) = m7(F(A) = —mp(Fop da® A AY) for A€ AYTY),
F(A) = m(F(A) = —m1(Fup da® A AY), for A€ AXTY).

Note that the projections that define F are completely analogous to those that define the
derivatives d4. It will become clear why we need this map shortly.

"Recall that under an infinitesimal gauge transformation e € QO(End(V))7 the connection transforms as
A— A+dae=A+dae
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Proposition 2. The equation for the moduli of instantons, (5.1), is equivalent to
da(04) = —F(Ay), (5.3)
where Ay € AY(Y,TY).

Proof. The proof is a straightforward computation.

6-5 -
m ¢ClC2C3C4 F[clcg 703C4ab} dflb

1
2 4| 1/}81020304 (6 Fclcg Yescaab +8 Fcla Yocacseq + Fap ’YClCQC5C4) dxab

YA(FAY) =

= E ¢Clc20304 (3 Fclcz ﬁc;;c;;ab +4 Fcla :)/6020304) dxab + (77/}—‘:7) F

The last term vanishes because 7 € A% + A3, and using F = —F ¢ (as F € A2,) in the
first term we have

- 1 - 1
Yo(FAY) = <_4 FY2 e cab + o 31 PAEBN Fela 7b020304> dz®. (5.4)
By equations (4.3), (4.5) and (4.6), it is easy to check that
1

d
3' waCICQCB Yocicocs = -2 At ba - At clC 1/1a be -

Therefore, (5.4) becomes

¢J<F A :Y) = (_FCICQ Ay [cldwcyzb]d + (_2 Ay — Ay g© debe) Fca) dz

N |

- - (FVCIC2 (At cld 'l/}czabd + Atad Uchmd) +2 (2 Atbc + At de U}Cdbe) Fca) dxab

1
= _5 (2 Fea At bc — e wclabd At cgd +2Fe debe At de) dxab )

where in the last step we have used again —F = F_np. We now use the identity (see
equation (A.18) proven in appendix A)

F* thepeq = 3 Fe[b ¢Cd]ae )
in the second term, and we obtain

1
ba(FAF) = —5 (2 Fea Ats® = 3 Fuig thpe) ™ Avd® + 2 Fuq 5™ Ay g¢) dz®®

1
=35 (2 Fea Ay bc — Fee ¢ab0d Ay de) dxab

[\

1
=3 Flog D¢ £ (26968 + gp®) da®

F(Ar)ed (20508 + vap) dz™ = = F(Ap)eq e pap” dz®

1
1

1
4
( Ay).

= (F(Ap)ap)sp = 3m(F(Ay)) =

dl
This result, together with equation (5.1), gives equation (5.3).
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The map F is actually a map between cohomologies, moreover, it maps the metric
moduli space of G5 manifolds into the d4-cohomology. As we will see below this is a
consequence of the Bianchi identity d4 F' = 0. We begin with a useful lemma.

Lemma 3. The exterior covariant derivative dg of F is given by
daA(F(A)) + F(dA) = —d(Fpda®) A A?, (5.5)
for any p-form A with values in TY . Moreover, due to the Bianchi identity
daF =0,

the right hand side of equation (5.5) becomes

dA(F(A) 4+ FAA) = —(0,F + Ag F — F A) AN A% (5.6)
Proof.
da(F(A)) = —da(Fapda® A A%)
= —d(Fpda® AAY) — AN Fpda® AA+ Fpydaz? AAYA A
= —da(Fpdzb) A A% — F(dA),
where

F(dA) = —F,,da® AdAY.
To obtain equation (5.6), we re-write the Bianchi identity
O0=daF =dF+ANF-FNA,
in a form that will prove very useful.
0= (dAF)abc dxbc = 3(8[anc] + A[a Fbc} - F[ab AC]) dxbc
=2(0,F + Ag F — F Ay) — 2d 4 (Fp da?).
Hence
da(Fupda®) = 0,F + A F —F A, . (5.7)
Using this equation into (5.5) we obtain (5.6). Note that this proof makes it clear that this
equation is covariant. In fact, one can make this explicit by writing it as

dA(F(A)) + F(dgA) = —(da(Fpp dzb) — 0,2 A Fy dzf) A A

See theorem below for details.
O

Theorem 8. Let A be a p-form with values in TY . The Bianchi identity d4F = 0 implies
that the map F satisfies

Fdp(A)) +da(F(A) =0, (5.8)
This implies that forms A € AP(Y,TY) which are dg-exact are mapped into d -ezxact forms
in APYY(Y,End(V)). Therefore, F maps the infinitesimal moduli space of Y, given by ele-
ments of Hi}(Y7 TY'), into elements of the cohomology HC%A(K End(V)).
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Proof. To compute d4(F(A)), we need to consider the map acting on A € AP(Y,TY) for
each p. For p =0,

da(F(A)) = da(F(A)) = mr(da(F(A))) = = (da(F(A))p)sp. (5.9)

For p =1, we have

da(F(A)) = da(m7(F(A))) = mi(da(mr(F(A)))) = da(F(A)),
because, da(m14(F(A))) = 0 automatically. In fact, by Lemma 2, for any 3 € A2,,
da(B) € A7 @AYy

Hence

da(F(A)) = da(F(A)) = mi(da(F(A))) = % (o2da(F(A)) ¢ (5.10)

Finally, when p = 2, we have

da(F(A)) = da(m(F(A))) =0.

Next, we need to consider the projections onto A% and A3, for p = 0, 1, respectively,
as shown in equations (5.9) and (5.10). Note that in both cases we need to compute the
contraction of d ,(F(A)) with ¢. Recall equation (5.6)

da(F(A)) + F(AA) = —(0,F + A F — F A,) AN A°.
Contracting with ¢ and using ¢JF = 0, we have

(da(F(A)) 4+ F(dA)) sp = —(0aF A AY) s = — % (0, F N A* A1)
= (F A (8a¥) A A%)

1
= (F A Woden 2% A 0,0 A A“) , (5.11)
where in the last step we have used Lemma 7, and where

0,0 = [yeb da®,

with I' being the connection symbols for a metric connection V which is compatible with
the integrable G structure ¢ on Y. By Lemma 5, equation (5.11) gives

(Aa(F(A)) + F(AA)) sp = #(Fpeda® AY A G"AAT) = =+ (F(B. A A" A D)
= —(F(0." AN A)) 3o
Recall that we have defined the connection dy as
dgA? = dA® + T30 dz® A AP = dA® + 6,4 A A? A e AP(Y,TY).

Therefore
(da(F(A)) 4+ F(dgA))sp =0. (5.12)
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Returning to equations (5.9) and (5.10) we find

da(F(A)) = =5 (F(doA)sp) sp = —m7(F(dgA)) = —F(dA),

N = Wl

da(F(A)) = —= (F(dgA)p) ¢ = —m1(F(dpA)) = —F(dgA) = —F(dpA).

where in the last step in the second equation we have used the fact that for any two form
B e ALY, TY),
F(B)Np = —Fapda® A" N¢p =0,

implying that F(8) € A3 @ A3,. Therefore

F(dgA) = F(dpA + mia(dgA)) = F(dpA).

5.2 Spinor perspective

It can be useful to understand the infinitesimal deformations of the instanton condition
from more perspectives. Let us therefore describe the infinitesimal deformations in terms
of the spinorial perspective of section 4.2.

Recall that the gaugino supersymmetry condition reads

Fuy®n=0. (5.13)

On a manifold with a Ga-structure, this is equivalent to (3.3). A generic variation
of (5.13) gives
O (Fasy™ )0 + Fayy™im = 0 (5.14)

where in the second term we can use (4.36):

Fury™®0m = Fupyy®(dyn + ibiey™n) = iFapbic (Y%, 7] + {7, 7P
— iFabbtc<_4gca’Yb + 2,)/abc>77 )

The second equality is a consequence of the gaugino supersymmetry condition, and in the
last step we use (4.35) and the identity

(v} =29 (5.15)

We then use the identities in equation (3.8) in [78], and that F' € A2,(Y,End(V)), which
implies that Fup =0 and —F = F_:

Fab,}/abcn — Fab (Z-soabc + wabcd,yd) n= _2ch,ydn ) (516)

Consequently,
. 4
Fapy™0m = —8iF*ybiay"n = — = (beoF)20) a7 "n
3
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where we have used (4.42). The remaining terms in (5.14) are given by
[0/ Fu )™ + Fupeehear | 1 = [Aapadidy) + Feaes0ieta] 7'

1
= [dA[aatAb] + Feag™ <—23t9bd - Atbd>:| 7*n
= [dapd Ay + (hea® = Ara®) Foc]v*n
where we have used (4.40) and (5.13). We conclude

4
8t(Fab’Yab77) = [dA[aatAb} + (htaC - Atac)Fbc - 3((btJF)J90)ab:| ’Yab77 .

We then note that

4 1. . 4 .
N0 (P spha] 20 = Ao+ (O )s)un|
=i[ = (Arop)aF + 2(beaF)] 7n
= —i[(Bep) sFav™n = —BraFoey™n -
Here we have used F € A3,(Y,End(V)), which ensures that

F(A)ap = Ao Foep™qda? = AP (3Fy0aa)” — FoaPac” — Fraed”)da?

i (5.17)
= F(At) = F(Ar)op = —(Arop) oF = F(Arop)

where the maps F, F were introduced in section 5.1.
Variations that preserve the gaugino supersymmetry equation must thus satisfy

(dawdAq + Ata® Fac) 70 =0, (5.18)

which is equivalent to (5.3), upon using (4.42). We hence arrive at the same condition
from the spinorial perspective as well. This was of course expected, as the two descriptions
should be equivalent.

5.3 The infinitesimal moduli space

The constraint (5.3) (or equivalently (5.18)) on the variations A; € TM of the Go-
holonomy metric of Y, means that F(A;) must be d4-exact, that is

Ay € ker(F) CTM.

Therefore, the tangent space of the moduli space of the combined deformations of Gs-
holonomy metrics and bundle deformations is given by

TM=Hj (Y,End(V)) @ ker(F),

where elements in H (%A (Y,End(V)) correspond to bundle moduli. Recall however that the

infinitesimal moduli space of Ga-holonomy metrics does not span the cohomology group
Hale(Y, TY)). Let us take a closer look at this.
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We first recall the isomorphism between the cohomology H ée (Y,TY)) and the harmonic
one-forms,
Hy (Y.TY)) = H (Y, TY),

where the harmonic forms are in the kernel of the laplacian
Ag : QY,TY) = Q*(Y,TY),

which is constructed using the Levi-Civita connection and the Ga-holonomy metric. It
is easy to check that the diffeomorphism gauge which sets oy = 0 in (4.27) ensuring the
dg-closure of hy, also makes h; harmonic with respect to the Laplacian Ay as an element
of QY (Y, TY). Indeed, recall that in this gauge we have that the three-form

abc

1
Xt = ihmd@bcd dx
is harmonic. Applying df to y; we find
(Vaht (zd> Pped + 2 (vaht [bd> Pclad = 0.

The last term vanishes by the symmetry property of h;q, and the dp-closure of h; as an
element of Q!(Y,TY). From this it follows that

Vehia® =0,
establishing the co-closure of h;. Now, the harmonic forms further decompose as
HUY,TY) = SYY,TY) ® AY(Y,TY),

where S*(Y, TY) denote the symmetric elements of H!(Y, TY'), viewed as a (7 x 7)-matrix.
These are precisely the traceless symmetric deformations h;, plus the singlet deformation
corresponding to a re-scaling of . Together, these span all the non-trivial deformations of
the three-form . We must therefore have

SUY,TY)= H3(Y) .

ALY, TY) denote the anti-symmetric elements of H'(Y,TY'), viewed as a (7 x 7)-matrix.
There is a further decomposition of A'(Y,TY') into the 7 and 14 representations

ANY, TY) = AL (Y, TY) @ AL (Y, TY) .
However, on a compact manifold of Ga-holonomy it can be shown that
ALY, TY)=0.

The proof of this follows a similar procedure to the argument of section 4, where it was
shown that the one-form a; could be set to zero by an appropriate diffeomorphism. Ba-
sically, one can use an element of AL(Y,TY) to construct a d-harmonic one-form. This
contradicts the fact that there are no such one forms on a compact Ga-holonomy manifold.
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The redundant 14-representation, which does not contribute to the variation of the G
structure, has an interpretation as B-field deformations [8]. We will come back to these in
more detail in a future publication [13], but we note that by a similar computation as that
of (5.17), we can easily show that

AL (Y, TY) C ker(F).

We can hence extend the notion of 7 M to include both the metric deformations and the
B-field deformations, with the further requirement from the instanton condition that we
need to restrict to elements A, € H ée (Y,TY)) in the kernel of . Note that A; can in
principle include the B-field deformations in the 14-representation as well.

We can rephrase this result in terms of a cohomology group defined on an extension
bundle E. Define the bundle E which is the extension of 7Y by the bundle End(V'), given
by the short exact sequence

0 — End(V) — F—TY —0, (5.19)

with extension class F, and a connection D on the bundle E

da F
D=7 ).

It is not too difficult to show that this connection satisfies D% = 0 by equation (5.8). The
resemblance of the above sequence with that of the Atiyah algebroid [80] is clear, and it
tempting to suggest that the infinitesimal moduli space is counted by the first cohomology
as in that case. Let us see if this is correct.

Consider the cohomology group H%)E (Y, E) and let

z= (i) e H) (Y, E).

where « is a one form with values in End(V') and A is a one form with values in 7Y. Then
a Dg-closed one form z is equivalent to

Doy — &A}" o\ (viAquL]}(A) o
EP=Vody) \a) ™ dpA -

dga+ F(A) =0, dgA=0.

That is

These are just the equations which must be satisfied by the moduli of the instanton con-
nection on the bundle V over Y, together with the variations of the B-field and variations
of the G2 holonomy structure on Y which preserve the instanton conditions. Consider now
one forms x which are Dg-exact

z=Dg)\,
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for some section A of E. Let
€
A= .

dae + F(0) = a, dgd = A.

Then

Modulo such Dg-exact terms, the second equation then tells us that
A€ Hy (Y,TY)),

which are precisely the metric deformations preserving Ga-holonomy and B-field defor-
mations inclusive as described above. Fixing the gauge of these deformations by e.g.
considering harmonic forms, we are free to set dgd = 0. However, as there are no globally
covariantly constant vector fields on a manifold of Ga-holonomy, we have

Hy (Y, TY)=0.

It follows that 6 = 0. The first equation then says that the bundle moduli should be
modded out by the remaining gauge symmetries, which are given by exact forms dae. In
summary, we can claim that the infinitesimal moduli space is given by

TM = Hj (Y,End(V)) ® ker(F) = Hp, (Y, E). (5.20)

Indeed, this can be seen by computing the long exact sequence in cohomology associated
to the short exact sequence E

i F
0— Hy (Y,End(V)) = Hp,(E) 2, Hj (Y,TY)) = H (Y,End(V)) ... .

We can the compute H%)E(E) using exactness of the sequence. That is, we have
Hp, (Y, E) = Im(i) @ Im(p)

Indeed by injectivity of the first map we see that Im(i) = H éllA (Y,End(V)), while Im(p) =

ker(F). The result (5.20) follows.

It is interesting to see that the infinitesimal deformations of the extension bundle F,
defined by the differential Dg, are computed exactly as in the even-dimensional holomor-
phic case [80] by the first cohomology Hp, (Y, E). Indeed, the bundle valued cohomologies
we have defined in this paper have many similarities with their holomorphic cousins. We
will study many of these similarities further in [13].

5.4 Higher order obstructions and integrability

Let us now go a step further and consider obstructions to higher order deformations of
the instanton bundles. To do so, we will keep the Go geometry fixed for now. We will
return to higher order deformations of the instanton condition together with the base, or
equivalently the above defined extension E in a future publication. In this section, we will
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also return to setups where the base geometry is some integrable Ga-structure manifold,
generalising the Ga-holonomy condition.

We Let {A,B,C,...} denote an infinitesimal direction in the vector space spanned
by HéA (Y,End(V)). As we saw in section 3.2, the triple (A*(End(V)),da,[,"]) forms a
differentially graded Lie algebra. Furthermore, inserting a finite change of the connection

A—A+AA

into the instanton condition produces the following condition on A A
“ 1
daAA+ §[AA, AAl=0. (5.21)

That is, AA should be a Maurer-Cartan element of the differentially graded Lie algebra,
as is usual when one studies these kinds of deformation problem. Let X4 correspond to
the bundle moduli. We now assume that AA can be expanded in moduli fields as

AA:XA%A+%X&W%M%A+””

Since the X4 are arbitrary, if we plug this expansion back into (5.21) we must have

dadpA =0
aAaBacA + [BBA, 8()14} =0,

and so on. The first equation is just the statement that the infinitesimal deformations take
values in H éA (Y,End(V)). The second equation gives the first obstruction to these defor-
mation. Indeed, recall from Theorem 5, that [, -] is a well-defined product in cohomology.
Thus, this product of infinitesimal variations of A is required to vanish in cohomology,
otherwise we have an obstruction to the infinitesimal deformations of A at second order in
perturbation theory. Note that higher order deformations give higher order obstructions
in a similar fashion. In string compactifications, is expected that these obstructions corre-
spond to Yukawa couplings in the lower-dimensional effective theory, a question we hope
to return to in future publications.

Let us also take a moment to speculate about the behaviour of the higher order de-
formations when we also include deformations of the base. In this case, it is perhaps
instructive to restrict to bundles over a base with G2-holonomy, whose moduli space is
unobstructed [4, 5, 60]. We expect the full deformation problem to give rise to a similar
Maurer-Cartan equation, but now with a A € A'(E), so that

1
DrpA + Q[A’ Al=0, (5.22)
where [+, -] is an appropriate bracket on Q*(FE) to be discerned. Should this happen, one

would get that obstruction classes counted by H%E (Y, E), just like for the Atiyah algebroids
in complex geometry. We hope to return to this question in the future.
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6 Conclusions and outlook

In this paper, we have studied the infinitesimal deformations of a pair (Y,V), where Y
is a manifold of G2 holonomy, and V is a vector bundle with a connection satisfying the
(G5 instanton condition. We found that the structure of the infinitesimal moduli space
very much resembles that of the Atiyah algebroid in the case of holomorphic bundles over
complex manifolds [80]. Indeed, we found that the infinitesimal geometric deformations of
the base, corresponding to elements of H ie (Y, TY'), must be in the kernel of an appropriate
(9 generalisation of the Atiyah map,

Fo Hy (Y,TY) = Hj (Y,End(V)),

just like in the holomorphic case. The map F is given in terms of the curvature of
the bundle.

This structure is very interesting and prompts further investigation. In particular,
just as the Kéahler condition on the base is not necessary in the holomorphic case, the
G2 holonomy condition can also be relaxed in the seven-dimensional case. Indeed, as we
have seen we only need the base to have an integrable Gy structure in order to define the
d 4-cohomologies which are used in computing the infinitesimal deformations. We have
taken some steps in this direction in the current paper, and will investigate this further in
an upcoming publication [13]. Furthermore, in order to make more contact with physics
and the heterotic string, one also needs to consider the heterotic Bianchi Identity. We will
investigate this further in [13], but give a brief prelude here. There is evidence that the
combined structure fits neatly into a double extension of the form

0—-TY - Q—-FE—0,

where E is the G5 Atiyah algebroid of section 5.3, just as in the holomorpic case
of [46, 48, 49]. The corresponding extension map is defined by the Bianchi Identity. Equiv-
alently, as in the holomorphic case we hope to show that the system of heterotic BPS-
equations together with the Bianchi Identity can be used to construct a differential D on
0, and that the infinitesimal moduli are counted by H. %(Q) with respect to this differential.

Having discussed the infinitesimal moduli space, we hope to also address the issue of
higher order and integrable deformations. There is a lot of mathematical literature on the
deformations of the holomorphic Atiyah algebroid, see e.g. [44, 80-82]. Since the structure
of the corresponding differential complexes and extensions are so similar in the Go case,
there is hope that many of the results of the Atiyah algebroid can be carried over to the Go
setting without too much effort. We hope to investigate some of these aspects in the future.

One other interesting application of the results of this paper comes when we consider
reductions to SU(3) structure three-folds. Indeed, upon reducing on

Y = Xg xR,

where X is a complex three-fold with an appropriate SU(3) structure, it is easy to see
that the seven-dimensional instanton condition splits into the requirement that the bundle
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is holomorphic, in addition to the Yang-Mills condition,
FO2 =0, ¢®F;=0.

Ignoring issues related to compactness of Y, it is interesting to see how both these conditions
can be incorporated in the same structure d4. Due to this fact, it is also conceivable that
one can learn a lot about the d4-cohomologies by what is already known about stable
holomorphic bundles, and this is an interesting direction of further investigation.
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A Formulas

In this appendix we gather a number of formulas and identities which we have used in this
paper. The contractions between ¢ and v can be found in a number of references, see for
example [61]. More useful relations can be found in [33]

—~
~

(pabc Pabec = 42,
" Ppeqg = 665 ,
@eab Pecd = 2 5& 52] + wabcd .

—
w N =
N~—

—
~—

A.

A.

A.
G N g gy = 4%, (A.4)
" Yogey = 601 oMy, (A.5)
Ve = T - 24 = 168, (A.6)
POlhpege = 2407 (A7)
PPN Y erer = 800 + 20"y (A8)
L L 65{211 3y 5;1;] + 9 gplana bibs 52;]] a2 (A.9)
POy o, = 24001 612 67 67 (A.10)
T2l g 5,‘)’;]] — 16 [0 5;;*]] . (A.11)
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Let v be a one form (possibly with values in some bundle)
pola A ) = (@) = —da,
Ya(a A1) = (aap)ap =3a,
oi(aANY) =2aup.
Let « be a two form (possibly with values in some bundle)
pala N @) = —(an) = 2a+ap,
(e A ) = (asp)ap = 3mr() = a + a.

Lemma 4. Let 8 € A2, (possibly with values in some bundle). Then the identities

Baga P =0,
BY Yebed = =3 Befp Vea) ™
follow from 8 = —f .
Proof.
B=-Bup = —2Pap=Peg)a.

We use this to prove both identities.
For the first one, we contract with ¢ as follows:

1
Bad Sodbc = D) Bef wefad Sodbc =3 Bef 6[b[€ P I 9da = 2 Yda Bef 5[126 Pc] Jd

= _Bbd ‘Pdca - 5cd§0dab .

For the second identity, we contract with v as follows:

—2 8% Yebed = By g, Y72 Yebea
= ~Bpp, (68 oL 07 + 9ty 57)
= —6 803 — 387 (VP21 0 + 2077007 )
= —6 Bype g + 6 Bipe 0gp — 69 b Bae -

Hence

B Yebed = —3 wea [be 5d]e =-3 Be[b wcd} “.

Lemma 5. Let 8 € A2,(Y, E), where E is a bundle over Y, so that
BAY=0.
Then, this equation is equivalent to
56 A Vg e = iy da® Ay

Hence

711 (B A Vpeta d2") = 0.
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Proof. Equation 5 A = 0 can be written as

0= 6/8[6162 A wbcda] .

Then

0= 3/8[6162 A wbcda] dxeleQde = (3 B6162 ¢bcda - ﬁael ’(/162de) dl‘eleszd
=48 A Yieda dbed — 4! Bup dl’b A,

hence equation (A.19) follows. The statement that
T4 (8 A oo da'e) =0,

is just the observation that the right hand side of equation (A.19) is a five-form in A3.
]

Lemma 6. Let § € A% (perhaps [ also takes values in some vector bundle). Then 3
satisfies the identity

Bda (pbcd = Bd[b ro}ad + Yoalb (ﬁ—‘@)c] . (A2O)

Proof. A two form 8 in A%, must satisfy

2 B = 5—'¢ )
or, equivalently
4 ﬁad = Bbc wbcad .
Contracting this with ¢p.% and using equation (A.5) we have

le1 ezes]

4 Bad Sobcd = Beres ¥ ad Sobcd = —60c,es 9y aes 5[1) P
= -2 /86162 9o aes (2 6[eb1 (,0616263 + 5[€b3 (pc]elez)

=—4 Bd[b Soc]ad — 2 Bae Gpalb QDc]d6 =-4 (Bd[b Soc}ad + Ypalb (5—‘90)0]) ’
from which the identity (A.20) follows. O
A.1 Identities involving Hodge duals

Let a be a k-form and S a p + k-form. Then

alf = (—1)PAP=R) s (a A %), (A.21)

dla = — g V#C(anpl”'pkfl) dzPt A A daPRet (A.22)

(k—1)!
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A.2 Identities for derivatives of ¢ and ¥

In our computations related to the moduli problem, we will need identities which relate
derivatives of ¢ and 1 with the connection dg. We present these here by means of two
lemmas. Note that the lemmas hold for manifolds with any G9 structure, not only for

G2 holonomy.

Lemma 7. Let v be a four form on a seven dimensional manifold Y (not necessarily a

manifold with a Go structure). Then we have the identity

4d (wada dll)Cd) - _4' aar(/} + (dqp)bcdea dbede .

If the manifold Y has a Gy structure determined by ¢ (not necessarily harmonic) with a
connection V compatible with the Gy structure we also have

1
aad} = _5 Hab A wcdeb dxCde .

where 0, = Tp? da® and Tol are the connection symbols of V.
Proof. For the first identity we compute
d(wbcda dbed) = 8ewbcda dxd)Cd
= (5 8[ewbcda] — 30 Vedae — aawebcd) dabed
= (d)y g, Azt —3d <¢bcda dwad) — 4,0,

which gives the result desired.
For the second we have,

1 1
Ouy) = E OaVbede dabede = ? (vawbcde + 4Fabf wfcde) dabede
1

1
= ? Fabf d}fcde dbede = _5 eab A Yedeb dxCde )

where we have used Vi = 0.

O]

Lemma 8. Let ¢ be a three form on a seven dimensional manifold Y (not necessarily a
manifold with a G structure). Then we have the identity

31 42™) = 30+ (0 2

If the manifold Y has a Gy structure determined by ¢ (not necessarily harmonic) with a

connection V compatible with the Gy structure we also have
Lo ed
aaSO = 5 0" N ©eap dz™ .

where 0, = Tpe? da® and Tpl are the connection symbols of V.

Proof. The proof is similar to the proof of lemma 7 and is left as an exercise. 0
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B Elliptic complex

In this appendix we recall basic notions about ellipticity of operators and complexes, fol-
lowing the book of Gilkey [83], to which we refer for a more detailed account. We then show
that the complexes defined in section 2 and 3 are elliptic. We first recall that a complex is
elliptic if it is exact on the level of leading symbols:

Definition 3 (Gilkey). Let V be a graded vector bundle: V is a collection of vector bundles
{Vi}jez such that V; # {0} for only a finite number of indices j. Let P be a graded pseudo
differential operator (WDO) of order d: P is a collection of d" order WDOs Pj : C*®(V;) —
C>®(Vj41). Then (P,V) is a complex if Pj41P; =0 and o Pj10P; = 0. (P, V) is an
elliptic complex if

N(o0P})(w,€) = R(onPyi1) (2, €) (B.1)

i.e. the complex is exact on the level of the leading symbol o.%

To be able to use this definition, we must define pseudo differential operators, as well
as the symbol of an operator. Let oo = (aq, ... ay,) a multi-index, and |a| = a3 + ...+ apy.
Introduce a notation for multiple partial differential operator

8 a1 8 Qam,
DY = (=)l [ ) (2
= () ()

where the factors of ¢ will simplify the expressions below. A linear partial differential
operator of order d may then be expressed as

P = Z ao(z)DY

laf<d

where a,(z) are smooth functions. Using the dual variable ¢ that appears in the Fourier
transform (where the measure dz is defined so that factors of 27i are absorbed)

f(6) = / e f(2)da (B.2)

we define the symbol o P by
oP(2,6) = 3 aalz) (B.3)
la|<d
This is a polynomial of order d in £. The leading symbol, o7 P, is the highest degree part
of this polynomial
orP(z,) = > aa()". (B.4)
lo]=d
As described in [83], we may generalise to non-polynomial symbols, for which the cor-
responding operator is called a pseudo differential operator (YDO). The complexes of
relevance here all have polynomial symbols.

8N denotes the null space (i.e. kernel) of the operator, and R denotes the range (or image).
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The condition of ellipticity for a complex can also be stated in terms of a constraint
on the associated Laplacian. Define the Laplacian of an operator P; as

Aj = PiPj+ Pj1Pjy: C®(Vj) = C*(V)) (B.5)
where PJ* denotes the adjoint operator of P;. The leading symbol of A; is given by
or(Aj) = pjpj + pj-1pj_1, Where p; = o(F;) (B.6)

An operator is elliptic if its leading symbol is non-singular for £ # 0. We then have, as
proven in [83]:

Lemma 9 (Gilkey). Let (P, V) be a d'* order partial differential complex. Then (P,V) is
elliptic iff A; is an elliptic operator of order 2d for all j.

B.1 Examples of elliptic complexes

Let us now demonstrate that the complexes (2.10) and (3.9) are elliptic. We will use that
de Rham complex is elliptic, so we start by recalling this fact.

Ellipticity of the de Rham complex. (Gilkey)
To prove that the de Rham comples is elliptic, we need the symbol of d. Recall that the
symbol of % is given by the dual coordinate i§;, via the Fourier transform (B.2). To find

the symbol for d = ) dz; A %, define the one-form ¢ = ) &;dz;. The symbol of d is then
o(d) = iext(§) (B.7)

where
ext(§lw=EAw. (B.8)

Note that for this example, the symbol only contains monomials of maximal degree = 1,
and so the leading symbol coincides with the symbol.

We must now show that (B.1) holds for o(d) = iext(§). Fix £ # 0 and choose a frame
{e1,...,em} in T*Y such that & = e;. We then have

jext()er = { 0 =1 (B.9)

ej v J ={1i1,...,0p}
It follows that NNV (ext(&,)) = R (ext({p—1)), as required (note that the index p and p — 1 is
not necessary, since the operator d is the same for all p). This proves that the de Rham
complex is exact on the symbol level, as required for an elliptic complex.

Ellipticity of the d-complex. Let us now consider the complex (2.10) of Fernandez-
Ugarte. The ellipticity of this complex was shown in [34, 35], but we repeat the argument
here for convenience. We first recall the complex

d

0 A°Y) S ANY) S AZY) S A3(Y) >0 (B.10)
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where the corresponding nilpotent operator is

d=rmod, (B.11)
where m-denotes the projection onto the appropriate group. Note that for o € ]\*(Y)
we have

YAa=yYAr(a). (B.12)
The corresponding symbol is hence
o(&,x) =moext(§), (B.13)

modulo non-important prefactors.
Now let a be a one-form. If « is in the kernel of o, it implies that

YAEANa=0, (B.14)
or equivalently
gman@mnp =0. (B15)

It follows that o = f ¢ for some function f, and N(o) = R(o) at the level of one-forms.
We next assume o € A%(Y). Being in the kernel of o is then equivalent to

£ " opnp = 0. (B.16)
Further, we can decompose « as
a=Eny+E, (B.17)
where €18 = 0. It follows that
E"B"P oy = 0. (B.18)
As ( is orthogonal to &, this implies that
Bnpwmnpzo, = [BAY=0. (B19)
But then
a=7(a)=7(Ny). (B.20)

Hence o € Im(o). Finally, we note that o is surjective onto A$(Y'), and so the symbol is
exact at this level as well. Hence the complex (B.10) is elliptic.

Ellipticity of the ds-complex. It is now straight-forward to prove also that the com-
plex (3.9) is elliptic. First, recall that by Theorem 4, we have

d4 =0 (B.21)
as long as A is an instanton connection. With
daw = Z (g(;[ + Ajw[> daj Adal (B.22)
3l !
the symbol of d4 is
o(dg) = moext(i& + A) (B.23)

so the leading symbol o7, (d4) equals o7,(d), and hence also (da, C®(A(T*M))) is an ellip-
tic complex.
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