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Abstract

Hydraulic conductivities of compacted water-saturated bentonite were com-
puted based on the real microstructure. The Homogenization of Periodic Media
approach employed fully acknowledges the heterogeneous and multiscale mi-
crostructure of clay, as well as locally varying physical flow properties. Con-
sequently, three levels of description were considered : the microscopic level
of clay particles, the mesoscopic level of clay aggregates, mineral grains and
inter-aggregate porosity, and the macroscopic level of the sample subjected to
fluid pressure gradients in the laboratory. Starting from the local description
of fluid flow, the expression of the effective hydraulic conductivity tensor was
derived. The soft and dense gels and the open voids may form a connected flow
path or remain occluded. The local problems were solved on the microstructure
obtained from a digitalized micrograph by image analysis. The contribution to
macroscopic flow by the soft and dense gels was investigated in various con-
figurations, and comparisons were made with hydraulic conductivity data for
MX-80 bentonite.

Keywords: Hydraulic conductivity, Compacted water-saturated bentonite,
Image analysis, Numerical Homogenization, Finite Element computations,
Experimental comparison

1. Introduction

1.1. Clay microstructure

Smectites are characterized by a heterogeneous arrangement of nanometer-
scale lamellae stacked together to form clay particles, micrometer-scale grains,
water and air which saturate the various pore spaces that appear on different
scales (Jozja, 2003; Holzer et al., 2010; Keller et al., 2014; Pusch and Yong,
2006; Tessier et al., 1992). As a result, clay microstructure controls most of
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their physical properties such as ion diffusion, swelling pressure and hydraulic
conductivity. In water-saturated compacted bentonite, mesopores that contain
free pore water may be distinguished from nanoscale pores that contain water
molecules bound by surface forces. The multi-scale pore structure continuously
changes during hydration, swelling and compaction processes, which complicates
its characterization (Holzer et al., 2010; Tomioka et al., 2010). This explains the
scarcity of microstructural data available to quantify the pore size distribution
and pore connectivity in compacted bentonite. As pointed out in (Holzer et
al., 2010; Keller et al., 2014), the proportions of free and bound porewater in
compacted bentonite are the subject of ongoing discussions and investigations,
and tomography techniques are still under development in order to quantify
precisely the mesopore distribution in compacted swelling clays.
In (Pusch and Schomburg, 1999; Pusch, 2001) Transmission Electron Microscopy
(TEM) micrographs of compacted and hydrated MX-80 bentonite displayed the
formation of clay gels of variable density by linking of aggregates exfoliated from
the expanding clay grains. Consequently, four main phases were distinguished:
open voids which present no resistance to flow, clay gel-filled voids (designated
as soft gels) which are characterized by a finite hydraulic conductivity, clay ag-
gregates (designated as dense gels) and non-smectite grains which are assumed
to be impermeable. Impervious zones and denser and softer gels were schema-
tized by a grid of elementary cells with distinct hydraulic conductivities. The
effective conductivity was then approximated by an analytical formula combin-
ing the individual cells in parallel or in series depending on their orientation
with respect to the macroscopic flow direction. Tomioka et al. (2010) used X-
ray microtomography for examining the morphological evolution of compacted
Na-montmorillonite before and after saturation. They concluded that the outer
montmorillonite sheets are likely to swell and form a gel that occupies the inter-
granular voids, whereas the inner sheets are not affected by the water saturation
process. Holzer et al. (2010) and Keller et al. (2014) investigated the intergran-
ular pore space (mesopores) of compacted and hydrated MX-80 bentonite using
high resolution 3D imaging with Focused Ion Beam nanotomography. They
observed that clay particles’ hydration in non-compacted bentonite (dry den-
sity ρdry = 0.39 g/cm3) is associated with extensive exfoliation and dispersion

of thin clay layers. At ρdry = 1.24 - 1.46 g/cm3, clay aggregates located in

the intergranular pore space displayed a honeycomb structure of stacked clay
platelets filled with a colloidal clay gel of lower density. At higher densities, the
small remaining fraction of mesopores were elongated in shape and no longer
inter-connected, which led the authors to conclude that fluid flow and trans-
port cannot take place through the mesopores alone. In compacted hydrated
bentonites such as those intended for radioactive waste disposal, the isolated
mesopores are connected only through the nanopores present within the clay
matrix. As we will see in Section 3.1 the macroscopic fluid flow in the case of
unconnected mesopores is then controlled by the conductivity of the clay matrix.
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1.2. Multiscale modelling of fluid flow in geomaterials

In recent studies (Adler et al., 1990; Al-Omari and Masad, 2004; Blunt et
al., 2013; Masad et al., 2000) the effective permeability of various porous mate-
rials (natural sandstones, carbonate reservoirs, asphalt pavements, sands, glass
beads) was determined by solving the local equations of fluid flow. The mi-
crostructure was obtained directly from the sample by image processing, or ide-
alized by utilizing statistical characteristics. The computed flow fields displayed
preferential paths depending on the size and connectivity of the pores, with
whole areas of the pores relatively isolated from the flow. In the study by Blair
et al. (1996), a two-point spatial correlation function obtained from image pro-
cessing was employed to estimate several microstructural parameters (porosity,
specific surface area, mean grain size, effective pore size), and combined with a
Kozeny-Carman relation to estimate the intrinsic permeability of porous glasses
and natural sandstones. Blunt et al. (2013) applied network modelling at larger
scales to extract a topologically representative network consisting of pores and
throats from the image, and the flow and transport properties were described
semi-analytically. In (Adler et al., 1990; Al-Omari and Masad, 2004; Masad
et al., 2000), the computed velocity field was driven by the pressure difference
prescribed between the inlet and the outlet of the microstructure. Periodic
boundary conditions were imposed for the velocity components, Darcy’s law
was written at the macroscopic scale and the effective permeability tensor was
simply defined as the ratio between the average fluid velocity vector and the
known pressure gradient. The previous studies concerned materials of intrinsic
permeability higher than 10−12 m2, and did not investigate very low permeabil-
ity materials such as compacted clays. Moreover, the pore space comprised only
intergranular porosity with no nanoporosity such as encountered in clays.

Ichikawa et al. (1999, 2001, 2004a) and Wang et al. (2003) employed the
Homogenization of Periodic Media to model fluid flow through clays. The
microscopic and the macroscopic fluid flow equations were obtained from the
Navier-Stokes equations using double scale asymptotic expansions, the two lev-
els of description being related by the macroscopic permeability. Clay mate-
rial was composed of lamellae of hydrated montmorillonite on the nanometric
scale, while the mesoscopic domain consisted of clay particles and non-smectite
grains. Water was distributed within the interlamellar and interparticle spaces,
disregarding the mesopores. The computed effective permeability changed sig-
nificantly with the void ratio, and comparison with experimental data (Pusch,
1994) confirmed the difficulties of assessing the permeability of very low perme-
ability clays.

1.3. Modelling approach and outline of the paper

An experimental investigation on saturated bentonite (Pusch and Schom-
burg, 1999) has been employed in a numerical homogenization model in order
to relate the macroscopic hydraulic conductivity with structural and micro-
textural properties. With respect to existing works on compacted bentonites
(Bouchelaghem and Jozja, 2009a,b; Ichikawa et al., 1999, 2001, 2004a; Wang et
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al., 2003) which are all based on simplified microstructures (Poiseuille-like flow
for lamellae of hydrated montmorillonite, symmetrical arrangements of spherical
or cylindrical grains on the mesoscopic scale), the macroscopic permeability ten-
sor is computed on real microstructures, while both mesopores and non-smectite
grains are taken into account, leading to new effective permeability formulations.
According to Baltean (1999) and Wodie (1992), the effective permeability will
be obtained on the macroscopic scale by upscaling from the mesoscopic scale
alone, consisting here of the arrangement of clay aggregates, inter-aggregate
voids and non-smectite grains. As mentioned in Section 1.1, microstructural
data regarding the intergranular space (Holzer et al., 2010; Keller et al., 2014;
Pusch, 2001; Pusch and Yong, 2006) allow us to distinguish between dense and
soft parts of the heterogeneous clay matrix, implying regions of low permeabil-
ity and highly permeable channels. Accordingly, we assume that the soft gels
always contribute to the macroscopic flow, while the dense gels may be imper-
vious to fluid flow, completely open to flow, or characterized by an effective
conductivity that can be determined from a separate upscaling approach.
The mesoscopic clay microstructure is described in Section 2.2, followed by the
construction of a Finite Element mesh for numerical treatment in Section 2.3.
Based on the description of effective fluid flow behaviour on the mesoscopic scale
within clay aggregates (Section 2.4) and within inter-aggregate pores (Section
2.5), the method of asymptotic expansions is employed to derive the effective
hydraulic conductivity tensor for unconnected mesopores (Section 3.1), for con-
nected mesopores (Section 3.2), and when no mesopores are present (Section
3.3). Numerical simulations results and a comparison with experimental data
on MX-80 bentonite are presented in Section 4. Finally, conclusions are drawn
and future work is outlined in Section 5.

2. Formulation of the problem on the mesoscopic scale

2.1. Materials and sample preparation

MX-80 bentonite is a commercial smectite-rich clay, composed of numer-
ous montomorillonite lamellae arranged in basic units or stacks (Pusch, 1999,
2001). The chemical constitution is as follows: 65-75 % montmorillonite, 10-
14 % quartz, 5-9 % feldspars, 2-4 % mica and chlorite, 3-5 % carbonates and
chlorite, 1-3 % heavy minerals. The stacks are estimated to consist of 3-5 lamel-
lae with equally oriented crystal axes in Na-saturated smectite, and about 10
lamellae if Ca is the dominant exchangeable cation (Pusch, 2001). Buffer clay
blocks are prepared by compacting air-dry MX-80 clay powder at a compaction
pressure of 100 MPa. The dry density of the grains is ca 1980 kg m−3 at 10
% by weight and the dry density of the powder mass poured in the form and
slightly compacted is ca 1200 kg m−3. Transmission Electron Micrographs of
very thin sections (about 3 10−2 µm) are obtained by acrylate impregnation of
the clay under confinement, the sample preparation is detailed in Pusch (2001).
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2.2. Microstructure
The general description is based on observations of clay fabric that distinguish
between two levels of arrangement: the particles and aggregation of particles
(Holzer et al., 2010; Jozja, 2003; Pusch and Yong, 2006; Tessier et al., 1992).

(a) (b)

Figure 1: (a) : Digitalized micrograph of MX-80 clay, taken from (Pusch and Schomburg,
1999). (b) : Finite Element mesh of 1/4 of the microstructure Ω for soft and dense gels,
consisting of 271156 elements with 143862 mesh points.

The microscopic domain of clay particles, which is characterized by the
length lc, consists of stacked lamellae of montmorillonite, inter-layer water and
lenticular pores (Bouchelaghem and Jozja, 2009a,b). Clay aggregates are rep-
resented by a periodical repetition of clay particles and inter-particle porosity.
The mesoscopic domain is illustrated in Fig. 1a showing a TEM of MX-80
clay taken from Pusch (1999). The periodic microstructure Ω, of characteristic
length l, is composed of the porous matrix Ωc of clay aggregates, water satu-
rated inter-aggregate voids Ωf which may be connected or not, and non-smectite
grains Ωs (in black in Fig. 1a). We will alternatively assume that the dense
clay gels (in pink in Fig. 1a) are open to fluid flow and form a part of Ωf , or
they will be considered as completely impervious, or they will be assimilated
with a porous clay matrix Ωc of low hydraulic conductivity. In a similar way,
the soft clay gels (in green in Fig. 1a) will either be considered as open to fluid
flow (as part of Ωf ) or else be assimilated with a porous matrix of finite con-
ductivity (contributing to Ωc). The mesoporosity ϕm is defined as the volume
of inter-aggregate pores |Ωf | divided by the total volume |Ω|:

ϕm =
|Ωf |
|Ω|

= 1− |Ωc +Ωs|
|Ω|

(1)

In the following, Γcf and Γcs respectively designate the interfaces between
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clay aggregates and inter-aggregate voids, and between aggregates and non-
smectite grains. Γfs is the interface between mesopores and grains. Local
periodicity is assumed for the microstructure and the physical properties, and
Fig. 1b represents one quarter of the periodic cell Ω. The periodicity assumption
is equivalent to the assumption of local statistical homogeneity and ergodicity
for all the physical variables in random media. The following conditions of
separation of scales are taken to be verified (Bensoussan et al., 1978; Sanchez-
Palencia, 1980; Rubinstein and Torquato, 1989; Torquato, 2005):

ε′ =
lc
L

≪ 1, ε =
l

L
≪ 1, ε′ ≪ ε (2)

where L designates the characteristic length of the macroscopic sample.

2.3. Image analysis and construction of the FE mesh

In order to create the geometry object to be meshed, the TEM micrograph
in Fig. 1a is converted to a matrix format using the Image Processing Toolbox
for Matlab (Matlab, 2010). In the resulting matrix of values ranging from 0
(black) to 255 (white), each level corresponds to a different density within the
clay microstructure. A thresholding procedure based on a detailed exploration
of the image is then performed, allowing to dissociate the three phases (soft
gels and voids, dense gels, non-smectite grains) and resulting in a matrix with
only three distinct values : 0 for the non-smectite grains, 125 for the dense gels
and 255 for the soft gels and voids. The contours of the different phases are
extracted and are imported into Comsol (Comsol, 2006) before being processed
to obtain the surfaces occupied by the different phases. Fig. 1b represents the
Finite Element unstructured mesh of the microstructure obtained by Delaunay
triangulation. The relative fractions of the TEM picture are 41.6 % for soft gels
and voids, 18.2 % for dense gels, and 40.2 % for non-smectite grains. The soft
gels and voids occupy 44.6 % of the numerical microstructure, while the dense
gels and grains represent respectively 20.2 and 35.2 % of the microstructure.
The difference between the relative proportions of the phases in the micrograph
and the FE mesh is mainly due to the noise which is present in the processed
TEM picture and cannot be completely eliminated by the thresholding proce-
dure. Another source of error is the presence of very small inclusions of one
phase within another phase, that do not contribute to the overall fluid flow
and are neglected during the mesh generation. By varying the digitalized mi-
crostructure resolution, Al-Omari and Masad (2004) and Blunt et al. (2013)
have observed that an approximately 1000-fold range from resolution to sample
size may be necessary in order to obtain convergent permeability results. In
our case, the high resolution employed, of the order of 10 nm/pixel in both the
horizontal and the vertical directions, ensures a very good precision in capturing
the actual microstructure and guarantees that the numerical permeabilities are
convergent. Similar resolutions, comprised between 3.7 and 14.7 nm/pixel, have
been employed to characterize the 2D and 3D mesopores distributions of MX-80
compacted hydrated bentonite (Holzer et al., 2010). Permeability computations
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similar to those depicted in Section 4 have also been performed on microstruc-
tures of increasing size, leading to convergent values for a microstructure size
higher than two thirds of the microstructure illustrated in Fig. 1b.

2.4. Mesoscopic description of the domain occupied by clay aggregates

The derivation of the effective fluid flow behaviour through periodic media
has been detailed in previous works for the case of constant fluid viscosity (Bal-
tean et al., 2003; Baltean, 1999; Ichikawa et al., 1999, 2001; Levy, 1987; Wodie,
1992). For random media, the homogenization procedure is similar to the ho-
mogenization of periodic media, provided that the assumption of periodicity
is replaced by the assumption of local statistical homogeneity and ergodicity
(Rubinstein and Torquato, 1989; Torquato, 2005). The modelling approach
proposed in Bouchelaghem and Jozja (2009a) in the case of variable viscosity
can therefore be applied to random digitized clay microstructures such as the
one illustrated in Fig. 1a.

In the inter-layer and inter-particle spaces Ω′
f , fluid flow, which is assumed

to be periodical, laminar and stationary, is governed by Navier-Stokes equations
in which inertia effects are neglected. Fluid viscosity µ = µ(y′) is taken to vary
locally in the microstructure, in order to account for the ”ice sheet” effect of
viscosity increase near the particle surface (Ichikawa et al., 1999, 2001, 2004a;
Pusch and Yong, 2006). The mesoscopic description of flow in clay particles
is obtained by performing an asymptotic analysis in terms of the parameter ε′

(Bensoussan et al., 1978; Levy, 1987; Sanchez-Palencia, 1980; Rubinstein and
Torquato, 1989), leading to (Bouchelaghem and Jozja, 2009a):

v0 = −kj
∂p0

∂xj
, p1 = −pj

∂p0

∂xj
(3)

where v0 represents the first order approximation of fluid velocity, while
p0 = P (resp. p1) is the first (resp. second) order approximation of fluid
pressure, and kj = kj(x,y

′) verify the following system of equations:

µ0∆y′kj +∇y′µ0 · (∇y′kj +
T ∇y′kj) +∇y′pj − ei = 0, ∇y′ · kj = 0 in Ω′

f

kj = 0 on Γ′
sf (4)

where kj , pj are Ω′
f -periodical. ei is the unit vector along axis y′i. The term

∇y′µ0 · (∇y′kj +
T ∇y′kj) expresses the contribution of variable viscosity.

By applying the averaging operator to Eq. (3)a, we obtain a generalization
of Darcy’s law at the first order of approximation:

ṽ =
1

|Ω′|

∫
Ω′

f

vdV = (ε′)2ṽ0 = −(ε′)2k̃j
∂P

∂xj
= −K∇xP (5)

In Eq. (5), ṽ = (ε′)2ṽ0 represents the first order approximation of the fluid
velocity within the porous space of clay particles, andK = (Kij) is the hydraulic
conductivity tensor of the porous clay matrix.
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The problem description within the domain Ωc occupied by clay aggregates
is completed by the continuity equation for the fluid phase, the non penetration
condition on the interfaces Γcs between clay aggregates and non-smectite grains
(n is the outward unit normal on the interface), as well as by Ω-periodicity
conditions:

∇ · ṽ = 0 in Ωc (6)

ṽ · n = 0 on Γcs (7)

ṽ, P Ω− periodical (8)

2.5. Mesoscopic description of the inter-aggregate voids

In inter-aggregate pores, under slow flow conditions of incompressible free
water, transient and inertia terms are assumed negligible. According to nuclear
magnetic resonance tests cited in Pusch and Yong (2006), the viscosity of water
in pore spaces smaller than about 5 nm is higher than in free water. Some
reduction in fluidity may also occur in voids as wide as 10−2 µm, but for larger
voids, the effect on porewater viscosity is estimated to be negligible. In the
numerical simulations presented in Section 4, the smallest pore constrictions
employed are around 0.05 µm. Consequently, fluid viscosity is assumed to be
constant in mesopores and Navier-Stokes equations simplify to Stokes equations:

µ∆vf −∇pf = 0 in Ωf (9)

where µ, vf , and pf respectively designate fluid viscosity, velocity and pres-
sure within the mesopores. Mass balance is written as follows:

∇ · vf = 0 in Ωf (10)

Boundary conditions express fluid adherence on Γfs and Ω-periodicity:

vf = 0 on Γfs (11)

vf , pf Ω− periodical (12)

We assume continuity of fluid pressures and normal velocities on both sides
of Γcf (n designates the unit outward normal on Γcf ):

pf = P on Γcf (13)

vf · n = ṽ · n on Γcf (14)

3. Determination of the macroscopic hydraulic conductivity

Based on experimental evidence (Holzer et al., 2010; Keller et al., 2014;
Pusch, 2001), the general description of a bentonite microstructure where clay
gels of variable density partially fill the intergranular pore space has been re-
tained. Three distinct formulations are obtained for the hydraulic conductivity
at the macroscopic scale, depending on the distribution of the mesopores.
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3.1. Effective hydraulic conductivity tensor with unconnected mesopores

Depending on the initial fabric of the bentonite, connected flow paths of
inter-aggregate pores may not exist (Bouchelaghem and Jozja, 2009b; Souli et
al., 2008). In that case, according to the local description given in Sections 2.4
and 2.5, fluid flow in the clay aggregates is described by Darcy’s law Eq. (5) and
the continuity equation Eq. (6). In water-saturated unconnected mesopores,
fluid flow is governed by Stokes equations Eq. (9) and the incompressibility
condition, Eq. (10). At the boundary between both domains, we assume conti-
nuity of fluid pressure Eq. (13) and normal fluid velocity Eq. (14) while, at the
boundaries of solid grains, Eqs. (7) and (11) are valid. To complete the problem
description, Eqs. (8) and (12) express Ω-periodicity. We must now consider that
ṽ and P depend on ε, in order to express the influence of mesopores and solid
inclusions on fluid flow in the porous clay matrix.

As the unconnected voids Ωf are surrounded by the porous matrix Ωc, fluid
flow in the mesopores is a consequence of fluid flow in the clay matrix, which
implies that fluid velocities and pressures will be of the same order of magnitude
in both domains. The asymptotic expansions are defined accordingly, each
physical quantity being a function of both the macroscopic position vector x
and the microscopic position vector y describing the local scale. The results of
homogenization of the system of Eqs. (5) to (14), constituting a generalization
of the results by Wodie (1992), are detailed by Bouchelaghem and Jozja (2009a).
We find that the local velocity field in the porous clay matrix is given by the
following expression at the first order of approximation:

ṽ0i = −K0
ij(δjk +

∂Πk

∂yj
)
∂p0

∂xk
(15)

Where the vector-valued function Πk does not depend on the macroscopic
pressure gradient p0 (defined everywhere in Ω), which enables us to formulate
the equivalent behaviour under the form of a generalized Darcy’s law. The
macroscopic fluid velocity ⟨V0⟩ is naturally defined as the volume average of
the local fluid velocity fields in the clay aggregates Ωc and the mesopores Ωf :

⟨V0⟩ = 1

|Ω|
(

∫
Ωc

ṽ0dV +

∫
Ωf

v0
fdV ) (16)

By use of the continuity equation, the adherence condition at the interface
between the mesopores and the clay matrix, the periodicity condition and the
divergence theorem, we obtain the final expression for the macroscopic veloc-
ity ⟨V⟩ at the first order of approximation. It defines the effective hydraulic
conductivity tensor Kncv for the case of unconnected mesopores:

⟨V⟩ = (ε′)2⟨V0⟩ = −Kncv∇xp
0

Kncv
ij =

1

|Ω|

∫
Ωc

Kkl
∂

yk
(yi +Πi)

∂

yl
(yj +Πj)dV (17)
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In order to compute Kncv with Eq. (17)b from a volume averaging pro-
cedure, the following local problem for Πk (k = 1, 2) is solved by the Finite
Element method (Comsol, 2006):

∂

∂yi
(Kij

∂Πk

∂yj
) = −∂Kik

∂yi
in Ωc

Πk = −yk on Γcf

Kij
∂Πk

∂yj
ni = −Kikni on Γcs (18)

Πk = 0 on yk = 0, Le
k

∂Πk

∂yj
nj = 0 on yi = 0, Le

k, i ̸= k

where Le
k (k = 1, 2) is the side length (along yk) of the mesh in Fig. 1b.

3.2. Effective hydraulic conductivity tensor with connected mesopores

As in the case of unconnected mesopores, the mesoscopic description of fluid
flow is given by the system of Eqs. (5) to (14). In connected mesopores, fluid
velocity is now of order O(ε2), while according to Eq. (5), fluid velocity in the
domain of clay aggregates is of order O((ε′)2) and can be neglected. Conse-
quently, the continuity of fluid velocities on Γεcf will lead to a condition of null
velocity for fluid flowing in the mesopores. The effective hydraulic conductivity
tensor is obtained by upscaling of Stokes equations and neglecting fluid flow
within clay aggregates, and the homogenization procedure leads to the local
problem formulated in Section 2.4 in the particular case of constant viscosity:

v0
f = −kf

j

∂p0

∂xj
(19)

where p0 is the macroscopic pressure, and the local problem is written as:

µ∆yk
f
l +∇ypl − δilei = 0, ∇y · kf

l = 0 in Ωf

kf
l = 0 on Γsf , k

f
l · n = 0 on Γcf

pl = 0, kf
l · t = 0 on yl = 0, Le

l (20)

∇ypl · n = 0,kf
l · ej = 0 on yj = 0, Le

j , j ̸= l

∇yk
f
l · n = 0 on yj = 0, Le

j , j=1,2

kf
l , pl being Ω′

f -periodical. ei is the unit vector along the local axis yi.
Using Eq. (19) and defining the average fluid velocity ⟨V⟩ as the volume

average of the local velocity field over Ωf , we have the following expression
for ⟨V⟩ at the first order of approximation, defining the effective hydraulic
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conductivity Kcv for connected mesopores as:

⟨V⟩ = ε2⟨V0⟩ = ε2

|Ω|

∫
Ωf

v0
fdV = −Kcv∇xp

0, Kcv
ij =

ε2

|Ω|

∫
Ωf

kfijdV (21)

The local problem of Eqs. (20) to be solved for (kf
j , pj) is identical to

the classical problem describing fluid flow of an incompressible Newtonian fluid
under steady state conditions. The pressure gradient is taken equal to unity
along the coordinate axis xl (of unit vector el), and zero in the other directions:

∂p0

∂xj
= δjl (22)

The effective hydraulic conductivity tensor Kcv is then obtained through
volumetric averaging on Ωf according to Eqs. (21) and (22).

3.3. Effective hydraulic conductivity with no mesopores

In highly compacted clays the mesoporosity is negligible (Bouchelaghem and
Jozja, 2009b; Holzer et al., 2010; Keller et al., 2014), and Eqs. (5) to (8) describe
fluid flow in the clay aggregates. ṽ and P depend on ε in order to account for the
influence of solid inclusions at the mesoscopic scale on fluid flow in the porous
clay matrix. This problem has been studied by Baltean et al. (2003); Baltean
(1999) and Wodie (1992). By introducing asymptotic expansions, and using the
same approach as described in Section 3.2, we obtain the local fluid velocity as:

ṽ0i = −Kij(δjk +
∂Π′

k

∂yj
)
∂p0

∂xk
(23)

The macroscopic fluid velocity is defined as the volume average of the local
velocity field ṽ0, and from Eq. (23) we obtain at the first order of approximation:

⟨V⟩ = (ε′)2⟨V0⟩ = −Knv∇p0, Knv
ij =

1

|Ω|

∫
Ωc

Kik
∂(yj +Πj)

∂yk
dV (24)

Eq. (24)b defines the effective hydraulic conductivity tensor Knv in the
particular case when there are no mesopores present in the microstructure, and
the system to be solved for Π′

k takes the following form:

∂

∂yi
(Kij

∂Πk

∂yj
) = −∂Kik

∂yi
in Ωc

Kij
∂Πk

∂yj
ni = −Kikni on Γcs (25)

Πk = 0 on yk = 0,
Le
k

2
∂Πk

∂yj
nj = 0 on yi = 0,

Le
i

2
, i ̸= k
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Knowing Πk, the effective hydraulic conductivity Knv is obtained by Eq.
(24)b through volume averaging.

4. Results and discussion

Numerical computations have been performed in the case of isotropy of the
clay matrix : Kij = Kcδij , where Kc is constant. The longitudinal perme-
ability corresponds to the horizontal axis x while the transverse permeability is
associated with the vertical axis y in the system of cartesian coordinates.

4.1. Connected mesopores

This situation is encountered for the determination of the transverse hy-
draulic conductivity, and either the connected mesopores correspond to the soft
gels alone and the contribution of dense gels is neglected (Case a.), or the meso-
pores are associated with both the soft and dense gels (Case b.).
Case a. Soft gels.
The local problem of Eqs. (20) is solved in the domain occupied by the soft
gels only, while the dense gels are assumed to be impermeable to flow. Fig. 2
illustrates the norm of the fluid velocity field computed within one quarter of
the periodic cell. Fluid flow is highly localized and limited to the connected gel
network at the left in the microstructure. The transverse intrinsic permeability
value is equal to Kcv

yy = 1.041×10−17 m2. The range of corresponding hydraulic

conductivity values, obtained from the classical relationshipKhydr
yy = ρbulkg

µ Kcv
yy ,

with ρbulk = 1300 kg/m3 (Pusch and Schomburg, 1999) and µ confined between
1.8 and 4 mPa s (Paumier, 2007), are listed in Table 1. In the horizontal di-
rection there are no connected flow paths for the soft gels alone, therefore the
effective longitudinal permeability cannot be computed using this approach, and
will be obtained instead under the assumption of unconnected mesopores. The
off-diagonal term Kcv

xy = Kcv
yx = 5.387 × 10−18 m2, obtained from Eq. (21), is

not negligible compared to the transverse permeability.
Case b. Soft and dense gels.

When all the gels are assumed to be open to fluid flow, the computed transverse
effective permeability is equal to Kcv

yy = 3.787×10−16 m2. Using the same data

as in Case a., the corresponding range of values for Khydr
yy are listed in Table

1. The fluid velocity field is represented in Fig. 3, which shows connected flow
paths as well. As in the simulations of Masad et al. (2000), the fluid flow is
locally laminar but irregularly distributed within the void space. Narrow necks
control the flow, while large portions of soft gels do not contribute to the overall
fluid flow through the microstructure: fluid flows along preferential paths.

In the longitudinal direction there are no connected flow paths, the corre-
sponding effective conductivity will be computed as below in Section 4.2. The
off-diagonal component of the permeability tensor is obtained by integrating
the horizontal velocity over the whole domain of soft and dense gels. From Eq.
(21), we deduce Kcv

yx = 1.0923× 10−16 m2.

12



Figure 2: Connected mesopores. Fluid velocity field in Case a (soft gels only).

Figure 3: Connected mesopores. Fluid velocity field norm and vector in Case b (soft and
dense gels).
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4.2. Unconnected mesopores

On the micrograph displayed in Fig. 1a, the soft gels alone do not form
a continuous network throughout the whole microstructure. In that case, the
hydraulic conductivity is obtained by solving the local system of Eqs. (19) in
the domain Ωc occupied by the dense gels of hydraulic conductivity Kc. Fig. 4
represents the distribution of fields Π1 and Π2. Dirichlet boundary condition on
the interface between the soft and dense gels (Πk = −yk on Γcf , k = 1, 2) plays
the role of a source term, (Bouchelaghem and Jozja, 2009a). The numerical
intrinsic permeabilities are given in Table 1.
Table 1Macroscopic hydraulic conductivities computed with unconnected meso-
pores and no mesopores.

Ktransverse Klongitudinal
Connected mesopores
Soft gels

3.319 ×10−11 - 7.735 ×10−11 ∼ 0

Connected mesopores
Soft + dense gels

1.207 ×10−9 - 2.683 ×10−9 ∼ 0

Unconnected
mesoporess

0.0950 Kc 0.1095 Kc

No mesopores
Soft gels

0.0215 Kc ∼ 0

No mesopores
Soft + dense gels

0.1294 Kc 4.9667 ×10−5 Kc

We can also compute the off-diagonal components of the permeability ten-
sor from Eq. (17), Kncv

xy = 0.00197Kc, and Kncv
yx = 0.0020Kc, showing,

as expected, that the effective permeability tensor is symmetric. After di-
agonalization, the principal values of the permeability tensor are given by:
K1 = 0.1098Kc, K2 = 0.0947Kc, these results are very close to the perme-
abilities computed in the cartesian coordinate system, the principal directions
being only slightly inclined (about 0.131 rad) with respect to the cartesian axes.

4.3. No mesopores

The permeabilities are obtained by solving the system of Eqs. (26) and the
averaging defined in Eq. (24). We distinguish two cases, depending on whether
the dense gels contribute to the overall fluid flow or not.
Case a. Soft gels.
The transverse and longitudinal permeability values are summarized in Table
1. Fig. 5 illustrates the local distribution of fields Π1 and Π2. As in the uncon-
nected macrovoids case, Neumann condition (26)b on the interface between the
clay gels and non-smectite grains (∂Πk

∂yi
ni = −nk on Γcs, k = 1, 2) plays the role

of a linear source of force.
Case b. Soft and dense gels.
The computed transverse and longitudinal permeabilities are listed in Table 1.
Fig. 6 displays the distributions of Π1 and Π2 within the microstructure. As in
Case a., the longitudinal permeability is negligible with respect to the transverse
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(a) (b)

Figure 4: Unconnected mesopores. Distribution of fields Π1 (a) and Π2 (b) in the dense gel
(porous matrix) domain.

permeability. The transverse permeability is of the same order of magnitude as
the value obtained when soft gels are treated as unconnected mesopores.

4.4. Discussion

The permeability values computed for 3D microstructures are always higher
than those obtained by a 2D analysis. According to Adler et al. (1990); Al-Omari
and Masad (2004) and Masad et al. (2000), the discrepancy between 2D and 3D
computations can be attributed to the inherent limitation of a 2D computation
in capturing the real 3D flow path in a highly heterogeneous material such as
sand or clay, as well as to the difference in specific surface area between the
discretized contours of the pore space and the real microstructure. Therefore,
2D computations can be improved by increasing the resolution of the images
in order to capture the real specific surface. As the surface area of the sand
samples investigated by Masad et al. (2000) increases, the number of flow paths
decreases and they are more tortuous as well, while narrower necks appear
within the porous space leading to a ratio between the average 3D permeability
and the average 2D permeability of 1.28. Since in the present study there is no
significant difference between the experimental and numerical surface areas, and
as the surface area is notably higher for clays than for sands, we may reasonably
assume that the 2D permeability is of the same order of magnitude as the 3D
permeability.

Another aspect of interest is the anisotropy of the computed permeability
values, which is measured by Masad et al. (2000) as the ratio rk of the horizon-
tal permeability kh to the vertical permeability kv, rk = kh

kv
. In their study, rk

ranges from 1.1 for spherical glass beads to 1.67 for silica sand, and the overall
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(a) (b)

Figure 5: No mesopores. Iso-values of Π1 (a) and Π2 (b) in the case of clay matrix limited to
soft gels.

agreement between the 2D and 3D computations, as well as between the com-
putations and the experimental values, increases with rk. Masad et al. (2000)
have shown that the permeability anisotropy is related to an increase in surface
area and to the anisotropy of the porosity distribution in the samples. Our
results are consistent with their findings. The anisotropy ratio for the case of
unconnected intergranular voids is rk = 0.8624. In the connected mesopores as
well as in the no-mesopores simulations, the permeability is highly anisotropic
since the longitudinal permeability is negligible, implying that rk ≃ 0.

4.5. Comparison with experimental data

MX-80 in Ca-form.
For Wyoming clay in Ca-form, the gel conductivity value Kgel = 7 ×10−5

m/s has been obtained by Pusch and Yong (2006) for ρbulk = 1570 kg/m3.
Using this value for Kc, we obtain in the unconnected mesopores simulations
the results synthesized in Table 2. Results are also given for the simulations
with no mesopores, with a permeable fraction limited either to soft gels alone,
or attributed to both the soft and dense gels.
Table 2 Macroscopic hydraulic conductivities computed for Ca-clay (All values
are in m/s).
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(a) (b)

Figure 6: No mesopores. Iso-values of Π1 (a) and Π2 (b) in the case of soft and dense gels.

Ktransverse Klongitudinal
Unconnected
mesoporess

6.65 ×10−6 7.665 ×10−6

No mesopores
Soft gels

1.505 ×10−6 ∼ 0

No mesopores
Soft + dense gels

9.058 ×10−6 3.4767 ×10−9

Compared to the experimental bulk conductivity of KCa
exp = 2 ×10−9 m/s,

the model with connected mesopores and permeable soft and dense gels behaves
well, and the no-mesopores model in the longitudinal direction gives interesting
results as well. For the other models, the computed permeability is either several
orders of magnitude higher than the experimental value or negligible. More
values are required to draw a definite conclusion. Still, the calculations indicate
that both the soft and dense clay gels contribute to flow for MX-80 in Ca-form.
MX-80 in Na-form.
For Wyoming clay in Na-form, the gel conductivity value Kgel = 2 ×10−10

m/s given in Pusch and Yong (2006) is four orders of magnitude lower than
the Wyoming clay conductivity in Na-form measured under similar compaction
(ρbulk = 1570 kg/ m3). Using this value for Kc, the results of the simulations
are gathered in Table 3.
Table 3 Macroscopic hydraulic conductivities computed for Na-clay (All values
are in m/s).
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Ktransverse Klongitudinal
Unconnected
mesopores

1.9 ×10−11 2.19 ×10−11

No mesopores
Soft gels

4.3 ×10−12 ∼ 0

No mesopores
Soft + dense gels

2.588 ×10−11 ∼ 0

The experimental conductivity measured in Pusch and Yong (2006) is equal
to KNa

exp = 8 ×10−11 m/s. The best agreement between the model and the
experimental value is when the soft gels are assumed to make up the connected
mesopores network. When both the soft and dense gels are included in the
connected mesopores model, the computed permeability values are too high.
The permeabilities computed using unconnected mesopores and no mesopores
are slightly lower but of the same order of magnitude as the experimental data.

Using idealized microstructures, Bouchelaghem and Jozja (2009a) obtained
an overall agreement between the experimental results of Pusch and Yong (2006)
and the model with connected mesopores. However, the modelling with the
mesopores filled with a permeable fraction of gels of finite conductivity must
not be dismissed. Bouchelaghem and Jozja (2009b) have shown that for water-
saturated Wyoming bentonite in Mg form, numerical conductivities using un-
connected spherical mesopores in 3D microstructures compare very well with
the conductivities measured before and after pollutant permeation.

5. Conclusion

In the present study, the effective hydraulic conductivity tensor was com-
puted by solving the local Stokes equations of fluid flow through a 2D mi-
crostructure of a hydrated MX-80 bentonite. Starting from a digitized TEM
micrograph that distinguishes between open voids, soft and dense gels and non-
smectite grains, different models were proposed which differ by the way the clay
gels are treated. Those models have been developed in order to evaluate the
contribution to the overall hydraulic conductivity of clay gels of varying density,
and to assess the effect of mesopore connectivity. The different models were com-
pared with existing experimental data available for MX-80 clay under Ca and
Na form, showing that the description with connected mesopores does not nec-
essarily lead to the highest values of hydraulic conductivity. More specifically,
for clay under Ca-form, the clay gel hydraulic conductivity is much higher than
the bulk hydraulic conductivity measured, implying that the computed values
of hydraulic conductivity with the unconnected mesopores model are too high.
In that case, the best agreement with the experimental conductivity was ob-
tained in the connected mesopores configuration, when both the soft and dense
gels are open to fluid flow. For clay under Na-form, the hydraulic conductivity
computed with connected mesopores associated with soft gels alone was close
to the experimental value. The latter results are consistent with the experi-
mental observations by Pusch (2001) showing that in the Ca-state the smectite
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stacks are thicker, the soft clay gels consist of bigger aggregates yielding larger
open voids than in the Na-state. However, for clay under Na-form, the models
with unconnected mesopores or with no mesopores resulted also in numerical
hydraulic conductivities of the same order of magnitude as the experimental
hydraulic conductivity.

A constant value was employed for the hydraulic conductivity of the clay
gels which have been treated like a homogeneous phase. In fact, as observed by
Keller et al. (2014) and Pusch (2001), the clay gels located in the cores of the
honeycomb structure present a lower density and a lower mechanical stability
than the clay aggregates composing the structure. The rheological behaviour
of the clay gels has therefore to be modelled using a variable viscosity (power
law, yield stress for fluid flow) (Birgersson et al., 2009). Additionally, a variable
density and anisotropic behaviour would enable to characterize more precisely
the effective conductivity tensor of clay gels depending on their density.

A perspective of this work, still under development, is to obtain a 3D recon-
struction of a hydrated compacted bentonite from a 2D thin section such as the
one employed in our numerical computations. This would allow to compute the
effective conductivity as well as other transport properties on a microstructure
that reflects the morphology and the long-range connectivity of the real porous
network (Tahmasebi and Sahimi, 2012).
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