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ABSTRACT: We show how the infra-red divergences associated to Goldstone bosons in the
minimum condition of the two-loop Landau-gauge effective potential can be avoided in
general field theories. This extends the resummation formalism recently developed for
the Standard Model and the MSSM, and we give compact, infra-red finite expressions
in closed form for the tadpole equations. We also show that the results at this loop
order are equivalent to (and are most easily obtained by) imposing an “on-shell” condition
for the Goldstone bosons. Moreover, we extend the approach to show how the infra-red
divergences in the calculation of the masses of neutral scalars (such as the Higgs boson) can
be eliminated. For the mass computation, we specialise to the gaugeless limit and extend
the effective potential computation to allow the masses to be determined without needing
to solve differential equations for the loop functions — opening the door to fast, infra-red
safe determinations of the Higgs mass in general theories.
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1 Introduction

The discovery of the Higgs boson has added a wealth of electroweak precision observables,
chief among them being its mass, which is remarkably known to within a few hundred MeV.
The combined data can be used to determine the fundamental lagrangian parameters of the
theory, such as the Higgs mass-squared parameter and quartic coupling, and then make
predictions for future measurements, such as the Higgs self-coupling; or to provide the
starting point for extrapolations of the potential to high energy scales to study unification
or vacuum stability.

In the context of theories beyond the Standard Model, the Higgs mass-squared param-
eter and also its mass are very sensitive to new particles, and can thus be used to constrain
new physics. However, precisely because of this sensitivity, the accuracy of the theoretical
calculation is typically much poorer than the experimental measurement, in particular for
supersymmetric field theories (which remain renormalisable up to high scales) and there
has therefore been a significant effort to improve these calculations.

Typically, a subset of the scalar mass-squared parameters in the lagrangian are deter-
mined from the tadpole equations, which are the (first) derivatives of the effective potential.
In the Standard Model the full effective potential was computed to two-loop order in [1],
with the 3-loop leading contributions involving the strong and Yukawa couplings found
in [2], and the 4-loop part at leading order in QCD in [3]. However, for general renormalis-
able theories the potential is only known to two-loop order! via the expressions given in [6]
which were used in [7] to derive the tadpole equations (while the diagrams for the masses
were already given in [8]).

For reasons of calculational simplicity, the effective potential beyond one loop has been
calculated only in the Landau gauge, which means that the would-be Goldstone boson is
treated as an actual massless Goldstone boson. Unfortunately, this leads to a technical
problem known as the Goldstone Boson Catastrophe: the mass-squared lagrangian param-
eter of the Goldstone boson determined from the tadpole equations? is small and can even
be negative (as opposed to the pole mass, which is always zero) and this causes the loop
integrals for the tadpoles to diverge or be complex. While this problem can in principle
be circumvented by dropping the complex parts and changing the renormalisation scale
to attempt to find non-negligible positive mass-squareds, this is not easy to implement
consistently.

A solution for the tadpoles was proposed in [9, 10] for the Standard Model and ap-
plied to the MSSM in [11] (see also [12-14] for recent related work): (a subset of) the
terms involving the Goldstone boson should be resummed to all orders, roughly speak-
ing replacing its mass-squared parameter (which appears in the loop functions) with the
equivalent parameter derived from the total effective potential (i.e. zero, since it is a Gold-
stone boson). In section 3 of this work we show how this can be extended to general

! Although note that results in the zero momentum approximation are available for the Higgs boson mass
in the Minimal Supersymmetric Standard Model (MSSM) up to partial three-loop order [4, 5].

2Note that we take the expectation values to be fixed and loop-correct the mass-squared terms rather
than vice versa.



renormalisable theories. Note that this approach is related to the (symmetry-improved)
two-particle-irreducible potential approach pioneered in [15-17], where essentially all par-
ticle propagators are resummed — which is somewhat more difficult to automate.

In [9, 10] it was noted that the Goldstone resummation would not regulate diver-
gences in the second derivatives of the effective potential, and so to have a divergence-free
calculation of the neutral scalar (i.e. Higgs) masses it would be necessary to include the
external momentum in the self energies rather than using an effective potential approxima-
tion. This is particularly important because the zero momentum approximation is widely
used to calculate the Higgs mass [4, 5, 7, 18-43] — indeed there are few publicly avail-
able implementations of diagrammatic calculations of the Higgs mass beyond one loop in
theories beyond the Standard Model which do not use it (some momentum-dependent di-
agrammatic calculations are available for the MSSM [44-46]). While the Goldsone Boson
Catastrophe can be avoided in the MSSM in the gaugeless limit (where the Goldstone bo-
son does not couple to the Higgs, and so generates no divergences) it is of pressing concern
for more general theories, since the two-loop computation has recently become publicly
available through SARAH [7, 34, 47-52]; the Goldstone Boson Catastrophe as it affects that
implementation was discussed in [42, 53], and recently manifested itself in [54-56]. Indeed,
while the numerical impact of the problem in the Standard Model seems to be small (at
least away from the divergent points, simply neglecting the imaginary part of the potential
seems to give results close to those of the full solutions), in more complicated theories it
can cause divergent contributions to the masses for many regions of the parameter space;
in [54, 55] it was necessary to restrict to only the two-loop corrections proportional to the
strong gauge coupling for those regions in performing parameter scans.

In section 4, we shall show that the inclusion of external momentum in the scalar
self-energies does not by itself avoid all divergences. In fact, it is necessary to resum the
Goldstone boson contributions in the mass diagrams too — to cancel the divergences in a
class of diagrams which do not depend on momentum. We will also show that the resum-
mation can be implemented most easily to two loop order by using an “on-shell” scheme
for the Goldstone bosons. With these modifications, to cure the remaining divergences the
diagrammatic implementation in [7] could in principle be extended to include the external
momentum by changing the loop functions to those implemented in TSIL [57, 58]. How-
ever, analytic expressions for general loop functions with momenta are not known: they
are in general obtained by solving differential equations, which is numerically expensive.
Therefore, in appendix B we give a complete set of analytic expressions for expansions
of the necessary functions including all divergent and constant terms in an expansion of
the four-momentum-squared s around zero (neglecting those of O(s)). This allows fast
evaluation of a generalised effective potential approximation for the neutral scalar masses
— although for this part we shall be restricted to the gaugeless limit (setting the couplings
of all broken gauge groups to zero) since the mass diagrams are known only up to second
order in the gauge couplings.

Once the Goldstone Boson Catastrophe has been solved, using similar techniques it
was shown in [9-11] that it is also possible to improve the solution of the tadpole equations
for the other mass-squared parameters (not just the one corresponding to the tree-level



Goldstone boson mass). In general, the same mass-squared parameters m? appear both as
solutions of the tadpole equations, and in the loop functions, in the schematic form

1 0AV (m?)
2 _ 2 _1roavim7)
m Mo v ov

where m% is the tree-level solution of the tadpole equation, v is some expectation value
and AV are the loop corrections to the effective potential. Although resummation is not
required for them (except perhaps for the Higgs boson, where the quantum corrections
are so large that they force its tree-level mass to become negative — we shall not discuss
such a case here), these other mass-squared parameters can be expanded perturbatively in
the loop functions so that the equations can be solved directly rather than iteratively. In
other words, we find only the tree-level values of the parameters on the right-hand side of
the equation, and the loop-corrected solution on the left (as opposed to the loop-corrected
value on both sides):

)

9 9 laAV(mg) s 1 0AV (md)
v ov

m° =m
0y ov

we shall refer to these throughout as “self-consistent equations”. In section 5, we will show
how to carry out this procedure in general, showing that the formulae can be given in
simpler form than in, e.g., [11] for the MSSM case. We shall also go further and show how
this shifts the mass diagrams.

Finally, we have endeavoured to keep the paper as self-contained as possible, and for
that purpose we provide in appendix A a set of all of the loop functions used throughout.

2 The Goldstone Boson Catastrophe and resummation

2.1 Abelian Goldstone model

Let us begin by recalling the problem of the Goldstone Boson Catastrophe. For simplicity
we shall take the simplest abelian Goldstone model defined by a complex scalar field ®
(and no gauge group) with potential

V = 1?|®)? + Ao (2.1)
and expand around an expectation value v as ¢ = %(v + h +iG) to obtain

2 1 1
vO = %(Azﬂ +24%) + ho (VPN + p?) + 5(30%\ + u?)h? + 5(/3 + 22 G?

+vA(h® + hG?) + g(h‘* +2G?h? + GY). (2.2)



Defining mé =+ %M ﬁ = u? + 3v2)\, we can then compute the effective potential up
to two loops:

Ly L _yo,

_ (0
Vesi(v) = V' )‘h,G:O T 1672 (1672)2

= VO, oyt 1o (fm) + F(MD))
A 3
" (i6m)2 [4

22
_(167r2)2[3I(Mf%,Mf%,M}%)—i—I(M}%,m?G,m%)] +.. (2.3)

A+ G AMmB)AE) + 54052

where the one-loop functions f(z), A(z) and the two-loop function I(x,y,z) are defined
in the appendix, equations (A.3), (A.6), and (A.24). The potential is regular as mg — 0
but does contain terms of order mé@mé (where logz is also defined in the appendix
— eq. (A.2)) so that when we derive the tadpole equation and expand the derivative of
I(M?,m%, m%) around m% = 0 we find

0= 50 meav + 602 [2A(mg) + 2A(Mh)
2220 — L3 5. 1 o 2X02 )

+ other non-singular terms. (2.4)

The logm?, terms on the second line are the manifestation of the Goldstone Boson Catas-
trophe: we cannot insert the tree-level solution mé = 0 into them, and will have a complex
potential if we find m2G < 0. The solution proposed in [9, 10] is to resum the Goldstone
boson propagators — in the one-loop effective potential we make the substitution

v 5 —;C/ddklog(—k2+m20) — —;C/ddklog(—kz+m%;+HGG(k2))
— —;C/ddklog(—k2 +mg 4+ aa(0) + ... (2.5)

where C' is a constant defined in equation (A.1), and Ilgg(k?) is the Goldstone boson self
energy, given here at one loop by

1
Moq(k?) = o3 [3AA(m2G) + MA(M?) — 4)202B(k?, m%, M,f)] : (2.6)
With zero external momentum, this becomes
1
M66(0) = 16— [AA(m?;) + 3AA(M,§)]. (2.7)

The term involving only the Goldstone mass-squared will not have a well-defined derivative,
and this also leads to divergences when we resum the effective potential at three loops and

above. The prescription of [10] is to drop it in favour of II; = ﬁﬂgl) + ... where
IV (0) = BAA(MZ) = NA(MP) — 43%02B(0,0, M?). (2.8)



Note that this does not correspond to dropping one particular class of diagrams (at one
loop it is a combination of the one- and two-propagator diagrams) but instead must be
defined in terms of dropping contributions from “soft” Goldstone bosons. Defining

1 1
A=11 =—A+—5500+ - 2.
0(0) = {5zt t Tom22 2 (2:9)
we then should use instead the resummed potential
-1 n
Ver =Ver + 105 [f(mc +A4) - ; g (877’%) f(mc)] (2.10)

where [ is the loop order to which V.g has been calculated; the terms in square brackets
simply ensure that the potentials are identical up to [ loops and only differ at higher orders.
Performing this procedure for the potential above we find

Vo = VO Lop (1l 4 A) + FOMD) + g | AR + AP
2 2
(1A6 e [B1E M) + 1af ) + L AR Alm G)]. (2.11)

With the above procedure, we have resummed the leading divergences at two loops, i.e. the
terms of order mé@mé for small sz (we expect sz to be of order a one-loop quantity
at the minimum). If we are interested in the first derivative of the potential then this is
sufficient; to find the minimum to two-loop order we can expand the potential to order mé
with the help of eq. (A.54):

; A3
= (O) - 2 A M2 N 7A M2 9
Vet = VIV 4 1o (f(mg + A) + F(M)) + (1652)2 [4 (M?)
A2y2
- o [3I(M;37 M2, M?) + I(M2,0,0) — 2Rss(0, M,f)mg] +O(mL), (2.12)

making the regularity apparent, although note that the higher-order terms still contain a
mé@m% term. The tadpole equation, neglecting terms of three-loop order, is then

1 v+ A'/2 9

1 .
T o2 {/\[QAUA(M}%)IogMﬁ] —2)\%y [3I(M5,M§,M§) + I(Mﬁ,o,o)}

™
+ N [&v (900 (M3, Mj;, Mj;, Miy) + Uo(Mj;, M, 0,0)) + 4XvRss (0, Mﬁ)} }

Noting that the solution to the one-loop equation is mG + A1 =0, we see that we can

1671'2
neglect the A(mG + A) term as it gives a correction of order three loops. We ought then
to find that we can identify the term in curly brackets with As: for a Goldstone boson we

should find m% + Ilge(0) = 0, so we expect that we should be able in general to identify

11}8\51()‘-’) = H(e) :(0), and therefore for our modified potential we should expect
1oV ®
= =11Y(0). 2.14
O =) (214)



This leads to the prescription in [9, 11], which is somewhat simpler: we expand the potential

Ve as a series in mé:

1 1
VO = VO o+ SALAmE) + SmE + O(md). (2.15)

We can then use this as the definition of A instead of equation (2.9). We then resum the
effective potential as

1

- 1 1
Veﬁ V& 4+ 1672 |:V |mé:O + f (mG + A):| + (167‘(‘2)2 [V |m2 -0 + 2QmG . (2‘16)

G
By doing this, we immediately find the expression in (2.12), with Q = 4\?v2Rg5(0, M,?)
When we take the derivative and expand up to two-loop order then the minimum is at
mZ + A = 0 with

10
_ 119 (v
Ay = L o ( |m%;:0) +m} (2.17)

We shall follow this second procedure to find the minimum condition in general renormal-
isable field theories at two loop order.

We shall also consider a hybrid approach, which is to adopt an on-shell condition for
the Goldstone boson: we define

(m)"™ = (mg;)°® = Haa((m)?®) = —Taa(0). (2.18)

This is particularly effective at two loops, where we only need H(G%; furthermore, since

(mQG)OS = 0, at this loop order there is no difference between Ilge and II,. Making the
above substitution in the potential we find exactly the same result as our resummed version
in equation (2.12). However, we also have the advantage that we can make this substitution
directly in the tadpole equation:

v 3\ 1 ov®

3\v 1

2 \run. 2

= v(mg)™ + 1672 (M) + (1672)2
oV

(&)%) = 3?0 A(M;) log((m) %) |,

I
. (m%;g% —0 ov

which gives eractly the expression that we found above in (2.13). We shall find in the
following that this simple approach is also exactly what we need for the mass diagrams.
However, we must first introduce some notation and formalism to handle the general case
when (potentially several) Goldstone bosons and neutral scalars can mix.

2.2 Notation for general field theories

In the previous subsection we considered the simplest possible model where there were only
two real scalars which cannot mix. Once we consider more general theories, there can be



more Goldstone bosons and, even when they have been identified at tree level, they can in
general mix with other scalars (only pseudoscalars in the case of CP conservation) once loop
corrections are included. This problem does not arise in the Standard Model as treated in
references [9, 10], because all of the pseudoscalars are would-be Goldstone bosons and the
neutral and charged Goldstones cannot mix, so can be treated as two separate sectors. In
the MSSM, there are additional scalars and pseudoscalars, but in the CP-conserving case
considered in [11] the mixing is at most among pairs of fields, and could be written in each
case in terms of mixing angles and 2 x 2 matrices. Furthermore, the same applies for all
of the scalars treated so far in those references: at most pairs of fields could mix. These
complications are particularly important because in the previous cases the simplest way
to derive the tadpole equations was to write down the potential and take the derivatives;
once we consider more complicated cases this is no longer true and we will want to be able
to directly write down expressions for the derivatives as in [7].

Starting with the scalar sector, since we will need to take the derivatives of the potential
with respect to scalar fields, we shall follow the procedure in [7]. We introduce first the
unrotated scalar potential in terms of real scalar fields ¢ and their fluctuations around
expectation values v; such that ¢? = v; + ¢):

1. 1o 1 <
VO = VO (i) + g 000 + N dlegol + S 07 olejolel. (220)
2

0,ij
dependent masses and couplings,

Here mg .. satisfies the tree-level tadpole equations. From this we can define the field-

2 (o) = EVO e sk 1 Lk g0 (2.21)
ij = = Moij T Ao 570 ) :
; 260940 I 2
. 9317 (0) o .
)\zjk(qu) =_- ' @ _ )\Zﬂk + )\Uklgb?, (2.22)
000009047 — 70 "0
471/(0) .
Rigk (40) = ad — \uhkl (2.23)

900N O

We then introduce a new basis {ggl} and an orthogonal matrix R to diagonalise the tree-level
mass matrix as

¢} = R;;d;, (2.24)

and obtain the new masses and couplings

i dij = iy R Ry (2.25)
j\ijk = 5\lmn-éliémj-énk (226)
S Smovaf BB R (2.27)

Next we need to define what happens when we introduce the loop corrections to the
effective potential AV and modify the tadpole equations. We shall take the expectation
values v; to be fixed (i.e. they are the true values at the minimum of the full quantum-
corrected potential) and instead correct the mass-squared parameters in the lagrangian,



passing from maij (which satisfy the tree-level tadpole equations) to new quantities mfj

Using the minimisation conditions, the relationship between them is

y DAV
'Uj = mo,ijvj — 78(?0 (z)o O.
i 0=

Diagonalising these requires the introduction of a new basis via gb? = R;;¢;, having masses

ms; (2.28)

m; and couplings A7* NIk,

For the couplings involving fermions and scalars, we shall use the notation for a general
renormalisable field theory used in [6, 8]; we repeat here the scalar, scalar-fermion and
scalar-gauge-boson interactions:

Ls= —6>\ IR pipir, — ﬂA b i,

1
Lsp = *iy”k@blﬂum + c.c.,
1 ) 1 .. ..
Loy = =g AL A G — 2g" T ALAM G — g Afi6i0" ;. (2.29)
The fermions here are in Weyl notation and are supposed to be defined in a basis where
the masses of all fields are diagonal.

2.3 Goldstone bosons in general field theories

To deal with Goldstone boson mixing in general theories, we will need some notation and
simple results. We start from a theory with a global symmetry such that the scalars
transform under a set of infinitesimal shifts as ¢; — ¢; + eGaZG. Then the standard result
is to expand V(¢; + ¢“al) = V(¢;) and differentiate the relation once:

e G@V o a(EGOZiG) 8V leINe. 82V

G2 =, b Sl 20 : =0. 2.30
ol oo a1 000 " aggong o
When we sit at the minimum of the potential g(;{_) = 0 but for a spontaneously broken

symmetry ozZ-G is not zero for all ¢, and thus we have a null eigenvector of the scalar mass
matrix — i.e. the Goldstone boson. For more than one symmetry broken then there will

be multiple null eigenvectors and these should be formed into an orthonormal set. Let us

write the symmetry shifts as linear coefficients ocZ-G = a5¢9 after this has been performed
so that 3, afaf” = §¢¢" and then
G = ¢¢ = R;q¢}, where R, = af. (2.31)

We use the index “G” now to refer to the Goldstone boson(s) in the diagonal basis. The
first identity that we need arises from taking a further derivative of the above equations
to give
e PV n 9% (el ov n o(eaf) 9V n o(e%al) 02V _0
Od00N0G T 0dN00] 007 097 0N0F] | 0d) 0000
> afalag’ OV

=0, (2.32)

i.e. there are no three-Goldstone couplings.



If we were able to work at the true minimum of the potential and with self-consistent
values of all the parameters then this would be sufficient. However, we must use the
minimum conditions to determine the parameters — a subset of the mass-squared param-
eters, in our case — and this means that the above equations will be violated by loop
corrections. In particular, the mass-squared parameter — in the diagonal basis — for the
would-be Goldstone boson is no longer zero. To see this, let us define the loop tadpoles

1 0AV
0 = ——— 2.33
(% 8¢? #9=0 ( )

so that we can solve (2.28) with the commonly-made choice of
= ;0 + M3 ;- (2.34)

Note that this is the value at the minimum of the potential — so §; is not regarded as a
function of {¢?} when we take derivatives below. Now

m? = (R"'m?R)gq = ZR 0i + O(2 loops), (2.35)

i.e. we can use the tree-level rotation matrices to obtain the Goldstone mass from the loop
tadpoles up to corrections of two-loop order, which is all we shall require in the following.
This generalises, for example, equations (2.26) and (2.27) of [11].

Following equation (2.32) above, we then see that

ACEET — AGEE" — O(1 loop) (2.36)

in general. This is a crucial result in the following, even if in theories that preserve CP
both couplings are zero to all orders. For theories breaking CP that could generate such a
term at one or two loops, when we expand the potential as a series in m2G as in section 2.1
(justified by it being a one-loop quantity) we shall also implicitly expand the Goldstone
self-coupling AGG'G” for the same reason; implicitly because we shall not need the higher-
order terms and this just corresponds to setting NGG'G" — everywhere. Note that this
is automatic once we also employ re-expansion of the tadpoles and masses in terms of
tree-level parameters to obtain consistent tadpole equations in section 5.

In practice when we are considering the broken gauge groups to be SU(2) x U(1)y
the unbroken U(1)qrp allows the Goldstones to be separated into one neutral and one
(complex) charged Goldstone that cannot mix. Hence in the following to simplify the
notation we will restrict to a single neutral Goldstone boson and drop the lower index G,
but the treatment of the charged Goldstone is identical. In this case we can also write
G awqﬁo and thus Rjg = ——i

to be arbitrary) for the linearly realised symmetries considered here.

“af (where we now allow the normalisation of a;;v;
2.4 Small sz expansion of the effective potential for general theories

To close this section we can now apply the notation and machinery from the previous
subsections to resum the general effective potential at two loops, generalising the procedure
of 9, 10].

~10 -



The total potential up to two loops expands as

1 1
Vag=VO 4 —yvW 4 __—_y@, 2.37
eff T2’ T ey (2:37)
For use in the elimination of the infrared divergences in the derivatives of the effective
potential, we expand Vg for small mé More precisely, we want to write the two-loop part
of Vg as

1 1
VA =V o+ 5A(mg)A1 + §m%;9 +O(mg), (2.38)

where the quantities Ay and € are to be determined.
The two-loop potential splits into contributions [6]:

VO = VLV VLV VAVt (Vv V) )
where the subscripts denote the propagators in the loops as scalar, fermion or vector (gauge
sector). The terms in the brackets will not be resummed (since they contain no scalars)
and so can be taken to be unchanged from the expressions in [6]. The loop functions
appearing in the other terms are recalled in the MS and DR’ schemes and Landau gauge
in appendix A.1.2.

First, the scalar contributions to the effective potential at two-loop order ngQ) = VS(?S+
VS%) read

2
VS('S)S

(A”’“) fsss(m3,m3,my), (2.40)

v

Oo\r—w—l

N3 fog(m?, m3), (2.41)

and these functions can be expanded using formulae (3.7), (3.8) of [11]. Separating terms
with one or more Goldstone bosons from the terms without any, and using the fact that
AGGE vanishes at leading order — see the discussion around equation (2.36) — we find the

expansion of VS(Q) :

VS() VS(2 lno GB + Z AG]k) fsss(0,m3,mi) + Z (ACCR)2 f555(0,0,m7)

]k;éG k;éG
+ A(md) Z ()\GJ’“) Pss(m?,m3) +Z )\GG“A Z (AGERY2 Pgo(0,m3)
j,k;éG #G k;éG
1 . 1
+mg Y J AT Rss(mimi) + Y (AT Rsg(0,mF) | +O(mgy), (2.42)
Jk#G k#G

from which we can identify the scalar part of Ay and €2

(A1)s = Z 2(>\Gﬂ“) Pgs(mj,mk )+ Z )\GGJJA )+ Z (AGG)2 Pg o (0, m?),
Jh#G Pl k£G
1
Qs =) SO Res(mi,mi) + Y (A7) Rgs(0,m}). (2.43)
5 k#G k#G
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Next, the terms in V?) involving fermions and scalars are

2 1

VF(’I;S = inJkyIkaFFs(m%m?;,mﬁ), (2.44)
2 1 11 « "

Vf%s = §Re {Zl”kyl ’ kMH’MJJ’] frpg(mi, m3,mi). (2.45)

Here, there are only two cases to consider, either k # G or k = G, and for the latter case,
we can use eqs. (3.9) and (3.10) from [11] to expand the loop functions for small m%. We
then obtain for (A1)ps and Qpg

(A1) rs = ¥ %yrjaPrr(m3, m%) + Re [yUGyI/J/GMI*I,MjJ,} Prr(m3,m3),  (2.46)

Opg = y”GyIJgRFF(m%, m?]) + Re [yUGyI/J,GM]*pMjJ,] Rﬁ(m%, m%) (2.47)

Finally, the terms with scalars and gauge bosons read

1

Vigy = 1l 9"7)? fssv (m3, m3,my), (2.48)
1

V‘E? = Zgaaufvs(mgv m?), (249)
1

Vigs = e 9" fuvs(ma, mi, my). (2.50)

As previously, we can expand these terms and separate the contributions of the Goldstone
boson, and we find

3
(A)ys = 59““GGA(m2) + §(g“bG)2va<mi,m§)7 (2.51)

1
Qus = (9°“7)2Rgv (m3,m2) + (9°°“)*Rgv (0,m2) + §(g“bG)2va(mi,m£). (2.52)

1

The expansion (2.38) of V2 enables us to rewrite the two-loop effective potential after
resummation of the leading Goldstone boson contributions as

. 1 1 1
‘/eﬁ = V(0)+ 167T2 (V(1)|m2G:0+f(m%v —|— AG)) +m ( 2 |mG_0 + 59 m%;) )

Q=Qg5+Qps + Qyusg,

19V, 1
Bo= Y Rop G = 1 (s + (A)rs + (Arvs| + O oop). (259

The minimum of this potential will be found at m% + Ag = 0 (along with the minimisation
conditions for the additional scalars) and clearly contains no logarithmic divergences for
small mé

The above expression could now be used for studies of general theories: the simplest
would be for numerical studies where the potential is evaluated as a function of the expec-
tation values and the derivatives taken numerically, as performed for the MSSM in [28, 29|
and implemented generally in [34]. However, there are potential numerical instabilities
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when the expectation values of additional scalars are small, and for complicated models
many evaluations of the potential are required which can be slow: it is therefore useful to
have explicit expressions for the tadpoles, as were derived at two loops in [7]. In the next
section we shall compute these for the resummed potential.

3 Removing infra-red divergences in the minimum condition

In the previous section we derived the resummed two-loop effective potential expanded
in sz that explicitly contains no infra-red divergences in its derivatives. In this section
we shall present these derivatives. However, we shall also present a new approach to the
problem which allows us to calculate the derivatives simply, and so we shall also give our
derivations. For the scalar-only diagrams we do this by three methods:

(i) The first method is to generalise the approach of [9, 11], and simply take the deriva-
tives of the resummed potential (2.53). However, this has the disadvantage of requir-

OR;;

59V |,y

to be cumbersome: there are dramatic simplifications in the final result.

ing us to compute the derivative of the rotation matrix elements and proves

(ii) To avoid the derivatives of rotation matrix elements, we instead take the derivatives
of Vg before diagonalising the mass matrix and singling out the Goldstone boson
and expanding the potential in m2G This leads to a simpler derivation of the results.

(iii) For our third method, we introduce a new approach: we set the Goldstone boson
mass “on-shell” in the (non-resummed) effective potential. We shall show that this
gives the same result as the other methods but (much) more simply, and does not
suffer from the problem of needing to exclude Goldstone self interactions by hand.
Furthermore, in the next section we shall employ this approach to compute the mass
digrams, which would be more complicated using the alternative methods.

3.1 All-scalar diagrams
3.1.1 Elimination of the divergences by method (i)

Generalising the approach of [11] to extract the tadpoles we take the derivatives of equa-
tion (2.42). Starting with the one-loop potential, we note that, since m% + Ag = 0 at the
minimum, the derivative of f(m2 + A¢) will vanish. Hence we only require

8‘A/:S’(l) 1 2\ itk
540 —g(:;QA(mi))\ Ry (3.1)

Note that throughout we shall adopt the Einstein convention for summing repeated indices
when all indices are to be summed over; when there is an index that is summed over only a
subset (i.e. excluding the Goldstone boson indices) we shall write an explicit sum symbol.
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For the two-loop terms, recall the scalar part

2
V,Sg ) = ngs’no GB t+ Z

AGJk) fsss(0,m3,mz) + Z (AY“*)? f555(0,0,m7)
el

k;éG
2 1 2

+ Vg mg=o0 T 582smg: (32)
Treating each of these pieces in turn we find:

avs(i’)s‘no GB

0
L i y 1 .
= Z [4)\111er(kzjk)2fég%0)(m?,mz'm? m%>+§)&]k}\lJk(RTarR%’ifSSS(m?,mjz,mz)
l’J’k7£G

1 .. .
-+ gAljkA“ ]kRm”fSSS(m 777,2 m%)}

:er Z

4A’3k)\13k)\”/lU (m m2, m?,m%) 6/\”’“/\”]’“1(771 m2 m%)] (3.3)
i,J,k#G
and similarly we see
¢0 Z )\ij) fs55(0, m]’mk R, Z [ )\ij)\Gl]kI(O mi)
k;éG 3§, kG
1 - -/ : 2/
+ ZAGJ]“)\G] kM lUg(m?,m?,; O,mi)], (3.4)
7 k:;éG kG
1 ! /
+ ZAGGUGG’“ ML (m2, m2,; 0, 0)} . (3.5)

utting this all together we see that they combine to give the compact expression

P g this all togeth hat they bi gi h
2
8VéS)S’mé:0 (3 6)
I\ '
=R, Z [Z )\”k)\”k)\”/lU (m m2/ m2 m%) AZJkAZleI(m m2 mi)]
i#G ik mg—0
Next we turn to the S.S terms:
2

OVS('S) m

&=0 i34 \ i L i
g0 = > [—4A INEB(0,m, m7) A(m)+ S X (RT 0, R)wi A( ?>A(m§-)]
erl > XNTINT pgg(m?, mE)A(m3)], o . (3.7)
2 =
i,j7G

where the two terms again combine into a single compact expression. The final piece is

EQS 817’%

1 .
Gif R O st )

2 0 (3.8)
(G:K)#(G,G)
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using the expression of g from eq. (2.43). The total scalar tadpole is then the sum of
equations (3.6), (3.7) and (3.8). Clearly the simplicity of the final result compared to the
intermediate expressions implies that there should be a simpler way of deriving it — as
indeed we shall show.

3.1.2 Elimination of the divergences by method (ii)

From inspection it is clear that the one-loop tadpole is not divergent when we send mé —
0. However, at two loops we found that the process of isolating the divergences in the
potential, expanding it in the Goldstone mass, and then taking the derivatives was rather
cumbersome due to the derivatives of the mixing matrix elements R;;. Instead we could
consider taking the derivatives before having cancelled out the divergent parts, and then
ensure the cancellations later. Hence we rewrite the resummed effective potential as

11

—— —A(mg)A :

Var = Vear + 15 (£ (& + Ag) — f(m2)) -

using formulae (2.38) and (2.53). We expect the terms from the derivative of —3A(m%)Aq
to cancel off the IR divergences in the derivatives of V,g. To show this, we use the expression
of A¢g derived in eq. (2.43). The relevant contribution to the minimum condition at two-
loop order is

1672 80 <—1A(m%~)AG>

1 - 1 ) 1 »
= —§Rrp)\GGp log m?, Z §(AG]k)2PSS(m2» mi) + Z ikGG]]A(m?) . (3.10)
(1K) #(G,G) J#G

The purely scalar contribution to the non-resummed tadpoles is, at one-loop order

vy 1 y
8;0 = §R,,k)\“kA(m?) (3.11)
r o=v
and at two loops
v
D0 = Ry (Ts + Tss + Thsss) » (3.12)
LA P
where [7]
1 vttt (10 1
Ths = NNV FE0 (md mismd) = SVHINI Pag(m3, m) A(mf), (3.13)
1 1
Ties = gx\pjkl)\Jklfgsg(m?,mz,m?) = —éApjkl)\JklI(m?,mi,m?), (3.14)

L\ i vkl y 'kl £(1,0,0 2 .2 2,2 L\ pis’ v ikl gkl 2,2 2,2
TgSSS:ZAPJJ NEN fqus )(m< m-/;mk,ml):z)\pﬂ NEN B Uy (mf, mis my, my),

27777
(3.15)

with the notation fo(él’o’o) defined in eq. (A.40).
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In these formulae, we can then consider separately the Goldstone contributions and
investigate the divergent terms. We find two types of divergent terms in eq. (3.12):

e The first type of divergent term comes from Tgg, for j = k = G, and® [ # G, and

reads
8Vs(2) 1 GGl GG 2 9 9
B0 D _ZR”’Z)‘ AP Bo(mg, mg) A(my)
T lp=v I#£G
1 .
= ZRTP Z AGCUNGCP Tog m2, A(m?) (3.16)

I£G
e The other divergent terms, coming from Tgsss with j = 7/ = G, are

v
06V

1 _
o) ZRTP)\”GG)\G“)\G’“ logmZ Psg(m2, m?) (3.17)

p=v

e A potentially more dangerous element of those terms, for the particular case k =1 =
G is not present as AC¢¢ = 0 (at least up to terms of one-loop order).

(2)

All the other terms in a;/qfo

are regular in the limit mé — 0.

p=v _
After relabelling of the indices in the sums, we observe that the log m2G divergences

from the terms in egs. (3.16) and (3.17) cancel out perfectly with the ones from eq. (3.10).
We can then take the limit m2G — 0 in the one-loop and two-loop parts of the minimum
condition: this limit is regular in the one-loop tadpole (3.11) so we recover eq. (3.1), while
we find

oV
oy

1 . .
= 1B > MNP Pog(m3, mi) A(m})

— 3.k J£G

+2 ) AGHINGR P (0, mp) A(my)
kA£G

1 . .
kly jki 2 02 02
+6Rrp>\pj N fSSS(mjamkvml)’méHO
1 pji’ \ikl \i'kl 2 m2, m2, m?
+ —Rpp Z AT XX Uo(mj’m M 1T

J" )‘mé—ﬂ)
(4,3")#(G,G)

+ ) NOCQ)? Rs(mimi)]
(kDAG,)

(3.18)

2 I
mg,—0

at two-loop order. It is important to notice that all three functions fggg, Up and Rgg are
regular when one of their arguments goes to zero, hence the result we find is indeed free of
infrared divergences.

3The term with | = G is proportional to @m%A(mé), which tends to zero when m% — 0.
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3.1.3 Elimination of the divergences by setting the Goldstone boson on-shell

Here we shall introduce a new approach to the Golstone Boson Catastrophe: we shall treat
the Goldstone boson mass as an on-shell parameter and enforce that it is identically zero.
This means replacing the dimensionally regularised (ﬁ{/ or MS) Goldstone mass by the
on-shell (or pole) mass in the following way

(m&)™™ = (m)* — Mg () %) = ~T1g; (0) (3.19)

where the pole mass is (m2G)OS = 0. Note that we only need the one-loop relation here,
so any mixing in the mass terms between the Goldstone boson and other (pseudo-)scalars
is irrelevant — it would be proportional to (HEIG))2 and thus a two-loop effect. When we
write the effective potential in terms of the on-shell Goldstone boson mass we should find
that it is free of divergences. To do this, we shall start from the dimensionally regularised
potential and substitute the Goldstone boson mass in equation (3.19), expanding out to
the appropriate loop order; this gives the result that we would obtain by performing the
calculation using the on-shell mass with the appropriate counterterms. For our case, we
only need to use the one-loop self-energy in the one-loop tadpole; the scalar contribution
to the Goldstone boson self-energy at one-loop order is

1

5 ATE2B(p?, m, mi) (3.20)

1 -
g (%) = A9 A(m3) 2

where we again require the result \6¢¢

= 0 to leading order — although in this case we
could (if desired) make it an on-shell condition. Applying the above relation to the tadpole

in eq. (3.11) we obtain the following shift to the two-loop tadpole:

1 1 1 — 1
S BA P A(mi) = S RppACPA((m) %) = 5 Reph S log(m) ST (m2) %)

+ O(3 — loop)
v s, OVED L GGpi—(, 2408
a¢9 ((mG) ) = ad)g , - ZRTP)\ p lOg(mG)
mZ—(m%)05
X (AGijA(m§) - (chk)23(o,m§,mz)) . (3.21)
Since B(0, m?, mi) = —ng(m?, mi), these shifts correspond exactly to the divergent terms
we saw in equations (3.16) and (3.17) and so when we formally take the limit (m2)%% — 0

we find exactly the same tadpole given explicitly in (3.18) that we found by the two other
methods. This derivation is certainly much faster than the first method, but note that the
principle is different to the previous calculations: there is no ad-hoc resummation, nor are
we required to expand the potential as a series in mé However, perhaps remarkably, we
find exactly the same result for the tadpole that remains, implying that, at least at two
loops, the two approaches are equivalent. This new approach will prove to be simpler than
both previous methods when we turn our attention to mass diagrams; for now we shall
simply complete the set of tadpole equations.

Before moving on to diagrams with fermions, we shall comment on the prescription to
follow when there is more than one Goldstone boson. In that case, since the Goldstone
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bosons are all degenerate the mutual mixing between them becomes a leading-order effect
and we must diagonalise the self-energies Il on the subspace of indices G, G’ which run
over all Goldstones. However, we can also easily write this in the non-diagonalised basis
as a generalisation of (3.19):

()™ = (m3)0% — 114, ((m)%) = 114 (0), (3.22)

where formally all Goldstone bosons have the same mass mZ, which we set to zero. Then
we can rewrite the tadpole as

1 / 1
S RmA P A(mgr) = ) 5 RepAPA((m) ) (3.23)
G
1 'y —
= D7 S RpA P log(m) T (m) %) + O(3 ~ loop).
G,G'

If the gauge group of the model of interest is just that of the Standard Model, then clearly
the charged and neutral Goldstone bosons cannot mix, so this becomes trivial — hence
in the following we shall restrict for clarity to the one-Goldstone case. However, we shall
later write the full result in the general case.

3.2 Diagrams with scalars and fermions

The one-loop tadpoles involving fermions are

oV
0¢)

= R,)Th = —R.,Re[y™ P My ) (A(m¥k) + A(m?)) (3.24)
p=v

and these do not present any divergence in the limit of vanishing Goldstone boson mass.
The two-loop contributions are [7],

vy
B ;05 = Ryp (Téspr + Thrrs) » (3.25)
(N P

where

1
D _ 1Jk klp (00,1), 2 2. 92 2
TSSFF_iy YN fppg ’ (mi, my; mi, my)

— Re [y”kyI J kM}"I,MjJ,] )\klon(mz, le, m%, m> ), (3.26)
IJ KLn jp* 2 92 9 2
TIZ;FFS = 2Rel[y "Pyrxny nMJL]TFfFS(mI’ my, My, my,)
+ 2Re [yIJPyIKnyJLnM;(L]TFFFS (m%a m%? m%{a m%)

- 2Re[yIprKLnyMPnM?KM;MMEP]TWS(m%’ mQJv m%v mvzm)’ (327)

with the loop functions from eq. (I1.38) of [7].
The second term Trpprg is regular when mé — 0, because the loop functions, By, I,
Up, that appear in its expression are all regular when only one of their argument goes to
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zero. However, the k = [ = G terms in Tsgpr are divergent:

1 .
~yM Y116 \CCP logmZ Prr(m3, m3)

P
Tsspp O 5

1 /g —_
+ 5Re y! TGy MG M | ACOP Tog mE Pes(m?, m3). (3.28)

After either resummation or setting the Goldstone boson on-shell we find the total, finite,
two-loop contribution Tgs pp in equation (3.41) and note that Tfp’ rrg is not modified from
eq. (3.27).
3.3 Diagrams with scalars and gauge bosons
The one-loop tadpole involving (massive) gauge bosons is
ovi!
99,

which contains no scalar propagators so has no divergences in the Goldstone boson mass.

1
= RoyT} = 5 Repg™P A(m2), (3.29)

p=v

However, the gauge boson contribution to the one-loop scalar self-energy in Landau
gauge is [8]:

H(lvv)

1 1 . .
() = g g By (mf, m2) + Sg" Ay (m2) + S By (mE,mi), (3.30)

2
where the loop functions are given in [8, 57] but simplify for zero momentum in Landau
gauge to

BSV(may)|p2:O = 07
Ay (2)] 29 = 3A(x) + 22053,
Byvy(z, y)|p2:0 = 3Pss(x,y) + 2035 (3.31)

Recall that there are six scalar-gauge boson contributions to the two-loop tadpole [7]:

1 1
Ty = 59“” g I\ f (100)(m mi,mZ m2) + 49“”9”” “bpf (00.1) (m2 m?,m2 m?)
(3.32)
1

3 1
7g“b”g“bpf‘(,1§0) (m2,mi;m?) + Zg“mk)\lkpf\(/oél)(ma m;,my) (3.33)

T\I/)'S:4

1 (1,0,0 1 i abj\ij 0,0,1
Tp s 2 abi _cbi acpf S)(m?w“]g?” g, 2) abzg bjAijf( S)( 2 m§7m2 ?)

Of these only three are potentially singular — fsls(‘),o f O and fVOVO Sl ; from shifting the

tadpoles we obtain
ATE,,

1 — 1 1
AT g g By () + 199 Av(m) + 3

abG abG 2
B
2 9 g VvV (

g mg, mp)

(1
— )\GGT‘ aGk aGkAfSS(\)/O (m2G7 mQG; m%’ m2)

+ AGGTga“GGAf‘(/Oél (mg,mé,m )+ AGGT abG “bGAf (0,0,1) (mg,mg;mé,mé) (3.35)
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i.e. they correspond exactly to the potentially singular terms. However, note that Bgy

term is zero — and indeed we find that fsls[‘),o) (mG, m%, mz, m?) is non-singular; we find

fsls(‘)/o)(mé,mé;x y) = —Rsv (z,y) + O(m)
1§ (@ m, m) = (3A(x) + 220575) logm; + O(m)
s (o zsmm) = —(3Pss(y. 2) + o) logme, — Ryv(y,2) + O(mgy).  (3.36)

We give the final finite tadpoles in equation (3.43).

3.4 Total tadpole

Here we gather the results of the previous subsections and rewrite them for the most general
case, that of multiple Goldstone bosons. The total tadpole, after curing the Goldstone
boson catastrophe and taking mé — 0 everywhere, is

ov®

7P TP 7P TP 14 7P
990 = Rrp [TSS +Tsss +Tssss+ Tssrpr+ Trrrs + Tssy
'

p=v

+Tvs +Toys + Trry + Topy + Thauge |- (3.37)
The all-scalar diagrams are

_ 1 . . 1
Ts = 1 > AJkll)\JkaSS(m?,m%)A(mzz)‘Fi > ACHINGEP Poo(0,m3) A(m]),  (3.38)

3,k J1#G kJI#G
Togg = 6)\pjkl)\3klf5 S(m2 m%,m%)‘mz Y (3.39)
— 1
T%SSS = Z E )\pjj )\‘7I€Z)\‘7 klU (m mQ/ mk,m%)
(7,3 #(G,G")
1 ’ ’
1Y NIOATNEH Ryg(md i), (3.40)
(kDH#(G,G")

where by (4, j') # (G, G’) we mean that j,j' are not both Goldstone indices. The fermion-
scalar diagrams are

= 1 0,0,1
Tosrr = E {2y )\klpf( )(mla m%; mj, mp)
(k,D#(G,G")

— Re

yIJkyI J kM}kI/ ij/:| )\klon(mi, ml2, m%, m?])}
1 /
+ iAGG Pyl TGy e (—I(m%,m?], 0) — (m% + m%)ng(m%, m%))
— \GC'PRe [yUGyI JG M}},ij,} Rss(m2,m%), (3.41)

=P
Trprs = TIZ;FFS ‘mQG—>O’ (3.42)
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while the gauge boson-scalar tadpoles are

-
Tssy = Tssv‘m2 00

1 1,0) 1 (0,1
TV = 9™ g 1o meomsmd)] e o+ D o AR (mismE,m]),
(1,k)#(G,G")

1
P abi _cbi ac (1,0,0) 2 2 2
= gPige f

) 2
Tyyg = 59 VVS mmmc?mbvmi)‘m%_m

1
+ Z 4gabz ab])\mpf 001)<m mz’m2 m?)
(6.5)#(G,G")
]. ’ !
— Zg“ngabG ACEPRy (m2,m?). (3.43)
Finally the gauge boson-fermion and gauge diagrams are not affected by the Goldstone
boson catastrophe, as scalar masses do not appear in them, and can be found in the

appendix C.2 of [7]

P J-K I'Ipr £(1,00), 2 9 2
Trry = 297" GpyRe[Mky p]fFFV)(mIamKamJam )

+ 308 Thg SO (3 ), (3.44)
Ty = 977 93 Rely M 1] [ Frgy (mF,m3, m2) + M7 LS00 (md, m3; m3, m2)]

+ 977 g Re[ M MI My ey Fo? (md, s m3, m?)

b0 g AT M £ (3 2 ), (3.45)
e = 109" FL00 (2, mismd, m?). (3.46)

4 Mass diagrams in the gaugeless limit

As discussed in the introduction, the scalar masses are among the most interesting elec-
troweak precision observables, and their calculation also suffers from the Goldstone Boson
Catastrophe. Earlier literature pointed out that the calculation in the effective potential
approximation contains more severe divergences that cannot be solved by resummation,
and thus the inclusion of the external momentum is necessary. However, we shall find that
there are also divergences that are not regulated by external momentum — and thus both
setting the Goldstone boson on-shell and external momentum are required to obtain finite,
accurate results.

On the other hand, the effective potential approximation is still useful and has ad-
vantages over a full momentum-dependent result, chief among these being simplicity and
speed of calculation. In particular, the evaluation of the loop functions at arbitrary external
momentum requires the numerical solution of differential equations [57] which, although
implemented in the fast package TSIL [58], is still much slower than the zero-momentum
functions, and when the functions must be repeatedly called can lead to times orders of
magnitude longer for complicated models. Hence we shall consider expanding the two-loop
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self-energies as a series in s = —p? (for metric signature (—, +,+, +)) as

2 log(—s) 1 2
Hz(j)(s):TH(—ilm—i_ H(%Z]—"_HZ(Q) log ( )+Hl(z;10g( g]l)]—’—zr[klj k!
(4.1)
and we shall neglect terms of O(s), giving a “generalised effective potential” approximation:
for loop functions where the singular terms n?, a? ) 12 vanish the result is

—11la5° " =152 “2 50 g
identical to the second derivative of the effective potential. This approximation is par-

ticularly good when the mass of the scalars considered is smaller than the scale of other
particles that they couple to; but even when they are similar we find that typically the
difference is only a few percent. This should then be within other uncertainties in the
calculation for most purposes.

We shall perform our calculations using our procedure of taking the Goldstone boson
mass(es) on-shell as before, working in the general case now of allowing multiple Goldstone
bosons throughout. We shall make heavy use of the existing expressions for two-loop scalar
self energies from [8]; however, these are only available up to second order in the gauge
coupling. Hence we shall be restricted to work in the very popular “gaugeless limit” where
we neglect the gauge couplings of broken gauge groups (including electromagnetism, since
hypercharge and weak SU(2) are both broken so their gauge couplings are neglected). The
two-loop self-energy in this limit can be decomposed as follows:

Hif-) :H%+HZF(W)+HZF4(M)+H;9J2F3( )+HS3F2( )+HZF4(V)+H%V+H5V. (4.2)

This consists of scalar-only propagators, diagrams with scalar and fermion propagators, di-

agrams with scalar and vector propagators, and fermions and vectors. We find that HSF4(M)

and HSF4(V)
are equations (B.15) and (B.28) of [7]. Furthermore, in the gaugeless limit the Goldstone
H;SjV HZV

are nonsingular as mG — 0 and s — 0, so the relevant formulae in that limit

bosons do not couple to the vectors, so and are unchanged from (B.36) and

(B.41) of [7]. However, the remaining diagrams require regulation: our new expressions for

F(W) HS?FB(M) dHS3F2( )

i are derived in section 4.2.

HS are presented in section 4.1; H

4.1 All-scalar terms

The two-loop scalar self-energy contribution with only scalar propagators is given by [8]:
I = i)\ij’“’)\km”Alm”Wssss(m%ml27m?nvmi) + i)\ij FINMIIX gg5(mi, mi, m?,)
+ %)\iklAjkmAlmnangss(mi, ml2, m?m m2)
+ %)\ikl/\jm")\klmnzsggg(m,%,ml ,m2, m2) + GA’klmAJklmSSSS(mk,ml ,m2))
+ % </\ikl)\jkm" + /\jkl)\ikm”) /\lansgsg(mi, mi, m2,,m2)
+ %)\ikl/\jkm)\l”p/\m”pVSSSSS(mz, mIQ, m%w mi, m]%)

1 .
+ 5)\ka)\jln)\klp/\mansssss(m%, m%, m?n, m%, mz) (4.3)

The loop integral functions are recalled in (A.52).
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When at most one of the propagators is a Goldstone boson, we can set m2G —0,s—=0
and use the simplified expressions below (B.2) of [7]. However, for cases including more
Goldstone bosons we must look for singularities since, in general, only the Sggg term is
regular. Furthermore, we can divide the functions into those regulated by the momentum
and those that are not. In particular, by inspection we see that for two or more Goldstone
bosons W, X,Y,V can be divergent as m% — 0, even for finite momentum; this means
those terms must be regulated by resummation — or, in our case, by shifts from the one-
loop self energy by putting the Goldstone bosons on shell. On the other hand, the terms

U, M and Z must be regulated by including finite momentum.

It should be noted that the divergences that are not regulated by momentum all involve
a Goldstone boson self-energy as a subdiagram. It is then logical to consider how they
relate to the divergent terms in the tadpole graphs. If we consider the effective potential
approximation and take the derivatives of the tadpoles as in [7], then we see that the
topologies X, Y, Z descend from the Tgg graphs; S, U arise from Tggg; and M, V, W from
Tssss. Then it is clear that, since the Tsgg graphs contain no divergences, resummation
is irrelevant for S and U, while Tsg and Tgggs are both divergent when there is part of
a Goldstone boson self-energy as a subdiagram. We also see that W and X topologies
arise from Tsggs and Tgg respectively by replacing a three-point vertex with a four-point
one, and likewise V and Y arise by adding a leg connected directly by a propagator to the
other leg; we illustrate this whole discussion in figure 1. Hence we expect that these special
divergences should follow the same pattern as the tadpoles, and be cured in the same way.
However, we shall also find below some subtleties remain in the V' topology.

4.1.1 Goldstone shifts
To determine the effect on the mass diagrams, let us make the shifts using the method of
an on-shell Goldstone boson. Recall that the contribution to the one-loop self-energy is
1 .. 1 ., .
5 (s) = SR A(mR) = SNV B(s,mi m}) (4.4)
SO we can write Hisj — Hfj + AHiSj where

1 . . ) — . i
ATL) = — N9 Togm T3 (0) + XN B (s, mey, m) 57 (0) (4.5)

1 s ,
— GG’ \GG'kk 2 2 2
= ZAW A AXgss(mg, mg, mji)
1 .. ’ ’
+ Z)\UGG )\Gm”)\G AW SSSS(m%" mé‘a m?m m?z)
]_ . - / !
GkyjiG'k GG 2 2 92 2
+ 5)\7’ NZENEE AY o009 (my, me, mé, ms;,)

1 ; ; !’ !
kG jkG'\G G 2 2 2 2 2
+ 5)\1 NPENEPAT T AVgggss(my,, mé, mé, ma, mp)
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Vsssss Yssss

Figure 1. Divergent scalar-only diagrams that require regulation (by resummation or using our
on-shell scheme), even in the presence of external momentum. The light blue dashed lines marked
with a small red “G” denote Goldstone boson propagators. The dark blobs in the diagrams on the
right-hand side represent full one-loop one-particle-irreducible corrections inserted on the line. On
the top line we show the tadpoles (with their clear relation to the sunset and figure-eight diagrams
in the potential); on the lower two we show the corrections to the self-energies, which clearly follow
the same pattern.

where B’ is defined in eq. (A.13), and

AXgss(me, mg, my) = —A(mi) logmé; = —Xsgs(mg, mg, m)
AWssss(mé, ma, m2,m2) = B(0,m?2,,m2)logm?
AYssss(mp, m,mg,my) = B'(s,me, mp) A(my) = =Yssss(mi, me;, me;, my)
AVsssss(my, m&, mé,mi,mg) = —B/(s,mé,mi)B(O,mi,mf,)
= B'(s, mé,m%)Pgs(mi,mi). (4.6)

These exactly cancel the divergent parts in the mass diagrams. In the case of the X and Y
diagrams, they go further and leave no finite parts; for the W diagrams, what remains is

9 9 9 9 9 9 9 9
Wssss(mg, mé, my,, my) + AWssss(mg, mg, m;,, m;,)

2 2 2 2 2 2 2 2
= UO(mGa me,my,, mn) + AWSSSS(mG7 meg, My, mn)

= Rgg(m%n,m%). (4.7)

We have no further divergences in W (in particular, Up(z,y,0,0) is non-singular).
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In the V diagrams there is also a finite piece that remains, since

Vsssss(mi, mg, meg,ms,m2)
— fV(mi,sz,mi,mf,)
_ Pgs(m?2,m?)logm?2 + Rgs(m?, m?
— —V(m,m2,m2) + s (i, my) log g 55 (7. 1) +0(mg). (48
s —mj
Now, using
B/ (s, m¥, m}) (49)
I — 5 2 2 27— 2 2
= _S — ’I’)’L% IOgmG - (S — m%)z [(mk + 8)(B(S7O7mk) - 2) + 2mk lOgmk’] + O(’I’I’LG)

we find that

2 2 2 2 2 2 2 2 2 2
VSSSSS(mk7 mg, Mg, My, mp) + AVSSSSS(mka meg, Mg, My, mp)

2 2
Pss(m;,, my)

2
§—=my

_ 1
= —V(mj,mp, m?) + G—m?) Rss(mi, m3) +
3

X <(m% +8)(B(s,0,m3) — 2) + 2milogm%) + O(m%). (4.10)

Now we can look at what divergences might remain and need regulating by the momentum.
For future reference let us define

VSSSSS(mza m%}? m2G7 mgw mIQ)) + B,(Sa m2G7 m%)PSS(mEm m]%) = V(mza m?w m;%) (411)

AGGE = 0, we never have a divergence from n = p = G. On the other

Since we take
hand, when k£ = G we do have a divergence that needs regulating by the momentum;

recalling B(s,0,0) = —log(—s) + 2 we can write

7 2 2 2 2 2 2 2 2 2 2 2 2 2
V( Gy My, mp) = VSSSSS(va mg, Mg, My, mp) + AVSSSSS(mGa mg, Mg, My, mp)

_ 1 .
=-V(0, m,%, m2) + B [Rgs(mi, m]%) - ng(mi, mz)log(—s)] + (’)(mé)

P
(4.12)
For the other cases we can set s = 0 and write
2 92 2 2 2 9 92 9 2 2 9 2 9
V(mka my, mp) = VSSSSS(mkn meg, Mg, My, mp) + AVSSSSS(mkv mg, Mg, My, mp)

kA£G = 1 _
Z —V(mi, mi,m?,) + Z [Rss(mi, m?)) - Psg(m%, m%)[log m% — 1]]

+O(m%). (4.13)

4.1.2 Momentum-regulated diagrams

There are other Vggggs diagrams that are not regulated by the Goldstone boson shifts.
While Vsssss (7,9, 2,0,0), Vsssss(0,2,y,0,2), Vsssss(0,2,9,0,0), Vsssss(x,0,y,0,0)
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are all regular, the diagrams Vggss5(0,0,,y,2) and Vsgsss(0,0,2,0,y) are divergent,
and their expression may be found simply by using those for U(0,0,z,y) and U(0,0,0, x)
given in appendix B:

1
Vsssss(0,0,2,y,2) = . [Uo(0,z,y,2) — U(0,0,y,2)]. (4.14)
All other Vggggs diagrams are either regular or vanish due to the prefactor A&GC.
The remining functions Ugsss, Msssss and Zggsgs require regulation by momentum:
we give expressions for the expansion of these in appendix B.

4.2 Fermion-scalar diagrams

The potentially singular mass diagrams are HZF(W),HZ?F‘?’(M) and HZ-B’FQ(V)

these there are only a subset once more that are regulated by the Goldstone boson shifts;

, but among

indeed, as in the purely scalar case we find that the topology M is purely regulated by
momentum for which all of the limits of the loop functions are provided in appendix B.
For the other two, there are exactly four diagrams to regulate, which will match exactly.
They have the form [8]:

srow) 1 4 ‘N
HZJ ( ) = §AZJkZRe[yMNkyMNZMMM/MNN/]WSSﬁ(mi,m%,m?\/l,m?\,)

1 .
+ iAZJklyMNkyMNlWSSFF(m%,mlz,m?w,m%v), (4.15)

Sz3Fa(V ikl jk NPl, N'P' 2,2 2 2 2
I} 2(V) = Nkl \g m(Re[y y " UMy Mppr |V gg s My, mi, me,, my, mp)

+ Re[yNPlprm]VSSSFF(mz,mfjm%n, m%,m%)), (4.16)
and the loop functions are defined in section A.1.2.

As in the scalar case, we look at the shift in the one-loop scalar mass contribution
involving Goldstone bosons:

1 oy — e RTel
AH%F — [ EA”GG longG+)\ZGZ)\3GIB/(S,m207ml2)]

x [Re(y® %k o)\ pr(mik, m3) + QRG(ZUKLGQKILIG/MKK'MLL/)HW

= )\ijGGlRe(yKLGyKLG’)AWSSFF + AijGG/ Re(yKLGyK/L/G/ MKK/ MLL,)AWSSW
+ NN IRe(y Xy 1.6 ) AVsssrr

NG IRy K LGy KL My M) AVyogrp (4.17)
where

Urp(z,y) = —[(z + y)Pss(z,y) + A(z) + Ay)],
zr(z,y) = —Pss(z,y), (4.18)
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and compare to the relevant expressions for the loop functions:

W spp(mé, mé, z,y) = —2Us(mg, mg, x,y), (4.19)
Wsspr(mg, még, x,y) = —(x +y — mg)Uo(mg, mg;, ,y) — 1(0, z,y)
—logmg(A(x) + Aly)),
Vassrr(k,me,mé, ,y) = —2Vsssss(k, mé, mé, x,y),
Vsssrr(k, m&, mé, x,y) = —(x +y — m&)Vsssss(k, mé, mé, x,y) + Uk, mé, z,y)

+ B'(s,mg, k) (A(z) + A(y))-
We should deal with each of these in turn. Firstly for the W topology:

WSSFF(mév m2G) z, y)+AWSSFF(m2G7 m2G’7 z, y) — _I(Oa z, y) - (.T)—i-y)RSS(J), y)7 (420)
Wssﬁ(mé,mé,x,y) + AWSSﬁ(m%, mé, x,y) — —2Rss(z,y). (4.21)

For topology V', the first combination is proportional to the scalar case in equa-
tions (4.12) and (4.13):

Vsssﬁ(kv WQG’ m2Gu T,y) + AVSSSﬁ(’fa m%‘v ng, z,Y)
= —2Vsssss(k, mg, mg, v, y) — 2B’ (s, mé&, k) Pss(z,y)
— =2V (k,z,y), (4.22)

while the second also contains an additional U function:

Vsssrr(k,m%,m2, x,y)+AVssspr(k,mz, mé, z,y) — —(z4+y)V (k, z,y)+U(k, m%, z,v).

(4.23)
For this case, when k # mé it is non-singular as in the scalar case, and when k = mé
we require the expansions with finite s from equation (4.12) and for U(0,0,z,y) from

appendix B.

5 Self-consistent solution of the tadpole equations

We have shown how to avoid the Goldstone Boson Catastrophe in general renormalisable
field theories, and how this can be applied to calculating neutral scalar masses in the
gaugeless limit in a generalised effective potential approximation. However, as they have
been formulated the tadpole equations still require an iterative solution, because the same

masses appear in the loop functions as we are solving for: recall in equation (2.34) that
2
ij
for the Goldstone boson and put the other scalars on shell; however, we can follow [11]

mi; = —0;0i; + m%’ij but the mgj appear in the J;. We cannot do the same as we did
and use (2.34) to re-expand the masses to one-loop order in the one-loop tadpole, then we
use the tree-level masses in the loop functions and solve the tadpole equations perturba-
tively instead of iteratively as described in the introduction. Let us define a set of masses
m? = {m%, m? 7éG} i.e. we use the on-shell mass for the Goldstone, and the tree-level masses
for the other scalars. To single out the Goldstone boson we use the tree-level mixing matrix
Ry which in any case should correspond to the all-loop expression, depending as it does
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only on the symmetries and vevs. Then we can define the pertubation to the tree-level
mass-matrix to be

Aij = _RkiRkjdk (51)

and we can expand as usual in perturbation theory using A;; = M%AS) + mAg) +...
to find that we should shift the tadpoles according to

ove o av® o1 3

(1,8)#(G,G")

By (4,7') # (G, G") we mean that the sum over (7,i’) excludes the cases where both i and 4’
are Goldstone boson indices. This allows us to express the §; entirely in terms of the tree-

2 _ note that we should

level 2 parameters and obtain a perturbative expansion for m
also replace all of the couplings A%, A\/* etc and rotation matrices R;; with their tree-level

values A7k Nkt I:Zij (we already implicitly used this to disregard the A% terms). The
2 _

only subtlety occurs when m; = m§ for some %, j which is not ensured by a symmetry so

that A;; # Ajj; in that case as usual the R matrix must be modified to diagonalise AZ(-;)
on those indices. However the expression above is still valid in that case. Note that the
shift only occurs for scalar propagators in the one-loop diagrams, which is why there is no
modification of the fermionic or vector tadpole diagrams.

We can apply the same procedure to use the tree-level masses in the mass diagrams:
after some algebra we find (in the gaugeless limit — otherwise we will have some additional

shifts from scalar-vector diagrams) that
1eiigs
1% (s,m?) = 1 (s,m?) + Z <2wkk Al(clk)’PSS(mz’ i) (5:3)
(k) #(G,G')
B Xikl:\jk’ZA]Ei)lc(s, 5,0, mz,m?,mi/))

where we used the usual C' function defined in eq. (A.17). These together then allow us to
determine the scalar masses to be the values of s that give solutions to:

Mo =2 (e 72
IT;; (s,m*) IT;; (s,m*)

— . 2 A2\ 5. .
0 = Det | 86;5 — mg ;; + 6:i(1m”)dij — 6n2 (1672)2 (5.4)
0ij__1 S SIIAD poo(r? 2
“ e 2. R Pes(mimi)
(4.3")#(G,G)
Rii/R"’ 1~i/ RN 1 _ _ SRR 1 _ B B
- (16723]2 Z (2>\ J'kk Aék)rPss(m%,mi,)—)\ kINI'k ZA,(C ),C(S,S,O,mi,mf,mi,)ﬂ.
(k,k")#(G,G")

Typically in spectrum generators the two-loop corrections are computed at fixed momentum
and then the eigenvalues of the above matrix computed iteratively. Since we have given the
expansion of all the loop functions relevant for the two-loop corrections up to terms of order
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O(s), this could be generalised to include our simple momentum dependence for the two-
loop part as in equation (4.1) without significant loss of speed since the computationally
expensive parts of the two-loop functions would only need to be evaluated once. However,
since all of the expansions are strictly valid only up to two-loop order, the equation above
could be solved perturbatively itself with no significant loss of accuracy.

6 Conclusions

We have presented a solution to the Goldstone Boson Catastrophe in general renormalisable
theories to two-loop order. We showed that the approach of Goldstone boson resummation
is equivalent (at least at two-loop order) to an on-shell scheme for the Goldstone boson(s),
the latter being much more convenient calculationally. We then showed how there are a
set of self-energy diagrams that also exhibit the Goldstone Boson Catastrophe even when
external momentum is included — but that our solution naturally avoids those singularities.
We were then able to give expressions for a “generalised effective potential approximation”
for neutral scalar masses in the gaugeless limit, that are free of infra-red divergences and
give a good approximation to the full momentum-dependent result. This also included
the re-expansion of the masses in terms of the values obtained from the tree-level tadpole
equations, allowing a self-consistent solution of the tadpole equations (i.e. equations where
no terms to be solved for appear on both left and right hand sides).

The expressions contained in this paper should now allow simple infra-red safe calcula-
tions in a wide variety of theories. Most practically, it would be simple to implement them
in a package such as SARAH, to enable automated calculations for any model and avoid the
problems seen, for example, in [42, 53, 56], with the existing implementation. This should
also enable more reliable and accurate explorations of the parameter space of many models;
in particular for non-supersymmetric models (such as the two-Higgs-doublet model), where
the existing “solution”? to the Goldstone Boson Catastrophe is not particularly successful,
relying as it does on there being a gauge-coupling dependent part of the scalar potential
(as in supersymmetric theories).

However, it would also be interesting to explore further many aspects of the prob-
lem more generally: the two-loop mass-diagram calculation to quartic order in the gauge
couplings; the link between resummation and our on-shell scheme; and also the exten-
sion to higher orders. Indeed, these three topics are linked: in [10], it was shown that
the momentum dependence of the self-energy in the resummation was necessary for the
resummation of certain subleading divergences. By reorganising the expansion in terms
of MZ& = mZ +11,(0), they showed that the one-loop resummed potential (2.5) — which
contributes the most divergent parts — can be rewritten as

i B > _ 2\ L-1
v =g f (e - 55 s [ 0] )

1 - L
— L F1Z) + O(NIE Tog 112,

4See [34], appendix 2b of [53] and especially section 2 of [42] for a description of the approach in SARAH.
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This shows that the momentum dependence cannot contribute a more divergent term than
O(Mé@]\;fé). Hence if we rewrite the diagrams in terms of Mé — similar to our on-
shell scheme — then the momentum dependence of the self-energy will disappear from the
tadpole condition; indeed, [9] did not require momentum dependence. This also shows
that for higher-order contributions it may be most efficient to perform the calculations
directly in such a scheme, rather than work in a pure minimal subtraction scheme and
then apply the shifts. On the other hand, it could be relevant for the mass diagrams: [10]
showed that a term of order Mé@Mé in the two-loop potential arising from a diagram
with a W-boson, charged Goldstone boson and photon could be resummed by including
the momentum dependence in the self-energy; the masslessness of the photon giving rise
to additional infra-red divergences. This issue did not arise here because we worked up
to two-loop order, and in the gaugeless limit for the mass diagrams (so that the photon
cannot contribute, and its contribution to the tadpoles is benign). It would certainly be
interesting to explore this in the future.
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A Loop functions

Throughout our work, we have followed closely the notations of [57], however we present
in this appendix the loop functions and the notations that were used. These definitions of
loop functions use Euclidean momentum integrals in dimensional reduction to d = 4 — 2¢
dimensions, and involve the loop factor

2e
—16m2- 2 Al
C = 167 m) (A1)

We also recall the following shorthand notations
x
@7

where Q? = 4me™ 72 is the renormalisation scale squared.

logz = log (A.2)

A.1 Definition of loop functions
A.1.1 One-loop functions

In the expression of the one-loop effective potential, we make use of the function f defined as

o) =% (Toga-3) (A3)
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Two important one-loop functions that will appear in the expression of the effective
potential, of its derivatives and in the self-energies are the finite parts of

d’k
dk
B(p?, z,y EC/ , A5
N A e PRy —
namely
— d
A(z) = lim <A(ac) + x) =z(logz — 1) =2— f(z), (A.6)
e—0 € dx
. 1 —
B(p*,z,y) = lim (B(szx,y) - 6> = —logp? — fp(z+) — fale-), (A.7)
where )
fe(z) =log(l —x) — xlog (1 - a:) -1, (A.8)
and )
+ 2 2 _Yp2
v, Pty RN E (A4.9)
2p
In two-loop order expressions, the function J is sometimes used, although it is equal to A
J(x) = A(z). (A.10)

A limit of particular interest of B is the limit of vanishing external momentum, that we
denote By, and is related to the Pgg function we have used

Afw) — Aly)

B(pzax7y) 2—> BO(xay) = _PSS(xay) = - (All)
p?—0 =y
and furthermore, we have that
Bo(z,z) = —logw & Psg(r,z) = logx (A.12)

The derivative of the B function with respect to one of the mass arguments is also used,
with the notation

0
B'(p*,x,y) = %B(pQ,w,y)- (A.13)

For the fermion and gauge boson contributions to the scalar self-energy we also use
the functions Prp, P and Pyy related to A and Pgg as

o TA() — yA(y)

Ppp(z,y) = — Py —A(z) — A(y) — (z + y) Pss(z,y), (A.14)
Pﬁ(xvy) = —2P55(337y), (A15)
PVV($,y) E3P55(1‘,y). (Alﬁ)

In the context of the reexpansion of the mass diagrams, we also make use of the one-
loop three-point function C(p?, p3, (p1+p2)?, =, y, z), which is the finite part of the following
integral

d’k
k=p1)?+y)((k—p1—p2)? + 2)

C(p1,p5, (p1 +p2)*, 2,9, 2) = —C/ eI (A.17)

~ 31—



A.1.2 Two-loop functions

We recall the definition of the following two-loop integrals

1
S(z,y, 2 502/ddk/dd , A.18
(®:3:2) T )@+ o)k tq-p)?+2) (A.18)
1
U(z,y,2,u 502/ddk/dd , A.19
(2, 2,) T2 ) (k—p)2+9) (@ + ) (k+q—p)*+u) (8.19)
1

M(z,y,z,u,v ECQ/ddk/dd .

(2 0) (W) @+ =P+ 2 =P+ ) (h— )
(A.20)

of which we take the finite parts
S(a.9.2) = lm[S(z,,2) — (A(x) + A(y) + A(2)) /e — (2 +y+2)/
2 — (p*/2 — 1 —y — 2)/2€],
U(,y,2,u) = im[U(x,y, 2,u) — B(p*, z,y) /e + 1/26* = 1/2¢], (A.21)
e—
Un(e,,2:0) = U,y = T2 10200 (A.22)
M(z,y, z,u,v) = hII(l) M(z,y, z,u,v). (A.23)
e—
We also require the related functions (where V differs slightly from [8])

I(z,y,2) = S(@,y, 2)|p2=0, (A.24)
Viagz) = — 5 Ueg ), (A.25)
V(z,y,2) = lim |V(2,u,y,2) — ! 3I(u z) (A.26)

7y7 _u_>0 ) 7y7 S—xau 7y7 * *

The integral I is symmetric on all three indices, and thus Uy is symmetric on z <+ y and
z <> u separately etc; the I integral is fundamental for the two-loop effective potential, all
other functions being obtained from it and A(z). It can be written explicitly although the
expression is rather involved; it can be found in equations (D1) to (D3) of [33] although it
was first derived in [1]. Here we note the useful limiting cases

1 _ _
I(z,y,0) = 2<5m5y+(x+y)log2x+4ylogy

+log z(4a — 2ylogy) — 2(z — y)Lis(1 — y/w)>,
3 — —2
I(z,z,z) = §x(—5 +4logx — log” & + Cpaz),
I(z,2,0) = 2(~5 + 4logz — log x),

2

11— —
I(x,0,0) = —l’(210g2$ +2logx — g — 7;), (A.27)

where ¢ . ~ 2.3439 is a constant.
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The two-loop functions appearing in the effective potential were defined in [6] and read

fsss(@,y,z) = —1(x,y,2), (A.28)

fss(x,y) = J(z,y), (A.29)
frrs(x,y,2z) = J(x,y) — J(x,2) — J(y,2) + (x +y — 2)I(x,y, 2), (A.30)
frrs(@,y,2) = 21(x,y, 2), (A.31)

1
fSSV(xaya Z) = ; |:(—JZ‘2 - y2 - 22 +2xy + 202 + QyZ)I(III,y, Z) + (JI - y)QI(Oa $7y)

+ (y —T = z)J(:c,z) + (.’L‘ -y z)J(y,z) + Zj(xvy)

where

+2 (x ty— g) J(2), (A.32)
J(z,y) = J(x)J(y) = A(z)A(y). (A.33)

To these functions we must also add the scheme dependent functions fvs, fyvs, frev,
J7ry and fgauge that we give for the DR’ and MS schemes (slightly modifying the nota-

tion of [6])
fvs(z,y) = 3J(x,y) + oyg22J (y), (A.34)
fvvs(z,y,2) = Mly (=2 — % — 22 = 10zy + 202 + 2y2)I(x,y, 2)
+ (z — 2)%1(0,z, 2) + (y — 2)*1(0,y, z) — 2*1(0,0, 2)
+(z—z—y)J(x,y) +yJ(z,2) +2J(y, z)}
I(@) + 3 T) + s(27() —x—y 7). (A.35)
frrv(z,y,z) = % [(ﬁ +y? = 22" = 2wy +az +yz)I(2,y,2) — (x — y)*10,2,y)
(@ —y—22)J(z,2) + (y — o — 22)J(y, 2) + 22 (x, y)}
+2 (—o—y+3) J(2) Oy (207 (@) + 29T ()~ (a+y)*+27), (A.36)
Sy (@, y,2) = 61(z,y, 2) + o5z (2( + y + 2) — 4J (z) — 4J (v)), (A.37)

1
- dxyz
+(y = 2)*(y” + 10yz + 2*)1(0,y, 2) + 2*(2yz — 2%)1(0,0, )
+ (2% — 9y* — 92% + 9zy + 92z + 14y2)zJ (y, 2)

fgauge(xv Y, Z) |:(SC4 - 8$3y - 81‘32 + 32£L‘2y2 + 182/222)[(1‘, Y, Z)

40
+ (22y + 22z — 333) xyzd () + 5m(4x3yz + 48x1%2% + 8x2sz(x))

+(z oy +(z2) (A.38)
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where

1 in the MS scheme
O = { (A.39)

0 in the DR’ scheme

Taking derivatives of these functions with respect to one argument is required for the
two-loop tadpoles, and we use the notations

fo(él,0,0)(x’y;z’u) _ fa(l',Z,U) - fa(y7zvu>

T —y
(0,0,1) . _ fa(l‘aya Z) B foc(xyyvu)

FOO (2, 2,) = )= (4.40)

For the mass diagrams, we require the following loop integral functions:
Wisss(z,y, 2,u) = [I(z, 2,u) — I(y, z,u)]/(y — ), (A.41)
Xsss(x,y,2) = J(2)Pss(x,y), (A.42)
Yssss(x,y, 2,u) = J(w)[B(p*,x,2) — B(p*,z,y)]/(y — 2), (A.43)
Zssss(x,y, z,u) = B(p?, z,y)B(p®, z, u), (A.44)
SSSS($ Y,z ) —S($ Y,z )a (A45)
Ussss(z,y,z,u) =Ul(z,y, z,u), (A.46)
Vsssss(x,y, z,u,v) = [U(z,y,u,v) — Uz, z,u,v)]/(y — 2), (A.47)
MSSSSS(xvyazaua U) —M(I‘ Y,z U U) (A48)
Wsspr(z,y,z,u) = - — [(zru—2)I(z, 2,u) - A(@)[A(z) + A(W)]]+(z <> y), (A.49)
WSSﬁ(xvywzvu) = —QWSSSS(%?J,Z,U)y (A50)
T (y—u—v)U(z,y,u, vL—t[f(u)+A(v)]B(s, z,y) ), (ASD)
)

Vgggﬁ(%@/v%%“) = —2VSSSSS(33=ZU,27U7U)~ (A52
A.2 Small mé expansion

For completeness, we recall equations (3.7)-(3.10) from [11] for the expansion of the loop
functions appearing in the two-loop effective potential

fsss(mZ, xz,y) = fsss(0,z,y) + Pss(z,y)A(m%) + Rss(z, y)mZ + O(mg),  (A.53)
fsss(mé, mé, ) = fss5(0,0,7) + 2Pss(0, 2) A(mE) + 2Rs5(0, x)mé + O(m¢;), (A.54)
fss(mg, x) = A(x)A(mg,), (A.55)
frrs(mg, x,y) = frrs(0,2,y) + Ppr(z,y)A(mg) + Rep(z,y)mg + O(mg),  (A.56)
fFFS(mG,x y) = frrs(0,2,y) + Pﬁ(:r,y)A(mé) + Rﬁ(:r,y)m%; + (’)(m4G), (A.57)
fssv(mg, z,y) = fssv(0,2,y) + Ry (z,y)me + O(mg), (A.58)
fssy(mZ, mZ%, x) = fssv(0,0,2) + 2Rsy (0, z)m% + O(m}), (A.59)
fvs(me, x) = 3A(x)A(mg) + 2x83g A(m,), (A.60)

fvvs(mé, z,y) = fvvs(0,2,y) + (Pyv(z, y) + 2055) A(mg)
+ (Ryv (2,y) — Syg)mé + O(mygy), (A.61)
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where the R functions are defined in [11] as

Rss(z,y) = {(z +y)* + 2A(x) A(y) — 2zA(z) — 2yA(y)
+(x+ 10,29} (@ —y)?, (A.62)

Rpp(x,y) = — [(m +y){(x+y)* +24(2)A(y) — 2wA(z) — 2yA(y) + (z +y)*}
+ 2(x2 + y2)1(0, x, y)} /(x — y)2, (A.63)

Rﬁ(xay) - _2RSS’(m7y)7 (A64)

Rsy(z,y) = ; (3(:c +y)I(0,z,y) — 321(0,0,2) + 3A(z)A(y) + 2zy + y2) , (A.65)

1 2., .2
Ryy(z,y) = m [3A(:c)A(y)(x +y* + Gzcy) — 24acy(xA(w) + yA(y))
+ lday(z? + y?) + 202%y? + 3(x +y)*1(0, z,y)
—3(z — y)*(=1(0,0,z) + yI(0,0, y))] . (A.66)
One can see from the expression (A.24) that I(= —fggg) is regular for any number

of its arguments vanishing. Using eq. (A.21) and (A.53), we can find the expansion of
UO(xayam%J7m%})

d d
I(m2 _ 2
deG (mg,x,y) dméfSSS(mG7xay)

= Pss(z,y)logm% + Rss(x,y) + ... (A.67)

U(](l’, Y, mQGa mQG) = -

For the derivatives of the two-loop f functions, we use the following expansions

FOOD (2, y,mZ%, mE) = —logm&[J (@) +J (1))~ 1 (z,y,0)— (z+y)Us(z, y, m&, m%)

—logmg | (x + y)Pss(z,y) + Alz) + A(y)

— I(,9,0) — (z +y) Rss(z,y) + O(mg), (A.68)

LSO (m, mEs 2,y) = —Rsy (2,) + O(m) (A.69)
FON (2, mE, mE) = (3A(x) + 220375) log m% + O(m) (A.70)
Fovs g,z mem) = = (3Pss(y, 2) + dyg) logm; — Ryv(y,2) + O(mg). (A1)

B Diagrams regulated by momentum

When studying the mass terms, we encountered some diagrams for which the resummation
of the Goldstone contributions provide no shift to regulate an infrared divergence and
hence these diagrams must be regulated by momentum. More precisely, this is the case
for the functions U, M, Z and for some of the V diagrams. In this section, we give the
expansions for small external momentum s = —p? of the diagrams that diverge as s — 0,
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taken from expanding expressions in [57, 59] or found by newly solving or expanding the
integral equations in [57]. Hence we stress that (most of) this section contains new results
not found elsewhere.

First, for Z, we only need the fact that

B(p*, mé,m%) — 2 —log(—s). (B.1)
mag—0

Then, for the U function, taking one argument to zero does not cause any divergence,
and we find, looking at the integral definition (A.19) of U, that U(x,y,0,0), U(0,z,y,0),
U(z,0,y,0), U(x,0,0,0) and U(0,y,0,0) are all regular so we can substitute them for
Uy 4+ O(s). The only divergent function is U(0,0,z,y) that has the form

U(Ov 0,z, y) = AU(xay) @(_S) + BU(xvy) + 0(8) (B2)
with

zlogx —ylogy

Ay(z,y) = -1+ = Pss(x,y) = Ap(z,z) = log, (B.3)

r—=y
1 — 9 — —
Bu(xyy)=*+2(y_x) [—(w+y)log y +4xlogz — 4ylogy
+ 2xlogzlogy — 2(z + y)Lis (1 - 5)]
—§+; 8(xlogz — ylogy) + (x + )(sz—gz )
T T . x . )
—2(y — x)logxlogy — (z +y) <L12(1 - > — Lis <1 - >>], (B.4)
y x
3 1
By(z,z) = 5~ 3logz — 3 log2 x, (B.5)

where we have written the By coefficient in two ways, one for computational simplicity,
and the other to explicitly show the symmetry in = <> y. The limit as x — 0 can be
smoothly taken to give

2
_ _ 5 _ 1
U(0,0,0,u) = (logu — 1) log(—s) — % + 5~ 2logu — 3 log2 u+ O(s). (B.6)
which matches an expansion of the full momentum-dependence expression in equation
(6.24) of [57].
Finally,

1, —
U(0,0,0,0) = - (Tog(~s) - 3% +1

is not required, as it always appears with A®“¢ as a factor, which is zero up to higher
order corrections.

Turning now to the M function, there are more cases to consider. In the case of only
one argument vanishing, we see from the integral expression (A.20) that the function is
regular. From egs. (6.28) and (6.31) in [57], we also find that M (z,y, 2,0,0), M (z,y,0,0,v)
and M(x,y,0,0,0) are finite. Then we have

M(O’y707u7v) = AM(yaua U) @(_8) +BM(y,U,U) (B7)
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where

- ulogu B ylogy B vlogv
AM(yauav) - (y_u)(u_v) <y_u)(y_v) (y_’U)(U—’U)’ (B8>
Bu(y, u,v) = —(2 + logv) A (y, u, v)
ukv kY |
(y—u)(u—v)L2(1 /v) (y—u)(y—v)LQ(l y/v) (B.9)

M(0,0,0,u,v) (resp. M(0,y,0,u,0)) is found by taking the limit y — 0 (resp. v — 0),
which is regular, in the expression of M(0,y,0, u,v).

The expression of M (z,0,0,0,0) with full momentum dependence can be found in
equation (6.31) of [57], and becomes when expanding to leading order for small s

1
M (2,0,0,0,0) = 63;(18 + 7% — 12log (—s/x) + 3log? (—s/x)) (B.10)

Finally we find M (0,0,0,0,v) to be

2
M(0,0,0,0,v) = i(logQ(—s/v) —2log(—s/v) + 3). (B.11)

The approximate formulae for U(0,0,z,y), M(0,y,0,u,v) and M(0,0,0,0,v) have
been checked against the numerical results from TSIL [58] and show excellent agreement
until s becomes of the order of the arguments in the functions — even when s is of the order
of the mass parameters, the difference between the approximate result and the numerical
from TSIL is about 10%.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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