N
N

N

HAL

open science

Long-range mediated interactions in a

mixed-dimensional system
Daniel M Suchet, Zhigang Wu, Frédéric M Chevy, Georg M. Bruun

» To cite this version:

Daniel M Suchet, Zhigang Wu, Frédéric M Chevy, Georg M. Bruun. Long-range mediated interactions
in a mixed-dimensional system. Physical Review A: Atomic, molecular, and optical physics [1990-

2015], 2017, 95 (4), pp.043643. 10.1103/PhysRevA.95.043643 . hal-01526933

HAL Id: hal-01526933
https://hal.sorbonne-universite.fr /hal-01526933
Submitted on 23 May 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.sorbonne-universite.fr/hal-01526933
https://hal.archives-ouvertes.fr

PHYSICAL REVIEW A 95, 043643 (2017)
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We present a mixed-dimensional atomic gas system to unambiguously detect and systematically probe mediated
interactions. In our scheme, fermionic atoms are confined in two parallel planes and interact via exchange of
elementary excitations in a three-dimensional background gas. This interaction gives rise to a frequency shift of
the out-of-phase dipole oscillations of the two clouds, which we calculate using a strong-coupling theory taking
the two-body mixed-dimensional scattering into account exactly. The shift is shown to be easily measurable for
strong interactions and can be used as a probe for mediated interactions.

DOI: 10.1103/PhysRevA.95.043643

I. INTRODUCTION

Mediated interactions were originally introduced to provide
a quantum-mechanical explanation for the peculiar “action at
a distance” interactions such as gravity and electromagnetism
and they now constitute a major overarching paradigm in
physics. In particle physics, exchange of gauge bosons is
responsible for the propagation of fundamental interactions
[1]. In condensed matter, the attraction between the elec-
trons in BCS superconductors arises from the exchange of
lattice phonons [2], and it is speculated that the mechanism
behind high-7, superconductivity lies in the exchange of
spin fluctuations [3]. The concept of mediated interactions
is also important in classical physics, where fluctuations of
classical fields are responsible for phenomena such as the
finite-temperature Casimir effect in electrodynamics [4] and
in biophysics [5].

Ultracold atoms have emerged as a versatile platform for
the investigation of many-body physics, and a host of schemes
have been proposed to explore mediated interactions using
these systems. For instance, mediated interactions lead to the
formation of a p-wave superfluid in spin-imbalanced fermionic
systems [6-9]; they are responsible for the formation of a
topological superfluid with a high critical temperature in 2D
systems [10-12], and in 1D quantum liquids they are shown
to result in Casimir-like forces between impurities [13]. In
most cases, however, the mediated interaction is weak and in
competition with direct interactions between atoms, making
its experimental observation challenging.

In this paper, we apply the mixed-dimensional setup
proposed in [14] and illustrated in Fig. 1 to study mediated
interactions. Specifically we consider two parallel layers
located at z; = 0 and z, = d, which contain an equal number
of spin-polarized noninteracting fermions (A species). The
layers are immersed in a uniform 3D gas of interacting
spin-1/2 fermions (B species), which can be tuned through
the BEC-BCS crossover. The presence of the 3D gas induces
a mediated interaction between the A particles: one A particle
will perturb locally the surrounding B particles thereby induc-
ing excitations in the 3D gas, which in turn affects the dynamics
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of a second A particle. If A particles are harmonically
trapped, this mediated coupling leads to a beating between
oscillations in the two planes. Measuring the beating frequency
between the 2D clouds therefore gives access to the strength
of mediated interaction. This scheme is similar to Coulomb
drag experiments in bilayered electronic systems [15] that was
recently generalized to the case of dipolar gases [16].

To analyze the dynamics of this system, we develop a
systematic many-body theory for the mediated interplane
interaction that includes the low-energy mixed-dimensional
A-B scattering exactly. We then derive an expression for the
associated interaction energy between the two planes and
calculate the frequency of the out-of-phase dipole oscillations
of the 2D clouds in the xy plane. In the weak A-B interaction
limit, our results recover the perturbative expression for a me-
diated interaction proportional to the density-density response
function of the 3D gas. In the strong A-B interaction limit,
however, the weak-coupling result breaks down completely. In
the latter case we focus on the BEC regime of the 3D gas and
show that the mediated interaction gives rise to a significant
and easily detectable shift in the out-of-phase dipole oscillation
frequency of the two clouds.

The rest of the paper is organized as follows. In Sec. II,
we derive expressions for the interlayer mediated interaction
for both weak and strong 2D-3D interaction strengths. In the
latter case we focus on the BEC regime for the 3D gas. To
do so, we discuss in detail the determination of the mixed-
dimensional scattering matrix. In Sec. III, the correction to the
thermodynamic potential due to the mediated interaction is
obtained. Furthermore, we use the local density approximation
to generalize our result to the trapped 2D layers. In Sec. IV,
a scheme to probe the mediated interaction is proposed by
means of dipole oscillations of the 2D layers. The shift of
the dipole oscillation frequency due to the presence of the
mediated interaction is calculated using realistic experimental
parameters and the possible outcomes of such a probe are
discussed. Our findings are summarized in Sec. V.

II. MEDIATED INTERACTION

The interaction between the A and B particles is short range
and can be characterized by an effective 2D-3D scattering
length aeg [17]. In terms of the well-known T-matrix ap-
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FIG. 1. We consider A fermions confined in two layers by two
identical harmonic traps with a frequency @, much larger than any
other energy scale in the system, and trapped in the x y plane by a weak
harmonic potential with frequency w, . The two layers are immersed
in a 3D cloud of spin-1/2 fermions (B atoms), which mediates an
interaction between the two layers. This mediated interaction gives
rise to a frequency shift of the out-of-phase dipole oscillation of the
two A clouds, which depends on the B-B scattering length agp as
well as on the 2D-3D A-B scattering length aeg. The ranges of aeg
and app analyzed in this paper are indicated by the gray regions. The
main focus of our paper is for a strong 2D-3D interaction and on the
BEC side of the 3D gas with a dimer scattering length ap.

proximation, the scattering amplitude 74 g satisfies an integral
equation represented diagrammatically in Fig. 2. It can be
shown that 745 only depends on the total momentum and fre-
quency of incoming particles p; = pi1 + P21 = P31 + PaL
and w, = w,, + w,, = w,, + w,,. Solving the integral equa-
tion yields

8

. E— 1
1 —gM(pL.iow,) W

7j‘lB(I)J_vi(’UU) =

where g = 2macg//mpm,, and m, = mamp/(ms + mp) is
the reduced mass (& = kg = 1). Here m 4 denotes the mass of
an A fermion and m p that of the scattering particle in the 3D
gas, namely, the mass of the B fermion (dimer) in the BCS
(BEC) regime. Il(p,,iw,) is the renormalized 2D-3D pair
propagator for the center-of-mass (COM) momentum p; =
(px,py) in the plane, and i w, is either a bosonic (BCS regime)
or fermionic (BEC regime) Matsubara frequency. Equation (1)
includes many-body effects in the ladder approximation, and
recovers the correct low-energy 2D-3D scattering matrix in a
vacuum [18].

A. Weak 2D-3D interaction

In order to get a simple physical picture, we first consider the
case of a weak 2D-3D interaction where ag is much smaller
than the interparticle spacing of the A and B particles. It then
follows from Eq. (1) that T4p(p.,iw,) =~ g, and second-order
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P1 p3

D2 P4

FIG. 2. Scattering T matrix between a 2D fermion and a 3D
particle. The black line represents the 2D fermion propagator and
the red line represents the 3D particle propagator. Here p; =
(P1Lsiwn), p2 = (P2,i0y), p3 = (P31,iwy,), and py = (Pa,iwy,).

perturbation theory gives

oo
Vai(qL.iwy) = g° / dg:e"xp(qr.g:.io). ()
—0o0

which describes the mediated interaction between two A
particles in different planes. Here (q 1 ,iw,) = (¢x,gy,iw,) are
the transferred momentum and frequency and xp(q.,q;,i®,)
is the density-density response function of the B cloud. The
integration over the momentum ¢, comes from the fact that it is
not conserved in the 2D-3D scattering. Deep in the BCS limit
where the B fermions form an ideal Fermi gas, the mediated
interaction Eq. (2) is of the form of a Ruderman-Kittel-Kasuya-
Yosida potential [14,19-21]. When the B fermions are deep in
the BEC limit where they form a weakly interacting BEC of
dimers, the mediated interaction takes the form of a Yukawa
potential [22]. At zero frequency, Fourier transforming (2)
back to the real space gives

Yoy o | 8 o S BCS limit,
milr) =
g2t =2k, BEC limit,

where pr is the Fermi momentum of the 3D Fermi gas in the
BCS regime, and np is the density of the 3D BEC of dimers
with coherence length £ = 1/4/8mwnpap. Here,ap = 0.6app
is the scattering length between the deeply bound dimers of B
fermions [23].

B. Strong 2D-3D interaction

For a strong 2D-3D interaction where g is comparable to
or larger than the interparticle spacing, the mediated interaction
between the two layers takes on a more complex form. The
reason is that we need to retain the full COM momentum and
frequency dependence of the 2D-3D scattering matrix 74p
given by Eq. (1).

We shall from now on concentrate on the BEC limit of the
B fermions, namely when they form a weakly interacting BEC
of dimers, which can be treated within Bogoliubov theory. In
principle, the density of the BEC in the vicinity of the 2D
layers will be affected by strong 2D-3D interaction. However,
as we will see later, the mediated interaction is determined
primarily by the bulk properties of the BEC. Thus we shall
neglect any modification of the 3D BEC density due to the
2D-3D interaction in our following treatment. In this case, the
renormalized pair propagator I1(p, ,iw,) is given by

T(p..iwy) f it IZGA< Ay — i >GB< 220, 4 )+ : (4)
Jiwy) = — Mpo,i—ow, —iw, d—w, +iw, ,
P ey |p &7 \P"u o\P"y p2[2mp +p2/2m, +i0*
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where p’ = (p',, p)), p+ = 3fPL + P, p- = 5;pL — p. Here G‘;‘(pl,iwm) =1/(w, — pf_/2mA + w4) is the Green’s func-
tion for the A fermions in the jth layer with u, being the chemical potential and GOB(q,in) =1/(iw, — p*/2mp) is the
noninteracting boson Green’s function. For weakly interacting bosons, it is a good approximation to use the noninteracting boson
Green’s function in place of the the normal boson Green’s function in determining the pair propagator. We find at 7 = 0

H(pL.iw,) = /

d’p' 1 —O(kr — Imap./M —p']) 1
( (5)

(2m)3 pi/2M +p?/2m, + p? [2mp) + ua  p2/2mp +pt/2m, +i0* |

where kp = +/2m 414 is the Fermi momentum of the A species and ®(x) is the Heaviside step function. Expressed in terms of
the dimensionless variables, the pair propagator is

M(p1.iwy) =2makr

dl/di 1 - O —|p), —aap.]) 1 ©
(2m)? io, — (@ap? +op' P2 +asay'p2) + 1 asap' p2+op'p?+iot |

where oy = ms/M and ap = mp/M. Here the frequency variables are scaled in terms of the chemical potential ;4 and the
momentum variables in terms of the Fermi momentum k. We write

H(pj_,iwv) = HO(pJ_viwv) + An(plvia)v)’ (7)

where

d’p, [ dp! 1 1
o(pL.iwy) = 2mak —L/ - +
o(PL,lwy AKF (27 ) 27 | iw —(OlAPi-f‘OlBl /2+OtAOtB % )+1 apcy Pz +a31 /2_H0+

. makp . N
=—i—————Jio,+1—« 8
27105A1/20c;,3/2 ' AP ®)

is the pair propagator in vacuum and

ATI(pL,iw,) = —2mukr

d*p’ / dp, O(1 — |p/, —aapil)
@2 ) 27 iw, — (wap? +op' PP+ aaay' p2) + 1

; makp / O —|p|| —aap.L])
(27T)2

©))

la)v +1—asp? —ozBlpf
is the medium correction due to the presence of the Fermi sea. Here ,/z always denotes the root of the complex number z that
lies in the upper half plane.

From Eqgs. (8) and (9) we find

. mak /2 - -
Mpio,) = —i———— / d0(iw, — y40,p1) — Vi, — y(0.p1)) (10)
21204 20,
for 4 py < 1. Here and in the following

y+(0,p1) = az' pi®) +aapt — 1, (11)

where pL(0) = faapicos6d + /1 — a%pf_ sin?6. For s p, > 1 we find

. . mak ) 1 (% . .
M(puaio) = —i—— 2| fiw, — @ap? — 1)+ —/ do(/iw, — y(0.p1) = Vio, —y-@.p) |, (12)
2205 20 7T Jo

where 6y = sin~!(1 /aap1). Equations (10) and (12) can be used in Eq. (1) to determine the scattering amplitude between the
2D fermion and the 3D boson for arbitrary 2D-3D interaction strength.

With this expression of 7,5, we proceed to the derivation of the mediated interaction V. The mediated interaction between
the A particles is calculated including all processes where a single Bogoliubov phonon in the BEC is exchanged between the two
layers. In a diagrammatic language, these processes are shown in Fig. 3(a).

Summing up the contributions from the four terms in Fig. 3(a) gives

Vai(p1,02:q) = ngTap(pr + OTap(p2)G (@, iw,) + npTag(p)Tap(p2 — GV (—qu, —iw,)
+ nsTap(p1 + ) Tan(p2r — )G H(Q L. iw,) + npTap(p)Tas(p2) Gy (qL iwy), (13)
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p1,1 p1+g,1

FIG. 3. (a) The mediated interaction V,; between fermions in
layers 1 and 2 coming from the exchange of one Bogoliubov mode.
The box represents the 2D-3D scattering amplitude 7,5, the dashed
red line represents bosons emitted or absorbed by the condensate, and
the red thick line with one arrow and two arrows represents the normal
GB, and anomalous Green’s functions G2, (or G%,), respectively.
(b) The leading correction to the thermodynamic potential due to the
mediated interaction between the two planes. The thin solid lines
represent the Fermi propagators in the two planes.

where p1 = (P11,iwp,), p2 = (P21,i0w,), and g = (q1,iw,).
Here w,, = 2m + 1)w/B and w, =2vr/B are Fermi and
Bose Matsubara frequencies, respectively, where g = 1/T is
the inverse temperature and m and v are integers. In Eq. (13),
the Green’s functions of the BEC are integrated over the z
component of the momentum as

_ . dq; ;
GE (L ion) = / EGR @ geio)e ™. (14)
—0o0
The Green’s functions of the 3D BEC are as usual
2 2
G]f] _ Uy - Uk , G%:ﬂl}z, (15)
w, — Ex iw, + Ex 2+Ek
where k= (k,,k;) and GB nk,iw,) = G »(Kiw,). We
have defined ulz(,v]% = 2[(ek + anB)/Ek + 1], Ex =

Jex(exk +2gpnp) is the Bogoliubov spectrum with
€k = k2/2m3, and gp = 4mwap/mp. Note that the mediated

interaction Eq. (13) depends on both p; and p; as well as g due
to the momentum and frequency dependence of the 2D-3D
scattering. In fact, in the weak-interaction limit 745 =~ g, one
recovers Eq. (2) from the more general expression Eq. (13).

III. THERMODYNAMICAL POTENTIAL
A. Uniform 2D layers

We now derive an expression for the correction to the
thermodynamic potential 2 due to the mediated interaction
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between the two planes for a general strength of the 2D-3D
interaction. The dominant contribution is the Hartree term
illustrated in Fig. 3(b). For a homogeneous system, this term
gives the correction per unit area as (for the rest of the paper
the L subscript will be dropped in the vector notation and all
boldface letters now denote in-plane 2D vectors)

— 1 d P1 d P2
=g 2 / B S Va1 i)

X G (P1,iwm,)Go(Pa,iwn,),

(16)

where G?(p,iwm) = 1/(iwy — p*/2m4 + [14) is the Green’s
function for the A fermions in the jth layer. Using
Eq. (13) together with the identity 2G(0,0) + 2G1,2(0,0) =

—V2npm &g exp(—~/2d /£) yields

Qui = —V2mptgnge 53, Q,, (17)
where
_ 1 d2p . A/ -
o = E;f S TG wiv,).  (19)

The Matsubara frequency summation in the above expression
can in fact be performed analytically, which greatly simplifies
the numerical calculation of thermodynamic potential density.
Substituting Eq. (1) in Eq. (18) and using the dimensionless
momenta and frequencies introduced earlier, we obtain

_o8MA :
=2 Zf(Zﬂ)2 (1 — gT(p.iwp)]liwm —

gmA 1
Zf l—gl'l(p,iwm)][iwm -

(p* — D]

(p> = DI’
(19)

Inserting Egs. (10) and (12) into Eq. (19), and performing the

Matsubara frequency summation, we find for negative 2D-3D

scattering length a.¢ < O and in the zero-temperature limit
B — o0

1
) = 20 e [ dpS(p) 0)
0

where

1

S(p) =

| — kpaerJ/ag s [T dory/T—

21

P2+ y@.p)+ 1= p+y_0.p)]

B. Trapped 2D layers: Local-density approximation

Using the local-density approximation, we can generalize Eq. (16), which was derived assuming a homogeneous system, to

the case of trapped 2D Fermi clouds. This yields

Qui(e; —€) = /d2rld V2[2G11(l‘1 —12,0) + 2G5 (r; — r2,0)]Q1(r; — €,%)Q0(r; — %),

(22)

where GB (r,0) is the 2D Fourier transform of GB (p,0) back to real 2D space, and Q;(r) is given by Eq. (18) using a local

chemical potentlal ua(r) =

Ua +mupw l1"2 /2. In Eq. (22), we have allowed the two A clouds to be rigidly displaced distances of
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€; and €, along the x axis in order to analyze their coupled
dipole oscillations; see Fig. 1. Since G?j already contains a
Fourier transform with respect to z momentum, see Eq. (14),
the bosonic Green’s functions entering Eq. (22) now simply
add up to the density-density correlation function of the BEC
evaluated at the 3D real-space distance r = |r; — ry + dZ|.
Using this, we finally obtain

—2r/&p
mgn e
Qui(e] —€) =— i £ /dzrldzrzf

x Qi(r; — e0)Q(r; —e%).  (23)

Equation (23) can be understood as follows. Consider two area
elements of the 2D gases, one located at r; — €;X in layer 1 and
the other at r, — €% in layer 2. The contribution to €, from
these two elements can be approximated by the expression in
Eq. (17) in which the relative distance is taken to be r instead
of d. Equation (23) then sums up all such contributions in the
two clouds.

For weak interaction, we see from Eq. (18) that Q;(r; —
€;X) = gn;(r; — €;X), where n;(r; — €;X) denotes the equi-
librium fermion density in layer j rigidly displaced the
distance €; along the x axis. Equation (23) then simplifies
to

—V2r/kp
mpgnpg e
Qpi(e; —€) =— ng / d*rid*ry———

p
x ni(r; — €X)na(r; — %), (24)

which is the usual Hartree approximation for the interaction
energy between the two planes mediated by a Yukawa
interaction.

IV. COUPLED DIPOLE OSCILLATIONS

Consider now the situation where the two clouds perform
dipole oscillations around their equilibrium positions, see
Fig. 1. For small displacements €; and €,, the COM velocities
and the beating frequencies are small compared to the speed of
sound in the 3D gas and the trapping frequencies, respectively,
yielding rigid and undamped oscillations of the 2D clouds [24].
The COM dynamics is then determined by the energy increase
SE associated with the displacements of the clouds. For
rigid displacements, we have §E = Qpi(€] — €2) — Qmi(0) +
[realer) + pa(e2) — 24N 4, which gives

SE(e1,€2) = ANamawi (€] + €3) + Qmi(e1 — €2) — Qmi(0),
(25)

where N, is the number of fermions in each layer. Taylor
expanding Qui(€; — €2) to second order in €; — €;, we readily
see that the motion of the two clouds separates into an in-phase
oscillation with frequency w, and an out-of-phase oscillation
with frequency

W, = w1\/1+21/Namae?, (26)

where

2

d
I = @Qmi(el — €)|e;—e,=0- 27)
i
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1.6 ‘ ‘ :
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6 4 2 0
1/(kpaes)

FIG. 4. The frequency ratio w,/w, of the out-of-phase dipole
oscillation as a function of 1/(kraes). The solid line is the full strong-
coupling result whereas the dashed line is determined by the second-
order perturbation theory.

The microscopic expression for w, for arbitrary strength of
the 2D-3D interaction in terms of Egs. (18), (23), (26), and
(27) is the main result of this paper and it explicitly shows
how the mediated interaction can be probed by measuring the
frequency of the out-of-phase dipole oscillations of the two
clouds.

As an example, we now calculate the frequency w, for
a realistic cold-atom system consisting of N, = 1000 “°K
atoms trapped in each plane, immersed in a 3D BEC of
®Li dimers. The transverse trapping frequency for the *°K
clouds is w; =27 x 380 Hz, the density of the BEC is
ng = 10" m™3, and the coherence length is & = 2.7 um.
We furthermore assume that the temperature is zero. In
Fig. 4, we show the frequency w,/w, as a function of the
2D-3D interaction strength 1/kpacr at a fixed interlayer
distance d = 0.4 um. The frequency increases monotonically
as aefr increases. For weak interaction, it agrees with the
second-order result (dashed line). For stronger interaction,
the full frequency and momentum dependence of the 2D-3D
scattering is important, and the perturbative result deviates
significantly from the full strong-coupling theory. In particular,
whereas the perturbative result diverges for 1/ kra.i — 0, the
strong-coupling theory predicts a finite frequency saturating
at w, ~ 1.48 w, . Importantly, the frequency shift becomes
significant for —2 < 1/kpaeg < 0, which includes a region
sufficiently far from unitarity so that the predicted three-body
loss is small [25]. This demonstrates the usefulness of our
proposal to detect mediated interactions. Note that this result
can only be obtained using a strong-coupling theory, since the
perturbative result is only accurate for weak interactions where
the frequency shift is minute.

In Fig. 5, we plot w,/w; as a function of the ratio
of the interparticle distances ng/ 3 / n;/ 2 (keeping np fixed)
with 1/kpac = —0.1 and all other physical parameters the
same as for Fig. 4(a). The density of the BEC enters the
mediated interaction in two ways, which is most clearly
seen in the weak-coupling limit given by Eq. (3): First, the
strength of the interaction is proportional to ng; second, the
range of the interaction is determined by the BEC coherence
length & o< 1/,/np. Thus, increasing the density increases
the strength but reduces the range of the mediated interaction,
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0 0.2 ‘ 04 0.6
71}3/'5/71;/2

FIG. 5. The frequency ratio w, /w, as a function of the ratio of the
interparticle distances n}_,,/ 3/ n'F/2 (keeping n fixed) for 1/(kpaeg) =
—0.1 and all other parameters as in Fig. 3. Here nr is the fermion
density at the center of the cloud.

and it is not a priori obvious what the net effect on the
frequency shift will be. From Fig. 5, we see that for the chosen
parameters, w, in fact increases monotonically with increasing
BEC density. Finally we point out that we have restricted
all calculations to negative values of the 2D-3D scattering
length. Indeed for 1/kpacs > 0, a 2D fermion can form a
bound-dimer state with a 3D boson. The frequency shift in
this region therefore depends on whether the system forms
these dimers, or whether it is on the so-called repulsive branch
where the effective 2D-3D interaction is repulsive. This more
complicated situation will be investigated in future studies.

PHYSICAL REVIEW A 95, 043643 (2017)

V. CONCLUDING REMARKS

In this paper, we demonstrated that a mixed-dimensional
setup consisting of two layers of identical fermions immersed
in a 3D background gas is a powerful probe to investigate
mediated interactions systematically. The mediated interaction
between the two layers modifies the out-of-phase dipole
oscillation frequency of the 2D clouds, and we calculate this
shift using a strong-coupling theory taking into account the
low-energy scattering between the 2D and 3D particles. Using
this theory, we showed that for strong 2D-3D coupling, the
resulting frequency shift is clearly measurable.

Finally we note that the advantages of our proposal are
twofold. First, if the 2D trapping is realized using optical
potentials, the distance between planes is a few hundred
nanometers, which is much larger than the range of interatomic
interactions. Any observed coupling between the two planes is
therefore solely due to a mediated interaction via the 3D gas.
Second, the shift of the center-of-mass oscillation frequency
is a very precise spectroscopic tool that can be used as a probe
of weak interactions, as demonstrated recently in [24,26].
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