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SUMMARY
We numerically model self-potential responses associated with periodic pumping test
experiments by sequential calculation of the hydraulic response and the coupled electrical
potential. We assume the pumping test experiments with a fully saturated confined aquifer.
Application of different excitation functions leads to quasi-linear trends in electrical records
whose direction and intensity depend on the form of the excitation function. The hydraulic
response is phase shifted compared to the excitation function; the phase shift increases quasilinearly with the distance from the pumping well. For the electrical signals, we investigated
separately the cases of conducting and insulating casings of the pumping well. For the
conducting casing the electrical signals are larger in magnitude than that for the insulating
casing; they reproduce the drawdown signals in the pumping well at any distance from the
well and exhibit any phase shift with the increased distance. For the insulating casing, the
electrical signals are phase shifted and their shape depends on the distance from the pumping
well. Three characteristic regimes were found for the phase shift, φ, with the increased
distance and for various hydraulic diffusivity values. At small distances φ increases quasilinearly; at intermediate distances φ attends the value of π / 2 and stay about this value (for
relatively small diffusivity values); and at large distances φ attends the value of π and, stay
about this value at larger distances. This behaviour of the electrical signals can be explained
by two electrical sources of reverse polarity. They are (i) linear, time independent, and located
at the pumping interval of the well; and (ii) volumetric, time dependent, with maximum value
located in the aquifer at the distance corresponding to maximum variation of the hydraulic
head magnitude with time.
We also model the variation of the amplitude and phase of the hydraulic and electrical
signals with increased excitation function period, and we show the characteristic periods
corresponding to transition of the periodic pumping test regime to the classical pumping test

2

regime, when the excitation function is considered as the step-function. This transition
depends on the distance from the pumping well and the hydraulic diffusivity value of aquifer.
Finally, with this modelling of saturated flow we reproduced in sufficient details the field data
previously obtained by Maineult et al. (2008).

Keywords: self-potential, harmonic pumping tests, numerical modelling
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1. INTRODUCTION

Determining the hydraulic properties of reservoirs is essential for water resource
management and oil and gas prospecting. These properties (i.e., permeability, transmissivity
and diffusivity) are usually estimated on the basis of pumping tests combining observations of
the flow and pressure (or the hydraulic head) in the pumping well and the pressure (or the
hydraulic head) in monitoring wells (e.g., Fetter 2001). These classical tests are limited
regarding the characterization of local heterogeneities because of the limited number of
monitoring wells. Because heterogeneities can form preferential flow passes, or constitute low
permeability zones (e.g., Chandler et al. 1989), it is very important to design new pumping
test methodologies, such as periodic pumping tests, for instance (e.g., Kuo 1972; Hollaender
et al. 2002; Rasmussen et al. 2003; Copty & Findikakis 2004; Renner & Messar 2006;
Maineult et al., 2008; Cardiff et al. 2013). In both cases (classical pumping tests and periodic
pumping tests), the areas of interest are generally sparsely covered because of the high cost of
drilling. Self-potential (SP) monitoring (among other geophysical methods), can complement
hydraulic campaigns (e.g., Darnet et al. 2003; Rizzo et al. 2004) since they can be
implemented with dense sampling network in both space and time. SP monitoring is
particularly appropriate to obtain information on temporal variations of groundwater flow
because it is directly sensitive to variations in the groundwater flow and chemistry (e.g.,
Nourbehecht 1963; Corwin & Hoover 1979; Jouniaux et al. 1999, 2009; Maineult et al. 2005,
2006; Revil & Linde 2006). Despite the potential interest to the method (e.g., Soueid Ahmed
et al. 2016; Desroches & Butler 2016), to date there are scarce datasets concerning SP
observation combined with periodic pumping tests (Maineult et al. 2008). Moreover, there are
observations, which have not yet been fully explained, such as the long-term trend of the
signal, for instance. This motivated us to study SP responses to periodic pumping test on the
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basis of numerical modelling.
In this paper, we address the following questions:
a. What are typical records of the drawdown and the SP signals?
b. How the drawdowns and the SP signals depend on the flow rate shape (excitation
function)?
c. What are the differences in the SP signals in the cases of conducting (metallic) casing and
insulating (PVC) casing?
d. How the phase shifts of the drawdown and of the SP signals vary with distance from the
pumping well, and how they depend on the hydraulic diffusivity values?
e. How amplitude and phase of the hydraulic and electric responses vary with increase of the
excitation function period?
f. Can synthetic data obtained for the saturated conditions reproduce field data?

2. NUMERICAL MODELLING METHODOLOGY

Numerical modelling is based on the finite difference method. It is a three-step
procedure. First, the diffusion equation,

  ( KH )  S s

H
q
t

(1)

(e.g., Domenico & Schwartz 1997) is solved with appropriate (Neumann or Dirichlet)
boundary conditions for the hydraulic head, H (in m). Here K is the hydraulic conductivity (in
ms-1), Ss is the specific storage (in m-1), and q (in s-1) is the source term. Then, electrical
sources are calculated on the basis of previously obtained hydraulic head distribution (the
right hand part of Eq. (2)).
Finally, the electrical potential is calculated by solving Eq. (2),
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where  is the electrical conductivity (in S m-1),  is the SP (in V), L is the streaming
current coupling coefficient (in Am-2)), and a = K / Ss is the hydraulic diffusivity (in m2s-1).
Equation (2) is solved subject to appropriate boundary conditions on the electrical potential
(e.g., Titov et al. 2005). The procedure of solution of the differential equations is based on the
finite-difference method with strictly implicit scheme (e.g., McDonald & Harbaugh 1988;
Press et al. 1992, p. 839). The modelled area is broken up into rectangular cells, which are of
different size. The cells size increases exponentially in the radial direction. The finite
difference discretization of Eqs. (1) and (2) produces two systems of linear equations, which
are solved using the Gauss-Seidel iteration procedure with over-relaxation (Press et al. 1992,
p. 857). We model the flow and the coupled electrical potential for the saturated zone only,
and we disregard any effects of the vadose zone, which can, e.g., change the frequency
content of the SP signals compared to the frequency content of the hydraulic pressure
(Maineult et al. 2008, Revil et al. 2008). However, we recognize that an impact of the vadose
zone can be significant especially because the coupling coefficient can be affected by the
water content as was shown, for instance, by Perrier & Morat (2000), Jackson (2010), Allègre
et al. (2015), and Fiorentino et al. (2016). Therefore, further studies need to account the effect
of the water-content of the vadose zone.
Titov et al. (2005, 2015) previously applied this technique to model SP produced by
classical pumping test. The only difference in the actual modelling methodology is a very
non-uniform time discretization. Because the flow rate signal presents a series of positive and
negative impulses with no-pumping/injection (“no-flow”) periods between the impulses, the
discretization is strongly increased at the moments of sharp variation of the flow rate, and is
decreased in the periods between the flow rate variations.
We considered the model with axi-symmetric geometry centered on the pumping well.
6

Therefore, only one side of the cross-section (Fig. 1) is discretized. For the hydraulic and
electrical modelling we kept the no-flow conditions on the ground surface (top), bottom and
right boundaries of the model. The bottom boundary and the right boundary of the model are
located far away from the studied area in order to guarantee that the modelled system is
isolated. The model bottom is located 300 m below the ground surface, where the electrical
potential value is below 10-9 V. The right boundary is located 2808 m away from the pumping
well; this distance is much larger that the radius of influence of the pumping well, and the
electrical potential value at the boundary is also below 10-9 V. In the modelling we obtained
SP relative to the potential at this boundary.
We model a confined aquifer, whose properties are defined in Figure 1, for two cases,
which differs by the material of the casing of the pumping well: conducting casing (metallic)
vs. insulating casing (PVC). We apply three different forms of the excitation function; we also
vary the hydraulic diffusivity value of the aquifer, as well as the excitation function period.
Finally, with this modelling we reproduced non-filtered field data obtained previously by
Maineult et al. (2008).

3. SYNTHETIC DATA

Steel well casings generate static SP response of electrochemical nature (e.g.,
Castermant et al., 2008, Maineult 2016). However, this constant component has no effect on
variations of the SP signals with respect to the initial state and is not subject to the modelling.
We present the data as 2 D distributions: the hydraulic head distribution (in form of
the drawdowns, in meters) and the SP signals (in mV) as functions of the time starting from
the beginning of the experiment are shown for two distances from the pumping well. We also
present data as functions of the distance from the pumping well for different diffusivity values
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and relationships between hydraulic and electrical parameters and the excitation function
period.

3.1 Excitation function
First we apply an excitation function similar to that used in Maineult et al. (2008) in
their field experiment: the square impulses of different polarities (5 min duration) separated
by ”no flow” period of the same duration. This produces the square wave function with period
of 20 min (Fig. 2 a). For the first experiment we used the diffusivity value of 2.3x10–2 m2s–1.
The shape of the drawdown near the pumping well (Fig. 2 b) is very similar to the signals
obtained by Maineult et al. (2008). Also these signals are very similar to induced polarization
signals recorded in the time domain: a sharp increase of the flow rate (injection) first leads to
a sharp increase of the drawdown, then to a slow increase up to the end of the injection stage.
During the ”no flow” period the drawdown first sharply decreases, and then slowly decays.
The same behaviour can be observed for the pumping stage. With increase of the distance the
shape of the drawdown changes and become similar to sinusoid (Fig. 2c) in accordance to
field data obtained by Maineult et al. (2008). Moreover, a phase shift appears between the
signals recorded at different distances.
At small distance from the pumping well (Fig. 2 d) the SP signals, in the case of PVC
casing of the pumping well, are similar to the drawdown, but slightly smoothed. Their
polarities are inversed, comparing to the drawdown because the electrokinetic coefficient
C = –L/σ is negative. With increase of the distance (Fig. 2 e), similarly to the case of the
drawdown the SP signals become close to sinusoid and are phase shifted comparing to the
flow at the pumping well. In contrast to the signals obtained with PVC casing of the pumping
well, those obtained for the case of the metallic casing are of the same shape as the drawdown
near the pumping well (regardless of the distance) and are not phase shifted.
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The drawdown and the SP signals decrease with distance from the pumping well
regardless on the type of the casing. In all signals (except the drawdown near the pumping
well) small long-term trends are visible. These trends reflect a “history” of the excitation,
namely the polarity of the first impulse (negative in the discussed experiment): the first
hydraulic response is shifted toward negative values, and the first SP response is shifted
toward positive values. Then with increase of the number of excitation impulses the trends
tend to zero.
Then we apply a sequence of impulses of the same polarity (Fig. 3) interleaved by “no
flow” period with the same duration as the impulses. This flow rate form is potentially
interesting because is less time consuming than the signal containing bipolar impulses. For the
same reasons a similar form of the excitation signal is also discussed for induced polarization
applications (e.g., Fiandaca et al. 2016). The main features of the hydraulic and electrical
records are the same, as in the previous case, however the phase shifts are slightly reduced (if
exist) and the trends of the signals become appreciably larger. When the polarity of the
excitation function change, all the responses also change the polarity (not shown), which is
explained by the linearity of the studied system.

3.2 Phase shift vs. distance from the pumping well
We model the phase shift for the hydraulic and electrical responses with the hydraulic
diffusivity value of the aquifer, a , between 2.3x10–3 m2 s–1 and 2.3x10–2 m2 s–1. We use a
dimensionless normalized distance from the pumping well, which is defined as

Rn 

R

aT

(T

being the excitation function period (in s), and R being the distance (in m)). This normalized
distance characterizes the effective pumping radius obtained with classical pumping test at the
time value of T. Figure 4 shows these relationships for four diffusivities values. The phase
shifts of hydraulic signal monotonously increase for all four values of the diffusivity (Fig. 4a).
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Starting from the normalized distance of about 0.6 this increase becomes linear.
For the largest diffusivity value (2.3x10–2 m2s–1) the phases shift of the electric signals,
in the case of PVC casing, increase up to the value of  at the normalized distance of about 2.
For the all smaller values of the diffusivity, the phase shift exhibits three different regimes.
The shift values first quickly increases up to values of about  / 2 (regime I), then they stay at
about  / 2 value (regime II), and then they quickly increase up to the value of about 
(regime III). For the case of metallic casing of the pumping well we did not find any phase
shift in the electrical signals (see Fig. 2).

3.3 Amplitude and phase vs. period
Figure 5 shows variations of the amplitude and phase of the hydraulic and electrical
signals as functions of the flow rate period calculated for the aquifer diffusivity value of
2.3x10–2 m2s–1. All the relationships were calculated for four distances from the pumping well
(1.1, 4.1, 9.4 and 21.4 m). The amplitudes of drawdown are close to logarithmic function of
period, especially with decrease of the distance from the pumping well, and with increase of
the period (Fig. 5 a). This is in good agreement with the logarithmic approximation of the
drawdown vs. time (Domenico & Schwartz 1997). We calculated the SP amplitude for the
cases of metallic (Fig. 5 b) and PVC (Fig. 5 c) casings of the pumping well. For the SP
signals, the magnitude increases with increased period and decreases with increased distance
from the pumping well. Also the magnitude is larger for the case of metallic casing (Fig. 5 b),
comparing to the case of PVC one (Fig 5 c). The phase shift of hydraulic signals
monotonously decreases with increasing period (Fig. 5 d). The largest phase shift was
obtained at the largest distance from the pumping well and for the smallest period value. For
the distances of 1.1 m the phase shift values are very small and cannot be plotted with the
used scale. With increased distances the phase shifts progressively increase. For the distances
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of 4.1, 9.4 and 21 m the phase shifts approach to zero at the period values of 100, 1000 and
10000 min, respectively. At large periods the SP phase shifts (in the case of PVC casing)
show very similar behaviour (Fig 5 e). Noticeably, at small periods the electrical signals phase
shift was found to be close to  (R = 21.4 m) and to  / 2 (R = 9.4 m). In Fig. 5 f we show all
the data points shown in Figs. 5 d and 5 e. The phase shifts of the hydraulic and electrical
signals are in good agreement, except two characteristic asymptotic values of the SP phase
shift ( / 2 and ).

4. COMPARISON OF FIELD AND MODELLED SELF-POTENTIAL SIGNALS

To validate our modelling approach and results we compare field records obtained by
Maineult et al. (2008) with our synthetic data. In this model, we consider the real pumping
well construction, which was cased by iron tube in the first 4.24 m. The rest of the well was
cased with PVC tube. We used the sediments electrical conductivity value obtained by
Maineult et al. (2008) with electrical tomography (0.05 Sm–1) and we obtained the hydraulic
diffusivity value of 5 10–2 m2s–1 with trial and errors. This value is twice lower than the lower
limit of the diffusivity obtained by Maineult et al. (2008). The electrokinetic coefficient was
found to be –0.96 mVm–1, which is roughly twice larger than the apparent electrokinetic
coefficient assessed by Maineult et al. (2008). However, our aim was not to investigate the
sensitivity of SP signals to hydraulic parameters but to understand if field records can be
reproduced with numerical modelling considered the saturated zone only. Figure 6 shows the
de-trended field electric records (Maineult et al. 2008, their Fig. 4 c, d, e,) and the modelled
data, which are in reasonable agreement. We stress that the modelled data are not harmonic
and they are very similar to those obtained for the case of metallic casing (see Fig. 2 f and g).
The model signal attenuation is also in qualitative agreement with the field data.
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5. DISCUSSION
The modelled data show small, but detectable non-linear trends whose direction is
determined by the polarity of the first impulse (Fig. 2). If it is of negative polarity, the SP
trend increases up to an asymptotic value corresponding to a static SP signal. Theoretically,
this asymptotic value can be achieved after an infinite sequence of the impulses. This effect is
well known in the time domain induced polarization method (Tarasov & Titov, 2007), and
strongly increases when the excitation signals contain impulses of the same polarity (see Fig.
3).
Figure 2 shows a similarity between the SP signals and the drawdowns. Figures 7 and
8 show correlations between these signals. For the case of the metallic casing and at the
shortest distance from the pumping well SP is strongly correlated with the drawdown (Fig. 7
a). The slope of the relationship, which is the apparent electrokinetic coefficient, is about
three times lower than the true electrokinetic coefficient of the aquifer. This small value of the
apparent coefficient comparing to that of the true coefficient is produced by the screening
effect of SP by formation underlying and covering the aquifer (see Titov et al., 2005, their
Fig. 9 c and d).

With increased distance from the pumping well the correlation degree

between the SP and drawdown strongly reduces (Fig. 7 b). We explain this fact, first, by
variation in shape of the drawdown signals with increased distance from the pumping well
(the drawdown vs. time relationship becomes smother). In contrast, the SP signals keep the
same form (Fig. 2). Second, the drawdown signals exhibit an increased phase shift with
increased distance, which is not typical for the SP signals. This phase shift (close to π,
compare Fig. 2 b and c) leads to a positive value of the apparent electrokinetic coefficient
(Fig. 7 b). Moreover, the apparent coefficient shows a value larger in magnitude than that of
the true coefficient (26.6 mVm-1 vs. -8.14 mVm-1). This is only possible when the casing is
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made of metal. (Titov et al. (2005) modelled this effect and they have shown an increase of
the SP magnitude with increased electrical conductance of the well casing (their Fig. 9 b)).
For the case of the PVC casing, and at short distance from the pumping well the
relationship between SP and drawdown is non-linear and hysteretic (Fig. 8 a). We explain this
behaviour by a difference in shape between the drawdown and the SP signals (Fig. 2 b and d).
The strong decrease of the drawdown at the beginning of the injection phase is followed by
much slower increase of the SP signal, and the fast decrease of the drawdown at the phase end
leads to much slower SP decreases, which produces the non-linear relationship between the
parameters. We explain this observation based on examination of the SP sources.
An inspection of Eq. (2) for the case of homogeneous aquifer reveals that two sources
of electrical field are at play. One source is associated with the water pumped from and
injected to the well with the intensity (in A m-3)
J1  L

q
.
K

(3)

It is located on the pumping well wall and is time independent. The second source
appears because of the non-steady state flow, it depends on time; the source intensity is
J2  

L H
.
a t

(4)

This second source is volumetric; its maximum magnitude approximately corresponds
to the distance of

at from the pumping well (t being the time counted from the beginning

of the pumping or injection cycle) (e.g., Domenico & Schwartz 1997). According to the
charge conservation, it is of reversal polarity comparing the source at the well (i.e., phase
shifted by π).
The Green’s function of the Poisson equation (2) is solution of
 2 G(r , r ' )   (r ' ) ,

(5)

where r and r’ are coordinates of the observation and source points, respectively, and  (r ' ) is

13

the Dirac distribution (see, e.g., Rizzo et al. 2004).
The Greens function for a homogenous half-space is
G (r , r ' )  

1
1
.
2 r  r '

(6)

Therefore the electrical potential,

 (r )  

1

2 
V

J 1 (r ' )  J 2 (r 'dV ,
r  r'

(7)

is the sum of two sources distributions (of inverse polarity, or phase shifted by π) weighted by
the inverse distance between each source point and observation point.
If only the first source is at play, the SP signal shape would be the same as that of the
flowrate record (Fig. 2 a). The second source of opposite polarity reduces the SP magnitude at
the beginning of the pumping and injection stage, and produces an SP decays at the end of
each stage like in records of the time domain induced polarization. The more is the diffusivity
value, the more this effect is pronounced (not shown). This difference in shape between the
drawdown and SP signals also leads to a hysteretic character of the respective relationship. In
addition, the first impulse of the test produces a deviation compared to the subsequent
impulses in the discussed relationship. With increase of the impulse number the respective
graphs of the relationship become tighter, which reflects the effect of the first impulse
polarity, producing the trends discussed below (see Fig. 2).
The limiting SP phase shift value of  (Fig. 4 b, Regime III) is obtained in the vicinity
of the centre of the volumetric source, and the intermediate phase shift value of about  / 2
(Fig. 4 b, regime II) is obtained at distances between the two above-mentioned sources.
With increase of the distance from the pumping well the correlation degree decreases
(Fig. 8 b). For each impulse, the relationship presents ellipse-like geometrical figure. This
effect is produced by a common impact of (i) different shape of SP and drawdown and (ii) the
phase shift between these two parameters (compare Fig. 2 c and e). Application of an artificial
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phase shift of 3.7 min strongly increased the correlation degree (Fig. 8 c).
In contrast to the PVC casing, for the case of metallic casing, the phase shift is zero,
and, so, only the first source channelling to the surface by the conductive casing is at play.
Therefore its impact to the electrical field is appreciable greater than that of the second
source.
The phase shifts of hydraulic and electrical signals approach to zero with increased
period of excitation (Fig. 5 d and e). When the phase values are close to zero, the pumping
test come over harmonic to the standard regime when the excitation signal is the stepfunction. This transition starts at smaller distances from the pumping well (see Fig. 5 d and e).
Despite limiting values of  / 2 and  at small periods (Fig. 5 e) the phase shifts of the
hydraulic and electrical responses are in strong correlation (Fig. 5 f).

6. CONCLUDING STATEMENTS
We have reproduced records of the drawdown and of the SP signals with numerical
modelling of saturated flow and coupled electrical field. These signals attenuate with distance
from the pumping well. The SP signals contain trends, whose direction depends on the
polarity of the first impulse. For the excitation function containing signals of the same
polarity, this trend strongly increases.
The SP signals are quite different depending on material of the well casing. For the
case of metallic casing the signals are of greater magnitude and do not exhibit phase shift,
comparing to the case of insulating casing, when the magnitude of the signals is smaller and
the phase shift exists between the electrical signals and the excitation function. This phase
shift is qualitatively explained by influence of two sources of different polarities and location.
We believe more experimental data need to understand the SP signals accompanying
the periodic pumping test. In this paper, we did not discuss the impact of the vadose zone (as
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done by Revil et al. 2008) as well as the Fourier analysis of the signals: we leave these
problems for future works.
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FIGURES

Figure 1. Sketch of the modelled pumping test experiment. Numbers show values of the
electrical conductivity, the electrokinetic coefficient, and the hydraulic conductivity,
respectively. We used typical values of the parameters for fresh water aquifers and for
clayey aquitards. The pumping/injection well can be with conductive (metallic) and
isolating (PVC) casings. For the modelling of field data (Fig. 6) we suppose first 4.25 m
of the casing was made of metal and the rest was made of PVC.
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Figure 2. Typical modelled signals vs. time near the pumping well (0.2 m), and at
distance 9 m. The signal period is 20 min; the hydraulic diffusivity is 2.3x10-2 m2 s-1. a:
flow rate; b, c: drawdown at 0.2 m and 9 m, respectively; d, e: self-potential signals at 0.2
m and 9 m, respectively (PVC casing); f, g: self-potential signals at 0.2 m and 9.4 m,
respectively (metallic casing).
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Figure 3. Influence of the form of the excitation function on the drawdowns and SP
signals. The signal period is 20 min., the hydraulic diffusivity is 2.3x10-2 m2 s-1. a:
excitation function; b and c: the drawdown at the distances of 0.2 m and 9 m, respectively;
d and e: SP signals at the distances 0.2 and 9 m, respectively (PVC casing); f and g: the
same for the metallic casing.
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Figure 4. Phase shift between the hydraulic response and the flow rate (a), and between the self-potential signals and the flow rate (b) as
functions of the normalized distance from the pumping well for different diffusivity values. The normalized distance is defined as the ratio of
the distance and the characteristic radius of the pumping, which is considered as

aT . For the drawdown, note a quasi-linear trend typical
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of all the diffusivity values. For SP note three characteristic regimes: a linear increase of the phase, regime I (normalized distance is from 0 to
1), a trend to the values of about  / 2, regime II (normalized distance is from 1 to about 3 depending on the diffusivity value), and the trend
toward the value of , regime III (normalized distance is larger than about 3). The diffusivity values are plotted in Fig. 4 b in m2s–1.
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Figure 5. Amplitude of the drawdown (a) and the self-potential signals (b) and (c) vs. flow rate period (b is the case of metallic casing, and c is the
case of PVC casing); phase shifts of the drawdown (d) and of the self-potential signals (e) vs. flow rate period (PVC casing); and relationship between
the SP and hydraulic head phase shifts (f) for the data plotted in Figs. 5d and e.
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Figure 6. Comparison of recorded SP signals (Maineult et al., 2008) and modelled signals
(this work) at 1, 3, and 10 m distances from the pumping well. Note in contrast to the sketch
(Fig. 1) the first 4.25 m of the casing is made of metal, and the rest of the casing is made of
PVC.
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Figure 7. Self-Potential vs. drawdown at 0.2 m (a) and 9 m (b) from the pumping well; the
case of metallic casing. Solid lines show the best linear fits.
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Figure 8. Self-Potential vs. drawdown at 0.2 m (a) and 9 m (b, c) from the pumping well; the
case of PVC casing. The rainbow colours from red (the first cycle) to violet (the seventh
cycle) code every cycle of the pumping /injection. Self-Potential signal is 3.7 min phase
shifted relative to the drawdown (c). Solid line shows the best linear fit.
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