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Abstract
The saturated absorption technique is an elegantmethodwidely used in atomic andmolecular physics
for high-resolution spectroscopy, laser frequency standards andmetrology purposes.We have
recently discovered that a saturated absorption schemewith a dual-frequency laser can lead to a
significant sign reversal of the usual Doppler-free dip, yielding a deep enhanced-absorption spike. In
this paper, we report detailed experimental investigations of this phenomenon, together with a full in-
depth theoretical description. It is shown that several physical effects can support or oppose the
formation of the high-contrast central spike in the absorption profile. The physical conditions for
which all these effects act constructively and result in very brightDoppler-free resonances are revealed.
Apart from their theoretical interest, results obtained in thismanuscript are of great interest for laser
spectroscopy and laser frequency stabilization purposes, with applications in laser cooling,matter-
wave sensors, atomic clocks or quantumoptics.

1. Introduction

In recent decades, outstanding progress in laser science and technology has allowed exciting atomic physics
experiments to be performed by resolving features in atomic andmolecular spectra [1]with unprecedented
resolution and accuracy [2]. Laser spectroscopy [3, 4] has paved theway towards tremendous and remarkable
developments such as the demonstration of laser cooling and trapping techniques [5–7] or the realization of
Bose–Einstein condensation in alkali gases [8], all of which have contributed to increasing our knowledge about
interactions between light andmatter. Laser spectroscopy of atoms andmolecules is generally performed by
scanning thewavelength of a laser field interactingwith atoms. In conventional laser spectroscopy, closely
spaced spectral lines from atomic fine or hyperfine structure are often obscured by theDoppler broadening
induced by the thermalmotion of atoms. Saturated absorption spectroscopy [9, 10] is an elegant technique in
vapor cell experiments to overcome theDoppler broadening (Doppler-free spectroscopy) and to allow the
detection of narrownatural-linewidth resonance structures in the bottomof absorption profiles. Thismethod is
frequently used as an efficient tool to stabilize the frequency of a laser to an atomic line and is applied variously in
differentfields including atomic frequency standards,magnetometers, laser-cooling experiments, coherent
optical communications, and accurate geophysicalmeasurements using laser interferometers. Lasers with
demonstrated fractional frequency stabilities in the range 10–13–10–11 at 1 s integration time have been
demonstrated by combining saturated absorption techniques and narrow-linewidth diode lasers [11–16].

In saturated absorption spectroscopy two laser beams of the same frequency propagate in opposite
directions and overlap one another through the atomicmedium.When the laser frequency is far enough from

OPEN ACCESS

RECEIVED

13 February 2017

REVISED

18April 2017

ACCEPTED FOR PUBLICATION

10May 2017

PUBLISHED

25 July 2017

Original content from this
workmay be used under
the terms of the Creative
CommonsAttribution 3.0
licence.

Any further distribution of
this workmustmaintain
attribution to the
author(s) and the title of
thework, journal citation
andDOI.

© 2017 IOPPublishing Ltd andDeutsche PhysikalischeGesellschaft

https://doi.org/10.1088/1367-2630/aa7258
mailto:brazhnikov@laser.nsc.ru
mailto:rodolphe.boudot@femto-st.fr
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aa7258&domain=pdf&date_stamp=2017-07-25
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/aa7258&domain=pdf&date_stamp=2017-07-25
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0


the atomic resonant frequency, the two counter-propagating waves drive different atomgroups (of respective
axial velocities v+ and v- ) due to theDoppler shift, which yields theDoppler profile. By contrast, when the
frequency detuning is being scanned near the resonance frequency, the twowaves act on the same group of
atomswith v 0» . Eachwave reduces the absorption experienced by the other. Consequently, one can observe a
Doppler-free dip in the absorption profile of onewave or a reduction in totalfluorescence of the cell. This dip,
with Lorentzian profile and natural linewidth, is known as the Lambdip, or as saturated absorption resonance
(SAR). It can be several orders ofmagnitude narrower than theDoppler-broadened spectrum inwhich it sits.

A simple two-level scheme (with non-degenerate energy levels) can also exhibit SAR as a single peak orwith a
more complex shape such as those induced by the recoil effect [17–19], high-order spatial harmonics of atomic
polarization [20] or peculiarities of theDoppler effect for open atomic transitions [21].Multilevel atoms can
exhibit a complex energy-level structure involving fine and hyperfine splittings andZeeman (magnetic)
sublevels. This complex structure yields complex optical pumping processes, justifying for example the
detection of cross-over resonances in saturated absorption spectra or, under appropriate conditions, a sign
reversal of saturation resonances [22–27].

In a recent paper [28], an unexpected deep and narrow reversed spike (strong absorption peak)was observed
in a saturated absorption experiment using a dual-frequency laser. The experiment was performed on aCs vapor
cell. The laser carrier frequency was tuned on theCsD1 line, with a frequency difference between the twofirst-
order sidebands equal to the hyperfine splitting (HFS) of the ground state. This phenomenonwas applied to
improve by about one order ofmagnitude the fractional frequency stability of a diode laser compared to the
usual saturated absorption technique [28], and later the frequency stability of a Cs atomic clock [29, 30, 36]. A
very preliminary explanation of the phenomenonwas given in [28], based on the existence of dark states and
their cancellation at optical resonance. Such dark states are states non-coupled (NC) to the light, due to a
quantum interference effect. They are induced by the phenomenon of coherent population trapping (CPT) [31],
occurringwhen a common excited state is shared between two optical transitions, forming a so-calledΛ scheme.
Nevertheless, [28]wasmainly focused on the application of this phenomenon to laser frequency stabilization
without giving any complete analysis of the physics involved.

This article affords thefirst full explanation of this effect by reporting detailed experimental investigations
and an in-depth theoretical analysis. Actually, several physical phenomena are involved in the SAR reversal.
These phenomena are coherent superposition states of Zeeman sublevels (CPT effect) inside a hyperfine (HF)
state and betweenHF states, theHanle effect, and velocity-selective optical pumping effects. Their experimental
demonstration is reported in section 2, which summarizes a wide variety of experimental results obtained using
an experimental setup based on a single laser source. Tests are performed in the single-frequency and dual-
frequency regimes. The detection of dark states under appropriate conditions in the bottomof the enhanced-
absorption reversed spike is clearly reported, usingHanle resonances or optical CPT resonances. Section 3
describes the theoretical formalism, based on the densitymatrix approach, of themain processes involved in the
reported experiments.We show that the various experimental observations can be fully described by
considering separate simple three-level atomicΛ-schemes. A discussion is reported at the end of themanuscript
to provide a clear and rigorous link between experimental tests and the theoretical section, highlighting for the
main experimental figures which of the numerous processes involved contributes dominantly to the
experimental observation.

Apart from its undeniable theoretical interest, the phenomenon addressed can be of great interest for laser
frequency standards and for stabilization of the carrier frequency of amodulated laserwhen the carrier
frequency is out of resonance with an atomic transition, with application to laser cooling,matter-wave
interferometers, atomic clocks andmagnetometry.

2. Experimental tests and results

This section aims to report a significant number of experimental tests in order to highlight properties of the
Doppler-free spectroscopy in single- or dual-frequency regimes. Tests are performedwith a singlemodulated
laser source described in the following.

2.1. Experimental setup
Figure 1 shows the experimental setup used to performDoppler-free spectroscopy inCs vapor cells. The laser
source is a 1MHz distributed feedback (DFB) diode laser tuned on theCsD1 line at 894.6 nm. An optical
isolation stage (∼70 dB) is used to prevent optical feedback. A pigtailedmach–Zehnder electro-opticmodulator
(EOM—PhotlineNIR-MX800-LN), driven at 4.596315 GHzby a low-noisemicrowave frequency synthesizer
[32], allows the generation of twofirst-order optical sidebandswhose frequency splitting is tuned around

9.192631GHzgn = , theHFS of theCs ground state. The optical carrier is actively suppressed by the technique
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presented in [33]. The contribution of second-order and third-order optical sidebands is rejected at a level 25 to
35 dB lower, and is neglected. The output light beam is thus close to a pure bichromatic laser beam. At the output
of the EOM, a fiber collimator is used to extract a free-space collimated laser beamwith a diameter of about
2 mm.A fraction of the laser power is extracted to perform theDoppler-free spectroscopy setup. The laser beam
is sent and reflected back in an evacuatedCs vapor cell that is 2 cm in diameter and 2 cm long. A quarter-wave
plate, placed between the cell and the reflectionmirror, can be adjusted such that propagating and counter-
propagating beams are polarized linearly and parallel, or elsemutually orthogonally. The power of the reflected
beam ismeasured by a photodiode. The cell is not temperature-stabilized. All tests were performed at ambient
temperature (about 22.5 °C). The cell is surrounded by amu-metalmagnetic shield to preventmagnetic
perturbations from the environment. A staticmagnetic field, parallel to the axis of light propagation, can be
appliedwith a solenoid surrounding the cell.

2.2. Single-frequency regime: ZeemanCPT
In this section, themicrowave power driving the EOM is turned off. The usual Doppler-free spectroscopywith a
single laser frequency is performed.Here and in the following, the optical transitionswill be denoted only by the
HFnumbers F–F′ of the levels involved. Figures 2(a) and (b) show the 4–4′ and 4–3′ transitions for counter-
propagating parallel or crossed polarizations respectively, with two different staticmagnetic field values of 0 and
490mG. The presence of a staticmagnetic field tends to increase the depth of theDoppler-broadened absorption
profile for the 4–3′ transition. This is also observed on the 4–4′ transition butwith a reduced strength. For
parallel polarizations, the usual Doppler-free dip is observed. For orthogonally polarized counter-propagating
beams, at nullmagneticfield, we clearly observe that the 4–3′ dip is cancelled or even slightly reversed. Note that
at ‘high’magnetic field, there is no significant difference between absorption profiles of the two polarization
schemes.

This behavior will be explained theoretically in section 3.2. Briefly, at lowmagnetic field, a linearly polarized
wave, traveling along the quantization axis ẑ , pumps atoms in a state superposition ofmFZeeman sublevels,
such that mFD , the difference ofmF, is even. These states, so-called ‘dark’ (orNC) states [34], are uncoupled

Figure 1.Experimental setup. DFB: distributed feedback diode laser, ISL: isolator, HWP: half-wave plate, EOM:Mach–Zehnder
electro-opticmodulator, LO:microwave frequency synthesizer, PBS: polarizing beam splitter cube, BS: beam splitter cube, QWP:
quarter-wave plate,M:mirror, PD: photodiode, DAQ: data acquisition card. The inset on the right shows the energy structure of the
CsD1 line.

Figure 2.Absorption profiles in the single-frequency laser regime. The laser power incident in the cell is 200 μW. (a)Parallel linear
polarizations; (b) crossed linearly polarized beams are used. For (a) and (b), the staticmagnetic field is 0 or 490mG. For (b), an offset of
0.005 V is added to the data forB= 0 in order to distinguish the orientation of the dip correctly. The origin of the frequency axis is
chosen arbitrarily.
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from light, explaining the low absorption. This is the CPTphenomenon.When themagnetic field strength
increases, the Zeeman sublevels of the ground state are frequency-split and no longer satisfy the two-photon
resonance, and the transparency of the vapor cell decreases. This explains why theDoppler absorption profiles of
the 4–3′ aswell as 4–4′ transitions are deeper when themagnetic field is on (compare black and red curves in
figure 2). This effect is lower on the 4–4′ transition for twomain reasons. Firstly, the probability for the 4–4′
transition is weaker than for the 4–3′ transition (the ratio between the two spectral line strengths is 7/5 in favor
of the 4–3′ transition). Secondly, the branching ratio for the 4–4′ transition is smaller than for the 4–3’. The latter
leads to a considerable optical pumping of atoms to the non-resonant ground level F= 3when the 4–4′
transition is being excited.

It should also be noted that the central resonance structure is very sensitive to the polarizations of the light
waves but also to the branching ratio of certain atomic transitions (these features will be considered further in
the theoretical section). In particular, one can observe an increase in the transparency at the center of the
resonance for parallel light polarizations for the 4–3′ transition (figure 2(a), left black resonance) and a slight
increase in absorption in the case of crossed polarizations (figure 2(b), left black resonance). In the same
conditions, the central resonance for theweak 4–4′ transition (right black resonances infigures 2(a) and (b)) is
almost insensitive to the light polarizations and always appears as a peak in transparency. At optical resonance
and at lowmagnetic field, only the atoms of axial velocity close to zero can absorb the lightfield. These atoms are
resonant with both travelling and counter-propagating waves. As explained in section 3.2, in the parallel
polarization scheme, dark states are common to bothfields and no change occurs: the regular dip in saturated
absorption is observed. In contrast, in the case of crossed polarizations, the respective dark states aremutually
orthogonal and cancel each other (see section 3.2). In this case, the absorption increases, counterbalancing the
regular dip.

The last interpretation is sustained by transmission curves as a function of themagnetic field.We have
recorded absorption spectra (4–4′ and 4–3′ transitions) versus the staticmagnetic field. Parallel or orthogonally
linearly polarized counter-propagating beamswere tested. The direction of solenoid current was changed to
apply ‘negative-sign’magnetic fields. Figure 3(a) shows the transmission peak value signal, for parallel-
polarization counter-propagating beams, for different values of the staticmagnetic fieldB. Themaximum
transmission level is increased around the nullmagnetic field value. As explained above, this resonance peak is
due to the existence of atoms in dark states that vanish at highermagnetic field strength. The reported spectra
represent the regularmagneto-optical Hanle resonances observedwith counter-propagating light waves [35].
Theweakness of the 4–4′ transition explains why the amplitude and linewidth of the central peak are smaller for
this transition.With crossed linear polarizations (seefigure 3(b)) the decrease in transmission observed at null
magnetic field for both transitions is explained by the absence of a dark state common to both counter-
propagatingwaves.With increasingB values,most of theCPT resonances become out of resonance. The usual
saturated absorption scheme is observed again and the absorption peak becomes a regular saturated dip (see
figure 2). Here again, the effect is reduced for the 4–4′ transition. The background resonance (pedestal of the
central narrowpeak) is due to the velocity-selective saturation effect, which regularly takes place in a gas of atoms
interactingwith resonant light waves. This resonance structure can be attributed to the regular saturated-

Figure 3.Transmission peak value of the Lorentzian dip (for 4–4′ and 4–3′ transitions) versus themagnetic field in the single-
frequency regime. (a)Parallel linear polarizations. The figure inset is a zoomof the 4–4′ transition formagnetic field values ranging
from−500 to 500mG. (b)Crossed linear polarizations. The total laser power incident in the cell is 200 μW.
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absorption resonancewhosewidth is of the order of 10G. The asymmetry in the curve is attributed to a change in
the laser power between records of spectra related to the right and left parts of the figures.

Using repumping radiation, one can expect that both 4–3′ and 4–4′ transitions will exhibit a noticeable
narrowdip at the center of transmission curves. Nevertheless, this additional coherent radiation in the dual-
frequency regime does not act only as a repumping field. Indeed, if we have twomutually coherent waves driving
adjacent optical transitions (for instance, 3–4′ and 4–4′), other types of dark states can be created, involving
magnetic sublevels of different hyperfine levels of the ground state 6 S2

1 2. These dark states can also lead to
observation of a high-contrast absorption peak at the center of the profile, as well as CPT states involving
magnetic sublevels of one single hyperfine level. Corresponding details will be considered in the theory section.

2.3.Dual-frequency regime: Zeeman andHFSCPT
2.3.1. Basic approach
In this section, the EOM is driven at 2gn . A dual-frequency SAR spectroscopy is performed. In afirst approach,
figure 4 shows typical Doppler-free spectra observed in theCs cell at nullmagnetic fieldwhen a dual-frequency
laserfield and crossed linear polarizations are used. For the dual-frequency case, transitions are labelled only by
F ¢, theHF number of the common excited state. A significant sign reversal of the dip and a large increase in
Doppler-free atomic absorption are observed, especially at high laser power. This behavior was recently reported
in [28]. As in the previous section, Zeeman coherences are built but now in eachHF level.Moreover,microwave
hyperfine coherences are also built as reported in section 3.1. At resonance (null detuning of both optical
transitions), atoms of null axial velocity are resonant with both counter-propagating beams. In the case of
crossed polarization, ZeemanCPT states built by a beamare destroyed by the reversed beam, like theHFS-CPT
states, leading to aDoppler-free enhancement of the absorption. This observation is in good agreement with
theoretical explanations reported in section 3. In [28], we studied the FWHM, signal (amplitude) and
amplitude/FWHMratio of theDoppler-free Lorentzian dip versus the laser power.We observed that the power
broadening of the single-frequency dip is larger than in the dual-frequency case. Simultaneously, the amplitude
of the dip is dramatically increased in the dual-frequency case, especially when the F′= 4 excited state is
connected. In the single-frequency case, the atomic system is an open system, causing the atoms to be pumped
into the other hyperfine ground state and leading to a higher effective saturation parameter. Conversely, in the
dual-frequency regime, the atomic system is closed, avoiding the loss of atoms.

2.3.2. Impact of the staticmagnetic field
Figure 5(a) shows the transitions to 3′ and 4′ excited states, in the dual-frequency regime, with orthogonally
polarized counter-propagating beams, for different values of the staticmagnetic field.Wefirst observe an
absorption spike at nullmagneticfield. On increasing themagnetic field, the spike is progressively reduced and
becomes a peak of transmitted light. For highermagnetic fields, the peak reverses again in an absorption spike.
The depth of theDoppler-broadened profile is increasedwith themagnetic field because of the suppression of
CPT states as infigure 2(b). Nevertheless, in terms of transmission at exact resonance, we observe a reduction in
the transmissionwith increasedmagnetic field up to about 1G and then again a very slight increase, see
figure 5(b). For both transitions, experimental data are fitted by a sumof two Lorentzian functionswith opposite
signs. The central transmission peak is theHanle resonance due to the creation of the Zeeman andHF
coherences (see section 3). This resonance can be significantly narrower than the homogeneous linewidth. The
wide background dip is themanifestation of saturation and optical pumping effects. For the 4′ transition, the

Figure 4.Doppler-free spectrum: dual-frequency laserfield (a single-modulatedDFB laser source), perpendicular case,B= 0. The
total laser power is 500 μW.Curves are fitted by the sumofGaussianDoppler-broadened profiles and narrowDoppler-free
Lorentzian dips.
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FWHMof the central Lorentzian function is about 420mG, yielding a Raman detuning for ( m 2FD = )Zeeman
coherences of about 294 kHz. TheRaman detuning Rd is equal to the frequency difference between the two
components of the laser beam, LD , minus the splitting gn of the two ground-state sublevels, R L gd n= D - . As
reported in the next subsection (see the black curve offigure 7), the detectedCPT resonance exhibits an FWHM
of about 382 kHz, a value comparable to the value extracted fromfigure 5(b), taking into account the large
uncertainty on the fit parameters due to the small number of points delimiting the broad Lorentzian curve.

We performed a similar study in the dual-frequency regime using counter-propagating linear parallel
polarizations. Figures 6(a) and (b) summarize these results. At nullmagnetic field and if only ZeemanCPTwas
involved, we expected the dip to be regular (increased transmission). This behaviour is observed experimentally
at low laser power. At higher laser power, as infigure 6(a), theDoppler-free dip is observed to be reversed
(increased absorption), then regular formagnetic field values up to about 1G and reversed again after. The
change in orientation of the dipwith some experimental conditions (such as the laser power or themagnetic
field) is not so surprising. Indeed, it is important to note again that theDoppler-free dip observed in the center of
the absorption profile results from the competition of Zeeman-CPT states, HFS-CPT states and optical
pumping effects, as discussed in section 3.4. Thus, themain orientation of the dipwill result in real experimental
conditions depending on the respective strengths and the sumof these contributions.

2.3.3. Coherent population trapping spectroscopy in the reversed dip
Wehave performedmicrowave hyperfineCPT spectroscopy in the bottomof the reversed dip in order to
demonstrate theHFS-CPT resonances. Tests were performed using the transition to the 4′ excited state. For this
purpose, the laser frequency is either tuned on the extremumof the reversed dip (null optical detuning, 0d = )
or is slightly shifted fromoptical resonance ( 0d ¹ ).More precisely, the laser carrier frequency Ln (before the
EOM) is tuned between themiddle of the ground-stateHFS and the F ¢= 4 level. The optical detuning is then
defined as 2L 4 3 4 4d n n n= - +¢ ¢( ) , with jin the frequency of the optical transition (F i F j= - ¢ = ). For these
different points of operation of laser frequency detuning, the laser is not frequency-stabilized and themicrowave
signal frequency that drives the EOM is swept around 2gn (i.e. rd is swept around 0). These tests were performed

Figure 5. (a)Doppler-free spectra in the dual-frequency regimewith crossed linear polarizations for several values of the static
magnetic field. For clarity of thefigure, offsets of− 0.05V,− 0.1V and− 0.15Vwere added to the data for the cases ofB= 140, 1400
and 2800mG respectively. (b) Fromdata shown in (a), the transmission peak value of theDoppler-free Lorentzian dip versus the static
magnetic field (for transitions to 3′ or 4′ excited states). The total laser power is 187 μW.Experimental data arefitted by a sumof two
Lorentzian functions with opposite signs.
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in different configurations including null orfixed values of the staticmagnetic field in crossed polarizations. A
typical spectrumdetected in the bottomof the reversed dip at nullmagnetic field is shown infigure 7 for crossed
polarizations.

We observe that the amplitude of theCPT resonance is considerably reduced under the condition of exact
optical resonance ( 0d = ).When the one-photon detuning is sufficiently far from zero (d g , with γ half the
natural linewidth of the optical transition, about 2.3 MHz for theCsD1 line), we detect in figure 7 transparency
peakswith a large amplitude. The behavior of the resonance curve is quite clear. For d g , the counter-
propagating laser beams are resonant for atoms of two separate velocity groups having axial velocities

Figure 6. (a)Doppler-free spectra in the dual-frequency regimewith parallel linear polarizations for several values of the static
magnetic field. For clarity of thefigure, offsets of− 0.01V,− 0.02V,− 0.03V,− 0.04V and− 0.05Vwere added to the data for the
cases ofB= 70, 140, 280, 700 and 2100mG respectively. (b) Fromdata shown in (a), the transmission peak value of theDoppler-free
Lorentzian dip versus the staticmagnetic field (for transitions to 3′ or 4′ excited states). The total laser power is 187 μW.Experimental
data arefitted by a sumof two Lorentzian functions with opposite signs.

Figure 7.Coherent population trapping (CPT) spectroscopy in the reversed dip for several values of the optical detuning (δ= 0, 49 and
98MHz). The staticmagneticfield is null. Crossed polarizations are used. The laser power is 187 μW.For the black curve (δ= 0), the
central CPTpeak can be fitted by a Lorentzian functionwith an FWHMof 382 kHz.
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v k2pd= - and v k2pd= + ( 40» ms–1 for 49d = MHz), with k thewavevector. Atoms in each of these two
groups are optically pumped into Zeeman andHFS dark states. The narrow central resonance infigure 7 is the
HFS-CPT resonance. At optical resonance (δ= 0), with almost equal amplitudes (E E1 2» ) and crossed linear
polarizations, Zeeman-CPT states do not occur as seen above. Therefore, absorption of the light field is
enhanced at exact optical resonance (compare black and red curves infigure 7 at Rd = 0).

Aswill be shown in the theory section,HFS dark states can be produced by the two counter-propagating
beams in some regions of the cell and can be suppressed in others, whatever the polarizations. This explains the
observation of a narrowHFS-CPT resonance in the center of the black curve offigure 7.We note that the
amplitude of CPT resonances in the case of parallel polarized counter-propagating beamswasmeasured to be
comparable for the regimes 0d = and d g . This is themanifestation of theHFS-CPT andZeeman-CPT
effects, which occur for the resonant velocity groups v k2pd=  , for d g aswell as for 0d = .

An additional experiment similar to the one just describedwas performed by applying a staticmagnetic field.
Corresponding spectra are reported infigure 8, where crossed polarizations are used. Again, at null optical
detuning, the CPT resonance is almost not present. At non-null optical detuning, the Zeeman spectrum is
clearly visible. The seven peaks observed correspond to two-photon transitions ( F m1, 0, 2FD = D =  )
involving Zeeman sublevels of different hyperfine ground-state levels F= 3 and F= 4. The central transition is
narrower than neighboring transitions, due to the fact that themagnetic sensitivity ofΛ-schemes involved in the
central transition is lower than that ofΛ-schemes involved in adjacent transitions.Moreover, a residual
inhomogeneity of themagnetic field in the cell could affect thewidths of these resonances differently.

These experiences demonstrate clearly that at nullmagnetic field: (i)HFS-CPT states are present at null
Raman detuning, (ii) the CPT amplitude is reduced but non-null at optical resonance 0d = in crossed
polarizations, (iii) the CPT amplitude is higher for non-null optical detuning, (iv)HFS-CPT effects can
contribute to the observation of theDoppler-free reversed dip in the dual-frequency regime.

2.3.4. Impact of theHFS-CPT states
The goal of this experiment was to discriminate the effects of Zeeman coherences andHF coherences on the dip
reversal. HF coherences are not createdwhen both optical sidebands excite two optical transitionswithout any
common excited state, or are nearly cancelled for large Raman detuning, while Zeeman coherences are still
present.Here, theMach–Zehnder EOM is driven by a commercial synthesizer (Rohde-Schwarz SMB100A). The
cell is protected bymagnetic shielding andno staticmagnetic field is applied. Data acquisition is performed as a
function of the laser frequency scan, for orthogonally polarized or parallel polarized counter-propagating
beams.

Figures 9(a)–(d) summarizemeasurements performed in different configurations. Each of thesefigures is
obtained for a given Raman detuning value and presents two spectra obtained in the respective cases of crossed
or parallel polarizations. Figures 9(a) and (b) reportmeasurements performedwith large Raman detunings (the
EOM is driven at 2 2g en n , with en = 1.167 GHz, theHF splitting of the excited state). ForDoppler-free
resonances on the left and right sides offigures 9(a) and (b), only one laser frequency is resonantwith an atomic
transition (see the insets). In such a case the regular SAR profiles are observed, whose amplitudes are reduced by
optical pumping in the non-resonantHF ground-state levels and by the Zeeman-CPT effect. In the case of the
central profile, both frequency components of the optical fields are at resonance, butwith two separateHF
excited levels. In this configuration, Zeeman coherences can still be created betweenmagnetic sublevels of the
sameHF level, butHF coherences cannot.We observe a deeperDoppler profile (no atom leakage by optical

Figure 8.CPT spectroscopy in the reversed dip for two values of the optical detuning (δ= 0 and 49MHz)with application of a static
magnetic field (B∼ 1.4G). Crossed polarizations are used.
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pumping), at the bottomofwhich aDoppler-free dip is detected. A regular (enhanced transmission) SARdip is
observed in the case of parallel polarizations; the Zeeman dark states are common to both counter-propagating
waves. In contrast, the central Doppler-free dip is reversedwith orthogonal polarizations, because Zeeman dark
states ( F m0, 2FD = D = ) created in eachHF level by a travellingwave are destroyed by the counter-
propagatingwave at null optical detuning.

Infigures 9(c) and (d), a common excited state is shared between optical transitions: at null Raman
detuning, 0Rd = , in figure 9(c), or with 1 MHzRd = infigure 9(d). Figure 9(c) describes the case addressed in
the previous subsections. Here, HF andZeeman coherences are created together.We observe amodest Doppler
profile, while theDoppler-free dip is enhanced. The amplitude of theDoppler profile is reduced byCPT states
created in the velocity groups for which the fields are at resonance. At optical resonance, in crossed polarizations,
HF andZeeman dark states are cancelled and the absorption is significantly enhanced, leading to the clear high-
contrast central reversed dip. Infigure 9(d), theHF coherences are nearly cancelled, because the Raman
detuning is too high, leading to a deeperDoppler profile.With crossed polarizations the dip is still reversed but
reduced, and induced only by the cancellation of Zeeman coherences.

The effect ofHF coherences is highlighted by comparingfigures 9(c) and (d) in the case of parallel
polarization.WithoutHF coherences (figure 9(d)) the dip is a regular SAR dip, as expected, since there is no
increase in absorption by thewipeout of Zeeman dark states at optical resonance. In contrast, the dip is reversed
whenHFdark states are present (figure 9(c)). This shows that theHFdark states, or at least an important part of
them, are destroyed at optical resonance, even for linear polarizations. At high laser power, this effect is larger
than the regular dip thatwould be induced by Zeeman coherences. This will be explained in section 3.1 by the
phase shift of both runningwaves.

In summary, both Zeeman andHFSCPT lead to a reducedDoppler profile for both polarization cases.
ZeemanCPT alone (see figures 9(a), (b), (d)) leads to a regular SAR dip in parallel polarizations, and an inverted
peak in crossed polarizations. HFSCPT reverses the regular dip in parallel polarizations and increases the size of

Figure 9.Absorption spectra in the dual-frequency regime for several values of themicrowave Ramandetuning ((a) en- , (b) en+ , (c)
null Raman detuning, (d)−1MHz)), in conditions of crossed or parallel polarization. en is theHF splitting of the excited state. All
these figures are plottedwith the same y-axis scale. Insets are added in eachfigure to show the energy transitions involved in each case.
Curves obtainedwith parallel polarizations are always below those obtainedwith crossed polarized beams. This is due to a slight
reduction in the optical power and is not relevant in this study. An offset of 0.005Vwas added to data (orthogonal) in part (a). An
offset of 0.01Vwas added to data (orthogonal) in parts (b)—(d). This was done to allow the reader to clearly distinguish the shape and
orientation of the dips.
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the absorption peak in crossed polarizations (see figure 9(c)). These observations are in agreement with
predictions of our simplified theoreticalmodel, as discussed in section 3.4.

3. Theoretical analysis

A full theoretical description of the high-contrast absorption spike observed in the dual-frequency regime (see
figure 4), taking into account the real complex structure of atomic energy levels, light wave polarizations, and
various optical pumping and nonlinear coherent processes, is quite a difficult task.Here, we propose a simplified
spectroscopicmodel based on a three-levelΛ-scheme that allows to understand themain physical reasons
underlying the formation of the high-contrast resonance spike. The scheme is shown infigure 10.Despite its
apparent simplicity, this scheme can explain the impact of the staticmagnetic field, the two-photon (Raman)
detuning, light wave polarizations ormutual coherence between the frequency components of the light field
observed in the experiments.We focus here on analyzing the specific case where the highest spike amplitude is
obtained. As seen infigure 4, this occurs when all light waves interact with the excited atomic state F ¢= 4. In
general, at least three physical effects can contribute to formation of the central spike. In this section, we consider
them separately to understand qualitatively themain features of each effect.

Let usfirst describe the densitymatrix formalism applied to our system.We assume that theΛ-scheme
interacts with a dual-frequency laser field composed of two counter-propagating, linearly polarized planewaves.
TheCartesian coordinate system is oriented such that the polarization of the first dual-frequencywave (E1) is
directed along the x axis, while the relatedwavevectors k1 and k2 are parallel to the quantization axis z. Under
this orientation of the system, linearly polarized light can be represented by two polarization components, s+

and s-, in the cyclic basis. If a real atomic transition is considered (taking into account degeneracy of energy
levels), these twoσ components induce corresponding s optical transitions in the atom. Thus, if the linear
polarization has an anglef between the direction of polarization and the x axis, the s- and s+ polarization
components acquire additional phase shifts exp if( ). Sincewe use a simplified spectroscopicmodel, instead of
consideringmanymagnetic sublevels, the orientation of polarization can be included in ourmodel with the help
of phase shifts exp if( ) if we assume that 1 3ñ  ñ∣ ∣ and 2 3ñ  ñ∣ ∣ transitions of theΛ-scheme (seefigure 10)
are induced by s+ and s-polarization components respectively. Following this, we come to the expression for
the lightfield:

E z t E

E
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t k z t k z
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Wewould like to emphasize that the light waveE1 is travelling in the same direction as the z axis and has two
frequency components ( 1w and 2w ), whileE2 is a counter-propagating wavewith the same frequency
components. As seen from equation (1), we assume that both frequency components of eachwave have equal
real amplitudes (just for simplicity). The anglef is themutual angle between linear polarizations of counter-
propagatingwaves.Wewill concentrate further on two principal cases:f= 0 andf= 2p . Since thefieldE2 is
formed by the reflection of thefield E1, it has a certain spatial phase shift (actually, two different shifts 1,2f for
each frequency component as the lengths of thewavevectors k1 and k2 are different). The acronym ‘c.c.’ stands
for the complex conjugate.

In the case of a dilute gas, collisions between atoms can be neglected.Moreover, we do not take into account
exchange of linearmomentumbetween an atom and a photon, leading to the recoil effect. Thus, the problem

Figure 10.Λ-scheme of atomic energy levels. Solid vertical arrows denote transitions induced by the light-wave components with
vectors k1 2, , while dashed vertical arrows are attributed to thewaves with k1 2,- .Wavy black arrows denote spontaneous decay
processes.
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can be consideredwith the help of a one-atomdensitymatrix in theWigner representation z v t, ,r( ) according
to equation [9]

t
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Here t t v zd d = ¶ ¶ + ¶ ¶ with v the projection of the atomʼs velocity on the z axis. TheHamiltonian H0
 of

a free atom in the basis of eigenfunctions can bewritten as
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where n are energies of the corresponding levels (see figure 10). Further transition frequencies of the arms of the
Λ-schemewill be denoted mnw = m n  -( ) , with h 2 p= ( ), h being the Planck constant. Taking into
account equation (1), non-zeromatrix elements of the interaction operatorV in the rotating-wave
approximation (RWA) and the approximation of electric-dipole interaction have the following forms:
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where R1W = dE1  and R2W = dE e2
i f-( ) are the Rabi frequencies, andwe assume two arms of theΛ-scheme

to have equal and real dipolemoments d. Other non-zeromatrix elementsV13 andV23 can be obtained from the
expressions (4) by conjugate transpose operations, because the interaction operator isHermitian,V=V†

.
All the relaxation processes are considered in the frame of thewidely used approach of relaxation constants.

The explicit form for the relaxation operator is
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For convenience, we assume that the upper state spontaneously relaxes with the total rate 2G. The relaxation rate
of optical coherences (see below) can be denoted as egG =Γ+GwithG the time-of-flight relaxation rate
attributed to thefinite time of atom–field coherent interaction (G 1t~ - , where τ is themean time of the atomic
flight through the area of the laserfield). The branching ratioβ is assumed to be equal for both arms of theΛ-
scheme. The systemof levels can be considered open by takingβ< 1. Pnm

 in (5) are the projection operators
defined as Pnm

 = n mñá∣ ∣.
Non-diagonalmatrix elements 31r , 32r andHermitian conjugate ones 13r = 31

*r , 23r = 32
*r are optical

coherences. In general, these elements can be expanded in series of spatial harmonics. In particular, for 31r and

32r in the RWAwehave
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In fact, we take into account only a few harmonics from (6), and these lead to the following expansion for the
other densitymatrix elements:
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where n= 1, 2, 3. As long aswe focus on the steady state of the atom, all spatial harmonics of the densitymatrix
elements in (6)—(8) are assumed to be independent of time t.

As one can see, the populations of atomic levels contain the terms nn
0r( ), which are not dependent on the z-

coordinate. These elements can be treated as the space-averaged values of level populations. For instance, if there
is only one traveling single-frequency light waveE1 resonant to the 1 3ñ  ñ∣ ∣ transition (seefigure 10), the
populations 11r and 33r will have only zero spatial harmonics 11

0r( ) and 33
0r( ). These populations only acquire high-

order harmonics when additional light waves with different wavevectors are present in the cell. At the same time,
we have another situation involving low-frequency coherences 12r and 21r . Thesematrix elements can be
produced only by simultaneous action of twomutually coherent light beamswith different wavevectors.
Therefore, we have only space-dependent harmonics for the low-frequency coherences. An exception occurs
whenwe consider the particularΛ-schemewith a degenerate ground state ( 1 = 2 ). In such a case, two light
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components with k1= k2 produce coherences 12r and 21r , which do not depend on the z-coordinate. The last
case ismuch easier to analyze theoretically (see section 3.2).

Optical coherences described in (6) can be excluded from the systemof equation (2). Then, thefinal system
includes only level populations nn

0,r ( ) and low-frequency coherences 12r ( ), 21r ( ). For brevity, we put thefinal
systemof equations in the appendix.

In the experiments, the bichromatic light waves pass the cell in both directions (there and back) before
reaching the photodetector. In this case, the absorbed power is proportional to the totalfluorescence of the cell.
On the other hand, the totalfluorescence is proportional to the excited-state population averaged over the z-
coordinate and velocity distribution of atoms in the gas. Therefore, we analyze the following expression as a
spectroscopic signal
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where L is the length of the vapor cell. The one-photon detuningΔ= 1w − 31w = 2w − 32w is assumed to be the
same for both frequency components of the lightfield, and also the conditionΔ= 0means that two counter-
propagatingwaves are both in resonancewith the atoms at rest. Angle brackets ... vá ñ stand for averaging over the
Maxwellian velocity distribution such as
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Here v0= k T m2 B 0 is themost probable thermal velocity of an atomwithmassm0 in a gas with temperatureT
(kB is the Boltzmann constant).

We note that, for convenience, spectra extracted from calculations in the theoretical sectionwill be reported
in terms of absorption and not transmission, as is done in the experimental section.

3.1.Hyperfine frequency splitting (HFS)-CPT states
In this subsection, we consider the case where the ground-state sublevels 1ñ∣ and 2ñ∣ arise fromHF splitting of the
ground state of the atom. For the 133Cs atom,we have F1 3ñ º = ñ∣ ∣ , F2 4ñ º = ñ∣ ∣ , and 2g e g e, ,pnW = are the
frequency differences between hyperfine levels of the ground and excited states respectively.Magnetic sublevels
are not considered in this subsection (see subsection 3.2). Before presenting the results of numerical
calculations, it is useful to understand the reason for the formation of an absorption spike on a qualitative level.

In afirst approach, we consider the situationwhere the Raman detuning RD = 2 Rpd = 0 and the one-photon
frequency detuningΔ ismuch larger than the natural linewidthΓ. In this case, each of the dual-frequency fields
E1 andE2 interacts resonantly with a different velocity group of atoms, as shown infigure 11.

Thefield E1 pumps atomswith velocity v- into the non-coupled state NC1ñ∣ while thefieldE2 pumps those
of velocity v+ into the non-coupled state NC2ñ∣ :
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Figure 11.TwoΛ-schemes of atomic energy levels for two resonant groups of atoms to study theHFS-CPT effect (creation of the non-
coupled states as the coherent superpositions of different hyperfine levels of the atomic ground state). Notations are the same as in
figure 10.On thisfigure, we assume for simplicity k k1 2»∣ ∣ ∣ ∣. However, in calculations, we took the difference into account.
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Coherent population trapping occurs in these two velocity groups of atoms (see, for example, [31]). Thismeans
that atoms do not absorb any energy from the resonant lightfield. Therefore, absorption (fluorescence) of the
vapor cell is low under the conditionD G , explainingwhy atoms are in a so-called ‘dark’ state. In general,
these states are different for two resonant groups of atoms since they interact with different light fields (E1 orE2).
It is alsoworth noting that themutual anglef between linear polarizations of the counter-propagating dual-
frequencywaves and the relative spatial phase shift 12f are additive contributions to the non-coupled state NC2ñ∣
with θ= 2 12f f+ (see the densitymatrix equations in the appendix). Thismeans that the cell absorption
depends on θ but not on these angles separately. In other words, by properly changing either 12f orf, we can get
the same level of absorption.

Now,we need to consider the situationwhereD ~ G andwhere the fieldsE1 andE2 start to interact with the
same atoms. In this configuration, two principal cases should be analyzed:

(i) NC1ñ∣ and NC2ñ∣ interfere destructively, i.e. NC NC1 2á ñ∣ = 0;

(ii) the ‘competition’ between NC1ñ∣ and NC2ñ∣ does not destroy theCPT effect, NC NC1 2á ñ∣ = 1.

In thefirst case, atoms start to absorb intensively and scatter energy from the light field since they are no longer in
the dark state. From the expression (11), we can predict that this happens near the coordinates zmax satisfying the
condition

k z n
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Wecan conclude that thefluorescence of the cell is inhomogeneous in space. There are areas with intense
fluorescence and areaswith lowfluorescence (see a sketch infigure 12). These regions alternate with the period:
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It is interesting to note that the positions ofmaxima andminima of fluorescence depend on the phasesf, 12f
while the period zD does not. This implies that for a sufficiently long cell, i.e. L> zD , the level of total light-field
absorption in the cell barely depends either on the angle between the linear polarizations or on the distance
between the cell and themirror ‘M’ (which produces the field E2, see figure 1). By contrast, in the case when
L zD , the fluorescence of the cell will bemuchmore sensitive to the phasesf and 12f . In the particular case of
133Cs, we obtain from equation (15) that z 1.6D » cm. It should be noted that the qualitative analysis presented
here and based on the formalism of non-coupled states is similar to the one previously reported in [37] for
counter-propagating light waveswith s+ and s-polarizations.

Let us support the analysis described abovewith absorption profiles calculated in several different cases.
These profiles have been obtained by solving the densitymatrix equations whose explicit form can be found in
the appendix. For our numerical calculations, we take slightly different Rabi frequencies of counter-propagating
waves due to possible losses during the formation of the backwardwave: 1.5R1W = G, 1.3R2W = G. The time-
of-flight relaxation rate is G 5 10 2= ´ G- . TheDoppler width is assumed to be kv 940 = Γ. All these values
approximately correspond to the experimental conditions. The absorption signal is integrated over the cell
length.

A typical resonance is shown infigure 13. Its shape, if converted in transmission, is similar to the
experimental one reported infigure 4.We see that the use of perpendicular polarizations allows us to reach a
better contrast of the central peak.Nevertheless, a similar result can be obtained assumingf= 0 and 12f =π.

Figure 12.Picture to demonstrate inhomogeneity of lightfluorescence in a vapor cell due to theHFS-CPT effect, which is sensitive to
the spatial phases of the light waves.
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Figure 14 shows the influence of the cell length on the strength of the central peak. In particular, if we take a
long cell (compare black dashed curves infigures 14(a) and (b)), one can see that there is almost no difference
between parallel and orthogonal light-wave polarizations. At the same time, using amedium-length cell having
L z~ D (as in our experiments, see solid lines offigure 14), the effect of sensitivity to the light polarizations can
be visible. Thus, the amplitudes are 10» infigure 14(a) and 6» infigure 14(b). Figure 15 helps us to understand
this sensitivity by showing the influence of the total phase shift θ= 2 12f f+ on the amplitude of the central
absorption spike for different cell lengths (2 cm and 0.5 cm). Variations of the spike amplitude are significantly
higher for the short cell with L= 0.5 cm. For a sufficiently long cell (L= 5 cm andmore), variations of the signal
are very small and the spike amplitude is approximately constant. It tends to approach the average level
presented infigure 15 as a dash-dotted horizontal line. This average level of absorption is described by thefirst
term in equation (9).

It is interesting to note that we can observe the effect of the absorption peak for a verywide range of
variations in the phase θ, while the effect is absent only for a short cell and for certain θ values in the range 280°–
330° (see figure 15). Thismeans that counter-propagating dual-frequency light waves can have commondark
atomic states only in some relatively small regions along the cell, while the other regions show the effect of the
absorption peak. For example, the interval 330 280 50 0.87» - =  = rad in figure 15 for a short cell implies
that the dark state remains common for both counter-propagating waves at the distance zD , which can be
estimated from the equation k z2 0.8712D = . For the conditions offigure 15, we immediately get

Figure 13.Absorption of the cell as a function of the one-photon detuning. The red solid curve is obtained for perpendicular
polarizations (f= 2p ), while the black dashed curve is obtained for parallel polarizations (f= 0). Other parameters are: RD = 0,
β= 1, L= 2 cm, 12f = 0. The peak at the center can be observed due to theHFS-CPT effect.

Figure 14. Illustration of the influence of cell length on the resonances in different polarization configurations: (a) perpendicular
polarizations, (b) parallel polarizations. Solid red lines are obtained for a cell length L= 2 cm.Dashed black lines are obtained for L= 5
cm.Other parameters are: RD = 0,β= 1, 12f = 0.One can see that theHFS-CPT effectmakes the central absorption peak sensitive to
the light-field polarizations in the cases of short- ormedium-length cells (L 2 cm for cesium, compare amplitudes of the red-line
resonances in parts (a) and (b)). At the same time, this sensitivity is absent for long cells, i.e. it is averaged along the length of a vapor
cell. However, it should be emphasized that the total influence of theHFS-CPT effect on the creation of the central peak is not
averaged along the cell, and the central peak caused by this effect can be observed even in the case of a long cell (see alsofigure 15).
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z 0.22 cmD » . Thus, with a cell of length L 0.22 cm , we should be able to totally destroy the effect of the
absorption peak by a proper choice of the phase θ (for instance, by adjusting themirror position).

Figure 16(a) describes the influence of the openness of the atomic transition (cases where the branching ratio
isβ= 1 orβ= 0.5) on the high-contrast absorption effect.We clearly observe that, in the case of an open
transition, the high-contrast spike almost disappears.

Figure 16(b) helps to clarify the physical origin of the formation of the central spike in the consideredΛ-
scheme. Figure 16(b) reflects the situationwhere the low-frequency coherences 12r and 21r are artificially
‘switched off’. In this configuration, the creation of theHFS-CPTphenomenon is prohibited. One can see that
there is no peak in the center of the absorption curve (black dashed line). On the contrary, a normal saturated-
absorption resonance is observed. Secondly, the background level is found to bemuch higher whenCPT is
absent. Thus, from thisfigure and taking into account all other curves in this subsection, we can state that the
central spike occurs because of the combination of a low level of background absorption atD G and a
‘normal’ absorption level in the vicinity of a spectral line center atD ~ G. This low background level is
explained by theCPTphenomenon. Indeed, forD G , atoms fromdifferent velocity groups are pumped into
the non-coupled states and do not scattermuch light energy from the resonant field. ForD ~ G the
components of the lightfield start to interact with the same atoms, and non-coupled states can be destroyed (see
the quantitative analysis in the previous subsection), leading to the increase in absorption.However, whenCPT
is artificially switched off, theΛ-scheme can be treated just as a pair of two-level schemes composed of the

Figure 15. Influence of the total phase shift θ= 2 12f f+ on the amplitude of the central absorption peak for different cell lengths:
L= 2 cm (solid red line) and L= 0.5 cm (dashed black line). The peakʼs amplitude tends to oscillate very close to the average level
depicted by the dash-dotted horizontal linewhen the cell length is being increased. The zero gap between 280q » ° and 330°means
that there is no peak (i.e. the regular dip in the absorption is observed). The Ramandetuning is assumed to be zero ( RD = 0). The
presented oscillations are due to the space-phase sensitivity of theHFS-CPT effect, which causes the absorption peak at the center of
the resonance curve.

Figure 16. (a) Influence of the openness of the atomic transition on the effect of the high-contrast spike:β= 1 is shown by the red solid
line (closed system of energy levels) andβ= 0.5 corresponds to the black dasahed line (open transition). Other parameters are:
f= 2p ,f= 0, RD = 0, L= 2 cm. (b)Resonance curves obtained in the same conditions as those depicted for the red solid line of
figure 13, but with the presence (red solid) or absence (black dashed) of the hyperfineCPT phenomenon.
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transitions 1 3ñ « ñ∣ ∣ and 2 3ñ « ñ∣ ∣ (see figure 10). Each of these systems leads to observation of a regular dip in
saturated absorptionwhen two counter-propagating waves act on the same atoms, i.e. in the center of the
resonance curve (see the red profiles infigures 9(a), (b) and (d)where theHFS-CPT effect is absent). However,
even if theHFS-CPT effect does not occur, an effect of the absorption peak can be observed for the other physical
reasons considered in the following subsections. Such a case is represented by the black experimental curve in
figure 9(d)whereHFS-CPT is absent due to non-zero Raman detuning, but an absorption peak is observed.
However, this peak is not as strong as infigure 9(c)whereHFS-CPT takes place.

In conclusion of this subsection, we can say that themicrowaveHFS-CPT phenomenon involving different
HFS sublevels of the ground state in 133Cs can be a reason for the effect of a high-contrast spike observed in the
experiments. Bearing that inmind, the resonance curve shown infigure 17may appear surprising atfirst sight.
Figure 17 shows the absorptionwhen conditions are almost the same as those depicted forfigure 13 (red solid
profile)where a high-contrast resonance is observed. The difference is that we now consider a non-null Raman
detuning RD . Obviously, the spike effect disappears at RD = 2 G because CPTdoes not take place (see the blue
dash-dotted curve infigure 17). Surprisingly, the central spike comes back for large Raman detunings ( RD =
20 G for the black dashed curve infigure 17). In this case,microwave hyperfineCPT is absent. This results from
themanifestation of another physical process, described in section 3.3, linked to some peculiarities of
redistribution of populations of atomic energy levels due to the optical pumping process.

3.2. ZeemanCPT states
In the previous subsection, we have considered the formation of non-coupled states involving different levels of
theHFdoublet of the cesium ground state.However, another type of non-coupled state can be produced during
the interaction of dual-frequency counter-propagating light waveswith the energy structure of theD1 line. This
involves NCñ∣ states embracingmagnetic (Zeeman) sublevels of a singleHF level [34]. For simplicity, figure 18
reflects the situationwhere thewaveE1 consists of a single frequency component 1w . In this case, thewave can
also pump the atoms to the non-coupled state consisting ofmanymagnetic sublevels. The same frequency
component ( 1w ) of the counter-propagating waveE2 (not shown infigure 18) can also lead to theCPT
phenomenon on the state F= 4. Figure 18 plots the situationwhere the state F ¢= 4 is being excited. In this case,
NCñ∣ states can be produced only on a level with F= 4. If we consider the dual-frequency situationwhere both
transitions 3–3′ and 4–3′ are nearly resonant, atoms can be driven to NCñ∣ states on bothHFS levels F= 3, 4. This
driving scheme corresponds to the resonance observed on the right offigure 4.

In an analogousway to the previous section, counter-propagating beams interact with different velocity
groups of atoms under the conditionD G . Each of these groups can be pumped into the non-coupled state
and demonstrates a low level of absorption.Near the center of the resonance (D ~ G), the different non-
coupled states attributed to different waves start to ‘compete’with each other and the result depends in
particular on the polarization configuration of the light waves. For simplicity, we consider only theCPT
phenomenon that can take place on theHF level F= 4 (see figure 18). In this section, the situation is very similar
to the one described in the previous subsection. Consequently, a spectroscopicmodel similar to that in the
previous subsection (see figure 10) can be considered, but now taking gW = 2W, whereΩ= g BB 2 m is the
Larmor frequency that characterizes the frequency splitting betweenmagnetic sublevels of the ground level
F= 4.B is the staticmagnetic field applied along the light wavevectors (B z∣∣ ), Bm is the Bohrmagneton and g2
= 1/4 is the Landé g-factor of the state F= 4. The Larmor frequency of the excited state can bewritten as

Figure 17.Absorption as a function of the one-photon detuning in the dual-frequency casewith aRaman detuning 0RD = (red solid
curve), 2RD = G (blue dash-dotted curve) or 20RD = G (dashed black curve). Other parameters are: 2f p= , 1b = , L= 2 cm.
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g ge 2 W( ) with ge= 1/12 the g-factor of the state F ¢= 4. Landé factors of the groundHF levels have opposite
signs, so that g1= g2- .

While this spectroscopicmodel hasmany points in commonwith the previous one, it differs in some
principal points. First, we consider the interaction of an atomwith a lightfield having a single frequency
component. Then, we can assume 1 2w w w= º . Thismeans also that k k k1 2= - º , 012f = and that the
vaporfluorescence is homogenous along the cell. These conditions significantly simplify the calculations.
Expression (6) can be simplified to
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Moreover, the other densitymatrix elements become homogeneous in space:
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Under these simplifications the final systemof equations ismuch simpler than the system for the case of the
HFS-CPT effect considered above (see also the appendix). However, for brevity, we do not provide the reader
with this simplified system. Spatial homogeneity of the low-frequency coherence 12r , for instance,means that
we omit very fast oscillation terms e kz2i~  that have relatively little influence.

Let us analyze some figures. The spectroscopic signal can be described nowby just the first term of
expression (9). Figure 19(a) shows the resonance curves for parallel and orthogonal linear polarizations of the
light waves. The physics of observed signals is similar to that described in the previous subsection. At the same
time, the cell length nowdoes not impact the strength of the effect (in the approximation of a small optical
density). The central spike appears (red solid line)when non-coupled states created by bothwaves are
orthogonal: NC NC 01 2á ñ »∣ . This is the case for crossed polarizations (see figures 2(b) and 9(d)). The dip can be
observed (dashed black line)when dark states NC1ñ∣ and NC2ñ∣ are close to each other (case of parallel
polarizations, see figures 2(a) and 9(d). Note that a similar effect under a pump–probe regimewas discussed in
references [35, 38]. Figure 19(b) reflects the influence of the openness of theΛ-scheme. As forfigure 16(a), we
can here observe a dramatic suppression of the spike effect for an open transition. If creation of theCPT
phenomenon is artificially ‘switched off’, wewill get a similar result tofigure 16(b).

Interesting transformations of the nonlinear spectroscopic signal can be observed by applying a gradual
increase of the staticmagnetic field (see figure 20). One can see that the effectfirst disappears (for 0.5W > G
under the considered conditions) but then comes back (for 2W > G). This behavior is similar to that described
in the previous section, where the two-photon detuning has been gradually increased. The behavior of the
resonance infigure 20 between 0W = and 2W = G is easy to understand. In a smallmagnetic field, the spike
formation is linked to the same reason as the one reported infigure 19(a) (red solid line). TheCPT state, linked
with the formation of a high-contrast spike, is destroyedwith further increase in themagnetic field.We can
estimate the interval of the Larmor frequencywhere theCPT state survives as 4R

2W W G∣ ∣ (from the power
broadening condition). In conditions offigure 20, thismeans that the CPT state does not greatly influence the
absorption profile when 0.5W G∣ ∣ . Therefore, the usual dip in saturated absorption is observed in
figures 20(d) and (e), as infigure 2(b) at highmagnetic field. This situation is similar to that infigure 16(b)where
theCPT is ‘switched off’. However, with a further increase in themagnetic field, the spike can be observed again.
The reason for this behavior is the same as forfigure 17, where a large Raman detuning ( 0RD ¹ )was
considered. Here, the Larmor frequencyΩ plays the role of this Raman detuning. The creation of the high-

Figure 18.The traveling light wave t k zE ,1 1 1w( ) induces dipole s+ and s- transitions between themagnetic sublevels of the states
F= 4 and F ¢= 4 in aCs atom. Aweak staticmagnetic field along thewavevector k1 is assumed to be switched on.Note that splitting
and energy separations are not to scale.
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contrast spike under the condition W G is due to peculiarities of the optical pumping process. This aspect is
discussed in the next subsection.

3.3. Peculiarities of optical pumping
In this subsection, we discuss the last physical phenomenon that can contribute to the observation of the high-
absorption dip in the center of the absorption profile. This effect can also be understoodwith the help of aΛ-
scheme. Asmentioned above, some peculiarities of the optical pumping process can lead to the observation of
the peak in cases offigure 17 (black dashed line) orfigures 20(f)–(h).

Let us consider the case of the formation of the peak, in themonochromatic case with crossed polarizations,
when the Larmor frequency is large enough to destroy the influence of theCPTphenomenon.We also assume
thatΩ is larger than the natural linewidth of the transition. In otherwords, we focus on the case of 10W = G
where the peak effect is strong enough (see figure 20(h)). Figures 21(a)–(f) are given to describe qualitatively the
physical reason for the formation of the peak.We assumeΔ to be positive as well as the Larmor frequencyΩ (i.e.,
we consider the right part of the curve infigure 20(h)).When the vapor is being irradiated by a laserfield, only
specific velocity groups of atoms are excited due to theDoppler shift. Therefore, wewill consider here the
contributions fromdifferent resonant velocity groups fromdifferent cases of frequency detuning. In a first
approach, let us compare the cases where G ~ D W (central part of the absorption curve, see figure 21) and
D W (background level). In the former case, there are two symmetrical resonant groupswith velocities
v k1,2 » W (D W ). Each group interacts simultaneously with the s+ -( ) polarization component of one
wave andwith s- +( ) of the other (counter-propagating)wave. Thismeans that there is a closed systemof levels,
having the followingmain features: (1) both groundZeeman sublevels interact with the field, (2) populations of
these sublevels are almost equal, (3) the upper state is also populated and thefluorescence (absorption) is
significant. It should be noted that there areCPT-like states that are produced by the counter-propagating waves
in this case; however, these states oscillate very fast in spacewith kzexp 2i[ ]. Because of this, only the small
number of atoms in a gas that have almost zero z-component of velocity can be pumped into such aCPT state.
The remaining resonant atoms (the overwhelmingmajority) cannot follow these spatial phase oscillations
adiabatically .Moreover, the second reasonwhy thementioned zero-velocity group of atoms does not affect the
observed signal is that this effect ( kzexp 2i~ [ ]) is almost averaged along the length of the cell, because for a
regular cell we have condition kL k2 l (wedonot consider amicrometer-length cell here). These rapid spatial
variations are the sense of difference between this kind of dark state and the dark states considered in section 3.1,
where twoCPT states were created only by thewaveE1 orE2 and oscillated in spacemuchmore slowly
(according to the varying term k zexp i 12[ ]).

In the regimeD W , there are two pairs of resonant groups of atoms—each pair is resonant only with the
E1 orE2 wave. The central velocities of these groups are v k3,4 = D  W( ) for theE1 wave and v5,6 =

k- D  W( ) for theE2 wave. For brevity,figures 21(c) and (d) reflect the cases for only two of these groups. The
main difference between this regime and the one considered above (G ~ D W ) is that we have here four

Figure 19. (a)Absorption curves for parallel (f= 0, dashed black line) and orthogonal (f= 2p , solid red line) light polarizations.
The staticmagneticfield is zero (Ω= 0). The system of levels is assumed to be closed (β= 1). Only the ZeemanCPT effect is under
consideration, based on theΛ-scheme of atomic energy levels depicted in figure 10 (wherewe should take gD = 0 and 1w = 2w ). The
non-coupled (NC) states are destroyed under the resonance conditionΔ= 0, leading to enhanced absorption at the center. (b)
Influence of the ZeemanCPT effect on the creation of the central absorption peak in twoprincipal cases: a closed systemof energy
levels with branching ratioβ= 1 (red solid line) and an open system (β= 0.5, black dashed line). Other parameters are:f= 2p ,
Ω= 0.
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independent resonant groups of atoms, which are described by the correspondingΛ-schemes. Themain feature
of each of these schemes is that they induce ‘trap’ states, which accumulate amajor part of the atomic
population. For example, in the case offigure 21(c), this trap state is 2ñ∣ .We can say that this system is effectively
open because atoms being trapped in the state 2ñ∣ no longer interact with the field. This leads to a large decrease in
the excited-state population and the absorption level correspondingly. Therefore, one can observe a strong
absorption (a peak) in the center of the resonance and a small background level. This situation is similar to the
cases depicted infigures 13 or 19(a) (solid red curves)where the NCñ∣ states played the role of the trap state for
large frequency detunings, and these NCñ∣ trap states were disrupted and thus absent in the center of the
absorption curves whereΔ= 0.

An interesting feature to note is the small dip at the base of the peaks infigures 20(f)–(h). This is explained by
Λ-schemes depicted infigures 21(e) and (f).WhenD » W, there is a special resonant group of atomswith zero
z-projection (v 07 » )where twowaves act on the same armof theΛ-scheme (figure 21(e)). In this case, the trap
state 2ñ∣ is better optically pumped than in the situationwhere only one resonant wave is involved (figures 21(c),

Figure 20. Influence of a longitudinal staticmagnetic field (i.e. the Larmor frequencyΩ¹ 0) on the creation of the central peak, when
the ZeemanCPT effect is considered. Parameters are:β= 1,f= 2p , crossed polarizations. The central peak disappears as the
ZeemanCPT states are destroyed by themagneticfield, but then it comes back due to the optical pumping effect (see section 3.3).
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(d)). Thismeans that the upper state suffers from additional reduction of the population and the fluorescence
decreases.

The optical pumping effect that produces the absorption spike considered here is sensitive to the branching
ratio. This sensitivity is demonstrated infigure 22.With a slightly open system, the peak does not disappear but
its amplitude ismuch smaller than for a closed system. In a real experiment with 133Cs, the peak-producing
optical pumping effect described here can be realized on its own by utilizing a combination of the two previously
discussed techniques: by using two independent laser sources (or large Raman detuning RD , to kill theHFS-CPT
effect) togetherwith a non-zero longitudinalmagnetic fieldB (to ‘kill’ the Zeeman-CPT effect).We should note
that a similar effect connectedwith the optical pumping process was also describedwith potassium atoms [39].

3.4.Discussions
Let us compare the results of the experiments (section 2) and the theoretical analysis described in sections 3.1–
3.3. First, we are interested in the dual-frequency regime of atom–field interaction. Figure 2(a) reports the usual
saturated-absorption resonance as a reduction in absorption of the vapour cell nearΔ= 0. By contrast, in the

Figure 21.The three-levelΛ-schemes show the peculiarities of population redistributions over atomic energy levels under the
resonant light field in the atomicmoving frame. These sketches, here for amonochromatic field, help one to understand another
physical reason for observation of the central absorption peak. The branching ratio is assumed to be equal to unity (β= 1). Light-
induced transitions denoted by solid lines correspond toE1 while dashed lines correspond to the counter-propagating E2 wave.
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dual-frequency regime (figure 4), a high-contrast enhanced-absorption peak is detectedwhen bothHF ground
states (F= 3 and F= 4) are excited by the counter-propagating waves.We have already described several possible
physical reasons underlying this effect. Asmentioned above, we focus here on the spike that corresponds to the
interaction between the lightfield and the F ¢= 4 upper state. Similar explanations can be provided for the
adjacent spike.

When the staticmagnetic field is close to zero, twomain physical reasons can contribute to the creation of
the absorption peak. Both aremanifestations of the phenomenon of coherent population trapping.We
distinguish theHFS-CPT and the Zeeman-CPT (see sections 3.1 and 3.2, respectively). Both effects can lead to a
reduced absorption over thewholeDoppler profile (see an example infigure 16(b)).

The Zeeman-CPT effect leads to a regular SARdip at the center of the resonance in the case of parallel
polarizations of the counter-propagating waves since the NCñ∣ states generated by the fields are compatible, and
to an enhanced absorption in the case of perpendicular polarization since the NCñ∣ states are, in that case,
orthogonal (see figures 19(a) and 9(d)). At the same time, even the Zeeman-CPT effectmay not result in
observation of the effect of the absorption peak if optical transition is essentially open (see the black side
resonance infigures 9(a) and (b)). It should also be noted that, unlike theHFS-CPT effect, the Zeeman-CPT
effect is independent of the cell length since the twofields responsible formanifestation of the effect have the
same k-vectors.

TheHFS-CPT effect can result in an increased-transmission or increased-absorption resonance for the
parallel as well as the perpendicular polarizations. The sign (dip or peak) of the contribution of theHFS-CPT
process depends on the cell length L and on the position of themirrorM (figure 1), i.e. the phase shift 12f (see
figure 15). For a cell of intermediate length (as in our experiments, L= 2 cm), both effects have the same sign for
the perpendicular polarization of the light waves and contribute to the creation of the central spike. However,
when the light-wave polarizations are parallel, the creation of the absorption peak can be caused only by the
HFS-CPT effect (see figures 19(a) and 9(c)). This explains why the peak amplitude is smaller in the case of
parallel versus orthogonal polarization (see figures 6(a) and 5(a) forB= 0). Note that both effects, HFS-CPT and
Zeeman-CPT, take place infigure 9(c), while only Zeeman-CPToccurs infigures 9(a), (b) and (d) becauseHFS-
CPT is eliminated by the non-zero Raman detuning. Thewidth ofHFS-CPT resonances is about 300 kHz, as
measured in section 2.3.3. Thismeans that the Raman detuning RD = 2 1 MHzp ´ offigure 9(d) is large
enough to destroy the influence of this effect on the resonance curves. The theoretical calculation reported in
figure 17 (blue dash-dotted curve) also demonstrates the destruction of theHFS-CPT effect under a non-zero
Raman detuning (2 G for the presented figure).

The reduction in the spike amplitude in the presence of amagnetic field is also obvious (seefigure 5(a)).
Indeed, in the case of 133Cs, the splitting of ground-state Zeeman sublevels (of the F= 3 or F= 4 level) follows
the law 2 0.35 MHzpW = ´∣ ∣ G–1 (this law can be easily calculated or revealed directly from figure 8 because
the frequency interval between two adjacent transmission peaks corresponds to 2Ω). Thismeans that, when a
non-zeromagnetic field exists in the cell, the non-coupled states NCñ∣ , which are certain superpositions of the
magnetic sublevelsmF of one ground level (F= 3 or F= 4, see figure 18), cannot be created (see section 3.2). The
critical value of themagnetic field is about 300–400mG as shown infigure 3(b). Therefore, the ‘Zeeman-CPT’
effect does not contribute to the peak formation under the condition CPTW > D , with CPTD thewidth of the
Zeeman-CPT resonance (see alsofigure 20(d)where theCPT resonance vanishes under W ~ G). In other

Figure 22. Study of the influence of the openness of the energy-level systemon the strength of the optical pumping effect that produces
the absorption spike:β= 1 is for a closed system (red solid line) andβ= 0.5 is for an open system (black dashed line).
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words,Λ-schemes with two groundmagnetic sublevels belonging to a singleHFS ground state are very sensitive
to the externalmagnetic field.

At the same time, one could expect that theHFS-CPT effect can contribute to the creation of the absorption
peak even in the presence of a non-nullmagnetic field. Indeed,figure 23 (solid and dashed red and blue arrows)
shows that there are twoΛ-schemes, almost insensitive to themagnetic field. These schemes embrace the
commonupper sublevel F m4, 0F¢ = = ñ¢∣ and two pairs of ground-statemagnetic sublevels:

F m F m3, 1 and 4, 1F F= = + ñ = = - ñ{∣ ∣ }or F m F m3, 1 and 4, 1F F= = - ñ = = + ñ{∣ ∣ }. The linear
sensitivity of these schemes to themagnetic field is only due to the nuclearmagneticmomentum (e.g., see
[40–42]). Based on thefigure, one could expect that the absorption peakwould also survive in amoderate
magnetic field. Unfortunately, in the case of 133Cs, we cannot distinguish singleΛ-schemes inmoderate
magnetic fields (B 1~ G), which could provide a pure and strongHFS-CPT effect. The fact is that, when
W G, there are additional light-inducedσ-transitions in the atombesides those shown infigure 23. For

example, the transition F m F m3, 1 4, 2F F= = + ñ  ¢ = = + ñ{∣ ∣ } is also permitted. This transition destroys
theCPT state as the superposition of F m3, 1F= = - ñ{∣ and F m4, 1F= = + ñ∣ } sublevels.

On the other hand, we could expect that the singleΛ-schemeswould be distinguishedwith a further increase
in themagnetic field (Ω>Γ), when transitions like F m F m3, 1 4, 2F F= = + ñ  ¢ = = + ñ{∣ ∣ }become out of
the one-photon resonance and theHFS-CPT effect would occur. Increasing themagnetic field alsomeans that
two light waves resonantly interact with atoms having non-zero velocities (figure 24), in contrast towhat we have
for smallmagnetic field values (figure 23). Atoms in each of the two resonant velocity groups interact with both
counter-propagating waves, and the pureΛ-schemes can be created. However, the fact is that theseΛ-schemes
are independent of each other, i.e. each of these schemes is driven only by onewave (E1 orE2, seefigure 24).
Therefore, thewaves almost do not ‘feel’ each other under the conditionΩ>Γ and there is no reason for the

Figure 23.TwoΛ-schemes with low linear sensitivity to externalmagnetic field (solid and dashed lines are for different schemes),
which can be formed by anE1 light wave only. The same schemes are influenced by and can be formed by the counter-propagating
wave E2 (it is omitted for simplicity). The dotted black lines denote the schemes that can be neglected due to destructive interference. 0,
±1 are the values ofmagnetic quantumnumbersmF.

Figure 24.Two resonant velocity groups of atoms, whenΔ≈ 0 (i.e. at the center of resonance) andΩ>Γ. (a) v= k-W , (b)
v= k+W .
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creation of the absorption peak again. All the above explains why the absorption peak does not survive as the
magnetic field in the experiments is increased (for instance, see figure 5(a)). Nevertheless, with a further increase
in themagnetic field, the peak comes back (B 2» Gunder the conditions of our experiments, see figures 5(a),
6(a)). This happens due to the ‘pumping’ effect described in the previous subsection.However, the peak
amplitude is not as large as in the case of zeromagnetic field because of the considerable openness of the relevant
atomic energy levels (especially under the conditionΩ>Γ), which harms the effect of the absorption peak as
shown above (seefigure 22). Therefore, whenB> 1G, the absorption peak can be observed, but its amplitude is
much smaller than in zeromagnetic field.

In principle, two otherΛ-schemes are insensitive to themagnetic field (dotted black lines infigure 23). These
schemes have common ground-statemagnetic sublevels F m3, 0F= = ñ∣ and F m4, 0F= = ñ∣ and are totally
insensitive to the linear Zeeman shift (in the sense of a two-photon resonance). However, it can be shown that
the NCñ∣ states cannot be produced in the case of parallel or orthogonally polarized counter-propagating waves
as long as the atom is excited by the two-frequency laserfield. Indeed, it is enough to consider just one of the two
waves, for example the E1 wave. If two frequency components ( 1,2w ) have parallel linear polarizations, the dark
state between F m3, 0F= = ñ∣ and F m4, 0F= = ñ∣ cannot be created due to the relative phases of the
Clebsch–Gordan coefficients. This feature has beenmentioned and studied inmany papers, sowe do not pay
much attention to it here (e.g., see [33, 43–45]). Therefore, theΛ-schemes shown infigure 23 as the dotted black
lines can be omitted fromour consideration.

4. Conclusions

Wehave reported a detailed experimental study onDoppler-free spectroscopy on theCsD1 linewith the use of a
dual-frequency opticalfield.We demonstrated under appropriate conditions the possibility to detect high-
contrast natural-linewidth resonances appearing as a sudden increased-absorption spike in the center of the
Doppler profile. The impact of several experimental parameters on the shape, sign and amplitude of this
resonancewas investigated, including the polarizations of the light waves, the staticmagnetic field, and laser or
Raman frequency detunings. These experimental results were supported by a detailed theoretical analysis, which
revealed the effect to be reallymany-sided. Several simplified spectroscopicmodels were proposed to explain the
results of the experiments due to the variety of physical effects involved into the creation of the absorption peak.
All thesemodels are based on aΛ-scheme of atomic energy levels. It was highlighted that the high-contrast
resonance spike appearing in the bottomof the absorption profile ismainly attributed to three physical
phenomena—microwave dark-state coherences (‘HFS-CPT’ effect), dark states composed of coherent
superpositions of Zeeman sublevels of the same hyperfine level (‘Zeeman-CPT’ effect) and optical pumping
processes. In the general case, all these physical reasons contribute constructively and lead to the natural-width
bright resonance observed in the absorption of the vapour cell. Experimental observations and theoretical
descriptions reported in this article could be of great interest in various domains of fundamental and applied
physics including high-resolution laser spectroscopy, laser frequency stabilization, quantumoptics and
metrology.

Acknowledgments

The authors would like to thankCRocher, PAbbé andVMaurice (FEMTO-ST) for helpwith electronics and
Python software programs for the experiment and PBonnay (Observatoire de Paris) forfilling of theCs vapor
cell.We are also grateful to the anonymous reviewers for their valuable comments and improvements of the text.
This work has been partly funded and supported by the EMRPprogram (IND55Mclocks). The EMRP is jointly
funded by the EMRPparticipating countries within EURAMET and the EuropeanUnion. This workwas partly
supported by LNE, LabeX FIRST-TF andDélégationGénérale de l’Armement (DGA). The PhD thesis ofM
AbdelHafiz is funded byRégion de Franche-Comté and LabeX FIRST-TF. The PhD thesis of GCoget is funded
byRégion de Franche-Comté. AVTaichenachevwas funded by the Russian Science Foundation (project no. 16-
12-00054). DVBrazhnikov thanks the Russian Foundation for Basic Research (grant nos. 15-02-08377 and 17-
42-543193). V I Yudinwas supported by theMinistry of Education and Science of the Russian Federation
(project no. 3.1326.2017), RFBR (grant no. 17-02-00570) andRussian Science Foundation (project no. 16-12-
10147).

23

New J. Phys. 19 (2017) 073028 MAHafiz et al



Appendix

Numerical calculations of absorption curves presented in subsection 3.1 are based on the following systemof
equations for densitymatrix elements. This systemhas been derived by substituting (3)–(8) into themaster
equation (2).
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Taking into account the connection 11r -( ) = 11
*r +( ) , we immediately get
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For harmonics 22r ( ) we have
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For low-frequency coherences
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and, since 21r -( ) = 12
*r +( ) , we have
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Analogously, for 12r -( ) and 21r +( ) = 12
*r -( ) we can derive the following
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In these equations, the two-photon (Raman) detuning RD = g1 2w w- - W and absolute value of the Rabi
frequency R20W = R2W∣ ∣have been introduced. The following notations for saturation parameters (S) and
complex Lorentzian (L andM) have been also exploited
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It is also convenient to replace 1 31w w- =Δ+ 2RD and 2 32w w- =Δ− 2RD withΔ, the one-photon
detuning from the state 3ñ∣ , which has been scanned in the experiments to observe the absorption profiles.
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Instead of the analogous equations for the spatial harmonics of excited-state population 33r (which are
pretty long), the following common equation can be derived by summing the equations for the populations of all
states 33r , 22r and 11r from (2)

t
v

z
G G2 1 . A1211 22 33 33r r r b r

¶
¶

+
¶
¶

+ + + + G - =⎜ ⎟⎛
⎝

⎞
⎠[ ] ( ) ( )

In particular, for zero spatial harmonics, we get

1 2 1 A1311
0

22
0

33
0

33
0r r r t b r+ + = - G -( ) ( )( ) ( ) ( ) ( )

with τ G 1º - . This equation has a very clear sense. In the case of an open systemof atomic energy levels (β< 1),
the full track of the densitymatrix 0r( ) over a time τ decreases by the value 2 1 33

0b r tG - ´( ) ( ) . For a closed
systemof levels (β= 1), we have the obvious expression Tr 0r[ ]( ) = 1. For the other harmonics, equations are also
very simple

G k v2i 2 1 0, A1412 11 22 33 33r r r b r- + + + G - =- - - -( )[ ] ( ) ( )( ) ( ) ( ) ( )

and

G k v2i 2 1 0, A1512 11 22 33 33r r r b r+ + + + G - =+ + + +( )[ ] ( ) ( )( ) ( ) ( ) ( )

Finally, the systemof equations (A1)–(A15) can bewritten in the vector form

C , A160r = ( )

wherewe introduce the vector

, , , , , , , , . A1711
0

22
0

33
0

11 22 33 12 21
Tr r r r r r r r r= ¼- - - - +{ } ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

The vector C0 has a simple structure

G G GC 2, 2, , 0, ,0 , A180
T= ¼{ } ( )

and thematrix elements of the Liouvillian  can be defined from the explicit forms of the equationswritten

above. Then the solution of the system is r= C
1

0- .
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