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ABSTRACT: We study Heterotic supergravity on Hyper-Ké&hler manifolds in the presence
of non-trivial warping and three form flux with Abelian bundles in the large charge limit.
We find exact, regular solutions for multi-centered Gibbons-Hawking spaces and Atiyah-
Hitchin manifolds. In the case of Atiyah-Hitchin, regularity requires that the circle at
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tively there may be a non-trivial density of smeared five branes at the bolt.
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1 Introduction

Heterotic flux backgrounds are interesting models of string backgrounds. There is no in
principle impediment from using the R-NS string worldsheet formalism although compact
models with minimal or no supersymmetry remain challenging to construct.

In this work we study local Heterotic flux backgrounds on Hyper-Kéhler four manifolds:
in particular the Gibbons-Hawking spaces [1] and the Atiyah-Hitchin manifold [2]. Key to
our configurations is that the gauge fields are Abelian and we take the large charge limit
such that TrF' A F' dominates TrR A R in the Bianchi identity. This large-charge limit has
been previously studied on the Eguchi-Hanson space [3] and the conifold [4, 5] and this
type of limit is familiar from the large-charge supergravity limit crucial to the development
of holography [6] in type II and M-theory.

Our strategy is to first compute explicit solutions to the Hermitian-Yang-Mills equa-
tions on Hyper-Kéahler spaces and then backreact them on the geometry. This backreaction
affects only the conformal mode of the metric but generates a non-trivial three-form flux.



According to Aspinwall [7] we are studying Goldilocks theories with just the right amount
of supersymmetry; perhaps then not surprisingly we solve the supergravity background
exactly. For the Atiyah-Hitchin background it is nonetheless somewhat impressive that
we can both solve Hermitian-Yang-Mills exactly and integrate analytically the resulting
Poisson equation for the backreaction of this instanton.

The instanton we use on the Atiyah-Hitchin manifold is well known from a classic
duality paper by Ashoke Sen [8]. Perhaps the central result of our work is that the Heterotic
backreaction of this instanton can be made regular. This is somewhat non-trivial since the
negative mass of Atiyah-Hitchin induces a negative warp factor thus violating the desired
signature of space-time. We circumvent this in two ways: first by allowing the asymptotic
circle to be large and secondly by including smeared five-brane sources.

We also study the presence of electric H-flux and fundamental strings.The electric flux
modifies the BPS equations in a straightforward way and for each solution with magnetic
H-flux, the electric flux can be added through a harmonic function on the Hyper-Kéahler
manifold. We analyze limits in which we recover AdS3 geometries but these reduce to the
known AdS3 x S% x HKj.

Upon completing this work we were made aware that our BPS equations have turned
up in five dimensional supergravity. The local equations we study can essentially be found
in [9, 10] but with very different global and regularity requirements. This is not surprising
since we can dimensionally reduce our solutions on R® to get solutions of ungauged five di-
mensional supergravity. In addition, these equations also turn up in type II supergravity for
T? fibrations over Hyper-Kihler spaces and the type II analogue of the Gibbons-Hawking
solutions we find have been analyzed in [11]. It is straightforward to convert our solutions
on the Atiyah-Hitchin manifold to such type II backgrounds.

2 Hyper-Kahler heterotic backgrounds

The primary backgrounds we consider are of the form R'® x HK, where HK is a warped
Hyper-Kéhler-four manifold. We consider a non-trivial three-form flux #3), dilaton ¢ and
Heterotic gauge field F. The background metric ansatz is:

ds?, = dsig, + Hds} (2.1)

where ds? is an Hyper-Kihler metric on a four-manifold HK4 and H a conformal factor.
The BPS equations are fairly standard:

e =H (2.2a)
Hzy = — * dH (2.2b)
Jo.F=0, a=1,23 (2.2¢)

where the %4 is the Hodge dual w.r.t. the Hyper-Kahler metric on HK, and J, are the
three Kéahler forms.

A major difficulty in finding explicit solutions of Heterotic supergravity with non-trivial
three-form flux is to satisfy the Bianchi identity at the appropriate order in /. Following



earlier works by some of the authors [3-5], our strategy will be to work in a large (fivebrane)
charge limit, ensuring that the contribution of the TrR A R term is subdominant and can
be consistently neglected. The Heterotic Bianchi identity simplifies to

dH(g) =dTrFAF (2.3)
implying from the three-form ansatz (2.2b) that:
dxgydH = —'Tr FAF. (2.4)

2.1 Principal torus bundles and type ITA /IIB solutions

We consider a more general class of backgrounds, that can be viewed as local models of
the principal torus bundles over wrapped K3 surfaces introduced in [12] and discussed in
many works including [13-16]. They generalize the solutions based on Eguchi-Hanson space
presented in [17]. The general ansatz for such principal two-torus bundle T? < Mg = HKy
over a Hyper-Kéahler four-manifold is of the form

U
ds?, = dsi3 + Hds? + ?2|dx + Tdy + ™ a|?, (2.5)
2

where « is a connection one-form on H Ky such that ¢ = dx + T'dy + 7%« is a globally
defined one-form on Mg with

1
2—d19:7r*w, w=w +Twy, w; € H (HKy,Z), (2.6)
T
and by supersymmetry
JNw=0, a=1,2,3. (2.7)
The expression for the three-form becomes then
/
H(?’) = — %4 dH — a U2 Re (*4d’19 A 1§) . (28)

2

By an appropriate choice of w € H?(HKy,Z) one can find solutions with dH) =0,
which can also be obtained as supersymmetric solutions of type ITA or type IIB supergravity
with NS-NS fluxes, as was discussed in [3] and [18].

3 Gibbons-Hawking: ALE and ALF

We can solve explicitly (2.2) and (2.4) for the multicentered Gibbons-Hawking ALE and
ALF spaces, that we denote collectively by Man. The corresponding Hyper-Kéhler metrics
are given by:!

ds? = V(z) ' (dr + w)? + V(z)dz - dz, (3.1a)
dV = x3dw, (3.1b)
A

L As usual *3 is the Hodge dual on R3.



where € = 0 gives the ALE (multi Eguchi-Hanson) series and € = 1 the ALF (multi Taub-
NUT) series. The periodicity of 7 is determined by expanding around a pole of V(x)
to be:

T~T+8TMm, (3.2)
and the triplet of Kéhler forms is given by
Jo = (AT +w) Adz® =V x3da® | a=1,2,3. (3.3)
We will consider heterotic supergravity solutions for warped ALE or ALF spaces sup-
ported by Abelian gauge bundles. To explicitly write the gauge fields we denote

2
- — ﬁ dw; = #3dVj ; (3.4)

Then a representative of the topologically non-trivial gauge fields is locally given by

A= — Yi(dr+w). (3.5)
Vv
We note that
k
ZAi:edT_'_w —dr (3.6)
i=1 v

is topologically trivial since V~!(d7 + w) is globally defined. Thus there are (k — 1) non-
trivial gauge fields, in agreement with the (k—1) non-trivial two-cycles. The corresponding
field strengths are

E:dAi:V*gd[“f]—d[“ﬂ/\(dr—kw). (3.7)

It is straightforward to see that F; are anti-self dual and solve Hermitian Yang-Mills?

x4 F; = —F, Jo ANFj=0. (3.8)

For the Bianchi identity (2.4) we compute

Vi v
Fi/\Fj:—QV*gd | Ad |2 /\(dT—i—OJ) (39)
\%4 |4
A%
d*4d[ ;/”} =-F,AF; (3.10)
so that if we take
k
1
F:mz;dAiqi-T, (3.11)
1=
2For a one form a on R® we have *4a = —(d7 4+ w) A *3a. In particular this means that a function

which is invariant under the U(1) generated by 9, is harmonic on the Gibbons-Hawking space iff it is
harmonic on R3.



where 7 € U(1)!6 is in the Cartan subalgebra of FEgx Eg or SO(32) and q; the corresponding
charge vectors, and solve (2.4), we get the general solution:?

/

H=456+h(x)+ I Z ViViq; - q; . (3.12)
4,y=1

Here § = 0,1 is an integration constant (not to be confused with € a similar integration
constant in the Gibbons-Hawking warp factor V') and h(x) is any harmonic function on
Mgn. Taking h(x) to be invariant under 0, we have

1 Qo
S N 1
mza:|x—xa\ (3.13)

corresponding to mobile neutral five-brane sources inserted at xg.
In appendix A we show how the two center solution is related to the Eguchi-Hanson
solution that was discussed in particular in [3].

3.1 Five-brane and magnetic charges

At infinity we can compute the five-brane charge using (2.2b) and (3.12). We have

Hzy = (A7 + w) A *x3dH (3.14)
and so?
dH = — 4mk:7‘2 ZqZ q; dr—— T—2+ (3.15a)
1,j=1
o b 1
Hg) = —4mk”Z:1qi-qj—m§a;qa (AT +w)AQa+ ... (3.15D)

and the Maxwell five-brane charge is

1 84
= — = 7 . 1
On = 3y /m ® kQZq q - e (3.16)

i,0=1 «
One can also define a Page charge, which is quantized, as:

1
— — 1
Qp Ao //SB/Zk (M —ANF) (3.17)

:—Z%GZ

3we have chosen to work with Hermitian gauge fields, normalized as Tr To 75 = 20as.
4The volume form of a three-sphere is

dszs = le [4 2(dr—|—w) +dﬂg}

o = /vol(S3) =< [ gty A0,



Magnetic charges. We take a basis of two cycles to be A; where the poles of the A; are
at x; and ;1. Then the matrix of magnetic charges associated with the Abelian gauge

1 qi T e 1V
i = —— F;, = d d|—
Ui = on /Aj 8mm </ T>/x [V]

J

=T [0j41, — 6j4) - (3.18)

bundle are:

3.2 Partial blow-down limits and fivebranes

The function V(x) has k-poles, now suppose that k' of these poles are co-incident, which
correspond to a partial blow-down limit of the ALE or ALF space. In the present situation
some of the Abelian instantons (3.7) become point-like as the corresponding two-cycles
shrink and we expect heterotic five-brane to appear. We now check that in the region
around such a pole we obtain the near horizon of five-brane solution of Callan, Harvey and
Strominger [19, 20] where the three-sphere is orbifolded by Zj..

For simplicity we set x; =0 for j = 1,...%’, and in the neighborhood of this pole the
functions H and V behaves like

r—0t 1 o r—0t 4mk’
72 2k’mQ5 ’ 72 (3.19)
hence the solution approaches
ot dr? 72 2
ds?y "X ds? g +2d/Qs [73 +7 (a% +o2+ (21?7/377@) )] (3.20a)
r—0t O/Qg, o3
~ Nog A .20b
H(3) 5 O1N2 N o (3.20b)
where the five-brane charge is given by:
k/
Q5= qi-q;. (3.21)

ij=1
3.3 Double scaling limit

For the two-center Eguchi-Hanson solution (k = 2) there exists an interesting double scaling
limit [3], defined as:
gsva!

a

gs — 0, A=

fixed and finite , (3.22)

where a is the distance between the two centers. This limit decouples the asymptotically
locally Euclidian region, and A becomes the effective coupling constant of the interacting
string theory.

In the spherical coordinates reviewed in appendix A the metric of the solution becomes

/ d 2 1 4
ds? = dsy 5 + Qs ! 2 - + - (1 — ;‘02) o3 +d03 (3.23)
r

2 _é) 4

2




and the corresponding heterotic string theory admits an exactly solvable worldsheet CFT.
This space has an asymptotic linear dilaton hence admits a holographic description as a
little string theory [21] but, unlike the CHS background, is given by a smooth solution of
heterotic supergravity.

A double scaling limit can be described in principle for arbitrary k. Let us define
X; = ay; where the coordinates y; are dimension-less and a is a common scale factor. The
double-scaling limit can be then described exactly as before by eq. (3.22); in practice the
double scaling limit amounts to setting 6 — 0 in (3.12).

It would be interesting to check if one could derive a worldsheet CF'T for the double
scaled solutions when k& > 2, in particular whenever the centers are arranged following a
simple pattern, for instance a homogeneous distribution on a circle.

4 Atiyah-Hitchin

The Atiyah-Hitchin space Mg is a four-dimensional smooth manifold with an explicit
Hyper-Kéahler metric which at long distances approximates Taub-NUT with a negative
mass parameter. The original work is [2, 22] and an interesting simplification was given
in [23]. Our notation will follow a more recent work [10] where M4y was used as a potential
Euclidean Hyper-Kéhler base manifold for five dimensional supergravity solutions. In [10]
regularity required the absence of closed time-like curves and this effectively excluded
physical solutions whereas for our computations the non-trivial regularity conditions are
essentially just positivity of the warp factor and we will find regular solutions.
The metric is

1 1 1 1
ds’y = Za%a%a%dn2 + Za%a% + Za%ag + Za%ag (4.1)

with the SU(2) invariant one-forms satifsying do; = %eijkoj A o) given by

o1 = cos ¥df + sin ¢ sin Od¢
09 = sinydf — cos 1 sin Od¢
03 = dy + cos Od¢

and the a; are subject to the following system of ODE’s:

8 _ L oy~ 12

and cyclic permutations (dot is the derivative with respect to n). One defines new functions
quadratic in the a;:
w1 = aza3, w9 = aias, w3 = a1a9 (43)

and then the system of ODE’s is then

I

(w1 + wg) = -2 2 (4.4)
/ wow3

(wg +ws3) = =2 2 (4.5)
/ w3 wq

('U)g + wl) = -2 2 (4.6)



(prime is derivative with respect to #) with solution

1

wy = —uu' — §u2 csc (4.7)
1

we = —uu + §u2 cot 6 (4.8)
1

w3 = —uu’ + §u2 csch, (4.9)

where ) p
u=—VsinfK (sin2 2) (4.10)
T

and 7 is given in terms of § through
T de
2

u“dn = do, =— —. 4.11
U n A 2 (4.11)
For our gauge field ansatz we need an anti-self dual two form on Mg, this is then
guaranteed to solve Hermitian Yang-Mills without the need to construct the explicit Hyper-
Kihler structure.® In a classic paper on dualities [8], Sen gave an integral expression for
exactly such an anti-self dual, harmonic two-form on Mag but the appearance of this
two-form dates back to the works [25-27]. Interestingly, from the work [10] we have the

closed-form expression of this two-form

Q:h(a%dr/\al—ag/\og) s (4.12)
’I,L2
h = — - (4.13)
wy sin 5

In [10] they consider self-dual forms but with a small modification of the frames this is
made anti-self dual. More precisely our choice of frames is

€y = %dn, €, = —0;, (4.14)

2 2

whereas in [10] an additional minus sign in ey was used. So we have locally
Q= —d(hoy). (4.15)

In fact one can construct a triplet of anti-self dual forms £2_ and a triplet of self-dual forms
Q4 in a similar manner:

Qi = —d(hioi),  Quy =d(h; o)) (4.16)

with .2 .2 .2
hlzm, h2:w—2, hgzm, (4.17)
however only 2, =  is normalizable. Given that there is a single non-trivial two-cycle

in Mag one might be pleased to know that this normalizable form is dual to this two-
cycle but there was no guarantee that the dual two-form would have an SU(2) invariant
representative.

50ne could in principle write down the Hyper-Kéhler structure using the results of [24] or by computing
the Killing spinors.



4.1 Bianchi identity

We take our gauge field to be
F=Qq H (4.18)

where H € U(1)!° is in the Cartan subalgebra of Eg x Eg or SO(32) and q the corresponding
charge vector. The three-form flux is

H/
Hiz) = —IUI Ao?Ac®
(4.19)
and the Bianchi identity is
dxsdH = —2¢°Q N Q, (4.20)
where ¢> = q - q.
Quite remarkably, one can integrate this Poisson equation explicitly
2 2
H = ho+hin+ & (4.21)
w1

where {hg,h1} are constant coefficients of the s-wave harmonic functions on Myg. The
last term is manifestly negative definite for the whole region 0 < 8 < 7 but we will see
that one can compensate for this by a choice of harmonic function and obtain a positive
definite warpfactor.

4.2 Regularity

The regularity of Mag has been previously studied in detail, we repeat it here to help
determine regularity of our warp factor.

In the region 6 ~ 7w, we define a radial co-ordinate r» = — log cosg and using
K =r+1log(4)+... (4.22)
u= \7/?7"6_”2 +... (4.23)
wy = —% (4.24)

we find that the metric is

ds’y = dr* +r2(o} +o3) + o2+ ... (4.25)
and
L __ =, O(r=2) (4.26)
—_— = T .
w1 T
72 mwlog(4) _3
n=—" S +or™) (4.27)

so that the asymptotic expansion of the warp factor is

hi + 24>
1 q+

H = ho— (4.28)



In the region 6 ~ 0, we define a new radial variable p = g—i and the metric is

1
ds’y = dp* + 4p*0? + E(U% +03)+... (4.29)
with
1 2
— = 443207+ ... (4.30)
w1
n=1logp?+... (4.31)

so that the IR expansion of the warp factor is
H = (ho — 8¢%) + 64¢%p* + ... (4.32)
From these expansions we see that with
ho > 8¢, hi =0 (4.33)

we have a positive warp factor which is regular everywhere. We define a rescaled radial
coordinate near 6 ~ 7 to be ¥ = h(l)/2r and p = h(l)/Zp near 6 = 0 so that

0~ : dsig = d8%75+d?2+?2(0%+03)+h00'§+... (4.34)
. o h
0~0: ds?y = ds%ﬁ + dp* 4 4p°0 + 1—2(0’% +od)+... (4.35)

and see that the cost of a positive warp factor is that both the circle at infinity and the
two-sphere at the bolt are large.

It is also important that the TrR_ A R_ term in the Bianchi identity remains small
compared to TrFFAF. From explicit computations we find that the only possible divergences
in TrR_ A R_ appear through the warp factor as® {H'/H , H" /H} which by tuning ho can
be made sufficiently small with respect to TrF' A F'. This confirms that our large charge
approximation remains valid and these warped Atiyah-Hitchin solutions are good Heterotic
backgrounds at leading order.

Alternatively we can obtain a positive warp factor through”
ho =1, hi < —2¢°. (4.36)

This corresponds to smearing neutral five-branes on the S? at § = 0. Note that due to this
smearing, at the IR (@ = 0) the harmonic function parameterized by h; scales like a source
in R2. In the UV (6 = ), due to the finite circle, the harmonic function scales like 2 which
is that of a source in R? not R*. The solution is of course singular for the usual reason that
smeared branes are singular but this is of a good type and is resolved in string theory.

6 An explicit computation using the Chern connection can be found in [14] and agrees with our conclu-
sion here.
"The value of ho could be chosen to be another non-zero number O(q°).

~10 -



4.3 Five-brane charge

Computing the five-brane charge requires understanding some global features of M4p.
From (4.25) and (4.29) we see that there are two inequivalent, emergent U(1) symmetries
in the UV and IR, which are broken in the bulk. From [23] we know that a regular manifold
requires the periodicities to be

0<y<2m, 0<0<7m, 0<¢p<2rm (4.37)
as well as that the free Zo symmetry
Li: 0—>7m—-0, ¢o¢—m+¢, — —1 (4.38)

is enforced. The horizontal space in the UV is thus RP3/I;.
Using (4.28) we have

Ha = [(h+2¢°)+..] Aot Ao® Ao® (4.39)

compute the Maxwell five-brane charge to be

1
= =hi+2¢°. 4.40
Qur dma! Jres)p, Mo L (4.40)

This is not required to be quantized. The Page charge is defined as in (3.17) and we find
Op=Mh (4.41)
which must be integral.

4.4 Gauge field charge

The gauge field charge is computed using (4.12) and (4.18) and the IR expansion
h=—2+... (4.42)

Under the symmetry (4.38), the bolt remains a two sphere® whose volume is 47. We find

1

1
— Fz?q-?-[/ o9 N\ 03
27 S2 2 S2

—4q-H L. (4.43)

5 Fundamental string sources and AdSj3 solutions

Heterotic backgrounds with an R factor allow for the inclusion of F1-strings along Rb! in
addition to the magnetic five-branes. The electric source of three form flux induces a non-
trivial warp factor and allows for AdS3 solutions. To include these fundamental strings,

8As explained in [23] there is an additional, optional Zs symmetry usually denoted Is which would
convert the bolt into an RP?.

- 11 -



we first consider internal eight-manifolds Xg and then specialize the internal manifold to
be a product of Hyper-K&hler manifolds.
The metric and three form are

ds3y = eQAdsil + ds? (5.1)
H® = voly A b 4 p) (5.2)

where voly = e24dz Adz'. Then we find that the BPS equations are a slight embellishment
of those found in [28]:

Ud¥ = d(¢p — A) (5.3)
H(g) = h(l) A V012 + h(g) (5.4)
hay = —2dA (5.5)
h(g) = *862(¢_A)d <€2(A_¢)\If> (56)
where U is the Spin(8) structure on Mg:”
U — 1234 | (1256 | 1278 | 3456 | 3478 | 5678
11357 _ 1368 _ 1458 _ 1467 _ 2358 _ 2367 _ 2457 | 2468 (5.8)

We must supplement the BPS equations with the Bianchi identity (2.3) and then due to
the non-trivial warp-factor A, one must also impose the three form flux equation of motion:

0=d(e o Hy) = {

5.1 Product of Hyper-Kihler manifolds

0=d (8_2¢ *g h(l))

5.9
0 =d (2179 x5 hy)) (5:9)

Our solutions with string and five-brane charges have a natural splitting of the internal
eight manifold into a product of Hyper-Kihler manifolds'®

dsiy = e dsg + ds%\/h + eQBdS?\b (5.10)

where M; are both HyperKahler four manifolds, whose triplet of Kahler forms we denote

The functions A, B depend only on the co-ordinates y; of Ms. The Spin(8) structure is
given by
1 _
V= (i AT +22B T A s+ e By A Jo + 2B (0 A Qo+ Q1 A D)) (5.12)

9We note that with canonical holomorphic frames E; = eg;—1 + ieq; such that ds3 = E; ® E; the SU(4)
structure is J = %Ez ANE;, Q=FE  ANEsANE3AE; and

\I/:%(J/\JJFQJFQ). (5.7)

190ne might consider an additional warp factor in front of ds?wl however from [29, 30] we know that this
must be constant.

- 12 —



We find the BPS conditions, Bianchi identity and equations of motion give'!

¢p=A+B (5.13)

h(zy = — %, de*P (5.14)

d sy, de*P = —%a’TrF AF (5.15)
0=dxp,de 24 (5.16)
0=JoF (5.17)

so we see that the only additional pieces of data from the equations in section 2 is that

€24 is harmonic on M> and the dilaton receives a shift proportional to A. For the Atiyah-

Hitchin manifold we can smear F1-strings on the S? bolt in much the same way as we have
described for smearing 5-branes on the bolt around (4.36), that is by

e, (5.18)
We will now be somewhat more explicit for the Gibbons-Hawking spaces.

5.2 AdSj3 from Gibbons-Hawking

When M, is a Gibbons-Hawking space, the U(1) invariant harmonic functions are

e R (5.19)

|x — x|

corresponding to strings placed along R! and at fixed points of 9, on Ms.

If in addition we choose to place these strings at poles of V' we recover AdSs geometries
near such a pole. We put &’ poles of V' as well as the strings at x,, = x; = 0 then in the
vicinity of x; we have

oa T op  1ad _ 2mk’

= — ... =—-—— |4 5.20
€ 21\07 € r 4mQ5 =+ ’ r ( )
(5.21)
so that
r 1 dr?
ds?y = %dsil + —i—ds?\/[l 1 2d'K2Q;5 [472 + dsgg,/zk} (5.22)
= 2d'K2Q;5 [dsids,3 + dS?gg/Zk:| + ds?\/h (5.23)
/

2 = Z‘W%Z (5.24)

where r = p?. The Fl-charge is given as usual by

4magovol( M

Q1= “a,g(l) (5.25)

The gauge field vanishes in this limit and the background is sourced by three-form flux.

'Note that is E = ePE is an 8d frame xsE A Ji A J1 = 23 E A volyr, = 2e38 * My E =2¢%B *0, B
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6 Conclusions

The key aspect of our solutions with Abelian gauge bundles is that we have taken a large
charge limit and consistently suppressed the Tr RA R term in the Bianchi identity, which is
subdominant at leading order in the expansion in q%. We have shown how this large charge
limit can lead to exact supersymmetric flux backgrounds. and it is particularly interesting
the Atiyah-Hitchin manifold can provide a regular background. This configuration requires
some ingenuity to counteract the negative mass and result in a background of the correct
signature. This Atiyah-Hitchin based solution is distinctly different from those based on
Gibbons-Hawking; while the latter can be viewed as marginal deformations of the orbifold
of the CHS solutions the finite two-cycle in the Atiyah-Hitchin manifold cannot be blown
down. As such we do not have a worldsheet theory from which we can imagine obtaining
this as the background geometry.

In these backgrounds, the gauge fields are completely solved for by using the Her-
mitian Yang-Mills equations which then provide a source for the three-form flux. It is
conceivable that non-Abelian bundles could be constructed such that Tr F' A F' dominates
Tr R A R everywhere.'? Since the Kronheimer-Nakajima construction [33] gives a solution
of all instantons on ALE Gibbons-Hawking spaces, one could possibly even construct such
instantons, however most instantons will provide a source the Bianchi identity whose solu-
tion is a general function of four variables and thus unsolvable. A particularly neat class
of instantons is based on the 't Hooft ansatz [34]:

1~ B T .
A0:§G-5, Azi O(G-d)— V(G x3a)
G=-V"'Vliog f (6.1)

with f harmonic on R3. For finite action, the centers of f are constrained to lie at the
poles of V. These instantons can have large Tr F' A F' in the limit of large number of poles
of f but Tr R A R will not be suppressed.

There are numerous directions for progress on the worldsheet description of these
backgrounds. The elliptic genus for type I on ALE spaces has been computed recently [35]
based on general developments in this field [36] and we expect to be able to provide a similar
solution for these Heterotic models or the type II flux backgrounds of section 2.1. It would
also be interesting to provide an exactly solvable worldsheet model of the near-horizon
region of the multi-center Gibbons-Hawking backgrounds, generalizing the gauged WZW
model of the two-centered solution.
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A Eguchi-Hanson

When k = 2 and € = 0, the explicit co-ordinate transformation is known [37] from the
Gibbons-Hawking space to the Eguchi-Hanson space [38]. In Cartesian co-ordinates the
two center ALE Gibbons-Hawking space has

2 2
w= 2 /8 + a8 d (tam‘1 Q) (A.1)
VEEPE G- @R gt (2 4 5P :
1 1
V= + . (A.2)
\/x2—|-y2—|—(z—a2/8)2 \/x2+y2+(z+a2/8)2
Following [37] we have (a < r):
a® [rd _
T = Ve~ 1sin @ cos
a? |r o
Y= sV 1sin 0 sin ¢
1
z= §r2 cos
so that
6 5o
V - 72 a’
a* L — cos? 0
2cosf(L5 —
w = #dw. (A.3)
= —cosd

As an example, we write explicitly the solution for Heterotic five-branes on Eguchi-
Hanson with additional F1-strings.'3

2 dr* | r? 2 2 2 2
d8M2:F+Z|:0'1 +02+f 0'3] (A4)
4
9 a
ff=1- i (A.5)
h(g) = 2f27"3(€23)/01 Nog Nog
a2
8> Qs r?/a® —1
2B
=1 —=1 —_— A.
€ + 72 +8a2 08 [TQ/az—i-l] (A7)

30ne can take My to be T* or K3 with the Ricci-flat metric.
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22
_94 @1 r“/a® —1
— 14 g D12 T2 .
e 2 log [Tz/aQ J (A.8)

2% _ 2(A+B) (A.9)

In addition to the Heterotic five-branes which resolve the singularity, there are (g
mobile Fl-strings and Q5 NS5-branes smeared on the blown-up S?. Due the smearing of
the strings, the near horizon limit has a log-singularity at r ~ a in the warp factor ¢4
and thus there is no enhancement to AdSs. In the blow-down limit a — 0 where the
Eguchi-Hanson space becomes C?/Zs, the gauge field vanishes and we get the Zo orbifold

of the usual F1-NS5-solution, the near-horizon limit is AdSz x S2/Zs x Mj.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] G.W. Gibbons and S.W. Hawking, Gravitational Multi-Instantons, Phys. Lett. B 78 (1978)
430 [INSPIRE].

[2] ML.F. Atiyah and N.J. Hitchin, Low-Energy Scattering of Nonabelian Monopoles, Phys. Lett.
A 107 (1985) 21 [INSPIRE].

[3] L. Carlevaro, D. Israél and P.M. Petropoulos, Double-Scaling Limit of Heterotic Bundles and
Dynamical Deformation in CFT, Nucl. Phys. B 827 (2010) 503 [arXiv:0812.3391]
[INSPIRE].

[4] L. Carlevaro and D. Israél, Heterotic Resolved Conifolds with Torsion, from Supergravity to
CFT, JHEP 01 (2010) 083 [arXiv:0910.3190] INSPIRE].

[5] N. Halmagyi, D. Israél and E.E. Svanes, The Abelian Heterotic Conifold, JHEP 07 (2016)
029 [arXiv:1601.07561] [INSPIRE].

[6] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

[7] P.S. Aspinwall, Compactification, geometry and duality: N = 2, hep-th/0001001 [INSPIRE].

[8] A. Sen, Dyon - monopole bound states, selfdual harmonic forms on the multi - monopole
moduli space and SL(2,7) invariance in string theory, Phys. Lett. B 329 (1994) 217
[hep-th/9402032] [INSPIRE].

[9] I. Bena and N.P. Warner, Bubbling supertubes and foaming black holes, Phys. Rev. D T4
(2006) 066001 [hep-th/0505166] [INSPIRE].

[10] I. Bena, N. Bobev and N.P. Warner, Bubbles on Manifolds with a U(1) Isometry, JHEP 08
(2007) 004 [arXiv:0705.3641] [INSPIRE].

[11] R. Minasian, M. Petrini and A. Zaffaroni, New families of interpolating type IIB backgrounds,
JHEP 04 (2010) 080 [arXiv:0907.5147] [INSPIRE].

[12] K. Dasgupta, G. Rajesh and S. Sethi, M theory, orientifolds and G-fluz, JHEP 08 (1999)
023 [hep-th/9908088] [INSPIRE].

~16 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(78)90478-1
https://doi.org/10.1016/0370-2693(78)90478-1
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B78,430%22
https://doi.org/10.1016/0375-9601(85)90238-5
https://doi.org/10.1016/0375-9601(85)90238-5
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,A107,21%22
https://doi.org/10.1016/j.nuclphysb.2009.10.027
https://arxiv.org/abs/0812.3391
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.3391
https://doi.org/10.1007/JHEP01(2010)083
https://arxiv.org/abs/0910.3190
https://inspirehep.net/search?p=find+EPRINT+arXiv:0910.3190
https://doi.org/10.1007/JHEP07(2016)029
https://doi.org/10.1007/JHEP07(2016)029
https://arxiv.org/abs/1601.07561
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.07561
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT+hep-th/9711200
https://arxiv.org/abs/hep-th/0001001
https://inspirehep.net/search?p=find+EPRINT+hep-th/0001001
https://doi.org/10.1016/0370-2693(94)90763-3
https://arxiv.org/abs/hep-th/9402032
https://inspirehep.net/search?p=find+EPRINT+hep-th/9402032
https://doi.org/10.1103/PhysRevD.74.066001
https://doi.org/10.1103/PhysRevD.74.066001
https://arxiv.org/abs/hep-th/0505166
https://inspirehep.net/search?p=find+EPRINT+hep-th/0505166
https://doi.org/10.1088/1126-6708/2007/08/004
https://doi.org/10.1088/1126-6708/2007/08/004
https://arxiv.org/abs/0705.3641
https://inspirehep.net/search?p=find+EPRINT+arXiv:0705.3641
https://doi.org/10.1007/JHEP04(2010)080
https://arxiv.org/abs/0907.5147
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.5147
https://doi.org/10.1088/1126-6708/1999/08/023
https://doi.org/10.1088/1126-6708/1999/08/023
https://arxiv.org/abs/hep-th/9908088
https://inspirehep.net/search?p=find+EPRINT+hep-th/9908088

[13] E. Goldstein and S. Prokushkin, Geometric model for complex nonKdhler manifolds with
SU(3) structure, Commun. Math. Phys. 251 (2004) 65 [hep-th/0212307] [INSPIRE].

[14] J.-X. Fu and S.-T. Yau, The theory of superstring with flur on non-Kdihler manifolds and the
complex Monge-Ampere equation, J. Diff. Geom. 78 (2008) 369 [hep-th/0604063] [INSPIRE].

[15] K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng and S.-T. Yau, Anomaly cancellation and smooth
non-Kdahler solutions in heterotic string theory, Nucl. Phys. B 751 (2006) 108
[hep-th/0604137] [INSPIRE].

[16] K. Becker and S. Sethi, Torsional Heterotic Geometries, Nucl. Phys. B 820 (2009) 1
[arXiv:0903.3769] [INSPIRE].

[17] J.-X. Fu, L.-S. Tseng and S.-T. Yau, Local Heterotic Torsional Models, Commun. Math.
Phys. 289 (2009) 1151 [arXiv:0806.2392] [INSPIRE].

[18] D. Martelli and J. Sparks, Non-Kdhler heterotic rotations, Adv. Theor. Math. Phys. 15
(2011) 131 [arXiv:1010.4031] [INSPIRE].

[19] C.G. Callan Jr., J.A. Harvey and A. Strominger, Worldbrane actions for string solitons,
Nucl. Phys. B 367 (1991) 60 [i1nSPIRE].

[20] C.G. Callan Jr., J.A. Harvey and A. Strominger, Supersymmetric string solitons,
hep-th/9112030 [INSPIRE].

[21] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, Linear dilatons, NS five-branes and
holography, JHEP 10 (1998) 004 [hep-th/9808149] [INSPIRE].

[22] ML.F. Atiyah and N.J. Hitchin, Low-energy scattering of nonAbelian magnetic monopoles,
Phil. Trans. Roy. Soc. Lond. A 315 (1985) 459 [INSPIRE].

[23] G.W. Gibbons and N.S. Manton, Classical and Quantum Dynamics of BPS Monopoles, Nucl.
Phys. B 274 (1986) 183 [InSPIRE].

[24] D. Olivier, Complex coordinates and Kdhler potential for the Atiyah-Hitchin metric, Gen.
Rel. Grav. 23 (1991) 1349 [iINnSPIRE].

[25] N.S. Manton, Monopole and Skyrmion Bound States, Phys. Lett. B 198 (1987) 226
[INSPIRE].

[26] G.W. Gibbons and P.J. Ruback, The Hidden Symmetries of Multicenter Metrics, Commun.
Math. Phys. 115 (1988) 267 [nSPIRE].

[27] N.S. Manton and B.J. Schroers, Bundles over moduli spaces and the quantization of BPS
monopoles, Annals Phys. 225 (1993) 290 [INSPIRE].

[28] J.P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion, Phys. Rev.
D 69 (2004) 086002 [hep-th/0302158] [INSPIRE].

[29] A. Strominger, Superstrings with Torsion, Nucl. Phys. B 274 (1986) 253 [INSPIRE].

[30] C.M. Hull, Compactifications of the Heterotic Superstring, Phys. Lett. B 178 (1986) 357
[INSPIRE].

[31] P. Meessen, T. Ortin and P.F. Ramirez, Non-Abelian, supersymmetric black holes and strings
in & dimensions, JHEP 03 (2016) 112 [arXiv:1512.07131] [INSPIRE].

[32] P.A. Cano, P. Meessen, T. Ortin and P.F. Ramirez, Non-Abelian black holes in string theory,
arXiv:1704.01134 [InSPIRE].

17 -


https://doi.org/10.1007/s00220-004-1167-7
https://arxiv.org/abs/hep-th/0212307
https://inspirehep.net/search?p=find+EPRINT+hep-th/0212307
https://doi.org/10.4310/jdg/1207834550
https://arxiv.org/abs/hep-th/0604063
https://inspirehep.net/search?p=find+EPRINT+hep-th/0604063
https://doi.org/10.1016/j.nuclphysb.2006.05.034
https://arxiv.org/abs/hep-th/0604137
https://inspirehep.net/search?p=find+EPRINT+hep-th/0604137
https://doi.org/10.1016/j.nuclphysb.2009.05.002
https://arxiv.org/abs/0903.3769
https://inspirehep.net/search?p=find+EPRINT+arXiv:0903.3769
https://doi.org/10.1007/s00220-009-0789-1
https://doi.org/10.1007/s00220-009-0789-1
https://arxiv.org/abs/0806.2392
https://inspirehep.net/search?p=find+EPRINT+arXiv:0806.2392
https://doi.org/10.4310/ATMP.2011.v15.n1.a4
https://doi.org/10.4310/ATMP.2011.v15.n1.a4
https://arxiv.org/abs/1010.4031
https://inspirehep.net/search?p=find+EPRINT+arXiv:1010.4031
https://doi.org/10.1016/0550-3213(91)90041-U
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B367,60%22
https://arxiv.org/abs/hep-th/9112030
https://inspirehep.net/search?p=find+EPRINT+hep-th/9112030
https://doi.org/10.1088/1126-6708/1998/10/004
https://arxiv.org/abs/hep-th/9808149
https://inspirehep.net/search?p=find+EPRINT+hep-th/9808149
https://doi.org/10.1098/rsta.1985.0052
https://inspirehep.net/search?p=find+%22Roy.Soc.Lond.,A315,459%22
https://doi.org/10.1016/0550-3213(86)90624-3
https://doi.org/10.1016/0550-3213(86)90624-3
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B274,183%22
https://doi.org/10.1007/BF00756829
https://doi.org/10.1007/BF00756829
https://inspirehep.net/search?p=find+J+%22GeneralRelativityGravitation,23,1349%22
https://doi.org/10.1016/0370-2693(87)91501-2
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B198,226%22
https://doi.org/10.1007/BF01466773
https://doi.org/10.1007/BF01466773
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,115,267%22
https://doi.org/10.1006/aphy.1993.1060
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,225,290%22
https://doi.org/10.1103/PhysRevD.69.086002
https://doi.org/10.1103/PhysRevD.69.086002
https://arxiv.org/abs/hep-th/0302158
https://inspirehep.net/search?p=find+EPRINT+hep-th/0302158
https://doi.org/10.1016/0550-3213(86)90286-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B274,253%22
https://doi.org/10.1016/0370-2693(86)91393-6
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B178,357%22
https://doi.org/10.1007/JHEP03(2016)112
https://arxiv.org/abs/1512.07131
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.07131
https://arxiv.org/abs/1704.01134
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.01134

[33] P.B. Kronheimer and H. Nakajima, Yang-mills instantons on ale gravitational instantons,
Math. Ann. 288 (1990) 263.

[34] H. Boutaleb-Joutei, A. Chakrabarti and A. Comtet, Gauge Field Configurations in Curved
Space-times. 4. Selfdual SU(2) Fields in Multicenter Spaces, Phys. Rev. D 21 (1980) 2280
[INSPIRE].

[35] J.A. Harvey, S. Lee and S. Murthy, Elliptic genera of ALE and ALF manifolds from gauged
linear o-models, JHEP 02 (2015) 110 [arXiv:1406.6342] [INSPIRE].

[36] F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N' =2 Gauge
Theories, Commun. Math. Phys. 333 (2015) 1241 [arXiv:1308.4896] [INSPIRE].

[37] M.K. Prasad, Equivalence of Eguchi-Hanson metric to two-center Gibbons-Hawking metric,
Phys. Lett. B 83 (1979) 310 [INSPIRE].

[38] T. Eguchi and A.J. Hanson, Asymptotically Flat Selfdual Solutions to Fuclidean Gravity,
Phys. Lett. B 74 (1978) 249 [INSPIRE].

~ 18 —


https://doi.org/10.1007/bf01444534
https://doi.org/10.1103/PhysRevD.21.2280
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D21,2280%22
https://doi.org/10.1007/JHEP02(2015)110
https://arxiv.org/abs/1406.6342
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.6342
https://doi.org/10.1007/s00220-014-2210-y
https://arxiv.org/abs/1308.4896
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.4896
https://doi.org/10.1016/0370-2693(79)91114-6
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B83,310%22
https://doi.org/10.1016/0370-2693(78)90566-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B74,249%22

	Introduction
	Hyper-Kähler heterotic backgrounds
	Principal torus bundles and type IIA/IIB solutions

	Gibbons-Hawking: ALE and ALF
	Five-brane and magnetic charges
	Partial blow-down limits and fivebranes
	Double scaling limit

	Atiyah-Hitchin
	Bianchi identity
	Regularity
	Five-brane charge
	Gauge field charge

	Fundamental string sources and AdS(3) solutions
	Product of Hyper-Kähler manifolds
	AdS(3) from Gibbons-Hawking

	Conclusions
	Eguchi-Hanson

