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Abstract

This work deals with the first Trefftz Discontinuous Galerkin (TDG) scheme for a model prob-
lem of transport with relaxation. The model problem is written as a Py or Sy model, and we
study in more details the P; model in dimension 1 and 2. We show that TDG method provides
natural well-balanced (WB) and asymptotic preserving (AP) discretization since exact solutions
are used locally in the basis functions. High order convergence with respect to the mesh size in
two dimensions is proved together with the asymptotic property for Pi model in dimension one.
Numerical results in dimensions 1 and 2 illustrate the theoretical properties.

1 Introduction

This work deals with the design and analysis of a new Trefftz Discontinuous Galerkin (TDG) method
proposed for the Py (spherical harmonic expansion) and Sy (discrete ordinate method) approximation
of the transport equation of photons, neutrons or other types of particles

Ol (t,x,2) + Q- VI(t,x,0Q) = —0,(x)I(t,x,0Q) + 0s(x) (|I] = I(t,%x,Q)), (1)

where I is the distribution function, t the time variable, x € R the space variable, £ the direction
and |I| = £ [, I(t,x,Q')d€Y is the mean of I. Absorption and scattering coefficient are denoted as

0q(x) > 0 and o4(x) > 0.

We adopt the common strategy which is to use write the Py and Sy reduced models [8, 17] in the
form of Friedrichs system with relaxation, as in to (2).

Numerical approximation of the transport equation and related reduced models is challenging
because of the two spatially dependent coeflicients o, and os. It is known that boundary layers may
occur when o,, 0, vary significantly and that the transport equation tends to a diffusion limit when
0, is high. Standard schemes fail to correctly capture both of these two phenomena. To capture the
diffusion limit with reasonable computational time, the idea of so called asymptotic preserving schemes
has been introduced [26] and applied to transport problems, see [4, 25, 33| and reference therein. To
capture boundary layers it may be a good idea to use well-balanced schemes which preserve, for
example, the stationary states of the model (state of the art can be found in [15]). For recent works
on boundary layers see for example [29, 35]. Schemes which are both asymptotic preserving and well
balanced have been designed and studied in one dimension [16, 27]. However, direct extension in higher
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dimensions may fail to capture boundary layer [34]. In general and except in some particular cases,
two dimensional asymptotic preserving schemes are not well balanced.

The goal of this work is to discretize Py and Sy models with TDG schemes which are both
asymptotic preserving and well balanced (in a sense that will be defined later). We will restrict the
study to homogeneous coefficients which may nevertheless be stiff. Given a system of partial differential
equations (PDE), TDG method are discontinuous Galerkin type schemes that use solutions to the
model as basis functions. The name comes from the seminal 1926 paper of E. Trefftz which has
been recently translated in English [30]. Trefftz method has been widely used and studied for wave
propagation problems [6, 7, 14, 18, 28| see also the review [20] and reference therein. TDG method
have their pros and cons.

e Pros:

— Incorporate a priori knowledge in the basis functions which are therefore well adapted to
multiscale problems.

— Often need less degrees of freedom to reach a given accuracy. A typical example for the 2D
version of the P; model (3) in the dominant absorption regime o, > 0 (with c =e =1) is
illustrated in the table below, where we compare the number p of basis functions needed to
achieve a given fractional order. The first line is for our TDG method. One gets prpg =
2(order + 1) which is a rephrasing of the result of proposition 7.12. The second line is the
optimal number of basis function for a general DG method ppg = 2 (order + 1) (order + 2).

order | 1/2 [ 3/2 [ 5/2 | 7/2 | 9/2

PTDG 3 5 7 9 11
pPpc 3 9 18 30 45

In particular the number of basis functions is the same to get order = 1/2. One always gets
PTDG < PDG-
— Is easy to incorporate in DG codes since one only needs to change the basis functions.

e Cons:

— May suffer ill-conditioning due to poor linear independence of the basis functions |7, 21].
For wave problems, some remedies exist in the literature [14].

— The practical calculation of the basis functions adds to the computational burden. If one
can calculate the basis functions analytically, the computational burden is moderate. If it is
not the case, the computational burden is heavier: several options could be consider such as
computing numerically the basis functions or relying on the general procedure [23, 22, 24].

In this work we adapt the TDG formalism to a general first order PDE with linear relaxation
which encompasses the Py and Sy models with homogeneous coefficients. For first order PDE the
adjoint equations may differ from the direct equations, and therefore one can construct two kinds
of basis functions: using adjoint solutions or using direct solutions. It turns out that using adjoint
solutions is not an efficient method in our case and we will therefore focus on TDG method with direct
solutions. Another possibility is to adopt a Petrov-Galerkin approach choosing test functions as adjoint
solutions and trial functions as direct solutions [12, 13]. However, we have noticed stability issues with
this method for time dependent problem. Therefore the Petrov-Galerkin method will not be studied
hereafter.

We will present the method in a general framework to consider both stationary and time dependent
problems. Let 25 be a bounded polygonal /polyhedral Lipschitz space domain in R? and consider a
time interval [0,T], T > 0. We denote Q = Qg for stationary problems and Q = Qg x [0,T] for time
dependent problems. We first apply the method to Friedrichs systems [11] with linear relaxation

{E?—o A;0;u = —R(x)u, in Q,

S : (2)
M~ u=M"g, in 09,



the dependent variable is u € R™, x = (21, ..., 74) € R? is the space variable and t is the time variable.
The coefficients o, and o5 in (1) are contained in the relaxation matrix R. Recalling that the problem
can be stationary or time dependent one may write u(¢,x) or just u(x) depending on the situation.
The matrices A;, R(x) € R™*™ are symmetric and we assume R(x) € R™*™ is a non negative matrix,
ie. (R(x)v,v) >0 for all v.€ R™ x € R% We use the notation 9y = 9;, 9; = 0,, fori = 1,...,d and
we will therefore take Ag = I,,, even if it is possible to consider more general non negative matrices
for Ag. The outward normal unit vector is n(t,x) = (n¢, Ny, , ..., Ny,) for x € O and of course for
stationary problems n; = 0 for all x € 9Q. We set M (n) = Agn; + Z?Zl Aing,, on 09. Since M is
symmetric one has the standard decomposition M (n) = M (n)+ M~ (n) where M is a non negative
matrix and M~ is a non positive matrix. We use the matrix M~ to write the boundary conditions with
g € L?(09). Finally we assume the problem (2) admits a unique solution. A fundamental example of
Friedrichs system in one dimension that we desire to treat is the P; model

3
3tv+§3xp: 7(0'(14»&)1}, ( )

2

{6w4—3%v=-%mp

here 1/e represents the speed of light. The associated asymptotic model when ¢ — 0 is

2
{MH;%w—ﬂw,

_ ce
v = . D

One of our goal is to show that TDG method naturally captures those kinds of asymptotic regimes.
To see if the scheme approaches correctly this one dimensional limit model we write the TDG method
as a finite difference scheme. Under this form one can formally show that this scheme is asymptotic
preserving and new compared to other popular one dimensional schemes [16]. The asymptotic result
can be stated as follows (all the hypotheses needed to make the theorem rigorous are given in Section
4).

Proposition 1.1 (Time dependent 1D case). Assume ¢ =1, 0, = 0. When € — 0 the formal limit
of the scheme (33) with two basis functions in dimension one is an asymptotic scheme consistent with
the Py model limit.

The main convergence result about the stationary P; model in two dimensions can be stated as
follows (all the hypotheses needed to make the theorem rigorous are given in Section 5).

Theorem 1.2 (Stationary 2D case). Assume ¢ = 1, ¢ = 1 and o, + o5 > 0 which is the general
regime. Consider the stationary two dimensional Py model and a basis of 2n + 1 shape functions (not
necessarily equi-distributed). One has the h-convergence estimate

||11 — uh||L2(Q) < Ohn71||u‘|wn+1,m(ﬂ),

where u stands for the exact solution and wuy, for the approximate solution calculated by the TDG
method.

For technical reasons, this L? convergence estimate in the general regime looses one half order of
convergence compared with the one obtained in the absorption regime (Proposition 7.12). Nevertheless
Theorem 1.2 clearly shows one of the well-known advantages of the TDG method compared to other
more traditional schemes. Whereas the number of basis functions for the TDG method is linear with
respect to the sought order, it becomes quadratic when considering, for example, the finite element
method. The TDG method may therefore be computationally more efficient than the FEM at least
in the 2D case. Moreover and as it is often the case with discontinuous Galerkin method, numerical
results actually show better order of convergence than the one displayed in theorem 1.2. The estimate
is sub-optimal since the error is measured in quadratic norm and the right hand side is measured
in maximum norm. The convergence order n — 1 is the worst case allowed by the physical hypothesis



04+0s > 0. The proof shows that it corresponds to vanishing absorption o, = 0 and positive scattering
os > 0, which results in vanishing damping of the first variable p, see (3). Therefore the main point of
the proof in the general regime is to get L? control of the first variable p using the properties of the
TDG method.

This paper is organized as follows: in Section 2 we present the TDG method for Friedrichs systems.
Section 3 is devoted to the analysis the method, in particular we give in this section a quasi-optimality
result and the well-balanced property of the scheme. Section 4 and 5 give some applications to the Py
model in one and two dimensions. In Section 4, we focus on the one dimensional P; model, show how
to construct the basis functions and study formally the asymptotic behavior of the scheme. In Section
5, we focus on the two dimensional P; model, show how to construct the basis functions. Numerical
results are given in one and two dimensions in Section 6. In particular some numerical results bring
evidence that TDG methods naturally capture internal boundary layers and so are well adapted to
multiscale problems. The proof of the main Theorem 1.2 about the h convergence of the method for
the stationary case is in Chapter 7. The appendix gathers various technical results.

2 Presentation of the method

All the vector will be noted in bold. For v(x) € R™ we will also use the simplified notation v € L?(Q)
instead of v € L2(Q2)™. Moreover we may write v = (v1, ..., v,)7 where T denotes the transpose and
denote v? = vT'v to facilitate the distinction with other types of norms or semi-norms.

2.1 Mesh notation and generic discontinuous Galerkin formulation

tn—',—l

tn
Qy,

Qs

Figure 1: Illustration of the partition 7} for a time dependent problem.

The partition or mesh of the space domain 2 = Qg C R? is denoted as 7Tj. It is made of polyhedral
non overlapping subdomains Qg ., that is 75, = U,{g,. For a space time problem we first split the
time interval into smaller time intervals (¢,,t,+1) with 0 = ¢y < t; < ... < ty = T. Making an
abuse of notation, the mesh of the space time domain Q = Qg x [0,7] C R4 is still denoted as
Th = UpnQs, X (tn,tnt1). One must therefore be careful that 7, denotes either a purely spatial
mesh for stationary models or a space-time mesh for time dependent models. Moreover the cells or
subdomains will be referred to with the same notation, that is Qr = Qg, or Qr = Qg X (tn, tnt1)-
In summary one can write in both cases 7, = Ui, and the context makes these notations non
ambiguous.

The broken Sobolev space is

H'(Ty) = {v € L*(Q), vjq, € H' (%) V% € Tp.}.



In the following we assume u € H'(7,). For convenience we may rewrite (2) under the form Lu = 0
and consider also the adjoint operator

All matrices are constant (do not depend either on the time variable or on the space variables).
Multiplying (2) by v € H(7,) and integrating on €2 gives

Z/ﬂ viLug =0, 4)
k k

where vi = v|q,, Ur = ujq, . Integrating by parts one gets

T
) L + / F Myuy =0,
& /Qk( Vk) o 5 o0 Vi

where 02 is the contour of the element Q) with an outward unit normal ng = (ns,ngy, ...y Nay)?
M = Agny + ), Ain; and My, = M (ny). Denoting Xj; the edge oriented from €, to ; when k # j
and Y the edges belonging to Q N OQ (for simplicity we use the same notation even if there is more
than one edge in Q5 N 0N2), one can write

Z/ ka uk+ZZ/ (vIMu);, + (v Mu);

k j<k Srj
+> / viMiu, =) j/ viM;g.
k Ekk k Ekk

For u satisfying the equation (2), the normal flux is

)T

Myu, = —Mju; = frj(ug,u;), on Xy (5)
where fy; is a numerical flux on ¥; defined below. One has
3D B INSTNIRNICETNIES 35 Bl AN R e SR HE
K j<k Zk] ko j<k ki

Because M is symmetric one can decompose M under the form M = M* + M~ where Mt is a non
negative matrix and M~ is a non positive matrix. In the following we will consider the upwind flux
frj(ug,uj) = M,:S.uk + My ;u;, where My; = Mys, . Finally one has

Z/ ) s 35 [ =) O M) (6)

k i<k Sk
+Z/ V{M,juk:—Z/E viM; g. (7)
& kk

Skk
We define the bilinear form apg : H*(T5) x H'(T;,) — R and the linear form [ : H'(7;,) — R as

apg(u,v) Z/ (L*vg) uk—&-ZZ/ (Vi — ;) M uk—l-Mk u;)

k <k ki

+Z/ viMfug, u,veH (T, (8)

Sk

——Z/ v{M,;g, v e HY(Tp).
kY XKk



One can rewrite (6) as apg(u,v) = I(v), Vv € H(T;,). We can now define the classic discontinuous
Galerkin method for Friedrichs systems with polynomial basis functions [9, 32]. Define IP’Z the space of
polynomials of d variables, of total degree at most g and the broken polynomial space

PUTh) == {v € L*(Q),v|q, € PV, € To} C H'(Th).

Definition 2.1. Assume P,,(Ty) is a finite subspace of H'(Ty), for ezample Pp(Tn) = P4(Ty). The
standard upwind discontinuous Galerkin method for Friedrichs systems is formulated as follows

{ﬁnd uy, € P (Th) such that (9)

aDg(llh,Vh) = l(Vh), Vvh S Pm(’ﬁl)
Note that because of the conservation equation (5), the exact solution to (2) also verify

apc(u,vy) =1(vy), Vv, € HY(Tp). (10)

2.2 Trefftz Discontinuous Galerkin formulation

Since our goal is to use Trefftz method we take basis functions which are solutions to (2) in each cell
V(Th) ={veH(Ty),Lvi, =0 Y € T} C H'(Th). (11)

The space V(T3) is a genuine subspace of H'(T;) except in the case L = 0 which is of no interest.
Starting from the bilinear form ap¢ from (8), one notices that the volume term can be written for all
functions in V(73) as

/ (L*Vk)Tllk = 2/ viRuy, Yu,veV(T). (12)
o o
One can therefore define a bilinear form ar : V(T,) X V(Tn) — R as

(u,v) Z / kauk—i—ZZ/ (Vi —V;j) Mkjuk—l—Mkjuj)

k j<k

+Z/ viMfu,, u,veV(T).

Sk

(13)

Thanks to an integration by part for functions v € V(7;) which are piecewise homogeneous solutions
of the equation, one gets an equivalent formulation of the bilinear form ar(-,-)

ZZ/ (Mvi, + MEv;) (ukuj)zk:/Zkk viM g, w,veV(T,). (14)

k j<k kg

The relaxation term R completely disappeared in the formulation (14). It might seem a paradox
at first sight but it is not because, for a Trefftz method, some information about R is encoded in
the basis functions. Since there is no volume term in the formulation (14) compared to (13) it may
be easier to implement. The related bilinear form ! : V(7,) — R is the same as in (8), that is
I(v)==>4 Js,, Vi My g for all v € V(Ty).

Definition 2.2. Assume V,,,(Tr) is a finite subspace of V(Tr). The upwind Trefftz discontinuous
Galerkin method for the model problem (2) is formulated as follows

{ﬁnd uy, € Vi (Tr) such that (1)

aT(uhﬁvh) = l(vh)v Vv, € Vm(,ﬁl)



We give some examples of subspace V;,,(7r).
- Example 1: the P; model in one dimension reads

op + £0,v = —0ap,
atv + ; P = —O0tV,

the dependent variable is u = (p,v)” and ¢,0,,0, € RT, ¢ € R}, 0y = 0, + Z5. Assuming solutions
are under the form ze*” one gets A by solving det(A; A + R) = 0 and then study the kernel of the
matrix A1\ + R to find the vector z. A possible choice for V,,, is then Span(V;,) = {e1,e2} with
ei(z) = <—\/a> eeVTaTtT ey (1) = (\/a) e~ eVTaTiT,

Joa N
- Example 2: consider the one dimensional case A;0,u = —Ru. If the matrix A; is non singular
one can write V under the form V = {v(z) s.t. v(z) = e‘AIlR”’c}. For a two dimensional model
A10;,u+A20,,u = —Ru, a general principle is that one can make the rotation ' = 1 cos(6)+xz2 sin(0),
0 € [0, 2x]. Assuming the solution depends only on z’ one gets A]9,,u’ = —R'u’ which can be solved
in an identical way as the one dimensional case if the matrix A} is non singular.
- Example 3: however most of the time when considering physical models the matrix A; will be
singular. For example the hyperbolic heat equation in two dimensions is

Op+ Sdivv =0,
v+ SVp=—-Fv,

the unknown is u = (p,v)T € R? and ¢,0, € R*, ¢ € Rf. For simplicity we consider stationary

solutions. Deriving the second equation and inserting in the first equation, one gets Ap = 0. Therefore
denoting the harmonic polynomials in two dimensions as gx(x) for k € N, a possible choice for V;, is

Span(Vy,) = {e;, i =1,...,m} with e; = <—§ti1> )

Remark 2.3. In case of a time dependent problem, even if the classic upwind discontinuous Galerkin
formulation (9) and the upwind Trefftz discontinuous Galerkin formulation (15) are posed on the
whole space-time domain ), they still can be decoupled time step after time step. It comes from the
fact that the matriz Ay is definite positive and therefore M~ (n) = 0 if n = (1,0,...,0). Define a} :
V(Tr) x V(Tr) — R (related to the general bilinear form (14)) and I™ : V(Ty) — R as

- / My ¥ M) — ) - (V)T M
kn in k ONsNINn

k j<k

—Z/ Mg, v e V(Ty), (16)

k”k" 1

I"*(v) :*Z/ (vi) gS*Z/ viVy M, aup ™t v EV(Th),
k INsNIONn

k" rn—1

where we used the convention Xpigo = O N (N x {0}) and Bpn+ipy = Oy N (O x {T'}). The
formulation (15) is equivalent to the series of space problems

{ﬁnd uy, n=1,...,N, such that (17)

ap(uy, viy) =1"(vVi),  YVi € Vin(Th).

A fully different choice of basis functions is also possible using the adjoint operator L*. Assume
V*(Th) = {v € HY(T},), L*vi, =0V € Tp,} C HY(Tn), define aar : V*(Tr) x V*(Tr) — R as

wrn) =33 [

(vi — v)T (Mg + M uy) +Z/ vl M uy, (18)
k j<k kg

Sk



and consider V! (7;,) a finite subspace of V*(7}). The upwind adjoint Trefftz discontinuous Galerkin
method for the model problem (2) reads

{ﬁnd up, € Vi (Th) such that 19)

aar(up, vy) =U(vs), Yvn € Vi (Th),

with [ a linear form as in (8). Even if when R = 0 these two approaches coincide, the problems we
are interested in are such that R = RT # 0, so these two methods are different in our case. Therefore
the final solution will be in the space V* # V and it is not clear if a finite subspace of V* can give
a good approximation of V using standard norms. Another possibility is to adopt a Petrov-Galerkin
approach choosing trial functions in V(7,) and test functions in V*(73) [12, 13]. However, we have
noticed some stability issue with this method for time dependent problem. Therefore these methods
will not be studied further.

3 Analysis of the Trefftz Discontinuous Galerkin method

3.1 Well posedness and quasi-optimality

In this section we show well posedness of (15) and a quasi-optimality bound in mesh-dependent norms.
Our analysis follows some results of [28] where special case with R = 0 was studied. We define two
semi-norms on H'(Ty)

fallpe =37 [ wfRact 32505 [ o) sl —w) + 35 [ uf

k o<k © Y Zki Zkk (20)
e =3 [ b,
 Joou
with |My;| = |Mj| = — M. First we show that these two semi-norms are in fact norms on the

Trefftz space. We will need the following lemmas.

Lemma 3.1. One has the inequality ||v|pc < c||v||pe- for all v € V(Ty,), with ¢ = /2.

Proof. Assume v € V(T;,) then Lvy = 0, VQy € Tp,. Multiplying by vj and integrating over €2 one

gets
1
f/ VkMka—F/ viRv = 0. (21)
2 Joa, Qs

Therefore one has

1 _ 1
S [ wirve< =53 [ vidtive=lvibe- (22)
o oo

which is a bound for the first term in the definition of the DG norm (20). Moreover because R is
non negative one also finds using (21) fan v Mvi < 0 that is faﬂk VM v < — fan v M, v and
consequently

/ V]€|]\4]€|V/C S —2/ VkMk_Vk- (23)
BQk an

An elementary inequality gives 1(vj, — v;)T|My;|(vi — v;) < VI |My;|vi + V1| My;|v; thus

ZZ / Vk—V] |Mk] —1—2 / Vk|Mk|Vk <Z/ Vk|Mk|V;€,

k j<k



and therefore using (23)

ZZ / Vi — VJ ‘ng )+ Z / Vi | Mg|vi < 22/ VM v = 2HVHDG*

k j<k
(24)
which is a bound for the second and third terms in the definition of the DG norm (20). Finally
combining (22) and (24) with the definition of the DG norm (20) one gets ||[v|]|%g < 3{|v||3q- - O

Lemma 3.2. Assume M € R"*"™ is a symmetric matriz. Then one has

2" M?z < Cz'|M|z, VzeR",
where we have used the decomposition of M = M+ M~, M™ is a non negative matriz, M~ is a non
positive matriz and |M| = M*T — M~ .

Proof. First we notice that z7|M|z = 2" Mz — 27 M~z and 27 M?z = 27 (M *)%z + 27 (M ~)?=z.
Let AT be the maximum eigenvalue of M T. Denoting \; and r; the eigenvalue and eigenvector of M T
onehas ATz Mtz = AT 37, Ni(z,1:)? > 30, S A (z,1:)? = 2" (MT)?2. A similar inequality applies

to the matrix M~ gives finally z7 | M|z > WZTMQZ, Vz € R™. This completes the proof. O
We can now show that the two semi-norms || - ||pg and || - || pg+ are in fact norms on the Trefftz

space V (Tp).

Proposition 3.3. The semi-norms || - |pg and || - ||[pg+ are norms on the Trefftz space V(Ty,).

Proof. Assume u € V(7;,) and ||ul|peg = 0. Lemma 3.2 imply that Mu has vanishing jump across
each edge of T,. Thus u is a solution to the general problem Lu = 0 in Q. Moreover fé)Q u?|M|u = 0.
Therefore u is solution of

Lu=0, in Q,

M~ u =0, on 0.
We conclude u = 0 in § using the uniqueness of the solution. Thus || - || p¢ is a norm on V(7). Thanks
to lemma 3.1 we also conclude that || - || pg+ is also a norm on V(7). This completes the proof. O

Next, we study the coercivity and the continuity of the bilinear form a(-,-) regarding the norms
I Ipe and [ | pg=-

Proposition 3.4 (Coercivity). For all u € H'(T;,) one has apg(u,u) = ||u||%4. For allu € V(T)
one has apg(u,u) = ar(u,u).

Proof. The proof is taken from [32]. Let u,v € H'(7;). The bilinear form (8) reads

apg(u,v):Z/Q ([—ZAi8i+R]vk uk+ZZ/ M S+ Mu u;)

k j<k Zk]
Zkk
Integrating by part and using Mj; = —Mj;, one has
apa(u,v) Z/ vk ZA@ +Ruk+ZZ/ kakJukJrv Myju,
k j<k
+ (v = vj) T (M S+ Myuy) +Z vi Mifug — v M.
Ykk



Using M = M™ + M~ one finds
apa(u,v) Z/ VI Ly, — ZZ/ v+ ) =) = 3 [ v
k j<k PRER

Since L = —L* + 2R one gets
apc(u,v) Z/ {L*uk+22/ vI Ruy,
Qp
_ZZ/ Mkjvk—i-Mk]vJ) u, — uy) Z/ Vi M, uy.

k j<k Skk

Summing the above expression of a(-, -) and the one in (8) one gets with v = u the equality 2apg(u,u) =
2|lul|%,. Moreover from (12) one deduces apg(u,u) = ar(u,u), Yu € V(7). This completes the
proof. O

Proposition 3.5 (Continuity). The continuity bound ar(u,v) < vV2|u||pg|v|pg- holds for allu,v €
V(Tn)-

Proof. Using —M; = M,jj, the norm DG* can be recast into the form
Tas— T T -
lul%a = ZZ/ —uy, M uy + u; M,;;uj 72/ uy, M, uy. (25)
k j<k ki L Y Zkk

Since |M~| = =M~ and M+, M~ are respectively non negative and non positive symmetric matrices,
the bilinear form ar (14) can be written as

ortu) VAL [ (Viot) Vingi(*5%) + (- Vatim) Vans (%)
+Z/ My |Vk) (VI |\fﬂ

Using the Cauchy-Schwartz inequality, one sees that the first term of each scalar product is bounded
by ||v||pg+ and the second term by ||u| pg. This completes the proof. O

We can now give the following classical quasi-optimality result.

Proposition 3.6 (Quasi-optimality). For any finite dimensional space V. (Tn) C V(Ty), the TDG
formulation (15) admits a unique solution uy, € V,,(Ty). Moreover, the following quasi-optimality
bounds holds

[u—uplpe < V2 inf - )||u = Vil pa+,
V€V (Th

where u stands for the exact solution to (2).

Proof. From propositions 3.3 and 3.4 one deduces the uniqueness of the discrete solution uy,. Existence
of uy, follows from uniqueness. Moreover Vvj, € V,,,(T;) one has

|lu— uh||2DG =ar(u—up,u—u,) =ar(u—up,u—vy) < \/§\|u— w,lpellu = villpes,

thanks to propositions 3.4 and 3.5, to the consistency equality (10) and to (15). O
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Using the quasi-optimality proposition one has the well-balanced property of the scheme. However
there is an important difference between the one-dimensional case and higher dimensions. In one
dimension a scheme is well-balanced if it captures all the stationary states of a hyperbolic system.
This is possible because, in one dimension, the number of linearly independent stationary solutions
is finite. However in two dimensions the space of stationary solutions becomes infinite. It has a huge
impact on what is a well-balanced scheme in space dimensions higher than one. One must choose a
finite subset of solutions for which the scheme is supposed to be exact. This is our practical definition
of a well-balanced scheme and that’s why it is immediately deduce from the quasi-optimality result of
proposition 3.6. Of course a standard DG scheme has the same quasi-optimality result, but it can be
well-balanced only for some particular polynomial functions. On the contrary a TDG method can be
well-balanced for more general solutions which contain for example exponential factors as in Example
1 in Section 2.2 for which o, > 0.

Proposition 3.7 (Well-balanced scheme). The scheme (15) is well-balanced in the sense that if the
solution u € HY(Q) of (2) is locally (in each cell) a linear combination of the basis functions (which
are by construction exact solutions), then u, = u.

Proof. One can take vy, = u in proposition 3.6. Therefore one has |[u—up || pg = 0. Since u—uy, € V(7},)
one concludes using proposition 3.3. O

3.2 Estimate in standard norms

In the previous section, the error is bounded in terms of DG-norm. It is of course desirable to have
estimates in a more standard norm. In this section we present some elementary L? lower bounds of the
DG norm which take advantage of the relaxation matrix R and an L? upper bound of the DG* norm.

Proposition 3.8. Assume Q. € T, Ry = R(x)|q,, and Yk Ry, is definite positive. One has
1
-1
suprer, IVRe |l

Proof. A basic inequality is v < ||\/R;€_1 |2 (vTRkv). Let v € H(T). Integrating over Qj,, summing

over all cells and using the definition of the DG-norm (20), one gets the assertion. O

Slallze@) < fullpe,  Vue HY(Th).

This inequality holds when R is definite positive but degenerates when R — 0. For non stationary
problems, one can give a L? lower bound at the final time that does not depend on R.

Proposition 3.9. For time dependent problems one has
lullz2@sx(ry) < llullpe,  Yue H'(Th).

Proof. Consider n(t,x) on 9Q with n(t,x) = (n¢, sy, -y na,) T = (1,0, ...,0)T one has |[M|((1,0, ...,0)T)
A(): I. So

1 1
S weyg ) wlam< 35 [ e, vae BT,
5 Y Qs ex{T} © Qs x{T} k Dk

and the assertion follows from the definition of the DG-norm. O
Let us define the semi-norm [ul? o, := [, 221" E?Zl(ajui)Q.

Proposition 3.10. One has
2 1 1
lulibe- < €3 Il e (Ml + e, ). vue HY(T), (26)
k
where hy, = diam(Q) and the constant C' depends on the A;.

11



More precisely if one A; is in O(%) with respect to €, the constant C' scales like %

Proof. Let u € Ty, one has [[ul|hg. = 25, [og, —uk My;uy, and therefore [[ul[ha. < C 3y [oq, ui- We
now use the trace inequality from theorem 1.6.6 in [3] in each cell Qj on each component of the vector
u

1
Iul32(00,) < Cllullzzqon (5 Iullzzn +ule,),  voe (@),

Summing over all cells one finally gets the equation (26). This completes the proof. O

4 Application in one dimension

We consider a concrete example, the P; model which is a first simple approximation of the transport
equation using spherical harmonic expansion of the solution. An interesting property of the P; model
is that like the transport equation it admits a diffusive limit when € — 0. The time dependent version
of the P; model in one dimension reads

atp + gamv = —0q (x)pv (27)
O+ £0:p= —oi(z)v,

the unknown is u = (p,v)” and c 04,05 € RT, e € Rf, 0, = 0, + % . The reader should be aware that
oy depends on ¢ and behave as 5—2 when o4 > 0 and € — 0. When € — 0 the variable p of the system
(27) follows a diffusion equation.

Proposition 4.1. When ¢ — 0, the variable p and v of (27) behave formally as

62

Oip — —Opap = —04D,
s (28)
ce

v = ——0,p.

S

2

Proof. Multiplying the second equation of (31) by € and neglecting the term in € one gets v =

— =0, p. Inserting this expression in the first equation of (31) one finds dyp — = &up = —0.p. O

4.1 Construction of the basis functions for high order time dependent
scheme

In order to use the Trefftz method (15) one needs to find solutions to the model (27). In particular we
would like to give a general procedure to increase the number of basis functions in order to get high
order of convergence, if needed. In the following we search for particular solutions to (27) under the
form u(t,z) = q(t, x)e® where q(t,z) is a polynomial in space and time. For simplicity we consider a
polynomial of degree at most one in space and time. For brevity the proofs of this section are postponed
in the appendix.

Proposition 4.2. Assume constant coefficients o, and oy, ¢ # 0 and o, # 0. The Py model (27)
admits the following solutions

o) = (V) et v,

Ot —0q 0a+at (29)
(1 x) = ~Chonyes TETpr T T /ol Yy
2\ Fe 4‘2\7& fsaz‘ljita::Fc,/aat
Proof. The proof is given in appendix A. O

12



Because the basis functions (29) are solutions to (27), one can use them in the case o, # 0. The
problem with such basis comes from the limit cases. Indeed they degenerate to the same limit as o, — 0
which cause some numerical instability. However, one can construct new solutions which remain stable
in the limit case o, — 0.

Proposition 4.3. There exists €1, 83, €3, 84, linear combinations of the solutions (29) such that
(= )
1
o \0
o (30)
0 )

5 at
3 — otz — ex

ii

g

§
14

)

ag

Ua —0 E"’x +ct

Proof. The proof is given in appendix A. O

Remark 4.4. Note that the solutions (29) are only defined in the case ¢ # 0. However, up to a
multiplication by ¢ or ¢* if needed, the limit solutions (30) can also be used in the case ¢ = 0.

4.2 Asymptotic preserving properties

In this section we study the behavior of the scheme when ¢ — 0. One cannot use directly the L2
estimates of the previous section mainly because the parameter ¢ appears in the || - ||pg and || -
lpg= norms. Here we choose to interpret the scheme (15) as a finite difference scheme which has
several advantages. Under this form we observe that the scheme is new compared to other popular one
dimensional finite difference schemes [16]. Moreover one can study, at least formally, the asymptotic
behavior of a finite difference scheme by means of a Hilbert expansion. We consider the P; model with
no absorption

(31)

{(“)tp + £0,0 =0,

C _ Os
O + £0:p = —Fv,

with € € R}, 0,,c € RT. For the sake of simplicity assume that o, is constant in the domain. We use
the stationary basis functions e; and e; defined in each cells as

et ) = (é) L eralt,r) = (‘zﬁ(ﬁ_xk)) 7 (32)

where xj, is the abscissa of the center of the cell k. For simplicity assume the step space h = xp 41—z is
constant for all k. Using the basis functions (32) in (9) and considering x = xj, with periodic boundary
conditions one gets the following scheme (see appendix C for details)

n+1 n
P p n+1
thk + 5%h [ = Prt1+ 2Pk — pr—1 + (1 — a)(vp1 — kal)} =0,
2 n+1
1+ 043 )% + ﬂ {a (k41 + 20 + vk—1) + (—Vk41 + 208 — VE—1) (33)
n+1 Os n
O+ Qe —pi)] = =St
with a = g2

13



Remark 4.5. One can interpret the first component of the basis function ep2(t,x) in (32) as a
correction to the standard finite volume method. Indeed the standard finite volume method is equivalent
to consider the formulation (9) with the two basis functions ex1 = (1,0)T, exo = (0,1)T. The scheme
is then (33) with a = 0. This scheme is not asymptotic preserving when € — 0.

Proposition 4.6. When ¢ — 0 the scheme (33) admits the formal limit

(Uk+1 + o))"t =0,
(”k+1 + 2% + Uk—1 >"+1 . c (Pg-s-l - pg—l )"H
4 T o, 2h ’ (34)
()™t — (p)" B ﬁ(ngrQ - 2p; +pg,2>n+1 _0
At O 4h? ’

with Py = (%p2+2 +4p2+1 + 230p2 +4p?_ |+ %pgfz)/IG a local mean value of pY). The limit scheme (34)

is consistent with the limit model (28) and therefore the scheme is asymptotic preserving.

e

Proof. We adopt the notations {f},,1 = f’”éiﬂck, [flkyr = M and §;f = . With these
notations the scheme (33) can be written under the form
C n+1
Spn+ [ = Wiy~ [hy) + (= @by — o] =0, (35)
a2
(L + )00 + [ ({ohiry + Eobioy) + 200 = (oliyy — [ y) )

n+1
+(1+a)([[p]]k+1 +[[p]]k,;)} = 0.

Let p = ZDOp elandv =73, >0 V' ‘e, We inject these expressions in (35) and (36) and we expand all
coefficients and variables with respect to . The important step is to expand a with respect to € using
the definition a = 222, The terms O(%) in (35) and O(Z) in (36) are

{{U}}k+2 {{U}}O_% =0
B, + G0, =0.

These two equations together give

{{U}}k+1 =0, Vk. (37)

Now we study the terms in O(1) in (35) and in O(Z) in (36). Using (37) one has

(U ~ TP ) — 2 (bl — 0B y) =

osh
Rl 5[0y + Iy + S (ol + (b)) + 2] =0,
Therefore, subtracting these two equations, one ﬁnds
4c
76tvk+{{v}}k+1 + — h [[pﬂk+1,

Adding this equality for k£ and k — 1 and using (37) one deduces

(ohhey + (oo g =~ (1 + Iy vk (39)
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Finally with the terms in O(1) for (35) and in O(2) for (36)

n+1
gl + < [(MW upﬂi5>+<{{v}},i+;—{{v}},t;)—ﬁ({@}}@;—{@}}i;)} ~0,

o2h?

Ttk £ [+ Ly + B )+ B2y By — ([l — IR )

12¢2

212 n+1
Wy By o

Dividing the first equation by o, using (37), (38) and multiplying by = 02 7 the second equation one gets

fop2,, —€op2 1"
o | (= Wy~ By + oy — b y) - — 2 o
ho ¢ 1 1 de g
60t o (= Cobhyy + 20k = by + DLy + DIy + o 5ek)
{{v}} ey OB " B
5 =
Adding and subtracting these two equations one finds
4c? 1 h 2 .
OBy + 250l + ik =~ -bak - ok - 250k = B (9
and 4c? 1 h 2
¢ n
{{U}}H—l + [[ Hk+1 + 53 h ;5tp2 - &575'01% - ﬁ(vi - {{U}}llﬁ-%) . (40)
Using (39) in &+ 1 and Subtractlng (40) to (39) one gets
1 2c , 4 4c?

bt =

0 0
Vp — U .
Ughg( k k+1)

1 h
;sét(p2+1 +pp) + af;t(”liﬂ — ) + E(vk+1 -
Adding this equation for k& and k — 1 and using (37) one has

o + 20+ ) + by - (obly) - (b - (bt = o

Summing this equation for k and k£ 4 1 one gets

0+ 30+ 300+ 2 + 0y — ) — (b — () =0

S

Summing this equation for k£ and k — 1 one finally finds

1 h
—6u(pfg + 4Ry + 690+ 40y +1g) 5 by s + by — by — o)

_ %({{v}}i+g TR VR (% YRR 1 CR L
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Using (38) one deduces

(ohhg +H0hy) — Q0B + 0By = 5 ko = 2+ o).

Therefore one finally has

+1
482 (p2+2 - 2}72 +p2_2)n _ 0

9 20 2
6t(§p2+2 +4ppy, + gpg +Aph 1+ Sph_s) — 2

3 O
This equality is consistent with the first equation of the limit model (28). Moreover the equality (38)
is also consistent with the second equation of (28). This completes the proof. O

5 Application to the P, model in two dimensions

In the previous section we have studied the well balanced and asymptotic preserving properties of the
TDG method in one dimension for the P; approximation of the transport equation. Other schemes
which satisfy these two properties have already been designed in one dimension (see for example
[16]) but fundamentals difficulties arise when trying to extend those schemes to higher dimensions
(unstructured mesh, infinite dimensional stationary state space, ...). One advantage of the TDG
method (15) is that, given the approximation space V(T7p), it can be directly extended to the two
dimensional case. The scheme will be well balanced (in the sense of proposition 3.7) and one can hope
the asymptotic behavior of the two dimensional scheme will come naturally from the basis functions:
numerical evidence shows it is indeed the case. In the following we consider the P; model in two
dimensions

Oip(t,x) + £divv(t,x) = —oq(x)p(t, %), (41)

opv(t,x) + ng(t,x) = —o(x)v(t, x),
with the unknown u = (p,v)T € R3. The coefficients oy = 0, + %,04,0s € RT depend on x while

e € Rf,c € R* are constants. We write x = (z,%)”. The system (41) can be recast into the form (2)
with d =2, n = 3 and

[0 10 L (001 oo(x) 0 0
AOZIm, Alif 1 0 0 ,AQZ* 0 0 O ,R(X): 0 O't(X)
f\o oo “\1 00 0 0 ou(x)

The reader should be aware that o; depends on € and behave as E% when o4 > 0 and ¢ — 0.
Stationary solutions to the P; model (41) with constant coefficients are candidates to be basis
functions.

Proposition 5.1 (A first family of basis functions). Take d = (cos(¢x),sin(¢x))? € R%, ¢ # 0 and
assume constant coefficients o,,0¢. The functions

- Jadk

o = ( Vo )ezmmmx)’ (42)

are solution to the model problem (41).

Proof. Assume the solution of (41) is under the form ey (x) = zpe*(dx%) for some z, € R3. Setting

My = M A cos(¢) + Az sin(dy)) + R, one obtains the eigenproblem M)z, = 0. The values of A such
that det(M,) = 0 are A = ££,/5,0;. Taking A = £,/0,0¢ one has Ker(M: .5) = Span(w) with
W = (\/Tp, —/Ta c08(¢r), —/0q sin(¢x))?. Taking zx = w and ey(x) = z,e ¥, one finds a non
trivial solution to the model (41). This ends the proof. O
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Proposition 5.2 (A second family of basis functions). Assume o, = 0 and oy is constant. Denote
qr(x), k € N, the scaled harmonic polynomial in two dimensions

21—l ' 1-1 ) .
g =1, g = T%(w +iy) and gory1 = T%(m +iy)! forl e N*. (43)

The following functions are solutions to the Py model (41)

e = ( e ) k=1,..m. (44)

—cVaqg

Proof. Consider the stationary version of (41). Deriving the second and third equations and inserting
it in the first equation, one sees that p follows a second order equation Ap = 0. By definition the scaled
harmonic polynomials gx(x) are solutions and one gets the first component of the solution. It is then
easy to deduce the second and third components of the solution. This completes the proof. O

Because the basis functions (42) are solution to (41), one can use them in the case o, # 0. The
problem with such basis comes from the limit cases. Indeed the vectors degenerate to the same limit

as 0, — 0. Our goal is to show there exist a stable basis which degenerates correctly when o, — 0. We
€ R2n+1x2n+1 defined

proceed as in [14, Section 3.1] and consider the matrix Moy, 41 := My, ,.....05,.1
as
1 1 1
cos(f1) cos(f2) ... cos(fani1)
sin(f1)  sin(f2) ... sin(f2n41)
cos(201) cos(263) ... cos(202,41)
Mopy1 = M61762-,-~~792n+1 = sin(291) Sin(292) sin(292n+1) ) (45)

cos(nby) cos(nbz) ... cos(nba,i1)
sin(nfy) sin(nfy) ... sin(nfa,i1)

This matrix is invertible under general conditions.
Proposition 5.3. Let 01, ..., 02,41 € [0,27] with 0; # 0; if i # j. Then the matriz Moy, 41 is invertible.
Proof. We take the proof given in [14]. Assume ¥ = (¢, ..., ¥2+1)7 and M, ;9 = 0 then

o + Zz/ng_l cos(l0r) + o sin(lfy) =0, fork=1,..,2n+ 1.
1=1

Therefore, 1) is the coefficient vector for a real valued trigonometric polynomial of degree n with 2n+ 1
different zeros 0y, k = 1,...,2n 4+ 1. This polynomial is zero everywhere and one can conclude ¥ = 0.
This completes the proof. O

We give a new family of basis functions which degenerate correctly when o, — 0.

Definition 5.4 (A third family of basis functions). Let n € N and consider 2n+ 1 solutions to the Py
model e; i =1,...,2n+ 1. We set ay ; = (M2n+1),;} and define

2n+1

~ £ |4 .

& = V(- \/0ur) 1N apjer, j=1,..2n+1. (46)
k=1

Proposition 5.5. The functions &; from (46) remains stable when o, — 0. More precisely, denoting
by q;(x) the scaled harmonic polynomial (43), one has

= %Qk _
€r U(;)O (_quk) fork=1,....2n+ 1.
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Proof. The proof is based on the stable basis argument used for the Helmoltz equation in [14]. Deriving
the second and third equations of (41) and inserting it in the first equation, one sees that for stationary
solutions, the variable p follows a second order equation Ap = i—;otaap. This equality is satisfied by
the scaled harmonic polynomials (43) in the case o, = 0. Following [14] and using the definition of
the coefficients ay;, one can show that the first component of the functions €; tends to the scaled

harmonic polynomial times Z=. Because these functions are still solutions to (41) one can write them
when o, = 0 under the form

o= [ F k=1,...m.
_CVQk ’ PR}

This completes the proof. O

The proof of the main Theorem of convergence 1.2 attached to these basis functions is postponed
in Chapter 7.

6 Numerical results

The goal of this section is to validate the convergence and asymptotic behavior of the scheme on some
numerical examples in one and two dimensions for stationary and time dependent problems. We will
consider two regimes: the case ¢ = 1 and the case ¢ << 1.

6.1 One dimensional time dependent tests

We use random meshes made of N nodes, where the vertices are moved randomly around their initial
position by a factor of at most 33%.

6.1.1 Study of the order

For the time dependent P, model in one dimension (27) consider the case Qg = [0,1], ¢ = 1,¢ =
1,0, =1,0, =1, h=1/N for N = 20,40, 60, 80,100, T = 0.024 and dt = T'/N. The exact solution is
u.; = (et e7?") and we set M ~u = M u,, on the boundary. The functions (29) are used as basis
functions.

We study two cases: a first one with only the two stationary basis functions e;, ef and a second
one with four basis functions e] , e}, e, ,es. Figure 2 shows that the scheme is convergent with the
two basis functions e}, e]” and that one increases the order by adding the basis functions e; , ed . More
precisely, order 1 is achieved with the two basis functions e;, ej‘ whereas order 2 is achieved with the
four basis functions e] , e}, e;, ed .

6.1.2 Asymptotic preserving regime

We test the asymptotic behavior of the scheme (33) for the model problem (31). Naive schemes need
many degrees of freedom, and therefore an important computational time, to be able to capture the
correct diffusion limit when € — 0. The so called asymptotic preserving schemes have been designed
[16, 26] to get the correct limit with a reasonable amount of degrees of freedom. We have shown in
Section 4 that the TDG method leads to a new asymptotic preserving scheme and we can now illustrate
this property. To this end we take Qg = [0,1], e = 0.001, 05 = 1, ¢ =1 and T = 0.01. Consider py the
fundamental solution to the heat equation and the variable vg associated in the limit € — 0

1 —(x—0.5)2

x,t) = e 2 oz, t) = —e0zpo(x,t).
po(z, 1) o/t o(z,1) po(z, 1)

Finally M~ (p,v)T = M~ (po,v0)T is imposed on the boundary. Figure 3 compares the numerical
solution with (pg,vo)?. One sees that even with few degrees of freedom the solution is correctly ap-
proximated.
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Figure 2: Study of the L? error on the final time step in logarithmic scale for temporal one dimensional
model. Error with the two stationary basis functions and the four basis functions. Random meshes.

6.2 Two dimensional tests

We now consider two dimensional model. Meshes made of random quads are using. A random quad
mesh is made of N x N quads, N € N*| where the vertices are move randomly around their initial
position by a factor of at most 33%.
6.2.1 2D convergence with absorption
Consider the stationary P; model in two dimensions (61). Let x = (z,y)7,Q¢ = [0,1)%, ¢ = 1,¢ =
1,0, = 1,05 = 1. The exact solution we consider here is
T

U, (x) = (cos(y)e‘/gw, —(V3/2) cos(y)e\/gI,Oﬁ sin(y)e‘/‘g’””) .

We assume M ~u = M~ u,, is imposed on the boundary and consider m € N basis functions as in (42)

er(x) = (V2,dy)eV2 @ p=1,.,m,

with dj, = (cos(¢r), sin(ér)) T, ¢ = 2(k — 1)7/m.

Results obtained with 3,5 and 7 basis functions are displayed on the left of Figure 4. As stated
in proposition 7.12, one only needs two additional basis functions to increase the order by a factor 1.
Note however that the orders obtain here are slightly better than those predicted in proposition 7.12:
with 3, 5 and 7 basis functions one gets respectively order 0.8, 1.5 and 2.5.

6.2.2 2D convergence without absorption

Consider the stationary P; model in two dimensions (61). Consider the same parameters as before but
without absorption: x = (x,9)7,Qs =[0,1]%, e = 1,c = 1,0, = 0,05 = 1. The exact solution is

Uy (X) = (cos(y)egﬂ, —cos(y)e”, sin(y)em)T.
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Figure 3: Numerical solution obtained with the numerical scheme (33) with e = 0.001 to pg (left) and
vo (right). Random mesh with 20 nodes and dt = 0.01/20. Good accuracy illustrate the AP properties
of the TDG scheme.

Again assume M ~u = M " u., is imposed on the boundary and consider m € N basis functions as in
(42)
er(x) = (V2, dk)eﬂ(d""x), k=1,..,m,

with dk = (COS(¢k),Sin(¢k))T, ¢k = 2(]{1 — 1)7r/m

Results obtained with 3,5 and 7 basis are displayed on the right of Figure 4. The orders are very
close to those obtained in the case o, # 0 (left of the Figure 4): with 3, 5 and 7 basis functions one
respectively gets order 0.5, 1.5 and 2.5.

6.2.3 Boundary layers in two dimensions

We study the stationary P; model in two dimensions with discontinuous coefficients. The domain is
Q = [0,1]? and we define Q; (resp. Q2) as Q1 = [0.35,0.65]% (resp. Q2 = Q\ Q1). The geometry is
represented in Figure 5. We take e = 1 and ¢ = % The absorption coefficient o, = 2 x 1q,(x) has
compact support in Q1. The scattering coefficient o5 = 2 x 1g, (x) + 10° X 1q, (x) is discontinuous and
takes a high value in ;. Even if we consider a random mesh, the interface between 2, and Q5 is a
straight line.

To show why it can be challenging for standard schemes to capture boundary layers we compare
the TDG method with the DG scheme with affine basis functions (that is 1, z, y). Since the P; model
has 3 components this gives us a total of 9 basis functions per cell for the DG scheme. For the TDG
scheme we take only 3 or 5 basis functions per cell. Note that for the TDG method one must choose
the directions of the basis functions in 7 since o, > 0. As we will see this choice plays an important
role to correctly capture the boundary layers and it seems essential to locally get the one dimensional
direction perpendicular to the interface.

Both DG and TDG converge to the same asymptotic solution for thinner and thinner meshes.
The 2D asymptotic solution represented in Figure 6 is calculated on a 200 x 200 mesh with the TDG
method with 5 basis functions per cell (except at the interface see below). The default equi-distributed
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Figure 4: Case 0, = 1 on the left and o, = 0 on the right. L? error in logarithmic scale of the TDG
method for the stationary two dimensional P; model. 3 basis functions (red), 5 basis functions (blue)
and 7 basis functions (orange). Random meshes.

directions in 2; are

2 2 4 4
d, = (1,007, dy = (cos —W,sin—ﬂ)T, ds = (cos l,sini)T,
dy = (cos 6ér,sin%T)T, d; = (cos 8%T,Sin%r)T
At the interface in 0 we make a special choice of directions
d, = (1,007, dy=(0,1)", d3z=(-1,007, dy=(0,-1)". (48)

These directions are well adapted if one considers a one dimensional problem at the interface. For
example on a 20 x 20 mesh there are 36 cells in €2, and, among those 36 cells, there are 20 cells with
at least an edge which belongs to the interface. The directions (48) are taken in those 20 cells and the
directions (47) everywhere else. We will also study the TDG method with only 3 basis functions per
cell. With 3 basis functions per cell we consider the following equi-distributed directions

4£)T.

2 2 4
d, = (1,007, dy= (cosi,sin 7T)T d; = (cos—w,sin 3

3 377 3
We compare the DG and TDG methods on a coarse 20 x 20 mesh.

In Figure 6, we represent the variable p. For the TDG method we take either 3 or 5 basis functions
except at the interface in €y where we use the 4 directions (48). One observes that the boundary layer
is not correctly captured by the DG scheme. The approximation given by the TDG scheme seems more
accurate.

In Figure 7, we take a one dimensional cut at y = 0.5 to compare more precisely the numerical
results. The graphic on the left shows that the TDG gives indeed a much better approximation than
the DG method especially with 5 basis functions per cell. Our interpretation is that it is because the
boundary layer is correctly captured by TDG but poorly captured by DG.

The graphic on the right of Figure 7 illustrates why it is very important to use the directions (48)
at the interface to obtained a satisfactory discretization of the boundary layer on a coarse mesh. We
consider the TDG method with 5 basis functions per cell and compare two cases. In the first one the
directions are (47) in all cells of €21. In the second one the directions (48) are used at the interface. The

(49)
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Figure 5: Domain and boundary condition for the two dimensional boundary layers test.

graphic shows that the TDG method gives a non correct approximation with only the directions (47).
However if one locally adapts the directions at the interface the TDG method recovers a very good
accuracy. Once again, our interpretation is that it is because the boundary layer is correctly captured
with these parameters.

9.610e-02 06 8,114e-01 -4,30le-11 0.2 8,450e-01 -1.719e-13 0.2 8,348e-01 -4,896e-03 0.2 06 8,446e-01

Alnmmmmm mmwmmu Hmuuuumuw uum|uuuu||M

Figure 6: Representation of the variable p for the test case 6.2.3. From left to right: DG scheme with
9 basis functions per cell, TDG scheme with 3 basis functions per cell, TDG scheme with 5 basis
functions per cell and reference solution. For the TDG method the directions at the interface in 24
are locally adapted into the 4 directions (48).

6.2.4 Asymptotic preserving study for time dependent model

We study here the asymptotic behavior of the TDG method in the case o, = 0 and consider the
test case from [5] for the time dependent P; model (41). Let x = (z,y)7,Qgs = [0,1]?, T = 0.036,
0,=0,0, =1,¢c=1, and consider the solution

g2 €
p0:f+_8tf7 uO:——Vf,
Os Os

with
ft,x) = a(t) cos(2mz) cos(2my),
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Figure 7: One dimensional representation of the variable p at y = 0.5 for the test case 6.2.3. Left:
comparison between the DG method with 9 basis/cell (cross), the TDG method with 3 basis/cell
(circle) and the TDG method with 5 basis/cell (square). In both cases the directions at the interface
in Q; are locally adapted into the 4 directions (48). Right: comparison between the TDG method with
directions (47) only (cross) and the TDG method where the directions at the interface in 0, are locally
adapted into the 4 directions (48) (square).

with a(t) defined as

A2 At A1 Aot
t) = 1t _ 2
U v v v vl
as(1 /1 - 3272 4 1) as(, /1 - 3272 — 1)
M= 2e2 A= 2e2 ’

One can check that (pg, u) is indeed a solution to (41) with o, = 0, see [5] for details. An exact relation
is enforced between ¢ and the space step h = % The relation between ¢ and h reads e = 0.01(40h)™
for 7 € {0, i, %, 1,2}. The error between the exact solution and the numerical solution is computed
numerically in function of A for different values of 7. The result is displayed in Figure 8 for 3 stationary
basis functions (44) and dt = 0.36h2. One observes the convergence of the solution even for small values
of €.

7 Proof of theorem 1.2 and h-convergence

First we consider the simpler case of the particular second order equation Au = wu which is closely
related to the Helmholtz equation. This will then be generalized to study the approximation proper-
ties of stationary solutions to the P; model. Approximation results using solutions to the Helmholtz
equation has already been studied in different ways. For the h version see [7] for the case w < 0 and
[14] for the case w < 0 with a source term and more explicit constants. For p version estimate using
Vekua theory see [18, 31] and [19] for the hp version.

7.1 Technical material

Let u € H'(2). We consider the following auxiliary second order equation

Au = wu, (50)

23



tau=0 —— -
tau=0.25 —><—
tau=0.5 —¥—

tau=1 —H— H

tau=2 i

order 1

e

0.001

0.0001

1e-05 L
10 100 1000

Figure 8: On the left: study of the L? error at the final time in logarithmic scale. TDG method for
€ =0.01(40Rh)™ with 7 = 0 (red), 7 = 0.25 (green), 7 = 0.5 (dark blue) 7 = 1 (purple) and 7 = 2 (light
blue). On the right: an example of random mesh in 2D.

with w € R which may take positive or negative values and our goal is to write a simplified Taylor
expansion for regular solutions to this equation. Let x = (z,y)7 and fix n € N and x¢ = (29,%0)” € Q.
We note T} (x) := Ck, (x —20)P(y —yo)* P for 0 < p < k and T7(x) := 0 in other cases. Every function
u € C"1(Q) can be written under the form of a usual Taylor-Cauchy expansion which comes from
[10, page 94]

n+1
ZZ@P@’C Pu(xo) T (x) + > RO Pu(x,)TE (), (51)
k=0 p=0 p=0

where x, = (z4,ys)7, s = (1 — 8)xg + sz, ys = (1 — 8)yo + sy, s € [0,1]. There is of course a double
sum in the Taylor expansion, but for Trefftz methods it is possible to reduce the complexity using the
fact that u is a solution to the model equation (50). This is classical [7, 19, 28| see also [24, 22, 23|
with a different approach to the coefficients reduction procedure. In our analysis, we need intermediate
quantities named of and j}.

Definition 7.1. Consider an integer n > 0. The functions of, and B} are defined in the range 0 <
p <k <n by a decreasing recursion from k =n to k = 0. The recursion reads:

e by convention set 3} | (x) = B}, 5(x) =0, ﬂk_l(x) = ﬂk_2(x) =0, Vp, k
o fork=ntok=0, do

o forp=0top=k, do
ap(x) =T (x) + why (%), (52)

Bh(x) = af(x) — By (%), (53)
A graphical illustration of the procedure is provided in Figure 9.

Since %, (x) = AL, ,(x) = 0, thus of _,(x) = TP | (x), af(x) = TP(x). Also because B2 =
B! = 0 the equality (53) implies

ﬁgzag, B,i:a,lc, 0<k<n. (54)
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Figure 9: Dependence of the coefficients a3 and o in terms of the coefficients of, for w # 0. The figure
shows that o} depends only on some coefficients ak+2 fork<n,0<j<k+2.

In the case w # 0, the functions o (x) and S} (x) are polynomials of degree n if both n and k are even
or odd and of degree n—1 otherwise. If w = 0 the functions of (x) and % (x) are polynomials of degree
k for 0 < k < n. Note that in order to use simple notation we do not explicitly write the dependence
of these functions in n and xg.

Proposition 7.2. Assume u € C"T1(Q) is solution to (50). Then the double sum Taylor expansion
(51) can be recast as a simple sum with only zero or first order derivatives with respect to y

u(x) = ulxo) B3 (x) + Y [Ohu(x0) B (x) + 050, u(x0) 85~ (x)]
55)
+ RO Pu(x) T (%), VxEQ,

p=0
where x5 = (x5,ys)T, 5 = (1 — 8)z0 + 57 and ys = (1 — 8)yo + sy.

By symmetry, a similar result holds with high order derivative with respect to y and only zero
and first order derivatives for respect to x. The proof which is purely technical is postponed to the
appendix.

7.2 Approximation properties of auxiliary solutions to the equation (50)

To study the approximation properties of solutions to the equation (50) we will need the following
matrix. Let n € N and consider 2n + 1 functions ey, es,...,e2,11 € W™(Q). We define Sap,4+1 :=
S € R2n+1x2n+1 guch that

€1,€2;,...,€2n41

€1 €9 €o2n+1
8181 8162 81627,_;,_1
8y€1 8y€2 8y€2n+1
8361 3362 (9362”_;'_1
S2n+1 = Sel,eg,...,6271+1 = 81874@1 8:,38?462 dﬁyeznﬂ
8;7'61 8262 8262n+1
3:7183461 8;1716%62 5‘;1’18y62n+1
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For © a generic open set we will use the norm [Ju|yn.«@©) = >_r_, ZI;ZO SUD, o |02 Pu(x)]. In the
vectorial case it is [[u|ywn.@) = >j=; ujllwn.<(o)-

Proposition 7.3. Let n € N, xo € R?, assume eq, e, ...,e0,11 € WTH2(Q) and u € WnTH2(Q)
are solutions to the equation (50). If the matriz San+1(X0) is invertible then there exists real numbers
a= (a1, as, ...,a2n+1)T € R?"*1 and a constant C > 0 such that

2n—+1

E a;e; — U
i=1

< Ohn+1||u||wn+1,oo(g), h = diam(Qy).
L= ()

2n+1
\% <Z a;e; — u)
i=1

Proof. Because the solutions e;,1 < i < 2n + 1 and u are in W"T1°°(Q), one can write them under
the form (55). Let

and

< ChnHu||Wn+l,oo(Q), h = dzam(Qk)
Lo (Q)

b = (u(x0), 0zu(x0), Oyu(xo), ..., Oy u(xo), 8;_18yu(x0))T (56)

and consider the solution of the linear system Sa,11(X0)a = b. The expansion (55) implies

2n+1 n+1 2n+1
Z ae;(x) —u(x) = Z RO Pw(xa )T (x), w= Z a;e; — u. (57)
i—1 p=0 i=1

Since T}, is a difference to the power n + 1, one immediately gets

2n+1

E a;€; — U
i=1

< Cllwllynt oy pntl

Le=(Qy)

Additionally the triangular inequality yields |[w|[yn+1.00(q,) < Zf:fl |as] (€3]m0 () Tl ellypnsr.ce p)

where the coefficients a; are bounded by |[ullyyn+1.(q,) s a consequence of (56) and the basis func-
tions e; are bounded by a constant. So [[wl|yni1.00(0,) < Clltllyrnir.0(q,) up to the redefinition of
the constant. From (57) one deduces the second inequality. This completes the proof. O

We now consider some specific cases with non negative constant w and study the invertibility of
the matrix So,,41. First assume w > 0.

Proposition 7.4. Let n € N, w > 0, w constant, and consider the functions ey, ..., €241

ei(x) = eVedix) i1 on 41, (58)

)

with d; = (cos(6;),sin(6;))T, 0; € [0,27] and 0; # 0; Vi # j. The functions e; are solutions to the
equation (50) and the matriz Sa,41(x) is invertible for all x € R2.

Proof. Tt is easy to check that the functions (58) are solutions to the equation (50) when w is constant
and positive. It remains to show that the matrix Sa,11 is invertible. For simplicity we consider centered

solutions
ei(x) = eVe(dix—xo), (59)

with xo € R%. Multiplying each columns of Sy, by a positive constant does not change whether the
determinant of So, 41 is null or not. Doing so the matrix S, 1 is recast with slight abuse of notation
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as

1 1 1
w? cos(fy) w? cos(6s) w? cos(fani1)
w? sin(6;) w? sin(6s) w? sin(fan41)
S2n+1 -

w? cos™ (1) w? cos™(fy) w? cos™(fani1)

w3 sin(fy) cos" (A1) w? sin(f) cos™ () ... w3 sin(fani1)cos” H(Boni1)

We recall the equalities
1 EH e nt1l nt1
n _ n *
cos (m)—in(kZOCncos((n—Qk)x)— 5 ( 5 - 5 J)), n € N,

sin(z) cos(nzx) = %(sin((n + 1)z) —sin((n — 1)x)>, n € N.

Therefore each row of S, can be written as the corresponding row of My,11 = My, .. g,,,, multi-
plied by a positive coefficient and a linear combination of its previous rows. Since the matrix Mo, 41
is invertible (proposition 5.3), the matrix Sa, 1 is also invertible. This completes the proof. O

Now consider the case w = 0.

Proposition 7.5. Let n € N, w =0 and consider the functions e; = q; for { > 1. These functions are
solutions to the equation (50) and the matriz Sa,+1(x) is invertible for all x € R?.

Proof. By definition harmonic polynomials are solutions to the equation (50) when w = 0. For these
solutions

1 R(z +iy)! S(x + iy)? 2 "Rz + iy)" 2"z + iy)"
0 0 R(x +iy)! 0,3(x +iy)t f—’,”aw%(:c +ay)™ 21? 0. (x + iy)"
s 0 OyR(z +iy)* 2yS(z +iy)! Qn—_!nay%(x +iy)" 2n_!n 0y Sz + iy)"™
2n+1 = . . . . .
0 O"R(z+iy)! Az +iy) . TR+ iy) 29 (@ + iy)"
0 1Rz +iy) A9,S(x+iy) .. EOOR(@ iyt E 90 19,S(x + iy)"

One has (x + iy)* = E];:o CP(i)*~PaPyk=P, thus
OFR(x +iy)* =k, TRz +iy)* =0, 8§71+l3y§}?(:c +iy)k =0, forallleN,
and
k19,3 (x +iy)* = CL(k — 1)), O T¥(z +iy)* =0, 99, R(x +iy)* =0, forallleN.

One deduces that the matrix Ss,41 is an upper triangular matrix with positive diagonal coeflicients
and is therefore invertible. This completes the proof. O

We can also proceed as in [14] and study stable basis that degenerate correctly when w — 0.

Definition 7.6. Let n € N, w > 0, w constant, and a; = (My, ..., 92n+1),;;.. We define the following
functions
) 2n+1
& =Ww) B> apjer, j=1,.2n+1, (60)
k=1

with ey defined as in (58).
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These functions are stable in the sense that they tend to harmonic polynomials when o, — 0.

Proposition 7.7. We denote q;, j = 1,...,2n + 1 the first 2n + 1 scaled harmonic polynomials (43).
One has
&j(x) = qj(x), j=1..2n+1.

w—0
Proof. The convergence is uniform on compact sets, see [14, Section 3.1]. O
By continuity one can therefore write €; = ¢; if w = 0. With the solutions €;, we study the

invertibility of S in the case w > 0.

Proposition 7.8. Letn € N, w > 0, w constant and consider the functions €y, ..., €any1 in (60). The

matriz S, ... &,,., 5 invertible in R2.

Proof. Let M € R>"1x27+1 he defined as My ; = (w)ﬂjﬂak,j where ay, ; are the coefficients of the
matrix (Ma,1)~!. Since the matrix (M, 1)~ ! is invertible the matrix M is also invertible for all
w > 0. From the definition of the functions €y, ..., €2, 41 and the definition of the matrix S one has

Séhu = Sehw M

€2n+1 €2n41 V-

The matrix Se, ... ey, ., and M are both invertible for w > 0 therefore Se,,....éan11 18 also invertible for
all w > 0. Moreover for w = 0 the solutions €; are the scaled harmonic polynomials. From proposition
7.5 one gets the invertibility of the matrix Sz, . when w = 0. This completes the proof. O

€2n+1

7.3 Proof of theorem 1.2

We study the approximation properties of solutions to the stationary P; model. For simplicity we take
¢ =1 and assume the coefficients o, and o, are constants. The stationary P; model (41) reads

O0zv1 + Oyvo = —€0,p,
a?)p = 7%5?’111, (61)

_ 1~e
ayp = —ga't (%)

where we note 7§ = €20, + 05, which still depends on ¢, and assume o, + o5 > 0. For convenience the
unknown will be rewritten as u = (uy,u2,u3)?. The system (61) can be recast into the form

(Oze + ayy)p = 040(D-

One has the inequality

1
[uallwn. () + [usllwne () < Clluallwnttc@y, C=——— (62)

Oq + 0 ’
We assume the mesh quasi uniformity: there exists a constant C' uniform with respect to the mesh
sequence such that
max hi < C min hy. (63)
QreTn QreTh
We study the TDG scheme obtained by writing the equations under the form of a Friedrichs system
(2) with

010 0 01 eo, 0 O
A;=11 0 0), Ay=({0 0 0], R=|0 o O
0 0 0 1 00 0 0 of
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For the stationary P; model (61) the matrix M reads M(n) = [(n, 0 0 |, and we will use the
decomposition
Ny +n?

S Engny | . (64)

2
ny  Engn,  Eng

Our main goal is to obtain a proof of convergence in the case ¢ = 1. We will discuss the case ¢ — 0 in
a second stage.

Proposition 7.9. Letn € N, Qi € Tp,, xg € O, € = 1 and 0, + 0, > 0. Consider u = (uy, us,u3)” €
WntLeo(Q) solution to the Py model (61). Consider eq,...,e0,11 € WnH1L2°(Qy) specific solutions
to the P; model, which can be either (42), or (44) or (46). There exists a = (ay,...,azn1+1)? € R+

such that
2n+1

E a;e; —u
i=1

2n-+1
\% (Z a;e; — u)
i=1

Proof. This is a direct consequence of proposition 7.3 applied to u = u; = p combined with (62). O

S Chn||u||Wn+l,oo(Qk)
Lo (Q)

and

< Chnil ||u||Wn+1,oo(Qk).
L (Q4)

We can now give an approximation result in terms of the | - || pg~ norm.

Proposition 7.10. Under the assumptions of proposition 7.9, there exists vy, € V,,, := Span{ey, ...,e2,41}
such that
Hll — VhHDG* S C‘hn_l/Q||l_l||VVn+1,oo(Q)7

with h = maxq, e, bk, hi = diam(Qy).
Proof. From proposition 7.9 one deduces that there exist v, € V,,, such that V)
o= valEego,) < Ch 2 lulliy s o).
((u=vi)liq, < Chi"llullfyus(q,):

therefore
1
= vilzegon) (5l = vllzaon + 0 = Vil ) < OB fulfynrs oy YO

Summing over all € and using that for a regular mesh of size h, the total number of elements is
bounded by C'/h? one has

1 _
Z\lu*Vh||L2(ﬂk)(hfk||u*Vh||L2(Qk) + \(U*Vh)h,nk) < CR Y ulfynsto )y V%
k

One concludes using proposition 3.10. O

Combining the previous proposition with the results of Section 3 one can now give an estimation
of the DG norm of the error.

Proposition 7.11. Under the assumptions of proposition 7.9, consider the TDG method (15) with
the decomposition (64). One has

lu—unlpe < CR" 2 |[ullynsi ),

with h = maxq, e, bk, hi = diam(Qy), where uy, stands for the solution to the TDG method.
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Proof. Use proposition 7.10 and conclude with the quasi-optimality result from proposition 3.6. O

One can now easily study the convergence in quadratic norm using various physical assumptions
on the coefficients.

Proposition 7.12 (Convergence in the dominant absorption regime: € = 1, 0, > 0, 05 > 0). Consider
2n + 1 basis functions. Under the assumptions of proposition 7.11, one has

Ju = |2y < CR" 2 |[ullpnsr. (q),
with h = maxq, e7;, bk, hi = diam(Qy) and where uy, stands for the solution to the TDG method.

Proof. Since o, > 0, 6 > 0 and € = 1, the matrix R is positive definite and one can give an L? lower
bound of the DG norm with proposition 3.8. One concludes with proposition 7.11. O

Next case is the dominant scattering regime with os > 0 and o, = 0. We will need the following
technical lemmas.

Lemma 7.13. Assume w € H'(T,). One has

1
lwliZaqe) < CI0uwl20) + 19,0l + 5 30 el + D ol )
k j<k k

with h = maxq, 7, bk, b, = diam(Qg) and where Jw] denotes the jump of the function across a face.
Proof. We use (63) and the proof given in [2] (see also [1] for a weaker result). O

Lemma 7.14. Assume w = (w1, ws, w3)? € V(T), e =1 and o, + 05 > 0. One has

C
Wl 2(0) < ﬁHW”DG,

with h = maxq, eT;, bk, hi = diam(Qy) and where the constant C is independent of h.
Proof. Using the definition of the DG norm (20) with o, + o5 > 0 one gets
lwallZ20) < Clwlha,  llwsllZz) < Cllwlihe- (65)

It remains to show |lw1[/z2(q) < %HWHDg. The matrix | M| reads

1 0 0
IM|=10 n2 ngn,]|. (66)
0 mngny ni

Since w € V(T;,) and o, + o, > 0, the L? generalization of the inequality (62) yields ||6@.w1||2L2(Q) <
C||w2|\%2(ﬂ) and \|8yw1||%2(m = C||w3||2L2(Q)7 C' # 0. Therefore from the inequality (65), the definition
(66) of the matrix |M| and the definition of the DG norm (20) one deduces

Hazle%z(Q) + ||3yw1||2Lz(Q) + ZZ ||[[w1ﬂ\|%2(zkj) + Z ||w1||2L2(zkk) < Cllwlhe-
k j<k k

One concludes using V(7;,) € H'(T;) and lemma 7.13. O

Final proof of Theorem 1.2. The case o, > 0 is already treated in proposition 7.12. To treat the
remaining case o5 > 0 one can combine lemma 7.14 and proposition 7.11. The guaranteed order of
convergence is the worst case, that is n — 1. This completes the proof. O
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Theorem 1.2 illustrates one of the well known advantage of the Trefftz method: in dimension two,
one needs only to add two basis functions to increase the order by one. On the contrary the number
of basis functions is quadratic with respect to the order for standard DG methods.

Remark 7.15 (Case ¢ — 07). It would be of course desirable to get uniform estimate in the case
e — 0T. The theorem 1.2 in particular could be very helpful since the cases ¢ — 0 and 0, — 0
are closely related. However dependence in € arises through the basis functions e; and the solution u
and this dependence must therefore be carefully studied when using the results of the previous sections.
Whereas it is possible to easily study this limit regime for the basis functions e;, it is much harder for
the solution u mostly because boundary layers may occur depending on the boundary values. We note
that initial boundary layers can also arise for time dependent problems. These theoretical issues are
left for future research.

A Time dependent solutions to the P, model in one dimension

We give the proofs of the propositions in Section 4.1 and provide more material on how to construct
the stationary and time dependent solutions (29) for the one dimensional P; model (27). First we
recast (27) as in (2) with d = 1, n = 2, which reads

Opu+ A10,u = —Ru, (67)

10 0 < ge 0
o 1) a= (2 0) m= (G 0)

In order to find the solutions (73) we search for particular solutions to (67) under the form

u(z,t) = q(z,t)e (68)

with

oo

with A € R and where q € R" is a polynomial in x and ¢. For example we consider
q(z,t) = qo + zq1 + tqe + wtqs. (69)
Using (68) in (67) and dropping the exponential term one has
(0 + A10: + Rlu=0< (0; + A10: + (A1 A+ R)) q(x,t) = 0.

Extending q one finds
((AaA + R)qo + A1ar +q2) + 2 ((AiA + R)ar +q3) +t ((A1A + R)qe + Ai1q3) + 2t(A1 A+ R)qz = 0.
This equality holds for all x and ¢, thus one gets the following system

(A1 +R)gq3 =0

(A1A+ R)q: = —q3

(A1A+ R)q2 = —A1q3

(AiA+ R)qo = —A1q1 — q2.

(70)

Therefore the solutions to (67) under the form (68) with q given by (69) satisfy the system (70). We
can now write the conditions (70) for the P; model.

Lemma A.1. The conditions (70) read
qs = 07
(Al)\ + R)CIQ = 0,
(Al)‘ + R)ql = 07
(A1A + R)qo = —Ar1q1 — qq,

with A = +2.,/040%.



Proof. First, a necessary condition for (70) to admits a solution is det(A\ — R) = 0. Since

AN+ R = (fa J‘) 7
E)\ Ot
one deduces det(A1 A + R) =0 < X\ = ££,/5,0;. With this choice for A, the matrix A; A + R reads
_ o +.\/0.0¢
Ar+R= (i\/oTat o, )

and one notices that
(A1A + R)? = (04 + 01)(A1A + R). (72)

Thanks to the first and the second equations of (70) one has

(Al/\ + R)Q3 =0 2
= (A4 A+ R)°q1 = (04 + 0¢) (A1 A+ R)q3 = 0.

{(Al/\+R)Q1 = —qs3 (A ) ( 2 )

From (72) one gets (A1 A + R)q; = 0, therefore q3 = 0. This completes the proof. O

Proposition A.2. The P; model (67) admits the following four solutions

ot 0) = (V) ety

Ot—0q Uu+0t

i( - —Ci ﬁisx + ct\/oy 15 FE

€2 ¥ FcZt—%a —5:6”““” F ct\/0a ¢ ’
40¢+/0q 2./0 a

(73)

Proof. One notices Ker(A1X + R) = Span((,/5¢, F1/04)"). Thus with w = (,/o¢, F1/04)7 and the
relations (71) one gets

Qi =aw, qs=pw, o feR
From the last equality of (71) one sees that —A;q; — q2 € Im(A; A+ R) which implies —A1q; —q2 €
Ker((A1A+ R)T)L. Since the matrices A; and R are symmetric, Ker((A; A+ R)T) = Ker(A;A+R) =
Vect(w). A necessary condition is then (—A;1q; — g2, w) = 0 which is equivalent to

Oq+ 0t €
2./0q0¢ ¢

Finally let qo = (i, q3)". From the fourth equation of (71) one gets g3 = }7 (B 2% F J1G).

Thus one can choose qg under the form

ﬁ Ot — Ogq Ot — Oq T+
= — W
do0 40_a\/0—ta :{:40} ,—O_G W,

with v € R. To sum up one has the following relations

q3 = Oa
= 8(v/75, Fvaa) |,
a=-221% /e, o), (74)

2./0,0¢ C

T
Ot — Ogq Ot — Ogq T
= — :l: a
o 5( to. o Tio, Fﬂ) +7 (Vor, £v/04)

B,7 € R. Because the solutions are under the form u(z,t) = (qo + oqi + tqe + tqz)e’?, with
A = +£,/6,0¢, one finds the four basis functions (73). This completes the proof. O

c
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Now we construct linear combinations of the solutions (73) that remain stable in the case o, — 0.
To make these solutions more convenient to read, we use the notations z, = %./Uaatx and cosh(z) =

%, sinh(z) = %

Lemma A.3. The following four functions are linear combinations of the solutions (73)
- /2t sinh(z,
é(x) = %a (22) ,
—cosh(z,)

) - cosh(z;)
& (x) = (ﬁsinh(zm)> ’

. 75)
—€ "%Ug xsinh(z,) — ct cosh(zy) (
éS (ta J)) = Ot—0q4 ’ oitog Oq . )
Copy oy sinh(z;) + e 25 %@ cosh(z,) + ¢/ 2+t sinh(z;)
&a(t.z) = % smh(zj) - 5mz cosh(z;) — ¢/ -t sinh(z) .
52"5/%x s1nh(zm) + ctcosh(zy)
Proof. One defines the following linear combinations of the functions (73)
I (.1) = ef (2.1) + 7 e (w.1),
0q0¢
12 (x,t) = e (z,8) — ¢ T2 (2, 1).
2 (:L’, ) € (1'7 ) 40a0t €] ({E, )
Then defining the four solutions
61(0,) = 5 (ef (,1) — o5 (2,1)
2./0,
- 1 _
&(z,1) = 2\@ (e (w,1) + ey (z,1)) .
&(a.1) = 2\ﬁ( Ft) 15 (1),
é4($,t) = 2 /—O_a (12 (Z‘,t) - l;(xat)) )
one gets the functions (75). O

‘We show that these solutions remain stable in the limit case o, — 0.

Proposition A.4. When o, — 0 (0y — %), the solutions (75) tend to the following functions
(] )

1

0

( E Ut 2 )

_< Ut 23 — eopte — 5x>

"

g

o 0

)

o 0

ﬂ

Ua —0 E‘“:J: +ct
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Proof. One notices that
sinh €
cosh(z;) — 1, sinh(z) - - (76)
0a—0 \/OaOt 0a—0 C
The limit of &;(z,t), €2(x,t) and €3(x,t) are simply obtained by using the expressions (76) in (75).
The limit of the second component of €4(x,t) can be obtained in a similar way. It remains to study
the first component of &4(z,t). One has

clot = 9a) sinh(zy) — ex 9t T % cosh(zy)
204\/040¢ Oa

3

ot + 0g 620a0t$2

cloy —oq) € e3x30,0, 9 9
= oo, T e telea)) mer T e Folod)
5$+53Jt2x3( 1+1)+0( ) . 53Ut2x3+0( )
=— ——(—=4+= 0y) = —€x — 04).
2c2 6 2 “ 62 ¢
. sinh(zz) 3 s .. ~ . §
Because —ctotﬁ , a—g o —eotx, one gets the expression of the limit of &4(x,t). This completes the
proof. O

B Proof of proposition 7.2

Lemma B.1. Assume that the hypotheses of proposition 7.2 are satisfied. Then for all 0 <1 <n —2
one has the identity

l +2

> R0l u(x0) TP (x) + Y ORI Pu(xo)ad,,(x) =
p=0 p=0
. (77)
S 901 Pu(xo)ad (x) + O 2u(xo) B E2(x) + 0510, u(x0) B ().
p=0
Proof. Let e N, 0<[I<n-—2. Forly €Z, —1 <1} <l—1 we define the function
+2
Zapal Pu(xo)ox Z RO, Pu(xo)TF(x) + D 9RO Pu(xo)af, ,(x)
p=l1+1 p=l1+3 (78)
ol A 60) 01 L B30

where we use the convention Zz:a = 0 for a,b € Z and b < a. First we show f(l;) = f(l; +1) for
—1 <13 <1—1. Because u is solution to the equation (77) one notices

RO (o)A (%) = (= OO T b wal T T Ju(xo) B (). (79)

Now we consider the definition of the function f (78) and we study the difference f(I; + 1) — f(l1).
After simplifications on the elements that appear in both f(I;) and f(I; + 1) one finds

Fla+1) = f(la) =0, 105" u(xo) g T (x) = 010,70 (o) T (x) — 90,70 T uxo)ap iy’ (%)
+ 00  u(xo) B () — O IO T u(xo) B ().

Using the equality (79) to reformulate the fifth term on the right hand side, one gets
fli+1) = f(lh) = ailﬂﬁzlfllflu(xo)a;lﬂ(x) — 8ll+18171171u(x0)7}h+1(X) — 3i1+38§/71171u( o)aéff’(x)

OO )1 )+ (00l w0l 0l ) B )

34



Ordering the terms with respect to the derivatives gives
£l + 1) = £(0) =010 () (al () — T8 ) — il ()
+ 20 (o) (= aft () + BlE ) + B30 () ).

Using the definitions (52) and (53) one finds al* ™ (x) — T (x) — whl i (x) = 0 and B113(x) —

1+2 1+2
ajib?(x) + 811" (x) = 0. Therefore one has f(l; +1) — f(l1) = 0 for all =1 <I; <1 — 1. One deduces
f(fl) = f(1) which can be written
+2
Z RO, Pu(xo)TF (x) + Y 0RO, Pu(xo)al, o (%) + 0f 2 u(x0) B o (X) + 0204 u(x0) Bl 5 (x) =
p=2

1
D 080, Pulxo)ad (%) + 05 u(x0) BT (x) + 5T 0 u(x0) B3 (%)-
p=0
Noticing from (54) af,,(x) = 87, ,(x) and o, ,(x) = B}, (%), one incorporates the two corresponding
terms in the second sum so one finds the equality (77). This completes the proof. O

Proof of pmposz'tion 7.2. Start from the Taylor expansion (51). From definition (52) one has o (x) =
TP(x) and of | (x) = TP_,(x). Therefore

n—1
n—2 k n—1
Z Z3§5k Pu(xo) Ty (x) + Z 080, Pu(xo)ay,_y (x)
k=0 p=0 p=0
n+1
+ Z L0y, "Pu(xg)ad (x) + Z AR P (%) Ty (%)
p=0

One can recursively use the equality (77) from [ = n —2 to [ = 0. More precisely, rearranging the first
sum one has

n—3 k n—1
Z Zapak Pu(xo) T} (x) + Z L0y~ Pu(xo)ay _y (x)
k=0 p=0 p=0

n+1

(Z PO Pu(x0)TH_y( 23”3" Pu(xo)ag, (x ) + ZapanH Pu(xs) T34 ().

One can reformulate the terms between brackets using (77) with the index correspondence n — 2 = .
One finds

n—3 k n—1 n—2
Z Zapak Pu(xo) Ty (x) + Z PP Pu(xp)alh _y (x) + Z PO Pu(xp) ol _, (%)
k=0 p=0 p=0 p=0 (80)
n+1
[+0mu(x0) B2 (x) + 9218, u(x0) 8 Zapanﬂ Pu(xs) TP, 1 (x).
One can now recursively repeat this simple operation using the equality (77) for I =n —3, ..., to

I = 0. One finally gets the formula (80) where the first line is written for n = 2, the term [-] becomes
a sum and the last term remains unchanged

_0+Zapal Pu(xg)ad (x )+U(Xo)a8( )

n n+1
+ 3 [0huxo) BE(x) + 05 Dyu(xo)BE T (0] + D0 RO Pu(x,) T (),
k=2 p=0
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That is

u(x) = ulx0)ad(x) + dyu(xp)ar (x) + 9,u(xo)ad (x)

n n+1
+ 7 [Ohulxo) BE() + 05 Dyulxo) BT (0] + D RO P u(x, )T ().
= p=0

k=2

Noticing from (54) that af(x) = §(x),ad(x) = BY(x), a}(x) = Bi(x) one finds the expression (55).
This completes the proof. O

C Interpretation of the one dimensional TDG method as a finite
difference scheme

The goal of this section is to obtain the FD scheme (33) based on the Trefftz discontinuous Galerkin
method (15) for the one dimensional hyperbolic heat equation

c — Os
0w + 20zp = — 230,

e € Rf, o,,c € RT. For the sake of simplicity we assume that o, is constant in the domain. This model
can be written in the form of the Friedrichs system (2) with

10 ¢ (0 1 0 0
=00 w=t(a) -0 )

We consider basis functions e;; where ¢ is the global number of the cell and ! the local number of
the basis function in the cell i. We denote by x, 1 and Tipl the edges of the spatial cell Qg ;, i.e.

T3

Qg = [z;_ 1T +§] and z; the midpoint. We use two stationary basis functions defined as
Ty —
®,ﬁwwm, (%%m%,ﬂmm%

er1(t,r) = 0 0
( >, else, (O)’ else.

0
We use the notation e, ef'y when designing the basis functions from the spatial cell {2g; at the time
step n. Consider the bilinear and linear forms obtained from the decoupled formulation (17)

ey2(t,r) = (82)

_ Yy / M+ MV ) =3 [ g
k ONsNONn

k i<k Zgn jn

- Z/ TMk_nkn 1u’]f€7«, u,V e V(ﬂl)v (83)

k”k" 1

Z/ 1) gs—Z/ Mg ™l v EV(TR).
ONsNONn

Ypnpn—1
In the following we will write explicitly the equality
a%(uve;fi) = ln(e?,z% l= 11 27 (84)

for any time step n and any spatial cell {25 ;. For simplicity we will consider periodic boundary condi-
tions, a uniform space step h and a uniform time step At. We define some notation.
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oL n n—1 n
Definition C.1. Define Csis C’T,“ and Cp.; | as

ZZ/ M jne ef)’ (uf —uj), (85)
Ciit==2 [ e M (36)

cr=- / ()T Mo (87)

Since uy, is a combination of the basis functions in each cell, one can make the following assumption.

Assumption C.2. Assume that uy admits the following decomposition in each cell Sy,
u, = agep,1 + Brer2, o, Pr €R,
or, in an identical way, when considering the time step n and the spatial cell Qg ;
u;' = aj'el; + Bil'ely, of B €R. (88)
We can now write the equality (84) using the Definition C.1.

Proposition C.3. Consider the model (81) and the basis functions (82). The equality (84) with
periodic boundary conditions at the time step n in any spatial cell Qg ; reads

C;“l,i,l C?“ll—i_CSzl (89)
Crio— C?“z12 +Cg,5=0.

Proof. Since we consider periodic boundary conditions, the term |, 90sNOn (vi)T M, u? in the bilinear
form and the term faﬂsmaﬂw (vi)Tgs in the linear form of (83) are equal to zero. One notices that

D3 IR R R -3 VT (g —u). (g0)

E i<k Zkngm S jn

Therefore one has ar(u,e;) = Cr,; , +Cg,; and l(e};) = C;;} The equality (84) gives for I = 1 and
I = 2, respectively the first and second equations of (89). This completes the proof. O

Now we can study the values of the coefficients Cs;; and Cr ;.

Proposition C.4. One has

A n
Cs,in = 02;( i1+ 205 — @i+ ( )(ﬂzﬂ ﬁz’—l)) : (91)
and
A osh sh n
Oia = T (G2 (B 426+ B+ G Bt (i + 28— Bin) + (14 T (i —aa 1)) (92)

Proof. For simplicity we will use the notation My, = M~((0,£1)T), M}, = M*((0,£1)T) and
(A}?}l)i = (Milej,l)Tek’m. Since the function e;; is only non-zero in the cell Q; one can write Cg ;
from (85) as

Cora= [ (= e (= won) o) = (e (w —w)ay)). 99)

n—1
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Using M1, = Mﬂ, the decomposition of ul” (88) and the fact that the basis (82) does not depend

on time, the equality (93) reads

Csia :At(ai()\%,liﬁ(%f%) + /Bi()‘?,li)-i_(xif%) - O‘ifl(/\é,lifl)+($ ~1) = Bi- 1()\2 i 1)+(33i7%
no (94)
+ ai(Az‘l,li)i(IH%) + 5i()‘z2,li)+(xi+%) - 041‘-&-1()\2,11‘-5-1)7(%4-;) ﬁz+1(/\z z+1) (IH-%)) :

For n; = 0, one has

c(0 ng c (1 ny _ c (=1 ng
M(n):M(O,nw):€<nm 0)’ M+(O’nw):25<nz 1)’ M (O,n$)=2€<nx —1)’

and one notices that

AD* (@) = .

2e
N = 5 (- Zla—a) 1), (95)
(@) = 5= (17 2 (@ =) + @ =) + (2@ -z —))).

Recalling that for simplicity h = x;, 1 —a;_1 for all i and inserting (95) in (94) one finds for [ =1

" cAt osh n
81 = g( — i1+ 205 — aipr + ( e )(Bir1 — &—1)) ;
and for [ =2
n  CAt/ osh osh osh n
i = S (5202 (Biva 4+ 2Bi-+ Bioa) + S B+ (=i + 28 = Bi) + (L4 T (@1 — i)
This completes the proof. O
Proposition C.5. One has
2h2
Oty = h(1+ —2). (97)

48¢2e2

Proof. Since =M, ., .., =

Chu=-3% |,

n
Ly, CF;, reads

— n o__ QT,H% n\T. .n
knkn—luk; - (ei,l) ui :
T

Vpngn—1 i

1
2

One notices that f “* (e}'1)" e}y = 0. Therefore using the decomposition of uf (88) one finds

2h2
486252

VB

This completes the proof. O
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Proposition C.6. The scheme (89) reads

_n—1 .
. 7;1 2h { Pi+1 +2pi —pi—1 + (1 — a)(vigr — 'Ui—l):| =0,
a? vt — Pt
(1+ ?) C Atz + ﬂ { (Vig1 + 20 +vi-1) + (—vig1 + 20 —vi1) (98)

Os

n
+(1+a)(pita —pi71)] =3
Proof. Starting from (89) one has

C%,m C¥z1+05z1 =0,
C%,i,Z C?w"'csm =0.

We recall the decomposition (88) ul(z ) = ajel (x) + Bleia(x) = (p, vf)T (x). In particular consid-
ering the center of the cell one finds af = p] (x,) and B = vl (x; ) Therefore using (91), (92), (96)
and (97) in (89) and making the simpliﬁcatlon ol = p and B = o7, one finally gets the scheme (98).

This completes the proof. O
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