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Abstract

This work deals with the first Trefftz Discontinuous Galerkin (TDG) scheme for a model prob-
lem of transport with relaxation. The model problem is written as a Py or Sy model, and we
study in more details the P; model in dimension 1 and 2. We show that TDG method provides
natural well-balanced (WB) and asymptotic preserving (AP) discretization since exact solutions
are used locally in the basis functions. High order convergence with respect to the mesh size in
two dimensions is proved together with the asymptotic property for Pi model in dimension one.
Numerical results in dimension 1 and 2 illustrate the theoretical properties.

1 Introduction

This work deals with the design and analysis of a new Trefftz Discontinuous Galerkin (TDG) method
proposed for the Py (spherical harmonic expansion) and Sy (discrete ordinate method) approximation
of the transport equation which reads

Ol (t,x,2) + Q- VI(t,x,0Q) = —0,(x)I(t,x,0Q) + 0s(x) (|I] = I(t,%x,Q)), (1)

where I is the distribution function, ¢ the time variable, x € R? the space variable, € the direction
and |I] = £ [, I(t,x, 2 )dSY is the mean of I. Absorption and scattering coefficient are denoted as

0q(x) > 0 and o4(x) > 0.

For physical phenomena such as the transport of photons or other types of particles, it is indeed
common to use the Py and Sy models [8, 16]. Numerical approximation of the transport equation is
challenging because of these two spatial dependent coefficients. It is known that boundary layers may
occur when o,, 0, vary significantly and that the transport equation tends to a diffusion limit when
o is high. Standard schemes fail to capture correctly both of these two phenomena. To capture the
diffusion limit with reasonable computational time, the idea of so called asymptotic preserving scheme
has been introduced [25] and applied to transport problems see [4, 24, 31] and reference therein.
For capturing boundary layers it may be a good idea to use well-balanced scheme which preserve,
for example, stationary state of the model. Schemes which are both asymptotic preserving and well
balanced have been designed and studied in one dimension [15, 26]. However, direct extension in higher
dimensions fails to capture boundary layer [32]. In general and except in some particular cases, two
dimensional asymptotic preserving schemes are not well balanced.
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The goal of this work is to discretize Py and Sy models with TDG schemes which are both
asymptotic preserving and well balanced (in a sense that will be defined later). We will restrict the
study to homogenous coefficients which may nevertheless be stiff. Given a system of partial differential
equations (PDE), TDG method are discontinuous Galerkin type schemes that use solutions to the
model as basis functions. The name comes from the seminal 1926 paper’s of E. Trefftz which has
been recently translated in English [28]. Trefftz method has been widely used and studied for wave
propagation problem [6, 7, 14, 17, 27] see also the review [19] and reference therein. TDG method have
their pros and cons.

e Pros:

— Incorporate a priori knowledge in the basis functions which are therefore well adapted to
multiscale problems.

— Often need less degrees of freedom to reach a given accuracy. A typical example for the 2D
version of the P; model (3) in the dominant absorption regime o, > 0 (with c =¢ =1) is
illustrated in the table below, where we compare the number p of basis functions needed to
achieve a given fractional order. The first line is for our TDG method. One gets prpe =
2(order + 1) which is a rephrasing of the result of Proposition 27. The second line is the
optimal number of basis function for a general DG method ppg = 2 (order + §)(order + 3).

order | 1/2 | 3/2 | 5/2 | 7/2 | 9/2
proc | 3 5 7 9 11
sl 3 9 18 | 30 | 45

In particular the number of basis functions is the same to get order= 1/2. One always gets
PTDG < PDG-
— Is easy to incorporate in DG codes since one only needs to change the basis functions.

e Cons:

— May suffer ill-conditioning due to poor linear independence of the basis functions [7, 20].
For wave problems, some remedies exist in the literature [14].

— The practical calculation of the basis functions adds to the computational burden. If one
can calculate the basis functions analytically, the computational burden is moderate. If it is
not the case, the computational burden is heavier: several options could be consider such as
computing numerically the basis functions or relying on the general procedure [22, 21, 23].

In this work we adapt the TDG formalism to a general first order PDE with linear relaxation
which encompasses the Py and Sy models with homogeneous coefficients. For first order PDE the
adjoint equations may differ from the direct equations, and therefore one can construct two kinds
of basis functions: using adjoint solutions or using direct solutions. It turns out that using adjoint
solutions is not an efficient method in our case and we will therefore focus on TDG method with direct
solutions. Another possibility is to adopt a Petrov-Galerkin approach choosing test functions as adjoint
solutions and trial functions as direct solutions [12, 13]. However, we have noticed stability issues with
this method for time dependent problem. Therefore the Petrov-Galerkin method will not be studied
hereafter.

We will present the method in a general framework to consider both stationary and time dependent
problem. Let g be a bounded polygonal /polyhedral Lipschitz space domain in R? and consider a time
interval [0, 7], T > 0. We denote 2 = Qg for stationary problem and Q = Qg x [0, T'] for time dependent
problem. We first apply the method to Friedrichs systems [11] with linear relaxation

(2)

E?:o A;0;u = —R(x)u, in Q,
M~ u=M"g, in 09,



the dependent variable is u € R™, x = (21, ..., 74) € R? is the space variable and t is the time variable.
The coefficients o, and o5 in (1) are contained in the relaxation matrix R. Recalling that the problem
can be stationary or time dependent one may write u(¢,x) or just u(x) depending on the situation.
The matrices A;, R(x) € R™*™ are symmetric and we assume R(x) € R™*™ is a non negative matrix,
i.e. (R(x)v,v) >0 for all v.€ R™ x € R% We use the notation 9y = 9;, 9; = 9,, fori = 1,....d and we
will therefore take Ay = I,,, even if it is possible to consider more general non negative matrix for Ag.
The outward normal unit vector is n(t,x) = (ng, ng,, ..., Ny, ) for x € 0 and of course for stationary
problem n; = 0 for all z € 992. We set M (n) = Agn: + Z?:l Aing,, on 0f). Since M is symmetric one
has the standard decomposition M (n) = M+ (n)+ M~ (n) where M is a non negative matrix and M~
is a non positive matrix. We use the matrix M~ to write the boundary conditions with g € L?(9).
Finally we assume the problem (2) admits a unique solution. A fundamental example of Friedrichs
system in one dimension that we desire to treat is the P; model

3
3tv+§3xp: 7(0'(14»&)1}, ( )

2

{6w4—3%v=-%mp

here 1/e represents the speed of light. The associated asymptotic model when ¢ — 0 is

2
{MH;%w—ﬂw,

_ ce
v = . D

One of our goal is to show that TDG method naturally captures those kind of asymptotic regimes.
To see if the scheme approaches correctly this one dimensional limit model we write the TDG method
as a finite difference scheme. Under this form one can formally show that this scheme is asymptotic
preserving and new compared to other popular one dimensional schemes [15]. The asymptotic result
can be stated as follows (all the hypotheses needed to make the theorem rigorous are given in Section
4).

Proposition 1 (Time dependent 1D case). Assume ¢ =1, o, = 0. When ¢ — 0 the formal limit of
the scheme (33) with two basis functions in dimension one is an asymptotic scheme consistent with
the Py model limit.

The main convergence result about the stationary P; model in two dimensions can be stated as
follows (all the hypotheses needed to make the theorem rigorous are given in section 5).

Theorem 1 (Stationary 2D case). Assume c =1, e =1 and o, + 05 > 0 which is the general regime.
Consider the stationary two dimensional Py model and a basis of 2n+1 shape functions (not necessarily
equi-distributed). One has the h-convergence estimate

||u — uh||L2(Q) < Chn71||u||wn+l,oo(9),

where u stands for the exact solution and wuy, for the approximate solution calculated by the TDG
method.

For technical reasons, this L? convergence estimate in the general regime looses one half order of
convergence compared with the one obtained in the absorption regime (Proposition 27). Nevertheless
Theorem 1 clearly shows one of the well-known advantages of the TDG method compared to other
more traditional scheme. Whereas the order is linear in terms of the number of basis functions for the
TDG method, it becomes quadratic when considering, for example, the finite element method. The
TDG method may therefore be computationally more efficient than the FEM at least in the 2D case.
Moreover and as it is often the case with discontinuous Galerkin method, numerical results actually
show better order of convergence than the one displayed in theorem 1. The estimate is sub-optimal
since the error is measured in quadratic norm and the right hand side is measured in maximum norm.
The convergence order n — 1 is the worst case allowed by the physical hypothesis o, + o5 > 0. The



proof shows that it corresponds to vanishing absorption o, = 0 and positive scattering o > 0, which
results in vanishing damping of the first variable p, see (3). Therefore the main point of the proof in
the general regime is to get L? control of the first variable p using the properties of the TDG method.

This paper is organized as follows: in section 2 we present the TDG method for Friedrich systems.
Section 3 is devoted to the analysis the method, in particular we give in this section a quasi-optimality
result and the well-balanced property of the scheme. Section 4 and 5 give some applications to the P,
model in one and two dimensions. In section 4, we focus on the one dimensional P; model, show how
to construct the basis functions and study formally the asymptotic behavior of the scheme. In section
5, we focus on the two dimensional P; model, show how to construct the basis functions and study the
h convergence of the method for the stationary case. Finally numerical results are given in one and two
dimensions in section 6. In particular some numerical results evidence that TDG methods naturally
capture internal boundary layers and so are well adapted to multiscale problems.

2 Presentation of the method

All the vector will be noted in bold. For v(x) € R™ we will also use the simplified notation v € L?(Q)
instead of v € L?(Q)™. Moreover we may write v = (vy, ..., v,)7 where T denotes the transpose and
denote v2 = vTv to facilitate the distinction with other types of norms or semi-norms.

2.1 Mesh notation and generic discontinuous Galerkin formulation

t’n-‘,—l

tn

Qy,

Qs

Figure 1: Illustration of the partition 7} for a time dependent problem.

The partition or mesh of the space domain Q = Qg C R? is denoted as Tj. It is made of polyhedral
non overlapping subdomains Qg ,, that is 75, = U,{g,. For a space time problem we first split the
time interval into smaller time intervals (¢,,t,+1) with 0 = ¢y < t; < ... < ty = T. Making an
abuse of notation, the mesh of the space time domain Q = Qg x [0,7] C R4 is still denoted as
Th = UprnQsp X (tn, tny1). One must therefore be careful that 7;, denotes either a purely spatial mesh
for stationary model or a space-time mesh for time dependent model. Moreover the cells or subdomains
will be referred to with the same notation, that is Q; = Qg or Qr = Qg X (tn, tnt1). In summary
one can write in both cases T, = Ui, and the context makes these notations non ambiguous.

The broken Sobolev space is

H'(Ty) == {v € L*(Q), vjq, € H' (%) V% € Tp.}.

In the following we assume u € H'(7,). For convenience we may rewrite (2) under the form Lu = 0



and consider also the adjoint operator

L= Adi+R, L"=-) A0 +R

All matrices are constant (do not depend nor on the time variable neither on the space variables).
Multiplying (2) by v € H(T) and integrating gives on {2

Z/Q viLug =0, (4)
k k

where vy = v|q,, Uy = ujq, . Integrating by parts one gets

T
S L* + / T Myuy, = 0,
k /Qk ( Vk> ug k . Vi Mg

where 99, is the contour of the element Qj with an outward unit normal ng = (ng, 14y, ...y ng,) 7,
M = Agni+>, Ain; and My, = M (ny). Denoting Xj; the edge oriented from €, to €, one can writes

Z/ (L*vi) uk+ZZ/ (vIMu);, + (v Mu);
+Z/

T + . T _
VkMkuk**Z/ v, M, g.
Ekk k Ekk

For u satisfying the equation (2), the normal flux is
Myup = —Mju; = frj(ug,u;), on Xy, (5)
where fy; is a numerical flux on X; defined below. One has
ZZ/ TMuk+ (v Mujsz/ (Vi —V;j) fkj(uk,uj)~
k j<k? ki k j<k? ki

Because M is symmetric one can decompose M under the form M = M™ + M~ where M is a non
negative matrix and M~ is a non positive matrix. In the following we will consider the upwind flux
frj(ug, uj) = M- Jug + M u;, where My; = Mys, ;. Finally one has

Z/Q (L*Vk uk+ZZ/ k*VJ M uk+Mk ) (6)
k k

k j<k Skj
+Z/ Vngjuk:—Z/ viM;g. (7)
Ekk k Ekk
We define the bilinear form apg : H*(T;,) x H'(T;,) — R and the linear form [ : H(7;,) — R as

apg(u,v) Z/ (L*vg) uk+ZZ/ (Vi — ;) Mk]uk—i—Mk u;)

k i<k Y
+ Z / vIMfu, uve H(T), (8)
Sk
I(v) =— Z/ viM_g, veHYT).
kY Zkk

One can rewrite (6) as apg(u,v) =I(v), Vv € H*(T,). We can now define the classic discontinuous
Galerkin method for Friedrichs systems with polynomial basis functions [9, 30]. Define ]P’g the space of
polynomials of d variables, of total degree at most ¢ and the broken polynomial space

PL(Th) :={v € L*(Q),v|q, € PL YV, € T} C H' (Th).



Definition 1. Assume P, (Ty) is a finite subspace of H'(Ty), for example Py (Ty) = P4(Ty). The
standard upwind discontinuous Galerkin method for Friedrichs systems is formulated as follows

{ﬁnd uy, € P, (Th) such that )

aDg(ll}“Vh) :l(Vh), VVh EPm('Th)
Note that because of the conservation equation (5), the exact solution to (2) also verify

aDg(u,vh) = l(Vh)7 Vv, € Hl('ﬁb) (10)

2.2 Trefftz Discontinous Galerkin formulation

Since our goal is to use Trefftz method we take basis functions which are solutions to (2) in each cell
V(Th) ={ve H(Ty),Lvi =0 VYQ € T,} C H'(Ty). (11)

The space V(T3) is a genuine subspace of H'(T,) except in the case L = 0 which is of no interest.
Starting from the bilinear form ap¢ from (8), one notices that the volume term can be written for all
functions in V(73) as

/ (L*Vk)Tuk = 2/ viRuy, Yu,veV(Th). (12)
Q Q
One can therefore define a bilinear form ar : V(7,) x V(T) — R as

(u,v) Z / kauk—FZZ/ (Vi —v;j) M S+ Myou u,)

k j<k

+Z/ viMiug, u,veV(T).

Ykk

(13)

Thanks to an integration by part for functions v € V(7;,) which are piecewise homogeneous solutions
of the equation, one gets an equivalent formulation of the bilinear form ar(-,-)

ZZ/ ) Ve T M, vj)T(u;C —u;) — zk:/zkk viM_ ug, u,veV(T,). (14)

k j<k

The relaxation term R completely disappeared in the formulation (14). It might seem a paradox at
first sight but is not because, for a Trefftz method, some information about R is encoded in the
basis functions. Since there is no volume term in the formulation (14) compared to (13) it may be
easier to implement. The convenient bilinear form [ : V(7;) — R is the same as in (8), that is

Iv) ==Y, fzkk vIM, g for all v e V(Tp).

Definition 2. Assume V,,(Ty,) is a finite subspace of V(Ty,). The upwind Trefftz discontinuous Galerkin
method for the model problem (2) is formulated as follows

{ﬁnd uy, € Vi (Tn) such that (15)

aT(uh,vh) = l(Vh), VV}L S Vm(’Th)

We give some examples of subspace V;,,(Tr)-
- Example 1: the P; model in one dimension reads

O + 8931} = —0ap,
O + 889610 = —oy0,



the dependent variable is u = (p,v)” and ¢,04,05 € R, ¢ € R}, 0y = 04 + Z5. Assume solutions
are under the form ze*” one gets A by solving det(A;\ + R) = 0 and then study the kernel of the
matrix A1\ + R to find the vector z. A possible choice for V,,, is then Span(V,,) = {e1,e2} with
erla) = () et eala) = (VL) e v

N N
- Example 2: consider the one dimensional case A19,u = —Ru. If the matrix A; is non singular
one can write V under the form V = {v(z) s.t. v(z) = e‘AflR””}. For a two dimensional model
A10,,u+ A38,,u = —Ru, one can make the rotation 2" = x; cos(f) + z sin(6), 8 € [0, 27|, Assuming
the solution depends only on 2 one has A;G‘I/u = —Ru which can be solve in a identical way as the
one dimensional case if the matrix A/1 is non singular.
- Example 3: however most of the time when considering physical model the matrix A; will be
singular. For example the hyperbolic heat equation in two dimensions is

Op + £divv =0,
Ov+Vp=—-%v,

the unknown is u = (p,v)? € R? and ¢,0, € R*, ¢ € Rf. For simplicity we consider stationary
solutions. Deriving the second equation and inserting in the first equation, one gets Ap = 0. Therefore
denoting the harmonic polynomial in two dimensions as gx(x) for k£ € N, a possible choice for V,, is

s g,
Span(V,,) = {e;, i =1,...,m} with e; = (qu;z
Remark 1. In case of a time dependent problem, even if the classic upwind discontinuous Galerkin
formulation (9) and the upwind Trefftz discontinuous Galerkin formulation (15) are posed on the
whole space-time domain ), they still can be decoupled time step after time step. It comes from the
fact that the matriz Ay is definite positive and therefore M~ (n) = 0 if n = (1,0,...,0). Define a}.
V(Tr) x V(Tr) = R (related to the general bilinear form (14)) and I™ : V(T) — R as

E E + n n 2 : T
/ kn “Vk + Mk"j“v ) / Mknuk
8Qsﬁdﬂkn

W i<k Skngn

- Z/ knkn lulm u,v S V(E)v (16)

Epngn—1

)= [ e [ D M v eV
ONsNONn

k Ypngn—1

where we used the convention Xpigo = 0 N (N x {0}) and Spniipy = Oy N (O x {T'}). The
formulation (15) is equivalent to the series of space problems

" n=1,...,N
{ﬁnd uy, n , ..., N, such that (17)

ag(uy, vi) = 1"(vi), Vi € Vin(Th).

A fully different choice of basis functions is also possible using the adjoint operator L*. Assume
V*(Th) ={v € H(Ty), L*vi, =0VQ € To} C HY(Ty), define aar : V*(T) x V*(Tn) — R as

e =YY [

(vi = v)T (Mg, + M uy) +Z/ v My, (18)
k j<k Sk

Sk

and consider V. (73,) a finite subspace of V*(7}). The upwind adjoint Trefftz discontinuous Galerkin
method for the model problem (2) writes

fi . h th.
{ nd uy, € V3 (7,) such that (19)

aar(up,vy) =1U(vs), Yvn € Vi (Th),



with [ a linear form as in (8). Even if when R = 0 these two approaches coincide, the problems we
are interested in are such that R = RT # 0, so this two methods are different in our case. Therefore
the final solution will be in the space V* # V and it is not clear if a finite subspace of V* can give
a good approximation of V' using standard norms. Another possibility is to adopt a Petrov-Galerkin
approach choosing trial functions in V(7,) and test functions in V*(75) [12, 13]. However, we have
noticed some stability issue with this method for time dependent problem. Therefore these methods
will not be studied further.

3 Analysis of the Trefftz Discontinuous Galerkin method

3.1 Well posedness and quasi-optimality

In this section we show well posedness of (15) and a quasi-optimality bound in mesh-dependent norms.
Our analysis follows some results of [27] where special case with R = 0 was studied. We define two
semi-norms on H'(Ty)

||u|\%G=Z/ Fruc+ 3055 [ - w) T G w+3 g 5 [ ubia.
k

k <k Lkj Lk (20)
- =3 [ —ufw,
- Joqy,
with |My;| = |Mj| = M,:S — M. First we show that these two semi-norms are in fact norms on the

Trefftz space. We will need the following Lemmas.

Lemma 1. One has the inequality ||v| pa < c|v|pe~ for all v € V(Ty), with ¢ = /3.

Proof. Assume v € V(T;,) then Lvy = 0, VQy € Tp,. Multiplying by v and integrating over € one
gets
1
f/ viMpvy +/ viRv, = 0. (21)
2 Jooy o
Therefore one has

1 _ 1
Z/ iRy < =5 Z/ Vi M vy = 5Hwﬁw, (22)
k Qk k {)Qk

which is a bound for the first term in the definition of the DG norm (20). Moreover because R is
non negative one also finds using (21) fan v M vi, <0 that is fan viMFvy < — fan v M, v and
consequently

/ Vk|Mk|Vk S —2/ VkMk_Vk- (23)
oy, oy,

An elementary inequality gives 5 (vi—v;)T|My;|(vi—v;) < VI Mpy;j|[vi+v] [My;|v; thus Y-, D i<k 1 fzk-(vk_
J
Vi) T M| (vie = vj) + >, 5 Js,, VEIMEIVE <350 [oa, vF|My|vi and therefore using (23)

ZZ / (v — vi) T | My |(v +Z/

vilMilv < -2 % /8 M= 2l
k k

k j<k g Sk
(24)
which is a bound for the second and third term in the definition of the DG norm (20). Finally combining
(22) and (24) with the definition of the DG norm (20) one gets ||[v|][%4 < 3[|v||3. . O

Lemma 2. Assume M € R™™" is a symmetric matriz. Then one has
2" M?z < Cz"|M|z, VzcR",

where we have used the decomposition of M = M+ M=, M7 is a non negative matriz, M~ is a non
positive matriz and |M| = M*T — M~.



Proof. First we notice that z” |M|z = 2" M*z — 2" M~z and 2" M?z = 27 (M *)%z + 27 (M ~)?z.
Let AT be the maximum eigenvalue of M+ Denoting ); and r; the eigenvalue and eigenvector of M ™

one has \Tz" Mtz = AT 37, \i(z,1:)* > Z/\ S0 Ai(z,1:)? = 27 (M™)?z. A similar inequality applies
to the matrix M~ gives finally z* | M|z > M)+1Z T M2z, vz € R" This completes the proof. O
We can now show that the two semi-norms || - ||pg and || - || pg+ are in fact norms on the Trefftz

space V (Tp).
Proposition 2. The semi-norms || - ||[pg and || - |pg+ are norms on the Trefftz space V(T).

Proof. Assume u € V(7,) and ||u||pg = 0. Lemma 2 imply that Mu has vanishing jump across each
edge of Tp,. Thus u is a solution to the general problem Lu = 0 in 2. Moreover faﬂ u?|Mu = 0.
Therefore u is solution of

Lu=0, in ),

M~ u=0, on 0.

We conclude u = 0 in § using the uniqueness of the solution. Thus || - || p¢ is a norm on V(7). Thanks
to lemma 1 we also conclude that || - || pg~ is also a norm on V(7). This completes the proof. O

Next, we study the coercivity and the continuity of the bilinear form a(-,-) regarding the norms
I Ipe and [| - | e

Proposition 3 (Coercivity). For allu € H(Ty) one has apg(u,u) = |u||%4. For allu € V(T;,) one
has apg(u,u) = ar(u,u).

Proof. The proof is taken from [30]. Let u,v € H'(7;). The bilinear form (8) reads

aDG(u’V):Z/Q ([—ZAZ-&-—}-R]V;c uk+ZZ/ Vi —Vj) M uk—i—Mk u;)

i k j<k” ki

+Z/ vaM,:ruk.

Sk
Integrating by part and using M}; = —Mj;, one has
apc(u,v) Z/ vk ZM@ —l—Ruk—i—ZZ/ —VkMkjuk+v Myu;
k j<k

+ (vie = vi) T (Mg, + M uy) + Z/ Vi Mifwy, — vii Myjuy.
Sk

Using M = M+ + M~ one finds
apa(u,v) Z/ VkLuk—ZZ/ M];jvk"_M]j;-Vj)T(uk_uj)_Z/ v,{M,;uk.
k j<k E XKk

Since L = —L* + 2R one gets

aDG u, V Z/ gL*uk +22/ nguk
Qk k Qp
—ZZ/ V;.C—i—M,:;-vj)T(uk—uj)—z:/2 vi M, ug.
K kk

k j<k

Summing the above expression of a(-, -) and the one in (8) one gets with v = u the equality 2apg(u,u) =
2|lul|%,. Moreover from (12) one deduces apg(u,u) = ar(u,u), Yu € V(7). This completes the
proof. O



Proposition 4 (Continuity). The continuity bound ar(u,v) < v2|u||pc||vlpc- holds for all u,v €
V(Tn)-

Proof. Using —M;, = M,jj, the norm DG* can be recast into the form

lul|be- = ZZ/ —ui M ) Uk + ujTM,;;uj — Z/E ui M, ug. (25)
k kk

k j<k

Since |[M~| = =M~ and M+, M~ are respectively non negative and non positive symmetric matrix,
the bilinear form ar (14) can be written as

i~ [ () () (- )V (25)

z,w

+Z/ Vi) (Vv 1) |

Using the Cauchy-Schwartz inequality, one sees that the first term of each scalar product is bounded
by ||v||pg+ and the second term by ||u|| pg. This completes the proof. O

We can now give the following classical quasi-optimality result.

Proposition 5 (Quasi-optimality). For any finite dimensional space Vi (Tp) C V(Tp), the TDG
formulation (15) admits a unique solution up € Vi, (Tp). Moreover, the following quasi-optimality
bounds holds

lu—uplpg < V2 inf : [u—=vallpa-,

VhE 1n( h

where u stands for the exact solution to (2).

Proof. From proposition 2 and 3 one deduces uniqueness of the discrete solution uy. Existence of uy,
follows from uniqueness. Moreover Vvj, € V,,,(T;,) one has

[u—wl%e = ar(u—up,u—uy) =ar(u—usu—vy) < V2|u—wupellu—vullpe-
thanks to propositions 3 and 4, to the consistency equality (10) and to (15). O

Using the quasi-optimality proposition one has the well-balanced property of the scheme. How-
ever there is a important difference between the one-dimensional case and higher dimensions. In one
dimension a scheme is well-balanced if it captures all the stationary states of a hyperbolic system.
This is possible because, in one dimension, the number of linearly independent stationary solutions
is finite. However in two dimensions the space of stationary solutions becomes infinite. It has a huge
impact on what is a well-balanced scheme in space dimensions higher than one. One must choose a
finite subset of solutions for which the scheme is supposed to be exact. This is our practical definition
of a well-balanced scheme and that’s why it is immediately deduce from the quasi-optimality result of
proposition 5. Of course a standard DG scheme has the same quasi-optimality result, but it can be
well-balanced only for some particular polynomial functions. On the contrary a TDG method can be
well-balanced for more general solutions which contain for example exponential factors as in Example
1 in Section 2.2 for which o, > 0.

Proposition 6 (Well-balanced scheme). The scheme (15) is well-balanced in the sense that if the
solution u € HY(Q) of (2) is locally (in each cell) a linear combination of the basis functions (which
are by construction exact solutions), then u, = u.

Proof. One can take v;, = u in proposition 5. Therefore one has |[u—u||pg = 0. Since u—uy, € V(7,)
one concludes using proposition 2. O
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3.2 Estimate in standard norms

In the previous section, the error is bounded in terms of DG-norm. It is of course desirable to have
estimation in a more standard norm. In this section we present some elementary L? lower bounds of
the DG norm which take advantage of the relaxation matrix R and an L? upper bound of the DG*
norm.

Proposition 7. Assume Qi € T, Rx = R(X)|q,, and Yk Ry, is definite positive. One has

1
—1
suprer, [VERe |

Slullzae) < llullpe,  Yue HY(T).

Proof. A basic inequality is vZ < ||\/R;€_1 |2 (VTRkV). Let v € H'(T). Integrating over Qj,, summing

over all cells and using the definition of the DG-norm (20), one gets the assertion. O

This inequality holds when R is definite positive but degenerate when R — 0. For non stationary
problems, one can give a L? lower bound at the final time that does not depend on R.

Proposition 8. For time dependent problems one has

[ullcz@sx iy < lulpe,  Yue HY(Th).
Proof. Consider n(t,x) on 9Q with n(t,x) = (n¢, sy, -y e, )T = (1,0, ...,0)T one has |[M|((1,0, ...,0)T) =
A(): I. So

1 1
Z/ u? 325/ ul Aguy, 325/ ul | My;|uk, Yue HY(Th),
kY Qs x{T} k Q5,6 x{T} 3 Lk

the assertion follows from the definition of the DG-norm. O
Let us define the semi-norm [ul? o, := [, 321" Z;l:l(@jui)2.

Proposition 9. One has
1
ullhg- < €3 Il (- ullaon +luha, ). Vae H(T), (26)
k

where hy, = diam(Qx) and the constant C' depends on the A;.
More precisely if one 4; is in O(1) with respect to £, the constant C' scales like <.

Proof. Let u € Ty, one has |[ul|%5. = >, Joa —uj, My ;uy, and therefore ||lul|hg. < C 3, Joa, u;. We
now use the trace inequality from theorem 1.6.6 in [3] in each cell 2 on each component of the vector
u

1
00, < Ol (- ulls@ + lah, ). Yae A (9,

summing over all cells one finally gets the equation (26). This completes the proof. O

4 Application in one dimension

We consider a concrete example, the P; model which is a first simple approximation of the transport
equation using spherical harmonic expansion of the solution. An interesting properties of the P; model

11



is that like the transport equation it admits a diffusive limit when ¢ — 0. The time dependent version
of the P; model in one dimension writes

{atp + €00 = —0,(2)p,

27
O + £0xp = —0oy(x)v, 27

the unknown is u = (p,v)T and ¢, 04,05 € RT, e € R}, 0y = 04+ Z5. The reader should be aware that
o depends on ¢ and behave as 5% when o5 > 0 and € — 0. When € — 0 the variable p of the system

(27) follows a diffusion equation.

Proposition 10. When ¢ — 0, the variable p and v of (27) behave formally as
2
O0ip — —0Opap = —04D,
Os (28)
ce

v = ——0,p.
S

Proof. Multiplying the second equation of (31) by &2 and neglecting the term in 2 one gets v =

—££0,p. Inserting this expression in the first equation of (31) one finds d;p — iamp = —0up. O

ogs T s

4.1 Construction of the basis functions for high order time dependent
scheme

In order to use the Trefftz method (15) one needs to find solutions to the model (27). In particular we
would like to give a general procedure to increase the number of basis functions in order to get high
order of convergence, if needed. In the following we search for particular solutions to (27) under the
form u(t,x) = q(t, x)e’* where q(t,z) is a polynomial in space and time. For simplicity we consider a
polynomial of degree at most one in space and time. For brevity the proofs of this section are postponed
in the appendix.

Proposition 11. Assume constant coefficients o, and oy, ¢ # 0 and o, # 0. The Py model (27)
admits the following solutions

(2 £ JoL0cx
ot r) = (V) extveree,

oi—0, otoy = (29)
+ _ _C4(;a‘/ot igaQ\/Uitx—i— ¢ Utt +E /o0
€5 (t7x) - Ot—0q Oq+0¢ e e :
:':C4U“/Ua —¢ 2\/0¢ z+ C\/at
Proof. The proof is given in appendix A. O

Because the basis functions (29) are solutions to (27), one can use them in the case o, # 0. The
problem with such basis comes from the limit cases. Indeed they degenerate to the same limit as o, — 0
which cause some numerical instability. However, one can construct new solutions which remains stable
in the limit case o, — 0.

Proposition 12. There exists €1, €3, €3, €4, linear combinations of the solutions (29) such that

. oty
el(m) O'a_l}O ( -1 > )

( 2 (30)
&s(t,7) = (‘52?””2_Ct>,

32
—E£ %03 — eoyta — 53:)

2
0t .2
Sotrt +ct

12



Proof. The proof is given in appendix A. O

Remark 2. Note that the solutions (29) are only defined in the case ¢ # 0. However, up to a multi-
plication by ¢ or ¢ if needed, the limit solutions (30) can also be used in the case ¢ = 0.

4.2 Asymptotic preserving properties

In this section we study the behavior of the scheme when ¢ — 0. One cannot use directly the L?
estimates of the previous section mainly because the parameter ¢ appears in the || - |pg and || -
lpg= norms. Here we choose to interpret the scheme (15) as a finite difference scheme which has
several advantages. Under this form we observe that the scheme is new compared to other popular one
dimensional finite difference schemes [15]. Moreover one can study, at least formally, the asymptotic
behavior of a finite difference scheme by means of a Hilbert expansion. We consider the P; model with
no absorption

{atp +€9,0 =0, 31)

c _ o
0w + 20zp = — 230,

with ¢ € RF, 0,,c € RT. For the sake of simplicity assume o, is constant in the domain. We use the
stationary basis functions e; and es defined in each cells as

e (t,x) = (é) L eralt) = (_55(9”1‘“)) , (32)

where xj, is the abscissa of the center of the cell k. For simplicity assume the step space h = zp1 —xy is
constant for all k. Using the basis functions (32) in (9) and considering x = xj, with periodic boundary
condition one gets the following scheme (see appendix C for details)

+1 _ n 1
pZ DL c |: i|n+
B T el 201 — Pr— 1-— — U =0
Ar Taop | T PRl 2Pk P + (1 —a)(vpg1 — vg—1) )
a? ottt —gn ¢
142 Vk "k 7{ 2 2 B _ Q1 — v (33)
( +3) AL +2Eh<l(vk+1+ Vg + V1) + (—Vr41 + 205 — Vk—1)
n+1 Os n
+(1+ a) (P41 _pk—l)} = _;Ukﬂ’
. __ osh
with a = -

Remark 3. One can interpret the first component of the basis function ey 2(t, z) in (32) as a correction
to the standard finite volume method. Indeed the standard finite volume method is equivalent to consider
the formulation (9) with the two basis functions ex1 = (1,0)7, ex2 = (0,1)7. The scheme is then (33)
with a = 0. This scheme is not asymptotic preserving when ¢ — 0.

Proposition 13. When € — 0 the scheme (33) admits the formal limit

(U(13+1 + ”2)n+1 =0,
ol 420l 4ol il e Y — 0 nal
k+1 k k—1 . P41 — Pr—1
( 4 ) - _(75< 2h ) ’ (34)
)" = (Bp)" ﬁ(pgw —2p}, +10272)”“ —0
At O 4h? o

with p = (%p2+2 + 4]32+1 + %pg +4p0_, + %pg_Q)/lfi is a local mean value of pY. The limit scheme

(34) is consistent with the limit model (28) and therefore the scheme is asymptotic preserving.

13



Proof. We adopt the notations {{f}, 1 = f’”éiﬂc’“, [flkyr = f’““ B and 6, f = £ "L " With these
notations the scheme (33) can be written under the form

n+1

Son+ = [ = (i — Bliey) + (1 - @)({hesy — fokiy)] . =0, (35)

(L4 )0 + [ ({obry + Eobioy) + 200 = (oliyy — [oliy)

n+
U+ a)[plery + L) =0

Let p=>,_op'c" and v = > ,_, v'e’. We inject these expressions in (35) and (36) and we expand all
coefficients and variables with respect to €. The important step is to expand a with respect to € using
the definition a = %22, The terms O(%) in (35) and O(Z%) in (36) are

o, — o), =0,

fodis + by, =0

(36)

These two equations together give

foli = 0.vk. (37)
Now we study the terms in O(1) in (35) and in O(Z) in (36). Using (37) one has

(PR, ~ 1) - %f({{v}},;% ol ) =0

= |y + D2

therefore subtractlng these two equations one ﬁnds

(bl + by +2ef] =0,

h oo ] 4c 2¢ © 1o
55#1;@ + {{U}}H% + ok _a[[p]]k+%7Vk/"

Adding this equality for k and k& — 1 and using (37) one deduces

(0hhey + (oMhog =~ 0y + Iy vk (39)

Finally with the terms in O(1) for (35) and in O(2) for (36)

n+1
g+ 7 [—([[pﬂ,g; Sl by — b )~ T, - {{v}i_g} =0,

Ttk | T 2ok + By + D) + Dl + [[p]]i,% (B2 - BTy

122 ““JFE

n+1
o, + {{v}}kn] _o.

Dividing the first equation by o, using (37), (38) and multiply b,

)

B2, - oy 1
( (Pl s — DIk 3) + fobiyy — ol y) — — o ]

;5tpk +
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h c 1 1 1 1 1 dc
etk | S Dby + 20k - (o + Dby + DLy + 2ood)

Adding and subtracting these two equations one finds

2¢ 4c? 1 h 2¢
{{U}}i_% + H[[p]];lf_% + @Ug = —;55tp2 - &5151};1 -
and ) .
2c 4dc 1 2c
2 1 0 _ 0 1
{{’U}}H% + aﬂpﬂ;ﬁ% + @% = ;Sétpk - &&Uk — a
Using (39) in k + 1 and subtracting (40) to (39) one gets
1 h 2c n
;sét(p2+1 +p2) + &(St(v#rl - v,i) + E(Ui+1 - v,ﬁ) =

Adding this equation for k£ and k — 1 and using (37) one has

1 h 4c
—0ph + 200+ pioy) + g 0oy - fvhisy) -

O osh

Summing this equation for k and k + 1 one gets

S

Summing this equation for £ and k£ — 1 one finally finds

S

oy, +Hop, ] "
+ 2

({ohhyy — by

U O TR

(v — B )"t

1 h
0P+ AP 600+ 40y ) + 0By + b — by - (o)

0+ 39+ 38+ ) o — TR o (b — o) =0

- g + 0y — (B — b =

Using (38) one deduces

c

(b +Hodhy) — Wh oy + OHy) = 5

Therefore one finally has

(p2+2 — 2pg +p2—2)-

2 20 2
5t(§p2+2 +4ppiy + gpi +Apl_y + gpg—z) o

n+1
A (Phio = 200 +1)s o
h2 -

This equality is consistent with the first equation of the limit model (28). Moreover the equality (38)
is also consistent with the second equation of (28). This completes the proof.

5 Application to the P, model in two dimensions

O

In the previous section we have studied the well balanced and asymptotic preserving properties of the
TDG method in one dimension for the P; approximation of the transport equation. Other schemes
which satisfy these two properties have already been designed in one dimension (see for example
[15]) but fundamentals difficulties arise when trying to extend those schemes to higher dimensions
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(unstructured mesh, infinite dimension of the stationary state space, ... ). One advantage of the TDG
method (15) is that, given the approximation space V(7},), it can be directly extended to the two
dimensional case. The scheme will be well balanced (in the sense of proposition 6) and one can hope
the asymptotic behavior of the two dimensional scheme will come naturally from the basis functions:
numerical evidence shows it is indeed the case. In the following we study the P; model in two dimensions

{@p(t,x) + £divv(t,x) = —0q(x)p(t, %), (41)
Opv(t,x) + £Vp(t,x) = —o(x)v(t, %),

with the unknown u = (p,v)? € R®. The coefficients oy = o, + 75,04,05 € R depends on x while
e € Rf,c € RT are constants. We write x = (z,y)”. The system (41) can be recast into the form (2)
with d = 2, n = 3 and

L [0 10 L (001 oa(x) 0 0
AOZIm, Alzf 1 0 0 ,AQZ* 0 0 O ,R(X): 0 O't(X)
c\o 0 0 “\1 00 0 0 ou(x)

The reader should be aware that ¢; depends on € and behave as 5% when o4 > 0 and € — 0.

5.1 Stationary solutions

Stationary solutions to the P; model (41) with constant coefficients are candidate to be basis functions.

Proposition 14 (A first family of basis functions). Take dy = (cos(éy),sin(¢r))T € R% ¢ # 0 and
assume constant coefficients o,,0:. The functions

er = < = ) 2T, (42)

- Jadk
are solution to the model problem (41).

Proof. Assume the solution of (41) is under the form ey (x) = zze*(dx*) for some z, € R3. Denoting
My = A(Aj cos(¢r) + Az sin(¢y)) + R, one obtains the eigenproblem M)z, = 0. The values of A such
that det(M,) = 0 are A = ££,/5,0;. Taking A = £,/0,0¢ one has Ker(M:, z.5) = Span(w) with
w = (\/0¢, —\/0q cos(¢r,), —\/Tq sin(¢y))T. Taking z;, = w and ej(x) = zpeMd5X) one finds a non
trivial solution to the model (41). This ends the proof. O

Proposition 15 (A second family of basis functions). Assume o, = 0 and o, is constant. Denote
qrx(x), k € N, the scaled harmonic polynomial in two dimensions

1-1 1-1

Rz +iy)" with g1 = ——S(x +iy)" forl € N*. (43)

¢1 =1 and go = I I

The following functions are solutions to the P, model (41)

e = ( e ) k=1,..m. (44)

—cVaqg

Proof. Consider the stationary version of (41). Deriving the second and third equation and inserting it
in the first equation, one sees that p follows a second order equation Ap = 0. By definition the scaled
harmonic polynomials g (x) are solutions and one gets the first component of the solution. It is then
easy to deduce the second and third component of the solution. This completes the proof. O
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Because the basis functions (42) are solution to (41), one can use them in the case o, # 0. The
problem with such basis comes from the limit cases. Indeed the vectors degenerate to the same limit
as 0, — 0. Our goal is to show there exist a stable basis which degenerates correctly when o, — 0. We
€ R2nH1IX2n+1 defined

proceed as in [14] section 3.1 and consider the matrix My, 41 := My, 6,.....00,,:
as
1 1 1
cos(f1) cos(f2) ... cos(fant1)
sin(f1)  sin(f2) ... sin(f2n41)
cos(201) cos(202) ... cos(2025,41)
Mopy1 = M617627-~~792n+1 = sin(291) Sin(292) sin(292n+1) ) (45)

cos(nfy) cos(nbz) ... cos(nba,y1)
sin(nfy) sin(nfy) ... sin(nba,i1)

This matrix is invertible under general conditions.
Proposition 16. Let 01, ...,02,41 € [0, 27[ with 0; # 0; if i # j. Then the matriz May,41 is invertible.

Proof. We take the proof given in [14]. Assume 9 = (o, ..., Y2n11)" and M7, ;4 = 0 then

Yo + Z Por_1 COS(l@k-) + oy Sin(wk) =0, for k=1,...,2n + 1.
=1

Therefore, 1) is the coefficient vector for a real valued trigonometric polynomial of degree n with 2n+1
different zeros 0, k = 1,...,2n 4+ 1. This polynomial is zero everywhere and one can conclude @ = 0.
This completes the proof. O

We give a new family of basis functions which degenerate correctly when o, — 0.

Definition 3 (A third family of basis functions). Let n € N and consider 2n + 1 solutions to the Py
model e; i =1,...,2n+ 1. We set ay ; = (M2n+1),;; and define

2n+1

- € i .
& = \/JS(E\/UGJt)*LEJ Z agjer, j=1,..,2n+ 1. (46)
k=1

Proposition 17. The functions €; from (46) remains stable when o, — 0. More precisely, denoting
qi(x) the scaled harmonic polynomial (43), one has

< =k _
€ aa—_>>0 <—CV%) fork=1,....2n+1.

Proof. The proof is based on the stable basis argument used for the Helmoltz equation in [14]. Deriving
the second and third equation of (41) and inserting it in the first equation, one sees that stationary
solution p follows a second order equation Ap = i—jataap. This equality is satisfied by the scaled
harmonic polynomials (43) in the case o, = 0. Following [14] and using the definition of the coeflicients
ay;, one can show that the first component of the functions €; tends to the scaled harmonic polynomial
times %=. Because these functions are still solution to (41) one can write them when o, = 0 under the

form
5 — [ o _
€ <—CV%> , kE=1,...m.

This completes the proof. O
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5.2 Proof of theorem 1 and h-convergence

First we consider the simpler case of the particular second order equation Au = wu which is closely
related to the Helmholtz equation. This will then be generalized to study approximation properties of
stationary solution to the P; model. Approximation results using solutions to the Helmholtz equation
has already been study in different ways. For the h version see [7] for the case w < 0 and [14] for the
case w < 0 with a source term and more explicit constants. For p version estimate using Vekua theory
see [17, 29] and [18] for the hp version.

5.2.1 Technical material

Let u € H'(Q2). We consider the following auxiliary second order equation
Au = wu, (47)

with w € R which may take positive or negative values and our goal is to write a simplified Taylor

expansion for regular solutions to this equation. Let x = (z,y)7 and fix n € N and x¢ = (79,%0)” € Q.
P

We note T} (x) := %(z —20)P(y —yo)" P for 0 < p < k and T7 (x) := 0 in other cases. Every function

u € C"1(Q) can be written under the form of a usual Taylor expansion which comes from [10] page

94

n+1
Z Z ORONPu(xo)TE (x) + »_ 08Oy Pu(x,)TE, 4 (x), (48)
k=0 p=0 p=0

where x, = (z5,vs)7, 75 = (1 — 8)x0 + sz, ys = (1 — 8)yo + sy, s € [0,1]. There is of course a double
sum in the Taylor expansion, but for Trefftz methods it is possible to reduce the complexity using the
fact that w is a solution to the model equation (47). This is classical [7, 18, 27| see also [23, 21, 22|
with a different approach to the coefficients reduction procedure. In our analysis, we need intermediate
quantities named o, and j3}.

Definition 4. Consider an integer n > 0. The functions of, and B are defined in the range 0 < p <
k <n by a decreasing recursion from k =n to k = 0. The recursion reads:

e by convention set 35 (x) = b, ,(x) =0, Bil(x) =B 2(x) =0, Vp, k
o fork=ntok=0, do

o forp=0top=k, do
ap(x) = TP (x) + why, o (x), (49)

Br(x) = af (x) = B (x), (50)
A graphical illustration of the procedure is provided in Figure 2.

Since AL, (x) = Bh,,(x) = 0, thus a_,(x) = TF_;(x), af(x) = TP(x). Also because ;> =
B! = 0 the equality (50) implies

BY=0a) Bi=a), 0<Ek<n. (51)

In the case w # 0, the functions o} (x) and S} (x) are polynomials of degree n if both n and k are even
or odd and of degree n — 1 otherwise. If w = 0 the functions of (x) and £}, (x) are polynomials of degree
k for 0 < k < n. Note that in order to use simple notation we do not explicitly write the dependence
of these functions in n and xg.
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Figure 2: Dependence of the coefficients a3 and o in terms of the coefficients of, for w # 0. The figure
shows that o} depends only on some coefficients ak+2 fork<n,0<j<k+2.

Proposition 18. Assume u € C"1(Q) is solution to (47). Then the double sum Taylor expansion
(48) can be recast as a simple sum with only zero or first order derivatives for respect to y

u(x) = u(xo ﬁo )+ z”: [6 u(Xo ﬂk x) + aﬂ’;—layu(xo) ’]z—l(x)}

k=1
n+1 (52)
+ ) R Pu(x)TE (%), Yx € Q,
p=0

where X3 = (14,y5)T, 15 = (1 — 8)zo + s and ys = (1 — 8)yo + sy.

By symmetry, a similar result holds with high order derivative with respect to y and only zero
and first order derivatives for respect to x. The proof which is purely technical is postponed in the
appendix.

5.2.2 Approximation properties of auxiliary solutions to the equation (47)

To study the approximation properties of solutions to the equation (47) we will need the following
matrix. Let n € N and consider 2n + 1 functions ej, g, ...,€2,41 € W™>(Q). We define Ss,,41 :=
S € R2n+1x2n+1 gych that

€1,€2,...,€2n41

€1 €9 €2n+1
Oze1 Ozen Oz€an+1
ayel ayeg 6y62n+1
(992361 6%62 6%627,_;,_1
Sont1 1= 5617627”~;52n+1 = &anel 8x8y62 8x8y62n+1 )
8;81 8:;62 6;;62”_;,_1
6;171(93;61 827183/82 8;?7181162”4,_1

For © a generic open set we will use the norm ||ullyn.«@) = > p_g Z];:o SUP(x)co |020kPu(x)[. In
the vectorial case it is [[ullyn.< @) = 271, [ujllwn.<(o)-
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Proposition 19. Let n € N, xo € R?, assume ey, ea, ..., 2,41 € WHL®(Qp) and u € WnHLo0(Qy)
are solutions to the equation (47). If the matriz Sant1(Xo) is invertible then there exists real numbers
a= (a1,az,...,a2,+1)7 € R?"*! and a constant C > 0 such that

2n+1
E a;e; — U
i=1

< Chn+1||u||Wn+l,oo(Q)7 h = diam(Qy,).
L (Q)

2n+1
\% <Z a;e; — u)
i=1

Proof. Because the solutions e¢;,1 < i < 2n + 1 and u are in C’""’l(Q)7 one can write them under the
form (52). Let

and

< ChnHu”WnJrl,oo(Q), h = diam(Q).
Lo ()

b = (u(x0), xu(x0), yu(xq), ..., O7u(xo), 2~ dyu(xo)) (53)
and consider the solution of the linear system Sa,11(%0)a = b. The expansion (52) implies
2n+1 n+1 2n+1
Z a;e;(x) — u(x) = Z PO Puw(x )T 4 (x), w= Z ae; — u. (54)
i=1 p=0 i=1

Since TP 41 is a difference to the power n + 1, one gets immediately

2n—+1
E a;e; — U
i=1

< O fwllynsr g h™
)

Additionally the triangular inequality yields [|w|[yyn+1.00 (0, ) < Z?ﬁfl |as] [l€s][ 1,00 () Tl ellnsr.ce )

where the coefficients a; are bounded by |[ullyyn+1.(q,) as a consequence of (53) and the basis func-
tions e; are bounded by a constant. So [[wl|yni1.00(0,) < Clltllyrns1.0(q,) up to the redefinition of
the constant. From (54) one deduces the second inequality. This completes the proof. O

We now consider some specific cases for non negative constant w and study the invertibility of the
matrix Sap41. First assume w > 0.

Proposition 20. Letn € N, w > 0, w constant, and consider the functions ey, ...ean11
ei(x) = eVedix) =1 on 41, (55)

with d; = (cos(6;),sin(6;))", 0; € [0,2n] and 0; # 0; Vi # j. The functions e; are solutions to the
equation (47) and the matriz So,y1(X) is invertible for all x € R2.

Proof. Tt is easy to check that the functions (55) are solutions to the equation (47) when w is constant
and positive. It remains to show that the matrix Sa,11 is invertible. For simplicity we consider centered

solutions
e; (X) = eVw(ds 7X—X0)7 (56)

with x¢ € R%. Multiplying each columns of Sy, by a positive constant does not change whether the
determinant of So, 41 is null. Doing so the matrix So, 41 recasts with slight abuse of notation as

1 1 1
w3 cos(fy) w3 cos () w3 cos(0an11)
w? sin(fy) w? sin(fs) w? sin(fan41)
Sont1 =
w? cos™(6;) w? cos™ () w? cos™(fani1)
w? sin(f;) cos" (A1) w? sin(fy)cos" 1 (By) ... w? sin(fani1)cos” (Banit)
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We recall the equalities

L5) L5)
., 1 el o +1
cos"(x) = T (ZCﬁ cos ((n — 2k)ac) - (n 5~ Ln 5 J)),

k=0

n € N*,

sin(x) cos(nz) = %(sin((n + 1)z) —sin((n — l)x)), n € N.

Therefore each row of S, 1 can be written as the corresponding row of Ma,11 = My, .. 0,,,, multi-
plied by a positive coefficient and a linear combination of its previous rows. Since the matrix Mo, 41
is invertible (proposition 16), the matrix Sa,11 is also invertible. This completes the proof. O

Now consider the case w = 0.

Proposition 21. Let n € N, w = 0 and consider the functions e; = q; for 1 > 1. These functions are
solutions to the equation (47) and the matriz Sa,+1(x) is invertible for all x € R?.

Proof. By definition harmonic polynomials are solutions to the equation (47) when w = 0. For these
solutions the matrix

1 R(z +iy)* S(x +iy)t . 171_," R(x + iy)™ 21”_, S(x 4 iy)™
0 9R(@+iy) S +iy) .. TRz +iy)" 20,3 + iy)"
5 0 Oy R(x + iy)* 0yS(zx + iy)* a—;n@y%(x + dy)™ 217;,71 O0yS(x + 1y)™
2n+1 = . . . .
0 O"R(x+iy)t o (x + iy)* 2 LR (x + iy)" 2L nS(x + iy)"
0 R +iy) A0S +iy)' .. EOrOR(@ iyt E 00 19,S(x +iy)”

One has (x + iy)* = Z;ZO CY(i)*~PaPyk=P, thus
OFR(x +iy)* = k!, TR +iy)* =0, OFTIR(x +iy)* =0, forallleN,
and
OF10,3(x +iy)* = CL(k - 1)), TS (z+iy)F =0, 9N +iy)* =0, forallleN.

One deduces that the matrix Ss, 1 is an upper triangular matrix with positive diagonal coefficients
and is therefore invertible. This completes the proof. O

We can also proceed as in [14] and study stable basis that degenerate correctly when w — 0.

Definition 5. Letn € N, w > 0, w constant, and a; = (M,
functions

9%“);}, We define the following

.....

) 2n+1
& =) B> apjer, j=1,..2n+1, (57)
k=1
with ey defined as in (55).
This functions are stable in the sense that they tend to harmonic polynomials when o, — 0.

Proposition 22. We denote q;, j = 1,...,2n + 1 the first 2n + 1 scaled harmonic polynomials (43).
One has
e — qj, j=1,..2n+1

w—0

Proof. See [14] section 3.1. O
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By continuity one can therefore write €; = ¢; if w = 0. With the solutions €;, we study the
invertibility of S in the case w > 0.

Proposition 23. Let n € N, w > 0, w constant and consider the functions €1, ...,€ap11 in (57). The

matriz Sz, ... a,,., is invertible in R?.

Proof. Let M € R2H1x2n+1 define as le’ = (w)_L%Jak,j where ay, ; are the coefficients of the matrix

(M3, 41)~ 1. Since the matrix (Ma, 1)~ ! is invertible and w > 0 the matrix M is also invertible for all

w > 0. From the definition of the functions éy, ..., €241 and the definition of the matrix S one has
Sél,..-,é2n+1 = S617...,€2n+1 M.

The matrix Se, ... c,, ., and M are both invertible for w > 0 therefore Sé,,....éan11 18 also invertible for

all w > 0. Moreover for w = 0 the solutions é; are the scaled harmonic polynomials. From proposition

21 one gets the invertibility of the matrix Se, when w = 0. This completes the proof. O

€2n41

5.2.3 Proof of theorem 1

We study the approximation properties of solutions to the stationary P; model. For simplicity we take
¢ =1 and assume the coefficients o, and o are constants. The stationary P; model (41) writes

O0zv1 + Oyva = —€04p,
Dup = — 10501, (58)

_ _1=¢
Oyp = —Z0;v2

where we note o; = €204 + 05 which still depends on ¢ and assume o4 + 05 > 0. For convenience the
unknown will be rewritten as u = (ug,u2,uz)”. The system (58) can be recast into the form

(Ozz + ayy)p = 040(D-

One has the inequality

1
uallwn. () + [uallwne () < Clluallwntte @y, C=——— (59)

Out+ o5
We assume the mesh quasi unifomity: there exists a constant C uniform with respect to the mesh

sequence such that

max hy < C min hy. (60)
QreTh QrLeTh

We study the TDG scheme obtained by writing the equations under the form of a Friedrichs system
(2) with

01 0 00 1 o, 00
Ai=(1 0 0], 4=[0 0 0], R=[0 & o
00 0 100 0 0 o

For the stationary P; model (58) the matrix M writes M(n) = | n, 0 0 |, and we will use the

ny, 0 0
decomposition
. 1 +1 Ny Ny
M (n):§ ngy  An2  dngn, | . (61)
ny  Engn, :I:ni

Our main goal is to obtain a proof of convergence in the case ¢ = 1. We will discuss the case ¢ — 0 in
a second stage.
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Proposition 24. Letn € N, Qi € Tp, xg € Qp, e = 1 and o4 + 05 > 0. Consider u = (uy,us,u3)? €
WntLeo Q) solution to the Py model (58). Consider eq,...,ea,11 € WnHL2°(Qy) specific solutions
to the Py model, which can be either (42), or (44) or (46). There exists a = (ay, ..., a2,41)7 € R*+1

such that
2n+1

E a;e; —u
=1

2n+1
\% (Z a;e; — u)
i=1

Proof. This is a direct consequence of Proposition 19 applied to v = u; = p combined with (59). O

< ChMJullwn+i ()
Lo (Qk)

and

S Chn_l ||u||W1L+1,oo(Qk).
L= (Q)

We can now give an approximation result in terms of the || - || pg+ norm.

Proposition 25. Under the assumptions of Proposition 2/, there exists vi, € Vp, := Span{ei, ...,e2,11}
such that
[u—villpe- < Ch" Y2 |[ullyns1. (),

with h = maxg, e7;, hk, hk = dzam(Qk)
Proof. From proposition 24 one deduces that there exist v, € V,,, such that VQy
la = vall72@,) < ChT 2 ulffymie gy
((a=vi)lfq, < Chi llullfyu~(q,):

therefore
1 n
Il = vallzz s (H”“ = Vil + |(u - Vh)|1,ﬂk) < ChyHulfynsn e ,)r Y-

Summing over all €, and using that for a regular mesh of size h, the total number of elements is
bounded by C/h? one has

1 L
Y= Va2 (h*kHu = Vhllr2(o,) +[(u— Vh)|1,9k) < O Hullfpnsise(ay:  V%-
k

One concludes using proposition 9. O

Combining the previous proposition with the results of section 3 one can now give an estimation
of the DG norm of the error.

Proposition 26. Under the assumptions of Proposition 2/, consider the TDG method (15) with the
decomposition (61). One has

lu—unllpe < Ch" M2 [ullweresq),
with h = maxgq, e7;, bk, hie = diam(Qy), where uy, stands for the solution to the TDG method.
Proof. Use proposition 25 and conclude with the quasi-optimality result from proposition 5. O

One can now easily study the convergence in quadratic norm using using various physical assump-
tions on the coefficients.

Proposition 27 (Convergence in the dominant absorption regime: ¢ = 1, 0, > 0, o5 > 0). Consider
2n + 1 basis functions. Under the assumptions of Proposition 26, one has

[u =l 2) < CA" V2 [ullyniree (@),

with h = maxq, e, bk, hi = diam(Qy) and where uy, stands for the solution to the TDG method.
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Proof. Since o, >0, 5 > 0 and € = 1, the matrix R is positive definite and one can give an L? lower
bound of the DG norm with proposition 7. One concludes with proposition 26. O

Next case is the dominant scattering regime with o, > 0 and o, = 0. We will need the following
technical lemmas.

Lemma 3. Assume w € H'(Ty). One has
1
320y < C(Nwll3acen + 10puliZacey + 5 30 D2 Mg,y + 3 Nl )
k j<k k

with h = maxq, e, hi, he = diam(Qy) and where [w] denotes the jump of the function across an
edge.

Proof. We use (60) and use the proof given in [2] (see also [1] for a weaker result). O

Lemma 4. Assume w = (w1, wq, w3)T € V(Ty), e =1 and o, + 05 > 0. One has
C
[Wllz2(0) < ﬁHW”DG»

with h = maxq, e, bk, hi = diam(Qy) and where the constant C is independent of h.
Proof. Using the definition of the DG norm (20) with o, + 5 > 0 one gets
lwallZ20) < Clwlha,  llwsllZz) < Cllwlihe- (62)

It remains to show |lw1/z2(q) < %HWHDG The matrix | M| writes

1 0 0
M| = [0 n2 nuny,]|. (63)
0 ngny, n’

Since w € V(T3,) and o, + o, > 0, the L? generalization of the inequality (59) yields ||8xw1||2L2(Q) =
C||w2|\%2(9) and \|8yw1||%2(9) = C||w3||2L2(Q)7 C' # 0. Therefore from the inequality (62), the definition
of the matrix |M| (63) and the definition of the DG norm (20) one deduces

102w 1200y + [0ywill720y + DD MwilllFeism,,) + D lwilie s, < Cllwlbe-
k j<k k

One concludes using V(7;,) € H*(7;) and proposition 3. O

Final proof of Theorem 1. The case o, > 0 is already treated in proposition 27. To treat the remaining
case o > 0 one can combine lemma 4 and proposition 26. The guaranteed order of convergence is the
worst case, that is n — 1. This completes the proof. O

Theorem 1 illustrates one of the well known advantage of the Trefftz method: in dimension two,
one needs only to add two basis functions to increase the order by one. On the contrary the number
of basis functions is quadratic with respect to the order for standard DG methods.

Remark 4 (Case ¢ — 01). It would be of course desirable to get uniform estimate in the case e — 0.
The theorem 1 in particular could be very helpful since the cases ¢ — 07 and o, — 0 are closely related.
However dependence in e arises through the basis functions e; and the solution u and this dependence
must therefore be carefully studied when using results of the previous sections. Whether it is possible
to study easily this limit regime for the basis functions e;, it is much harder for the solution u mostly
because boundary layers may occur depending at boundaries. We note that initial boundary layers can
also arise for time dependent problems. These theoretical issues are left for further researches and we
prefer to turn our attention to validation by numerical means in the rest of this work.
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6 Numerical results

The goal of this section is to validate the convergence and asymptotic behavior of the scheme on some
numerical examples in one and two dimensions for stationary and time dependent problems. We will
consider two regimes: the case ¢ = 1 and the case ¢ << 1.

6.1 One dimensional time dependent tests

We use random meshes made of N nodes, where the vertices are moved randomly around their initial
position by a factor at most 33%.

6.1.1 Study of the order

For the time dependent P, model in one dimension (27) consider the case Qg = [0,1], ¢ = 1,¢ =
1,0, =1,0, =1, h=1/N for N = 20, 40,60, 80,100, T' = 0.024 and dt = T/N. The exact solution is
e, = (et e ) and we set M~u = M~ u., on the boundary. The functions (29) are used as basis
functions.

We study two cases: a first one with only the two stationary basis functions e, ef and a second
one with four basis functions ej, e, e;,es. Figure 3 shows that the scheme is convergent with the
two basis functions e] , ] and that one increases the order by adding the basis functions ey, e; . More
precisely order 1 is achieved with the two basis functions e] , e whereas order 2 is achieved with the
four basis functions ey, ef, e;,ef.

2 basis
4 basis i
order 1
order 2
0.01
),
0.001 | E|
A\
T~
~—
~—
T~
—
~a__
0.0001 \\\&\ 4
TS
~—
A

1le-05

10 100

Figure 3: Study of the L? error on the final time step in logarithmic scale for temporal one dimensional
model. Error with the two stationary basis functions and the four basis functions. Random meshes.

6.1.2 Asymptotic preserving regime

We test the asymptotic behavior of the scheme (33) for the model problem (31). Naive schemes need
many degrees of freedom, and therefore an important computational time, to be able to capture the
correct diffusion limit when € — 0. The so called asymptotic preserving schemes have been designed
[15, 25] to get the correct limit with a reasonable amount of degrees of freedom. We have shown in
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section 4 that the TDG method leads to a new asymptotic preserving scheme and we can now illustrate
this property. To this end we take Qg = [0,1], e = 0.001, 05 = 1, ¢ =1 and T = 0.01. Consider py the
fundamental solution to the heat equation and the variable vy associated in the limit € — 0

1 —(2-0.5)2
4t

x,t) = e ,

Vo (ZC, t) = _Eaach (*T’a t)

Finally M~ (p,v)T = M~ (pg,vo)? is imposed on the boundary. Figure 4 compare the numerical solution
with (po,vo)T. One sees that even with few degrees of freedom the solution is correctly approximated.

3 T T T T T T T T 0.015

25 F

1 0.005

15

B -0.005

05

T R R R S .0.015 T S T SO T S
0 010203040506070809 1 0 010203040506070809 1

Figure 4: Numerical solution obtained with the numerical scheme (33) with e = 0.001 to po (left) and
vo (right). Random mesh with 20 nodes and dt = 0.01/20. Good accuracy illustrate the AP properties
of the TDG scheme.

6.2 Two dimensionals tests

We now consider two dimensionals model. Meshes made of random quads are using. A random quad
mesh is made of N x N quads, N € N* where the vertices are move randomly around their initial
position at most by a factor 33%.

6.2.1 2D convergence with absorption

Consider the stationary P; model in two dimensions (58). Let x = (z,y)7, Qs = [0,1]%, ¢ = 1,¢ =
1,0, = 1,05 = 1. The exact solution we consider here is

T
Uy (X) = (cos(y)e\/gm7 —(V/3/2) cos(y)eV3* 0.5 sin(y)e‘/gz) :
We assume M ~u = M~ u,, is imposed on the boundary and consider m € N basis functions as in (42)
ek(x) = (\/57 dk)eﬂ(dk’X)a k= 1,...,m,

with dj, = (cos(¢x),sin(ér)) T, ¢ = 2(k — 1)7/m.
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Results obtained with 3,5 and 7 basis are displayed on the left of figure 5. As stated in proposition
27, one only needs two additional basis functions to increase the order by a factor 1. Note however
that the orders obtain here are slightly better than those predicted in proposition 27: with 3, 5 and 7
basis functions one gets respectively order 0.8, 1.5 and 2.5.

01F b 01 F

E| 0.001

0.001

b 0.0001

0.0001

1e-05 b 1e-05 |-

3basis —f—

order 05

3basis ——

order 0.8
1e-06 5 basis —K— A 1 1e-06 | 5 basis —K—
order 15 order 15
7basis —Lx— 7basis —Ax—
order 2.5 order 2.5
1e-07 L 1607 .
1 10 100 1 10 100

Figure 5: Case 0, = 1 on the left and o, = 0 on the right. L? error in logarithmic scale of the TDG
method for stationary two dimensional P; model. 3 basis functions (red), 5 basis functions (blue) and
7 basis functions (orange). Random meshes.

6.2.2 2D convergence without absorption

Consider the stationary P; model in two dimensions (58). Consider the same parameters as before but
without absorption: x = (x,%)7, Qs =[0,1]%, e = 1,c = 1,0, = 0,05 = 1. The exact solution is

Uy (X) = (cos(y)egﬂ, —cos(y)e”, sin(y)em)T.

Again assume M ~u = M~ u,, is imposed on the boundary and consider m € N basis functions as in
(42)
en(x) = (V2,dg)eV2@d®) k=1 m,

with dk = (COS(¢k),Sin(¢k))T, ¢k = 2(]{1 — 1)7r/m

Results obtained with 3,5 and 7 basis are displayed on the right of figure 5. The orders are very
close from those obtain in the case o, # 0 (left of the figure 5): with 3, 5 and 7 basis functions one
gets respectively order 0.5, 1.5 and 2.5.

6.2.3 Boundary layers in two dimensions

We study the stationary P; model in two dimensions with discontinuous coefficients. The domain is
Q = [0,1]? and we define Q; (resp. Q) as Q; = [0.35,0.65]% (resp. Q2 = Q\ Q1). The geometry is
represented in figure 6. We take ¢ = 1 and ¢ = % The absorption coefficient o, = 2 X 1g,(x) has
compact support in ;. The scattering coefficient o5 = 2 x 1g, (x) + 10° x 1g, (x) is discontinuous and
takes a high value in €. Even if we consider a random mesh, the interface between {2; and 5 is a
straight line.

To show why it can be challenging for standard schemes to capture boundary layers we compare
the TDG method with the DG scheme with constant and affine basis functions (that is 1, z, y). Since
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s = 10°

Periodic

Figure 6: Domain and boundary condition for the two dimensional boundary layers test.

the P; model has 3 components this give us a total of 9 basis functions per cell for the DG scheme.
For the TDG scheme we take only 3 or 5 basis functions per cell. Note that for the TDG method one
must choose the directions of the basis functions in € since o, > 0. As we will see this choice plays
an important role to capture correctly the boundary layers and it seems essential to get locally the one
dimensional direction perpendicular to the interface.

Both DG and TDG converge to the same asymptotic solution for finer and finer meshes. The
2D asymptotic solution represented in Figure 7 is calculated on a 200 x 200 mesh with the TDG
method with 5 basis functions per cell (except at the interface see below). The default equi-distributed
directions in Q) are

2 2 4 4
d; = (1,07, dy = (cos —ﬂ-,sin—ﬂ-)T, ds = (cos l,sin—ﬂ)T,
5 5 5 5 (64)
6 6 8 8
dy = (cos %,sing)T, ds = (cos g,sm%)T
At the interface in Q; we make a special choice of directions
d; = (1,007, d2=(0,1)", d3=(-1,00", ds=(0,-1)T. (65)

These directions are well adapted if one considers a one dimensional problem at the interface. For

example on a 20 x 20 mesh there are 36 cells in €2, and, among those 36 cells, there are 20 cells with

at least an edge which belongs to the interface. The directions (65) are taken in those 20 cells and the

directions (64) everywhere else. We will also study the TDG method with only 3 basis functions per

cell. With 3 basis functions per cell we consider the following equi-distributed directions
d; = (1,007, dy = (cos 2?ﬁ,sin %)T, d; = (cos 4Eﬂ-,sim %)T

We compare the DG and TDG methods on a coarse 20 x 20 mesh.

In Figure 7, we represent the variable p. For the TDG method we take either 3 or 5 basis functions
except at the interface in 2; where we use the 4 directions (65). One observes that the boundary layer
is not correctly capture by the DG scheme. The approximation given by the TDG scheme seems more
accurate.

In figure 8, we take a one dimensional cut at y = 0.5 to compare more precisely the numerical
results. The graphic on the left shows that the TDG gives indeed a much better approximation than

(66)
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the DG method especially with 5 basis functions per cell. Our interpretation is that it is because the
boundary layer is correctly captured by TDG but poorly captured by DG.

The graphic on the right of Figure 8 illustrates why it is very important to use the directions (65)
at the interface to obtained a satisfactory discretization of the boundary layer on a coarse mesh. We
consider the TDG method with 5 basis functions per cell and compare two cases. In the first one the
directions are (64) in all cells of Q5. In the second one the directions (65) are used at the interface. The
graphic shows that the TDG method give a non correct approximation with only the directions (64).
However if one adapts locally the directions at the interface the TDG method recovers a very good
accuracy. Once again, our interpretation is that it is because the boundary layer is correctly captured
with these parameters.

-9.610e- 06 8,114e-

-4301e-11 0.2 8,450e-01 -1.719e-13 0.2 8.,348e-01 -4,89%e-03 0.2 8,446e-01

||nnnm|mnm \mm\mmm\ |uuu|muuu| “”””IHHHHIIM

Figure 7: Representation of the variable p for the test case 6.2.3. From left to right: DG scheme with
9 basis functions per cell, TDG scheme with 3 basis functions per cell, TDG scheme with 5 basis
functions per cell and reference solution. For the TDG method the directions at the interface in €2
are locally adapted into the 4 directions (65).

0.9 T T T T T T T 0.9 T T T T T T T
reference solution’ reference solution’
DG 9 basis/cell X i pas
08 | X TDG 3 basis/cell O 1 08| TDG Sbaslslcell ada!plve dlrecllons atthe interface @
) X 5 TDG 5 basis/cell O .
X
0.7 X x 1 07 X -
X
X
0.6 - Bl 0.6 X Bl
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05 b 1 05 . 1
X
04| 1 04| < 1

03 | 03 |

0.2 02

0.1 01
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Figure 8: One dimensional representation of the variable p at y = 0.5 for the test case 6.2.3. Left:
comparison between the DG method with 9 basis/cell (cross), the TDG method with 3 basis/cell
(circle) and the TDG method with 5 basis/cell (square). In both cases the directions at the interface
in 4 are locally adapted into the 4 directions (65). Right: comparison between the TDG method with
directions (64) only (cross) and the TDG method where the directions at the interface in €2, are locally
adapted into the 4 directions (65) (square).
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6.2.4 Asymptotic preserving study for time dependent model

We study here the asymptotic behavior of the TDG method in the case o, = 0 and consider the
test case from [5] for the time dependent P; model (41). Let x = (z,y)’,Qs = [0,1]%, T = 0.036,
0, =0,0, =1,c =1, and consider the solution

£2 €
po=f+—0f wu=-—VF,
Os Os
with
ft,x) = a(t) cos(2mz) cos(2my),
with «(t) defines as

)\2 A\t )\1 Aot

t) = 1t 2

o) =5 Mo — N
n. (1= Zo2 1) 7s(yf1 - 53r 1)
M= 2e2 M=o 922 '

One can check that (po, ug) is indeed a solution to (41) with o, = 0 see [5] for details. An exact relation
is enforced between ¢ and the space step h = % The relation between e and h writes e = 0.01(40h)7
for 7 € {0, %, %, 1,2}. The error between the exact solution and the numerical solution is computed
numerically in function of h for different values of 7. The result is display in figure 9 for 3 stationary
basis functions (44) and dt = 0.36h2. One observes convergence of the solution even for small values

of €.

0.01

tau=0 —— L 1
tau=0.25 —<—

tau=0.5 —K—

tau=l —— -

tau=2 |l

order 1 w

0001 |- \ E a

X
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0.0001

Ty

1e-05 L
10 100 1000

Figure 9: On the left: study of the L? error at the final time in logarithmic scale. TDG method for
€ =0.01(40Rh)™ with 7 = 0 (red), 7 = 0.25 (green), 7 = 0.5 (dark blue) 7 = 1 (purple) and 7 = 2 (light
blue). On the right: an example of random mesh in 2D.

A Time dependent solutions to the P, model in one dimension

We give the proofs of the propositions in section 4.1 and provide more material on how to construct the
stationary and time dependent solutions (29) for the one dimensional P; model (27). First we recast
(27) as in (2) with d = 1, n = 2 which writes

oyu + A10,u = —Ru, (67)
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with

Ol

v ) 2= 8) = (5 0)
In order to find the solutions (73) we search for particular solutions to (67) under the form
u(z,t) = q(z,t)e (68)
with A € R and where q € R" is a polynomial in « and ¢. For example we consider
q(z,t) = qo + zq1 + taz + ztqs. (69)
Using (68) in (67) and dropping the exponential one has
(O +A410; + Rlu=0< (0; + A10; + (A1X + R)) q(z,t) = 0,
extending q one finds
(AA + R)qo + Arar + a2) + 2 ((A1A + R)ar + q3) +t ((A1A + R)az + A1qs) + 2t(Ai1A + R)gs = 0.

This equality holds for all x and ¢ thus one gets the following system

(70)
AN+ R)qo = —Ai1q1 — qa.

Therefore the solutions to (67) under the form (68) with q given by (69) satisfy the system (70). We
can now write the conditions (70) for the P; model.

Lemma 5. The conditions (70) reads

q3 =0,

(A1A + R)g2 = 0,

(A1A+ R)q1 = 0,

(A + R)qo = —A1q1 — qo,

(71)

with A = +2.,/0,0%.
Proof. First, a necessary condition for (70) to admits a solution is det(AX — R) = 0. Since
c
AN+ R = (f“ 6A> :
E)\ ¢
one deduces det(A;A — R) = 0 < A = ££,/0,0;. With this choice for A, the matrix A; A — R reads
= (o o),
+./0,0: Ot¢,

and one notices

(A + R)? = (00 + 00) (ALA + R). (72)
Thanks to the first and the second equation of (70) one has

A\ + R)qs =0
{( 1A+ R)as = (A1A+ R)’q1 = (04 + 01)(A1A + R)qs = 0.

(A1A+ R)ar = —q3

From (72) one gets (A1 A + R)q:1 = 0 therefore q3 = 0. This completes the proof. O
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Proposition 28. The P; model (67) admits the following four solutions

> cEEVETE
:F
(73)

404+/0¢
Ot—0q Ua.+0'f t
T, Jor + cty/0q

Ot—0g o’a+0
( t—0 + ey tJrct./ )eiimx.

Proof. One notices Ker(A1X + R) = Span((,/5¢, F4/04)"). Thus with w = (,/o¢, F1/04)” and the
relations (71) one gets

qi1 = aw, q2 = ﬁwa aaﬁ e R.

From the last equality of (71) one sees —A1q1 — @2 € Im(A; A + R) which implies —A41q; — q2 €
Ker((A1X+ R)T)L. Since the matrix 4; and R are symmetric Ker((A;\+ R)T) = Ker(A; A+ R) =
Vect(w). A necessary condition is then (—A1q; — g2, w) = 0 which is equivalent to

Oq + 0¢ EB
2./0q0; ¢

Finally let qo = (¢§,¢3)". From the fourth equation of (71) one gets qf = —=—= ( 5 F A0 1q3)-
Thus one can choose qp under the form

ﬁ Ot — Ogq Ot — 0Oq T +
— — W
0 4Ua ,—Jt ) :F40't ,—O_a W,

with v € R. To sum up one has the following relations

q3:0a

B (Vo Fvaa)

Oq T Ot 5 T
= T/, 10 74
q1 2 ,7(1 ¢ ( ts a) ) ( )

T
O — Og O — Ogqg T
—g(— NN
o B( 4%\/@’;4@\/@) +7 (Vo £/0a)

B,7 € R. Because the solutions are under the form u(z,t) = (qo + oqi + tqs + xtqs)e’®, with
A = ££,/0,0¢, one finds the four basis functions (73). This completes the proof. O

Now we construct linear combinations of the solutions (73) that remains stable in the case o, — 0.
To make these solutions more convenient to read, we use the notations z, = %./Uaatx and cosh(z) =

ete ” sinh(r) = £

Lemma 6. The following four functions are linear combination of the solutions (73)
- /2 sinh(z,
el(x) = Ta ( ) )
— cosh(zz)
cosh(z,)
Za smh (22) ]

( 752“:/%“@ sinh(z,) — ¢t cosh(zy)

_O0t—0aq Sll’lh(Za;) + 50'f+0'a;I;COSh(Zw) +c ‘;‘t’tslnh(zw)> )

20¢/0a0¢

20’a N

s2t=%e_ ginh(z,) — 5‘7”‘”“ x cosh(z,) — ¢, /Z‘tsinh(z“)

5 2‘7\*/?:%:5 smh(z,;) + ct cosh(z;)
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Proof. One defines the following linear combinations of the functions (73)

+ + 0t —0a _+
I (z,t) = ey (z,t) +c 4Uaatael (z,1),
+ + 0t —0a 4
I (z,t) = e (x,t) — ¢ 4aaa: el (z,1).

Then defining the four solutions

&1 (1) = 2\% (ef (2,0) — ey (2,1)) |
& (. 1) = 2\}07 (e} (.1) + o7 (z,1)) -
Sa(e.1) = 5= (I (@.0) + 17 (2.1)).
éy(z,t) = 2;;5;,(lg(x,t)—-lg(agt)),
one gets the functions (75). 0

We show that these solutions remain stable in the limit case o, — 0.

Proposition 29. When 0, — 0 (0, — % ), the solutions (75) tend to the following functions

- iy
a0 2, (5.

6c2

2
‘o .2
ST +ct

B _E G'tx2ict
2
ot =, (7).

3 _2
%% — eoptx — ex>

Proof. One notices

sinh(z,) €
cosh(z) aa—_>>0 1, os o0 P
The limit of &;(x,t), éx(x,t) and &;(x,t) are simply obtained by using the expressions (76) in (75).
The limit of the second component of &4(x,t) can be obtained in a similar way. It remains to study
the first component of e4(x,t). One has

(76)

c(or — 0a) ot +0a

inh(z,) — h(z,

. Jo o, sinh(z,,) 352 po cosh(z;) 2 2

cloy —04) € e2T°0,0¢ 9 o+ o, E2040:T 9
= — = - — 1

20, (cx + 3le3 +o(02)) = 20, (1+ 2lc? +oloa))

= et SO L o) = e - ST ofon
= —cx 52 g Tg)tolon) =—ex— 51"+ 0(0a).

sinh(zz)

Because —ctoy NG —>O —eotx, one gets the expressions of €4(x, t). This completes the proof. [
a Oq—
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B Proof of proposition 18

Lemma 7. Assume hypotheses of proposition 18 are satisfied. Then for all 0 <1 <n — 2 one has the
identity

142

Zapal Pu(xo) TP (x) + Y 000, Pu(xo)ad ,(x) =
p=0 (77)

Zapaz Pu(xo)af (x) + 05 2u(x 0)5§I§(x) + aiﬂayu(xo)ﬁfi;( ).
Proof. Let e N, 0<[<n-—2 Forl, € Z, —1 <1y <Il—1 we define the function
142
Zapal Pu(x Z RO, Pu(xo)TF(x) + D 9RO Pu(xo)af, H(x)
p=l1+1 p=Il1+3 (78)
oAl e 0 + o ) )

where we use the convention Zg:a =0 for a,b € Z and b < a. First we show f(l;) = f(l; +1) for
—1 <1y <1—1. Because u is solution to the equation (77) one notices

OO (o) B o) = (= Dk T wol MOl u(xo) B 0. (79)

Now we consider the definition of the function f (78) and we study the difference f(I; + 1) — f().
After simplifications on the elements that appear in both f(I;) and f(I; + 1) one finds

Fll 4 1) = F(1) =00 (o)l () — 91+ oo TV () — 00 (o)l ()
+ 00, u(x0) B (%) — 0TI (ko) B ().
Using the equality (79) to reformulate the fifth term on the right hand side, one gets
Fli+1) = fl) = 0+ aL 1 u(xo)ap T (%) — 9410, hu(xo) T (%) — 9L 301 " u(xo) g5 (x)
ORI (o )BIEE (x) + (98P0 —wol Ol ulxo) Bt ().

1+2 +2

Ordering the terms with respect to the derivatives gives

Pl +1) = £(0) =050 ulo) (af 700 = T () — wBliE ()
R0 (o) (- a5 (0) + B (0 + A3 ().

Using the definitions (49) and (50) one finds al1+1( ) — Tlll‘H(x) —wphtt(x) = 0 and B113(x) —

142 142
aéfj( x) + Bllrgl( ) = 0. Therefore one has f(l; +1) — f(I1) =0 for all =1 <3 <! — 1. One deduces
f(=1) = f(I) which can be written

! 142
> 020y u(x0) T} () + > 020, 2 Pu(xo)af (%) + 05 u(x0) Bk (%) + 020, u(x0) Bz (x) =
p=0 p=2

l
Y 020, Pu(xo)af (x) + 05 Pu(x0) 813 (%) + 8,719, u(x0) A5 (x).

p=0

Noticing from (51) af,,(x) = 87, ,(x) and o, ,(x) = B}, ,(x), one incorporates the two corresponding
terms in the second sum so one finds the equality (77). This completes the proof. O
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Proof of Proposition 18. Start from the Taylor expansion (48). From definition (49) one has of (x) =
TP(x) and of _;(x) = TP_,(x). Therefore

n—2 k n—1
Z Zapak Pu(xo) Ty (x) + Z 85337171)“()(0)0‘?;—1(’()
k=0 p=0 p=0
n+1
+ 2858” Pu(xo)ad (x) + Y ROy Pu(x, )Ty (%).
p=0

One can recursively use the equality (77) from [ = n — 2 to [ = 0. More precisely, rearranging the first
sum one has

n—3 k
ZZapa’f Pu(xo) T} (x +ZB”8” =Py (x0)al (%)
k=0 p=0
n+1
(Z oLon~ 2Py (xq) VTP ( +Zapan Pu(xo)ak (x >+Z@p8n+1 Pu(xb)Tn_H( X).
p=0

One can reformulate the terms between parenthesis using (77) with the index correspondance n—2 = [.
One finds

n—3 k
=3 ROk Pu(x0) T (%) + Zapa" P (x ) + Zapan 2"Pu(xo)ak_y(x)
k=0 p=0
n+1 (80)
[0 u(x0) B (%) + 021Dy u(x0) B2 (x)] + Z ORI Py (x, ) T, (%).
And one can now recursively repeat this simple operation using the equality (77) foril=n—3, ..., to

I = 0. One finally gets the formula (80) where the first line is written for n = 2, the term [-] becomes
a sum and the last term remains unchanged

=0+ Zapal Pu(xg)ad (x) + u(xq)ah(x)

n n+1
£ 37 [Phulxo) B 00) + 0 Byulx0) B (0] + 3 2O TPk )T (o)
k=2 p=0

That is
u(x) = u(xo)ag (x) + dzu(xo)aq (x) + dyu(xo)al (x)

n n+1
3 [Ohuxo) BEGe) + 05 0yulx0) BE N (0)] + D0 AROp T Pul, ) T (x).
k=2 p=0

Noticing from (51) af(x) = BJ(x),af(x) = BY(x), al(x) = Bi(x) one finds the expression (52). This
completes the proof. O
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C Interpretation of the one dimensional TDG method as a finite
difference scheme

The goal of this section is to obtain the FD scheme (33) based on the Trefftz discontinuous Galerkin
method (15) for the one dimensional hyperbolic heat equation

{é%p'+'samv ::07 (81)

c _ 0o
atv + c o _E%Ua

e € R, 0,,c € RT. For the sake of simplicity we assume o is constant in the domain. This model can
be written in the form of Friedrichs system (2) with

10 c(0 1 0 0
oo t) a=t0o) e )

We consider basis functions e;; where ¢ is the global number of the cell and [ the local number
of the basis function in the cell <. We denote z; 1 and ;.1 the edges of the spatial cell g, i.e.
Qs = [¥;_1,2;11] and x; the midpoint. We use two stationary basis functions defined as

(é) if (t,2) € O, (cg(ﬁzk)), if (t,x) € U,

0 0
<O>’ else, (0>, else.

We use the notation e}, e’y when designing the basis function from the spatial cell s ; at the time
step n. Consider the bilinear and linear form obtained from the decoupled formulation (17)

ep1(t,x) = e o(t,z) = (82)

=3 [ Ot M T ) =3 [ Ty
o JoQsnann

W ek Senn

72/ Vi) M waul, u,v e V(Ty), (83)

k”kn 1

Z/ Vk: gS _Z/ kﬂkn 1uZ 17 v E V(E)
ONsNONn

Ypnpn—1
In the following we will write explicitly the equality
a%(u7e;fi) = ln(eﬁz)v l= 13 27 (84)

for any time step n and any spatial cell {25 ;. For simplicity we will consider periodic boundary condi-
tion, a uniform space step h and a uniform time step At. We define some notation.

Definition 6. Define Cg C’;ﬁj and Cp.;, as

Cgin= ZZ €, ) (up - uf), (85)

Ekn in
(DY / R M (36)
k”kn 1
Z/ knkn 1uk7 (87)
Sngn—1
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Since uy, is a combination of the basis functions in each cell, one can make the following assumption.

Assumption 1. Assume uy admits the following decomposition in each cell
u, = agep,1 + Brer2, o, Pr €R,
or in an identical way when considering the time step n and the spatial cell Qg ;
u;' = aj'el; + Bil'ely, of B €R. (88)
We can now write the equality (84) using the definition 6.

Proposition 30. Consider the model (81) and the basis functions (82). The equality (84) with periodic
boundary condition at the time step n in any spatial cell Qg ; reads

C%,il C;zl+0511 0

N N (89)
CT,iQ CT12+C512 0.

Proof. Since we consider periodic boundary condition, the term |, 905N n (vi)T' M, u? in the bilinear
form and the term faszsmaszkn (vi)Tgs in the linear form of (83) are zero. One notices that

S M STy G

E i<k Zkmgm Spn jn

Therefore one has ar(u,e};) = Cz,;, + Cg,; and l(e};) = C7 7. The equality (84) gives respectively
for I =1 and | = 2, the first and second equation of (89). This completes the proof. O

Now we can study the values of the coefficients Cs;; and Cr ;.

Proposition 31. One has

cAt osh n
Csin=—5- ( — Qi1+ 200 — aigr + (1= 5 ) (Bivt — 52'71) ; (91)
and
cAt osh osh n
C§i2= 5 (( See )2 (Bir1+2Bi+Bi—1)+ €Bi+(_ﬁi71+2ﬂi_6i+l)+(1+ Sec )(aiﬂ—ai,l)) . (92)

Proof. For simplicity we will use the notation My, = M~((0,£1)T), M}, = M*((0,£1)T) and
()\Z;l)i = (Milej,l)Tek,m. Since the function e;; is only non-zero in the cell ; one can write Cg;
from (85) as

Csig = /t (— (MZye; )" (ui —wim)(w; ) — (My i) (w; — ui+1)(xi+§))- (93)

n—1

Using My, = fM%'l, the decomposition of ul” (88) and the fact that the basis (82) do not depend on
the time, the equality (93) reads

Cg,i,l :At(ai()‘%,li)Jr(xif%) + Bi()‘zz,li)Jr(‘rif%) - aifl()‘é,lifl)+( ) Bi— 1( ii— 1)+(1’i7 )

+ ai(/\z{li)_(mi—i-%) + Bi()‘227li)+(mi+%) - ai+1()‘271i+1)_(xi+%) - /Bi+1(/\é,2i+1)_(xi+%)) .

N[

(94)

For ny = 0, one has

M =)= () ) arron) =5 (0 ) o= 5 ().

Ny e \Nzx
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and one notices

(@) = 5o (1F 22 (@ — ) + (0 = ) + (2@ — )@ — ).

(95)

Recalling that for simplicity h = x;, 1 — ;1 for all 7 and inserting (95) in (94) one finds for I =1

n cAt osh n
Cs,in = Tg( — Qi1+ 200 — aigr + (1= 5 =) (Bivn — BH) ;
and for [ =2
n cAt O'Sh a‘sh O'Sh n
Cgia= o (( e V2(Big1+ 265 + Bie1) + e Bi+ (=Biz1+28; — Bix1) + (1 + 5e Vi1 — ai—l))

This completes the proof.

Proposition 32. One has

O?,i,l =h
n o2h?
CT,i,2 = h(l + 488262)'

Proof. Since =M, .+ = L, CF; | writes

X,

e’y = 0. Therefore using the decomposition of u}' (88) one finds

— n xi’+% n\T. .n
knkn—luk = (ei,l) u;.
T

Spnpn—1 i1
One notices f (e
2

Cn . .n IlJr%( n )T n __ h n
Ti1 — Q4 €;,1) €1 = nay,
xZ.

T
Chap =87 [ (ela)ely = b1+

This completes the proof.

Proposition 33. The scheme (89) reads

pr—pl e n
At T { Pit1 +2pi — pic1 + (1 —a)(vigr — 'Uz'—l)} =0,

a? o — ot
(1+ g)T + ﬁ{ (Vi1 + 20; + vi—1) + (=vip1 + 20, — V1)

Os

n
+(1+ a)(pit1 *piq)} = —8—21)1”,
Proof. Starting from (89) one has
C%,m - 0;211 + Cg,i,l =0,
Crio— 0?512 +C5,2=0.

(98)

We recall the decomposition (88) uf(z ) = alel (z) + Ble;a(x) = (p',v?)T (x). In particular consid-

1 71,1

ering the center of the cell one finds af = p] (xz) and B = vl'(x;). Therefore using (91), (92), (96)
and (97) in (89) and making the simpliﬁcatlon o = p and B = o7, one finally gets the scheme (98).

This completes the proof.

38

O



References

1

2]

3]

[4]

5]

[6]

[7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

D. N. ARNOLD, An interior penalty finite element method with discontinuous elements., STAM J.
Numer. Anal., 19 (1982), pp. 742-760.

S. C. BRENNER, Poincaré-Friedrichs inequalities for piecewise H' functions., SIAM J. Numer.
Anal., 41 (2003), pp. 306-324.

S. C. BRENNER AND L. ScoTT, The mathematical theory of finite element methods. 3rd ed., New
York, NY: Springer, 3rd ed. ed., 2008.

C. BUET, B. DESPRES, AND E. FRANCK, Asymptotic preserving schemes on distorted meshes
for Friedrichs systems with stiff relaxation: application to angular models in linear transport., J.
Sci. Comput., 62 (2015), pp. 371-398.

C. BueTr, B. DESPRES, E. FRANCK, AND T. LEROY, Proof of uniform convergence for a cell-
centered AP discretization of the hyperbolic heat equation on general meshes, Mathematics of
Computation, (2016).

A. BUFFA AND P. MONK, Error estimates for the ultra weak variational formulation of the
helmholtz equation, ESAIM: Mathematical Modelling and Numerical Analysis, 42 (2008), pp. 925
940.

O. CESSENAT AND B. DESPRES, Application of an ultra weak variational formulation of elliptic
pdes to the two-dimensional helmholtz problem, STAM J. Numer. Anal., 35 (1998), pp. 255-299.

S. CHANDRASEKHAR, Radiative transfer. (International Series of Monographs on Physics) Oxford:
Clarendon Press; London: Oxford University Press. XIV, 394 p. (1950)., 1950.

A. ERN AND J.-L.. GUERMOND, Discontinuous Galerkin methods for Friedrichs’ systems., in
Numerical mathematics and advanced applications. Proceedings of ENUMATH 2005, the 6th Eu-
ropean conference on numerical mathematics and advanced applications, Santiago de Compostela,
Spain, July 18-22, 2005., Berlin: Springer, 2006, pp. 79-96.

W. FLEMING, Functions of several variables. 2nd ed. Undergraduate Texts in Mathematics. New
York - Heidelberg - Berlin: Springer-Verlag. XI, 411 p. DM 41.00; $ 18.10 (1977)., 1977.

K. O. FRIEDRICHS, Symmetric positive linear differential equations, Communications on Pure
and Applied Mathematics, 11 (1958), pp. 333-418.

G. GABARD, Discontinuous galerkin methods with plane waves for the displacement-based acoustic
equation, International Journal for Numerical Methods in Engineering, 66 (2006), pp. 549-569.

G. GABARD, Discontinuous galerkin methods with plane waves for time-harmonic problems, Jour-
nal of Computational Physics, 225 (2007), pp. 1961-1984.

C. J. GITTELSON, R. HIPTMAIR, AND I. PERUGIA, Plane wave discontinuous Galerkin methods:
Analysis of the h-version., ESAIM, Math. Model. Numer. Anal., 43 (2009), pp. 297-331.

L. GoOssE AND G. TOSCANI, An asymptotic-preserving well-balanced scheme for the hyperbolic
heat equations., C. R., Math., Acad. Sci. Paris, 334 (2002), pp. 337-342.

F. HERMELINE, A discretization of the multigroup Py radiative transfer equation on general
meshes., J. Comput. Phys., 313 (2016), pp. 549-582.

R. HIPTMAIR, A. MoioLA, AND I. PERUGIA, Plane wave discontinuous Galerkin methods for the
2D Helmholtz equation: analysis of the p-version., SIAM J. Numer. Anal., 49 (2011), pp. 264-284.

39



[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

R. HIPTMAIR, A. MoioLA, AND I. PERUGIA, Plane wave discontinuous Galerkin methods: expo-
nential convergence of the hp-version., Found. Comput. Math., 16 (2016), pp. 637—675.

R. HipTMAIR, A. MoioLA, AND I. PERUGIA, A survey of trefftz methods for the helmholtz
equation, in Building Bridges: Connections and Challenges in Modern Approaches to Numerical
Partial Differential Equations, vol. 114, Springer, 2016, pp. 237-278.

T. HuTrTUNEN, P. MONK, AND J. P. Ka1r10, Computational aspects of the ultra-weak variational
formulation., J. Comput. Phys., 182 (2002), pp. 27-46.

L.-M. IMBERT-GERARD, Interpolation properties of generalized plane waves, Numer. Math., 131
(2015), pp. 683-711.

L.-M. IMBERT-GERARD, Well-posedness and generalized plane waves simulations of a 2D mode
conversion model, J. Comput. Phys., 303 (2015), pp. 105-124.

L.-M. IMBERT-GERARD AND B. DESPRES, A generalized plane-wave numerical method for smooth
nonconstant coefficients, IMA J. Numer. Anal., 34 (2014), pp. 1072-1103.

S. JIN, Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equations: a
review., Riv. Mat. Univ. Parma (N.S.), 3 (2012), pp. 177-216.

S. JIN AND C. LEVERMORE, Numerical schemes for hyperbolic conservation laws with stiff relax-
ation terms., J. Comput. Phys., 126 (1996), pp. 449-467, art. no. 0149.

S. JiNn, M. TanG, anND H. HAN, A uniformly second order numerical method for the one-

dimensional discrete-ordinate transport equation and its diffusion limit with interface., Netw.
Heterog. Media, 4 (2009), pp. 35-65.

F. KRETZSCHMAR, A. MoiorLa, I. PERUGIA, AND S. M. SCHNEPP, A priori error analysis of
space—time trefftz discontinuous galerkin methods for wave problems, IMA Journal of Numerical
Analysis, 36 (2016), p. 1599.

E. A. MAUNDER, Trefftz in translation., Comput. Assist. Mech. Eng. Sci., 10 (2003), pp. 545-563.

J. MELENK AND 1. BABUSKA, The partition of unity finite element method: Basic theory and
applications., Comput. Methods Appl. Mech. Eng., 139 (1996), pp. 289-314.

P. MoONK AND G. R. RICHTER, A discontinuous Galerkin method for linear symmetric hyperbolic
systems in inhomogeneous media., J. Sci. Comput., 22-23 (2005), pp. 443-477.

J. RAcusa, J.-L. GUERMOND, AND G. KANSCHAT, A robust Sy -DG-approximation for radiation
transport in optically thick and diffusive regimes., J. Comput. Phys., 231 (2012), pp. 1947-1962.

M. TANG, A uniform first-order method for the discrete ordinate transport equation with interfaces
in X, Y-geometry., J. Comput. Math., 27 (2009), pp. 764-786.

40



	Introduction
	Presentation of the method
	Mesh notation and generic discontinuous Galerkin formulation
	Trefftz Discontinous Galerkin formulation

	Analysis of the Trefftz Discontinuous Galerkin method
	Well posedness and quasi-optimality
	Estimate in standard norms

	Application in one dimension
	Construction of the basis functions for high order time dependent scheme
	Asymptotic preserving properties

	Application to the P1 model in two dimensions
	Stationary solutions
	Proof of theorem 1 and h-convergence
	Technical material
	Approximation properties of auxiliary solutions to the equation (47)
	Proof of theorem 1


	Numerical results
	One dimensional time dependent tests
	Study of the order
	Asymptotic preserving regime

	Two dimensionals tests
	2D convergence with absorption
	2D convergence without absorption
	Boundary layers in two dimensions
	Asymptotic preserving study for time dependent model


	Time dependent solutions to the P1 model in one dimension
	Proof of proposition 18
	Interpretation of the one dimensional TDG method as a finite difference scheme

