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QUASI-NONEXPANSIVE ITERATIONS ON THE AFFINE HULL OF
ORBITS: FROM MANN’S MEAN VALUE ALGORITHM TO
INERTIAL METHODS*

PATRICK L. COMBETTES' AND LILIAN E. GLAUDIN?

Dedicated to the memory of Felipe Alvarez 1972-2017

Abstract. Fixed point iterations play a central role in the design and the analysis of a large
number of optimization algorithms. We study a new iterative scheme in which the update is ob-
tained by applying a composition of quasi-nonexpansive operators to a point in the affine hull of the
orbit generated up to the current iterate. This investigation unifies several algorithmic constructs,
including Mann’s mean value method, inertial methods, and multilayer memoryless methods. It also
provides a framework for the development of new algorithms, such as those we propose for solving
monotone inclusion and minimization problems.
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1. Introduction. Algorithms arising in various branches of optimization can be
efficiently modeled and analyzed as fixed point iterations in a real Hilbert space H; see,
e.g., [9, 10, 13, 16, 18, 19, 22, 26, 43]. Our paper unifies three important algorithmic
fixed point frameworks that coexist in the literature: mean value methods, inertial
methods, and multilayer memoryless methods.

Let T: H — H be an operator with fixed point set FixT. In 1953, inspired by
classical results on the summation of divergent series [11, 29, 44], Mann [34] proposed
to extend the standard successive approximation scheme

(1.1) o €H and (YneN) z,41 =Tz,
to the mean value algorithm

(1.2) zo€H and (VneN) z,41 =T%T,, where T, € conv (xj)ogjgn'

In other words, the operator T' is not applied to the most current iterate as in the
memoryless (single step) process (1.1), but to a point in the convex hull of the orbit
(xj)ogj<n generated so far. His motivation was that, although the sequence generated
by (1.1) may fail to converge to a fixed point of T', that generated by (1.2) can, under
suitable conditions. This work was followed by interesting developments and analyses
of such mean value iterations (e.g., [8, 12, 15, 28, 30, 32, 35, 37, 42]), especially in the
case when T is nonexpansive (1-Lipschitzian) or merely quasi-nonexpansive, that is
(this notion was essentially introduced in [27]),

(1.3) (Ve e H)(Vy € FixT) ||[Tz—y| < ||z —y]|-
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In [21], the asymptotic behavior of the mean value process
(1.4)

o €H and (Vn €N) zpy1 =T+, (Tnfn—l—en—fn), where T, € conv (xj)0<j<n,

was investigated under general conditions on the construction of the averaging process
(Tn)nen and the assumptions that, for every n € N; e, € H models a possible error
made in the computation of T, %, A, € ]0,2[, and T},: H — H is firmly quasi-
nonexpansive, i.e., 27, — Id is quasi-nonexpansive or, equivalently [10],

(1.5) (Ve e H)(Vy € FixTy,) (y—Tho |z —Thx) <O0.

The idea of using the past of the orbit generated by an algorithm can also be found
in the work of Polyak [39, 41], who drew inspiration from classical multistep methods
in numerical analysis. His motivation was to improve the speed of convergence over
memoryless methods. For instance, the classical gradient method [38] for minimizing
a smooth convex function f: H — R is an explicit discretization of the continuous-
time process —&(t) = V f(z(t)). Polyak [39] proposed to consider instead the process
—&(t) — pi(t) = Vf(x(t)), where 8 € ]0,400[, and studied the algorithm resulting
from its explicit discretization. He observed that, from a mechanical viewpoint, the
term Z(t) can be interpreted as an inertial component. More generally, for a proper
lower semicontinuous convex function f: H — ]—oo0, +00], Alvarez investigated in [1]
an implicit discretization of the inertial differential inclusion —&(t) — B4(t) € 9f (x(t)),
namely,

Tn = (14 00)Tn — MuTn-1,
(1.6) (Vn € N) xp41 =prox, ;Tn+e,, where M € [0, 1],
Yn € ]0, 400,

and where prox; is the proximity operator of f [10, 36]. The inertial proximal point
algorithm (1.6) has been extended in various directions; e.g., [3, 14, 17]; see also [5]
for further motivation in the context of nonconvex minimization problems.

Working from a different perspective, a structured extension of (1.1) involving
the composition of m averaged nonexpansive operators was proposed in [19]. This
m-layer algorithm is governed by the memoryless recursion

(L.7) (vneN) zp41=z,+ /\n(TLn Ty n T + € — xn), where A, €]0,1].

Recall that a nonexpansive operator T: H — H is averaged with constant o € ]0,1]
if there exists a nonexpansive operator R: H — H such that 7' = (1 — a)Id +aR
[7, 10]. The multilayer iteration process (1.7) was shown in [19] to provide a synthetic
analysis of various algorithms, in particular in the area of monotone operator splitting
methods. It was extended in [25] to an overrelaxed method, i.e., one with parameters
(An)nen possibly larger than 1.

In the literature, the asymptotic analysis of the above methods has been carried
out independently because of their apparent lack of common structure. In the present
paper, we exhibit a structure that unifies (1.1), (1.2), (1.4), (1.6), and (1.7) in a single
algorithm of the form

(1.8) zpeH and (VneN) zp11=Tn+ M\ (Tlm <o Ty nTin, + €5, — in),

where T, € aff (2;) and A, €10, +o0|

VAN

under the assumption that each operator T;, is o n-averaged quasi-nonexpansive,
ie.,

(1.9) (Vx e H)(Vy € FixT; )
21 = ain)(y = Tipz | 2 = Tinz) < ain — 1) (2 = ylI* = [ Tinz — ylI*)
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for some «;, € ]0,1], which means that the operator (1 — 1/a;,)Id +(1/®in)Tin
is quasi-nonexpansive. In words, at iteration m, a point T, is picked in the affine
hull of the orbit (z;)ocj<n generated so far, a composition of quasi-nonexpansive
operators is applied to it, up to some error e,, and the update z,; is obtained via
a relaxation with parameter \,. Note that (1.8)—(1.9) not only brings together mean
value iterations, inertial methods, and the memoryless multilayer setting of [19, 25],
but also provides a flexible framework to design new iterative methods.

The fixed point problem under consideration will be the following (note that we
allow 1 as an averaging constant for added flexibility).

ProBLEM 1.1. Let m be a strictly positive integer. For every n € N and every
ie{l,...,m}, ain €10,1) and T} ,: H — H is «; p-averaged nonexpansive if i < m,
and a;, ,-averaged quasi-nonexpansive if ¢ = m. In addition,

(1.10) S=(FixT, # @, where (VneN) T,=Tin: Trn,
neN

and one of the following holds:
(a) For every n € N, T, ,, is a n-averaged nonexpansive.
(b) m > 1, and, for every n € N, ay,, < 1 and (-, Fix T}, # &.
(c) m=1.

The problem is to find a point in S.

To solve Problem 1.1, we are going to employ (1.8), which we now formulate more
formally.

Algorithm 1.2.
Consider the setting of Problem 1.1. For every n € N, let ¢,, be an averaging constant
of Ty, let A, €10,1/¢,] and for every i € {1,...,m},let e; , € H. Let (tin j)nen,0<i<n
be a real array which satisfies the following:

(a) sup,en D25 lbn gl < +oo.
(b) (v € N) X0 pny = 1.
(

)
(c) (Vj eN) limp—qo0 ftn,; =0.
d) There exists a sequence (Xn )nen in 0, +00[ such that inf,cy X, > 0 and every
sequence (&, )nen in [0, +oo that satisfies

Y nen Xnen < +00,
1.11) (3 (ep)nen € [0, +oof" neN .
(111) (3 Eahner € [0, +ool") {(Vnew Enit < X7_g tin &) + En

converges.
Let x¢p € H and set
(1.12)

forn=0,1,...
n
Ty = § Hn,iTj,
j=0

Tpy1 = Tp + An (Tl,n (TZ,TL( T Tmfl,n(Tm,nfn + emm) + Em—1,n"" ) + 627n)
+e1n — Tn)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/09/18 to 134.157.80.157. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

QUASI-NONEXPANSIVE ITERATIONS 2359

Remark 1.3. Here are some comments about the parameters appearing in Prob-
lem 1.1 and Algorithm 1.2.
(i) The composite operator T;, of (1.10) is averaged quasi-nonexpansive with

constant
m —1\ -1
(7% D) .
1 —_— f ; 1
i e (D) ) e
1=
1 otherwise.

The proof is given in [25, Proposition 2.5] for case (a) of Problem 1.1. It
easily extends to case (b), while case (c) is trivial.

(ii) Examples of arrays (fin,j)nen,0<j<n that satisfy conditions (a)—(d) in Algo-
rithm 1.2 are provided in [21, section 2] in the case of mean value iterations,
ie., inf,enyminggjgcn pin,; = 0 with x, = 1. An important instance with
negative coefficients will be presented in Example 2.5.

(iii) The term e; , in (1.12) models a possible numerical error in the implementa-
tion of the operator T; .

The material is organized as follows. In section 2 we provide preliminary results.
The main results on the convergence of the orbits of Algorithm 1.2 are presented
in section 3. Section 4 is dedicated to new algorithms for fixed point computation,
monotone operator splitting, and nonsmooth minimization based on the proposed
framework.

Notation. H is a real Hilbert space with scalar product (- | -) and associated norm
I - ]]. We denote by Id the identity operator on H; — and — denote, respectively,
weak and strong convergence in H. The positive and negative parts of £ € R are,
respectively, £ = max{0,¢} and ¢~ = —min{0,¢}. Finally, &, ; is the Kronecker
delta: it takes on the value 1 if n = j, and 0 otherwise.

2. Preliminary results. In this section we establish some technical facts that

will be used subsequently. We start with a Gronwall-type result.

LEMMA 2.1. Let (0n)nen and (€n)nen be sequences in [0, 400, and let (vy)nen
be a sequence in R such that (Vn € N) 0,41 < (1 + vy,)0, + €. Then

n n—1 n
(2.1) (Vn € N) 0,41 < 6pexp <Zyk> + Z € exp < Z Vk> +ep.

k=0 j=0 k=j+1
Proof. We have (Vn € N) 1+ v, < exp(vy,). Therefore 61 < 0y exp(vp) + €o and

(Vn e NN {0}) Ony1 < Opexp(vn) +en

<
< 071—1 eXp(Vn) eXp(Vn—l) +En—1 eXp(Vn) +én
n—

1 n
£; H exp(v) + €n
0

n
< 6y H exp(vk) +
k=0 k=j+1

j=

n n—1 n
(2.2) = g exp <Z uk> + Z €j exp ( Z Vk> + &n,
k=0 Jj=0

k=j+1

as claimed. O
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LEMMA 2.2 (see [31, Theorem 43.5]). Let (§,)nen be a sequence in R, let § €
R, suppose that (tn, j)neNo<i<n S @ real array that satisfies conditions (a)—(c) in
Algorithm 1.2. Then &, — & = >0 pn,i&5 — €.

LEMMA 2.3. Let (Bn)nen, (Yn)neN, (0n)nens (Mn)nen, and (An)nen be sequences
in [0, 4+00], let (¢n)nen be a sequence in ]0,1], let (9,0) € ]0, —I—oo[2, and let n €10, 1].
Set B_1 = [y and

(2.3) (VneN) w,= Q% — A,
and suppose that the following hold:
(a) (V?’L € N) Tn < Tin+1 < n.
(b) (Vn € N) v, < (1 +n) + ndwy.
2
1
(¢) (¥n € N) n°(1+n) +n0 < = Pwpr.

v Pn
b R 0=t s I+l +n) +ndwnir+0)
1 n An n n 19)\11 -1

An
+ YnOn-
On < +o00.

5n+1

Then

Proof. We use arguments similar to those used in [3, 14]. It follows from (c) that
(Vn € N) 0 < 9/¢n, — n*wni19 — n%(1 +n) — no. This shows that (A, )nen is well
defined. Now set (Vn € N) p, = 1/(n, + 9\,) and Ky, = Bn — Mnfn—-1 + Ynon. We
derive from (a) and (e) that

neN

(VTL € N) Kn+1l — Kn < ﬁn—i-l - nnﬁn - ﬁn + nnﬁn—l + ’Yn+15n+1 - ’Yn(Sn

(2.4) < ((1/¢n - qu\l(nnpn —1)

+ 7n+1> 5n+1-

On the other hand, (Vn € N) 9(1 + (n(1 +n) + ndwnp+1 + o)) > 0. Consequently, (d)
can be written as

9
(2.5) (Vn € N)  IA,+ 9\, (n(1+n)+ndwni1+0) < ¢——77(77(1+17)+7719wn+1 +0).

n

Using (a) and (b), and then (2.5), we get
(2.6)

U
(Vn € N)  (nn+9A0) (Yng1+0)+0A, < (n+9X,) (n(L4+n) +ndwp i1 +0) +9N, < s

n

However,

U
(Vne€N)  (n +9\) (Va1 +0) + 9\, < -

n

<~ (77n + 19/\n)('7n+1 + U) - (1/¢n - )‘n)ﬁ <0
A (1/¢n - /\n)<m) < _('Yn+1 + 0')

o (1/¢n - /\r;\i(ﬂnpn - 1)

(27) +7n+1 < —a0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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It therefore follows from (2.4) and (2.6) that

(2.8) (Vn €N)  Kpt1 — kn < —00n41.

Thus, (kn)nen is decreasing and

(2.9) (Vn €N)  Bn —nBa—1 = Kn — Mdn < Kn < Ko
from which we infer that (Vn € N) 3,, < ko + n8n—1. In turn,

n—1
» K
(2.10) (Vn e NN A0}) B <n"Bo+k0 Y 7 <n"Bo+ 1_077.
§=0
Altogether, we derive from (2.8), (2.9), and (2.10) that
(2.11) (Vn € N) UZ(SJ-H < Ko — ka1 < ko + 10n < % .
3=0
Hence, .-, 6; < Ko/((1 —n)o) < +o0, and the proof is complete. O
LEMMA 2.4. Let (nn)nen be a sequence in [0,1[. For every n € N, set
0 if k<n,
k
2.12 Vk e N n= ,
(212) (e Y. =1 ifk>n
j=n+1

and Xn =D 15, €xp(Ck,n). Then the following hold:
(i) Let T € [2,+00[ and suppose that (¥n € N) 11 = n/(n+ 1+ 7). Then
(VneN) xn < (n+7)/2.
(i) Suppose that (3n € [0,1))(Yn € N) 0, <n. Then (Vn € N) x,, <e/(1—n).
Proof. (i): We have (Vn € N)(Vk € {n+1,n+2,...}) G = —(1+7) X011 1/
j+7)< -3 l?: 1/(j+2). Since £ — 1/(£+2) is decreasing on [1, +oo], it follows
j=n-+1
that
ML e 1 2 3)°
v E+2 0 (k3%

Furthermore, since & + 1/(€ + 3)? is decreasing on |—1, +o0[, (2.12) yields

(2.14)
(¥n € N) Xngz:%g(n+3)3/+ e (n+3° _n+T
k>n n

(213) (VneN)(Vke{n+1,n+2,...}) (in < —3/

o (€433 2(n+2)2 7 2

(ii): Note that

(2.15)
k k
(ne MWk e nilni2..}) Go= Y -D< 3 (-1) = (1-1)(k—n).
j=n+1 j=n+1

Since & — exp((n — 1)) is decreasing on |—1, +oo[, it follows that
(2.16)

oo exp(l —
(VneN) xn < Z exp ((n—l)(k—n)) < / exp ((n—l)(ﬁ—n))dg _ %nn)’
k>n n—1
which proves the assertion. 0
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The next example provides an instance of an array ((n,;j)nen,0<j<n Satisfying the
conditions of Algorithm 1.2 with negative entries. This example will be central to the
study of the convergence of some inertial methods.

Ezample 2.5. Let (fin j)nen,0<j<n be a real array such that 190 =1 and
(2.17)

1- n,n f ) = —1,
(VneN) 1< pup,<2 and (Vje{0,...,n}) ,un,j:{ Hnn if j=n

0 if j<n-1
For every n € N, set
0 if k< n,
(2.18) (Vk €N) Con = zk: (nj;—2) if k>n,

j=n+1

and suppose that x, = Z,@n exp(Ce,n) < +00. Then (tn,;)nen,0<j<n Satisfies condi-
tions (a)—(d) in Algorithm 1.2.

Proof.

(a): (Vn € N) 327 |ttn sl = fnn + 1 = fin,n] < 3.

(b): (Vn €N) Z;'Z:() Hn,j = (1 = tnn) + pnn = 1.

(c): Let j € N. Then (Vn e N) n > j+ 1= py,; =0. Hence, lim;,_, o ftn,j = 0.

(d): We have (Vn € N) x,, = Z,@n exp(Ce,n) = €xp((n,n) = 1. Now suppose that
(&€n)nen is a sequence in [0, +o0o[ such that there exists a sequence (&, )nen in [0, +00[
that satisfies

(2.19) D Xntn<+oo and (VR EN) &1 <D pn &+ e
neN 7=0

Set 6p = 0 and (Vn € N) 0,41 = [£ny1 — &' and vy, = pin, — 2. It results from
(2.19), (2.17), and the inequalities &1 — & < (10,0 — 1)&0 + €0 and

(Vn € N N {0}) §n+1 - gn < (Mn,n - ]-)gn + (1 - Nnm)gnfl + En
(220) = (Mn,n - 1)(511 - gnfl) +én,

that (Vn € N) 041 < (fnn — 1)0n +€n = (1 + v4,)0, + €5, Consequently, we derive
from Lemma 2.1 and (2.18) that (Vn € N) 6,41 < D7 _;erexp(Cnk). Using [31,
Theorem 141], this yields

(2.21) Z Ont1 < Z Zé‘k eXP(Cn,k) = Z €k Z exp((n,k) = Z EkXk-
neN neN k=0 keN n>k keN

Now set (Vn € N) wy, =&, — > j_o Ok Since Y, oy Xkek < +00, we infer from (2.21)

that .y 0n < +oo. Thus, since infr,en &, > 0, (wn)nen is bounded below and

(2.22) (VneN) wpi1 =1 — Ont1 — Z9k S&nt1 —&nt1 +&n — Z9k = Wn.
k=0 k=0

Altogether, (wy,)nen converges, and so does therefore (&,)nen. a
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3. Asymptotic behavior of Algorithm 1.2. The main result of the paper is

the following theorem, which analyzes the asymptotic behavior of Algorithm 1.2.

THEOREM 3.1. Consider the setting of Algorithm 1.2. For every n € N, define
(3.1)

Ty = A in d (Viedl,..., Tivn= ’ '
> lleiall and (€ {Lcim)) Th {Id piln

and set
(3.2) Un:t S = [0, +00[: & = 9, (2T — 2| + Un).

Then the following hold:
(i) Letn € N and x € S. Then ||zpt1 — || < Z?:o ltn i |z; — || + 0.
(ii) Letn € N and x € S. Then

41 — ] Zumuxj —alP = 230 sl — ol

g —0 k=0
n(1/¢n_/\n)”Tn$n_an + vn(z).

(iii) Letn e N and x € S. Then

[#ns1 — ]

ZM%J”% zf? -5 ZZMn,JMn kllz; — ]|

J 0 k=0
+/\n( n_l)HTnxn_an

1—ain _
— )\, max ( n (1 ~T}0)Top T — (I —Ti7n)n+7nx|2> + vn ().

1<i<m Q5 n

Now assume that, in addition,

(3-3)
ZX”ZZ fnjtn k" lzj — 2|2 < 400 and (Y € 5) anl/n < +00.
neN 7=0 k=0 neN

Then the following hold:
iv) Let x € S. Then (||z, — z||)nen converges.
(iv) € )
(v) M(1/dn — M) | TnTn — Tn]|? — 0.
(vi) 3250 2 peoltnjbin k] T llzg — zil> = 0.
(vii) Suppose that

(3.4) Fe€]0,1)(Vn €N) Ap < (1 —¢)/dn.

Then xp41 — Tp, — 0. In addition, if every weak sequential cluster point of
(Tn)nen is in S, then there exists x € S such that x,, — .
(viii) Suppose that (T, )nen has a strong cluster point x in S and that (3.4) holds.
Then x,, — x.
(ix) Let x € S and suppose that (e € ]0,1)(Vn e N) N\, <e+ (1 —¢)/¢pn. Then

— Q4

\,, max 1(Id =T;.) s T — (Ad =T5)Tiy m]|> = 0.

I<i<m Q4 p
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Proof. Let n € N and set
(35) €n = Tl,n (TZ,n( e Tm—l,n(Tm,nin + em,n) + Em—1,n""" ) + eQ,n) + €1,n— Tnin

If m > 1, using the nonexpansiveness of the operators (T )1<i<m—1, We obtain
(3.6)

el < llewn +\

Tl,n <T2,n(' o Tm—l,n(Tm,nin + em,n) + Em—1,n"" )

+ eZ,n) - Tl,n e Tm,nfn

< Nlewnll + \

T2,n <T37n ( e Tmfl,n(Tm,nEn + emm) + Em—1n""" ) + 63,n>

+ €2.n — T2 n-° Tmmfn

s

< Hel,nH + ||62,n|| + ‘ T3,n <T4,n( Tt Tm—l,n(Tm,nEn + em,n) + em—l,n o )

+ 64,11) + €3n — T3,n e Tm,nfn

<D lleiall
i=1

Thus, we infer from (3.1) that

(3.7) Anllen]l < Oy

On the other hand, we derive from (1.12) and (3.5) that

(3.8) Tng1 = Tn + Ao (TnTn + € — T).
Now set
1 1—9,

Then 7, €]0,1], Fix R,, = FixT,, and R,, is quasi-nonexpansive since T}, is averaged
quasi-nonexpansive with constant ¢, by Remark 1.3(1). Furthermore, (3.8) can be
written as

(3.10) Tng1 = Tn + M (RaTn — Tn) + Anén.
Next, we define
(3.11) 2n = Tn + M (TnTp — T) = Ty + N (BT — Ty
Let x € S. Since z € Fix R,, and R,, is quasi-nonexpansive, we have
20 = all = (1 = 1) @n — ) + 1 (R — 2]
< (@ = n)[[Tn — ol + 10 || BT — ]
(3.12) < |z — 2|

Hence, (3.10) and (3.7) yield

(3.13) [#nt1 =2l < llzn — 2l + Anllenl] < llzn — 2l + On.
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In turn, it follows from (3.12) and (3.2) that
(3.14) |41 — tz < lzn — tz + 20|z — zl| + 19121 < llzn — tz + vn(z).

In addition, [10, Lemma 2.14(ii)] yields

(3.15)
2

n
[T —2|® = > pn,j(z5 — ) Zumll% —al* -5 Z Z pn b gl — .
§=0

jOkO

(i): By (3.13) and (3.12),
(3.16) (Vn € N)(Vz €5) [wnpr — || < [Tp — 2|l + 00 <D |yl ll2; — @[] + O
§=0

(ii): Let n € Nand z € S. Since

llzn — tz = (L =) (@n — ) + 9 (RnTpn — x)”Q
= (1= n)|[Fn - x||2 + 1| BT — tz = (L =) || RnTn _EnHZ
(3.17) < Hin_x”Q_nn(l_nn)”RHEn_Ensz

we deduce from (3.14) and (3.9) that

[@ni1 — 21 < |z — 2| + va(x)
< ”En - tz - 77n(1 - 77n)HRnin - in||2 + Vn(x)
(3.18) = 1T — z)|* = M (1/ b — A | TnTn — Tn||? + vn ().

In view of (3.15), we obtain the announced inequality.
(iii): Let n € N and z € S. We derive from [10, Proposition 4.35] that

(Vi€ {1,...,m —1}) (V(u,v) € H?)
1—a;n
(3.19) T3, — TimvHZ < Ju— U||2 - [|(Id —T; au— (Id =T n)v ” .

i,n

If m > 1, using this inequality successively for ¢ = 1,...,m — 1 leads to

||Tnfn - $||2 = ||Tl n°°e Tm nlp — T17n T Tm,anZ

< N nTn m,n33H2
l

Z e [(Id =T30) Tt nTn — (Id _Tim)TierxHZ
i=1
\ ||Tm,n$n - Tm,an
11— -
(3.20) — max — " \(1d ~T;,) i@ — (Id =T T mz]|? -

Ii<m—1 Qg
Note that, in cases (a) and (c) of Problem 1.1,

1—amn _
%H(Id T T — (Id =Tz

m,n

(321) | Tomn — Trnm||* < ||Tn — ) —
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This inequality remains valid in case (b) of Problem 1.1 since [10, Proposition 4.49(i)]
implies that

(3.22) Fix (T Tonon) = [ Fix Ty
i=1
and, therefore, that x € Fix Ty, . Altogether, we deduce from (3.20) and (3.21) that
(3.23)
1

—_ — Q4 n — 2
|1 Tz — 2|* < [T —2l|* — Jax ——=[|(Id ~T5.0)Tig o T — (1d =Tin) Tig nl|”

Hence, it follows from (3.11) that
20— 2[? = [|(1 = An)(@n — ) + An(TTn — )]
= (1= A)[Tn = 2]* + Mol TaTn — zl* + Xa (A = DI T — T

— ai)n J— . . r —_ P . . 2
< |zn - 33” —An 1I<n?¥fn Qi [(Id =T n)Tig n@n — (Id =T 0) Tig n||
(3.24) + XA = D T0Tn — T2

In view of (3.14) and (3.15), the inequality is established.
(iv): Let € S and set

= |lzn _CC”
n

1 n
En +§ZZ fin,j i, k] ”xj_xchQ-

0 k=0
Since infpeny An(1/dn — An) =0, (3.3) and (ii) imply that

(3.25)  (VneN)

(3.26) Z Xnén < +00 and (VneN) &,11 < Z,u 4& +éen.
neN 7=0

In turn, it follows from (3.3) and condition (d) in Algorithm 1.2 that (||, — z||)nen
converges.

(v)—(vi): Let 2 € S. Then it follows from (iv) that p = lim, 1o ||, — || is well
defined. Hence, Lemma 2.2 implies that Y7 py j[lz; — [|* — p* and therefore that

(3.27) > pnllzs = 2l® = ens — 2l = 0.
3=0
Since inf,en xn > 0, (3.3) yields
(3.28) vp(z) =0 and ZZ[ﬂn,an,k]_”@’j — || = 0.
§=0 k=0
It follows from (ii), (3.27), and (3.28) that
An(1/bn = A ) TTn — T ||* + ZZ Fn,jHn, k] ”x.] — a?
=0 k=0
n 1 n n
< Zﬂn,j”xj _tz 2741 _CCH 522 fn,jtnk] [z _xk”Q"‘Vn(x)
3=0 §=0 k=0
(3.29) — 0,

which gives the desired conclusions.
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(vii): Set ¢ = 1/e —1. We deduce from (3.3) and (3.2) that ), 92 < +oc.
Hence, it follows from (3.8), (3.7), (3.4), and (v) that

i1 = Zall? < 2(A2[| T = Ta|* + A2 len?)

An
< 2(1/¢ (/6 = M) || T — 20| +ﬁi>
2(Cn(1/6n = An) | T = T * + 92)
(3.30) 0.

Therefore x,11 — T, — 0 and hence the weak sequential cluster points of (2, )nen lie
in S. In view of (iv) and [10, Lemma 2.47], the claim is proved.

(viil): Since xp41 — Tn, — 0 by (3.30), (2, )nen has a strong cluster point = € S.
In view of (iv), z, — z.

(ix): Set ¢ =1/e —1. Then, for every n € N, \,, <1/(1+¢)+¢/(¢n(1+¢)) and
hence (1 4+ QA — 1 < (/bn, 16, Ay — 1 < ((1/dp, — Ay). We therefore derive from
(iif), (3.27), (3.3), (v), and (3.28) that

1-— (6 7R

0 < A\, max 1(Id =T;.) T nTn — (Ad =T ) Tiy ||

1<i<m aiﬂl
n
ZN gllz;
7=0
+ A = DI T0nZrn — Znl|? + va(z)
n
ZN gllz;
7=0

= =0
+ A (1/Pn — M) 10T — inHZ + vn(z)
(3.31) — 0,

= l” = [|lznsr — 2l* + [ttm ] |25 — ]|

L
M=

Il
o
>
Il
o

J

n n
ZZ gt k]~ |25 _mk”

k

N =

= l” = [|lznsr — 2l* +

(=)

which shows the assertion. 0

Next, we present two corollaries that are instrumental in the analysis of two im-
portant special cases of our framework: mean value and inertial multilayer algorithms.

COROLLARY 3.2. Consider the setting of Algorithm 1.2 and define (9y,)nen as
n (3.1). Assume that

(3.32) élelfNOIgllen,u =0 and ZGI:\TX ¥, < 400

Then the following hold:
(1) Di—0 2ohmo Mn,jtinkllz; — w][* = 0.
(ii) Let x € S and suppose that (3e €]0,1))(¥n € N) A, < e+ (1 —¢€)/¢n. Then

— Y (1d ~Ts) s — (Id —T;0)Tig ]| — 0.

A, IMax
Ii<m i p
(iii) Suppose that every weak sequential cluster point of (T, )nen is in S and that
(e €]0,1)(Vn e N) N\, < (1 —¢€)/¢n. Then xp41 —Tp — 0 and there exists
r € S such that ©, — x.
(iv) Suppose that every weak sequential cluster point of (Tw)nen is in S, that
SUpP,en @n < 1, and that (3e € 10,1)(Yn € N) A\, < e+ (1 —¢)/¢n. Then
Tpt1 — T, — 0 and there exists x € S such that x, — .
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(v) Suppose that every weak sequential cluster point of (Tp)nen is in S and that
inf,en ptn,n > 0. Then x, — %, — 0 and there exists x € S such that z, — x.

Proof. We derive from Theorem 3.1(i) that (vn € N) [zp41 — z|| <
> im0 tnjllz; — x| + ¥n. In turn, it follows from condition (d) in Algorithm 1.2
that (||z, — z||)nen converges. As a result, (2, )nen is bounded and (3.32) therefore
implies (3.3).

(1)—(iii): These follow, respectively, from items (vi), (ix), and (vii) in Theorem 3.1.

(iv): Set § = &(1 — sup,,cy ¢n). Then § € ]0,¢[ and (Vn € N) (e — 8)/dn > €.
Hence,

1—¢ 1-0 -6 1-96
3.33 VneN) N\, <e+ =+ — < .
(3.33) ( ) Pn Pn Pn Pn
The claim therefore follows from (iii).
(v): Set
(3.34)
P +1 )
1 5 if j=mn,
0=——— and (VneN)(Vje{0,...,n}) ;=
inf pp.n M, e
neN’ T if ] <n.
Then, using Apollonius’ identity, [10, Lemma 2.12(iv)], and (3.34), we obtain
(3.35)
1
ZHEn — |
1 Tpn+x 2
= 5 (170 = 2l + 2 — 2]?) - | =25 -

1 2
= 5 (70 = 2l + 20 = 2l1?) -

n
> njla; — )
=0

1 B n
= 5 (I =2l + wn = 2l12) = > msllzs =22+ D gl — ol
j=0

0<j<k<n

1{ & n
S5 <Zun’j”xj =l + flon — 95“2) = millz —al?
=0 =
1 n—1
1l 2o mmannles = ael® 4D i (nn + 1l - xn|2>
0<j<k<n i=o
1 & n
S5 <Zun’j”xj =l + flon — 95“2) =Y millzs —al?
=0 =
1 n—1
a2 '|92||||>
0<j<k<n =0
1 & n
S35 <Zun’j”xj =l + flon — 95“2) =Y iz —al?
=0 =
146
T D sngmnla; -zl
0<g<k<sn
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Next, let us set p = lim|z, — x[|>. Then it follows from Lemma 2.2 that
> im0 Hngllzs —xl|* = pand 377, yn jllz; — x]|* — p. On the other hand, (i) asserts
that >5oc i pen fnjtnkllzj — zpl|* — 0. Altogether, (3.35) yields [T, — zn| — 0.
Thus, the weak sequential cluster points of (z,,)n,en belong to S, and the conclusion
follows from the fact that (||z, — x||)nen converges and from [10, Lemma 2.47]. O

COROLLARY 3.3. Consider the setting of Algorithm 1.2 with
(3.36) Vie{l,...,m})(YneN) e, =0.

Set x_1 = xzo and suppose that there exists a sequence (Np)nen in [0,1] such that
no =0 and

Lt if j=mn,
(3.37) (Vn e N)(Vj €{0,....n}) fpinj =194 —"n if j=n-—1,

0 if j<n—1.
For every n € N, set

0 if k<n,
k

> -1 ifk>n,

j=n+1

(3.38) (Vk €N) Com =

and assume that Xn =, exp(Ck,n). Suppose that one of the following is satisfied:
(a) ZnEN X || Tn — xn—le < +o00.
() Ypenllzn — 2n_1|* < +oo and there exists T € [2,+00| such that
(Vne N~ {0} nn=(n—1)/(n+ 7).
(€) YnenMnll@n — Tp_1]|* < +o00 and there exists n € [0,1[ such that (Vn € N)

Mo <17
(d) Set (Vn € N) wy, = 1/¢p — An. There exist (o,9) € ]0,400[> and 1 € ]0,1]
such that
Mo S Mot S 1,
A\ < /b —n(n(L +n) + ndwpi1 + o)
(3.39) (Vn €N) ’; S 91+ +n) + nwntr +0)
14+n)+no 1
lL%@JL<aTW%ML

Then the following hold:
(1) An(1/bn — A TnTn — Tnl|* — 0.
(ii) Let x € S and suppose that (3e €]0,1))(¥n € N) A, < e+ (1 —¢€)/¢n. Then

1— ain _
Ap max —— " [(1d =T ) Tog @ — (Id —T0) i > — 0.

(iii) Tp — 2n — 0.

(iv) Suppose that every weak sequential cluster point of (Tp)nen s in S. Then
there exists x € S such that T, — x.

Proof. In view of Example 2.5, (tn, j)neno<j<n satisfies conditions (a)—(d) in
Algorithm 1.2.
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(a): Set x = inf,en Xn and define (v, )nen as in (3.2). We have sup,,cn(1+7,) < 2
and
(3.40)

(Vn € N) Xn Z?:O ZZ:O[/‘nJNmk]inCj — 2k = (L4 1) Xnt |20 — Zna |7,
(Vzx e S) xnpin(xz)=0.

Hence (3.3) holds, and (i) and (ii) follow from items (v) and (ix) in Theorem 3.1,
respectively. Furthermore, (3.37) implies that

Xnln

(341) [|Zn — xn||2 < 77721H$n - xn—lHZ < Nnllen — xn—lHZ < Ln — xn—1||2 — 0.

Thus, (iii) holds. In turn, the weak sequential cluster points of (z,)nen belong to S
and (iv) therefore follows from Theorem 3.1(iv) and [10, Lemma 2.47].
(b)=(a): It follows from Lemma 2.4(i) that

n+7
(3.42) ZXHWHH%L - xn—1||2 < Z D) |zn — xn—le < +o0.
neN neN

(c)=(a): Lemma 2.4(ii) asserts that sup,cy xn < €/(1 —7).
(d)=(c): Let x € S. It follows from Theorem 3.1(ii) that

(Vn €N) |lzni1 — x||2 < (1+77n)|‘$n_x”2_77n”xn71 _x|‘2+77n(1+77n)”xn - xn,1||2

1
(3.43) —An <¢— - )\n> | T, — T ||
Now set 3_1 = ||zo — z||* and
1
(3.44) (Yn€N) B =|zn—2|? 0n=2n—2nl? and p,= P
Then
_ 1 2

(Vn € N) || TEn — Tl = )\_2||($n+1 = Tp) + N (Tn-1 — xn)H

1 Tp_1— Tp,

i o [222)

1 On

(3.45) > 5z (B 120 = (pub + 22 ).

Thus, we derive from (3.43) that
(1/¢n — An) (npn — 1)5

(346) (V?’L S N) 5n+1 - 511 - nn(ﬂn - ﬂnfl) < /\ n+1 + P)/n(sn;
where

1 1— ppin
(847)  (MEN) pp=na(l+m)+ nn<¢_ _ An> Lo

However, it follows from (3.44) that (Vn € N) & = (1 — ppnn)/(pnAn). Hence, (3.47)
yields

1
(3.48) (YneN) v =014 10) + 1 (é_ — /\n)ﬁ < (1 +n) + ndwy,.

Thus, by Lemma 2.3, > _y7ndn < Y ,cn0n < 400 and we conclude that (c) is
satisfied. 0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/09/18 to 134.157.80.157. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

QUASI-NONEXPANSIVE ITERATIONS 2371

Remark 3.4. In Corollary 3.3, no errors were allowed in the implementation of
the operators. It is however possible to allow errors in multilayer inertial methods in
certain scenarios. For instance, suppose that in Corollary 3.3 we make the additional
assumptions that A, = 1 and that UnEN ran7} , is bounded. At the same time, let
us introduce errors of such that (Vi € {1,...,m}) >, cnXnll€in| < 4o00. Note that
(1.12) becomes
(3.49)

forn=0,1,...
Ty = (1 + nn)xn — MnTn—-1,
Tp41 = Tl,n (TZ,n( e Tm—l,n(Tm,nin + em,n) + Em—1,n"" ) + eQ,n) + €1,n-

Hence, the assumptions imply that (2, )nen is bounded. In turn, (%, )nen is bounded
and it follows from (3.2) that (Vo € S) . cyXnVn(®) < +00. An inspection of
the proof of Corollary 3.3 then reveals immediately that its conclusions under any of
assumptions (a)—(c) remain true.

4. Examples and applications. In this section we exhibit various existing
results as special cases of our framework. Our purpose is not to exploit it to its full
capacity but rather to illustrate its potential on simple instances. We first recover the
main result of [21] on algorithm (1.4).

Ezample 4.1. We consider the setting studied in [21]. Let (T}, )nen be a sequence
of firmly quasi-nonexpansive operators from #H to #H such that S =",y Fix T, # @.
Then the problem of finding a point in S is a special case of Problem 1.1(c), where
we assume that oy, = 1/2. In addition, let (e,)nen be a sequence in H such that
Y nenllenll < 400, let (An)nen be a sequence in ]0,2[ such that 0 < inf,en Ay <
SUP, ey An < 2, and let (fn j)nen,0<j<n b€ an array with entries in [0, +oo[ which
satisfies the following:

(a) (¥n € N) S0 pny = 1.

(b) (Vj € N) limy, 400 ftn,; = 0.

(c) Every sequence (&, )nen in [0, +00[ such that

Y nenEn < +00,

N
(4.1) (3 (en)nen € [0, +00] ) {(Vn €EN) &1 < 3o tin &5 +em,

converges.
Clearly, conditions (a)—(c) above imply that, in Algorithm 1.2, conditions (a)—(d) are
satisfied. Now let xy € H, and define a sequence (2, )nen by

(4.2) (VneN) Zpi1 =Tpn+ M (T,ﬁn + e, — in), where T, = Z,un,ja:j,
j=0

which corresponds to a 1-layer instance of (1.12). This mean iteration process was seen
in [21] to cover several classical mean iteration methods, as well as memoryless convex
feasibility algorithms [18] (see also [13]). The result obtained in [21, Theorem 3.5(i)]
on the weak convergence of (z,,)nen to a point in S corresponds to the special case of
Corollary 3.2(iii) in which we further set x, = 1.

Next, we retrieve the main result of [25] on the convergence of an overrelaxed
version of (1.7) and the special cases discussed there, in particular, those of [19].
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Ezample 4.2. We consider the setting studied in [25], which corresponds to Prob-
lem 1.1(a). Given zg € H and sequences (€1n)neN, -- -5 (€m.n)nen in H such that
> onen A 2o llein |l < 400, construct a sequence (2 )nen via the m-layer recursion

(43) (YneN) zpp1 =z,
+ )\n (Tl,n (T2,n( o Tmfl,n(Tm,nfn + emm) + Em—1n"" ) + 627n) + €1n — $n)a
where 0< A\, <e+(1—¢)/dn.

Note that (4.3) corresponds to the memoryless version of (1.12). The result on the
weak convergence of (x,)nen obtained in [25, Theorem 3.5(iii)] corresponds to the
special case of Corollary 3.2(iv) in which the following additional assumptions are
made:

(a) (Vn eN) x, =1and (Vj €{0,...,n}) ptinj = 0On ;.

(b) (e €]0,1)(Vn e N) A, < (1 —€)(1/n, +€).
Note that condition (a) above implies that, in Algorithm 1.2, conditions (a)—(c) triv-
ially hold, while condition (d) follows from [10, Lemma 5.31]. We also observe that
[25, Theorem 3.5(iii)] itself extends the results of [19, section 3], where the relaxation
parameters (A, )nen are confined to ]0,1].

The next two examples feature mean value and inertial iterations in the case of a
single quasi-nonexpansive operator. As is easily seen, the memoryless algorithm (1.1)
can fail to produce a convergent sequence in this scenario.

Example 4.3. Let T: H — H be a quasi-nonexpansive operator such that
Id =T is demiclosed at 0 and FixT # @, let (tn j)nenogj<n be an array in
[0,4+00[ that satisfies conditions (a)—(d) in Algorithm 1.2 with x, = 1 and such
that inf,en fntinttntint1 > 0, and let (en)nen be a sequence in H such that
> nen llen]l < 400 Let zg € H and iterate

(4.4) (VYneN) z,11 =17, +e€,, where T, = Zﬂmjxj'
j=0

Then TZ, — T, — 0 and there exists ¢ € FixT such that z,, — z and 7,, — =x.

Proof. We apply Corollary 3.2 in the setting of Problem 1.1(c) with Ty, = T,
a1, = 1, ¢, = 1, and A\, = 1. First, note that (3.32) is satisfied. Further-
more, Corollary 3.2(v) entails that T, — z, — 0, while Corollary 3.2(i) yields
Pnt1nfnt1,n41]|Tns1 — zn||> — 0 and hence 41 — x,, — 0. Therefore T, — TT,, =
(Tn—xn)+ (T —Tpi1)+en — 0. Since Id —T is demiclosed at 0, it follows that every
weak sequential cluster point of (Z,)nen is in FixT. In view of Corollary 3.2(v), the
proof is complete. 0

Ezample 4.4. Let T: H — H be a quasi-nonexpansive operator such that Id —T
is demiclosed at 0 and FixT # @&, and let (1, )nen be a sequence in [0, 1] such that
o =0, 7 =sup,entn < 1, and (Vn € N) n,, < 1jp41. Let (0,9) € 10, +00[* be such
that (n?(1+n) +no)/9 < 1 —n?, and let (A\,)nen be a sequence in ]0, 1[ such that
0 <infpen Ap < sUp,eny An < (0 = (L 4 1) + 70+ 0)) /(1L +n(1 +n) +nd +0)).
Let g € H, set x_1 = x¢, and iterate

(4.5) (Vn €N) @py1 =Tn + M\ (TTp —Tn), where Tp = (1+10)Tn — NnTp—1.

Then TZ,, — T, — 0 and there exists x € FixT such that x,, — . In the case when
T is nonexpansive, this result appears in [14, Theorem 5].
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Proof. This is an instance of items (i) and (iv) in Corollary 3.3(d) and Prob-
lem 1.1(c) in which Th, = T, a1, = 1, and ¢, = 1. Note that condition (d) in
Corollary 3.3 is satisfied since (Vn € N) w, =1 — A, < 1. O

Next, we consider applications to monotone operator splitting. Let us re-
call basic notions about a set-valued operator A: H — 2% [10]. We denote by
ranA = {u€H | (Fz €M) uec Az} the range of A, by domA = {z € H | Az # o}
the domain of A, by zerA = {z € H | 0 € Az} the set of zeros of A, by grad =
{(x,u) EHXH | u € Ax} the graph of A, and by A~! the inverse of A4, i.e., the op-
erator with graph {(u, ) € H x H | u € Az}. The resolvent of A is J4 = (Id +A4)~!
and s: dom A — H is a selection of A if (Vo € dom A) s(x) € Az. Moreover, A is
monotone if

(4.6) (V(z,u) € graA)(V(y,v) € grad) (r—y|u—v) >0,

and maximally monotone if there exists no monotone operator B: H — 2" such that
graA C graB # gra A. In this case, J4 is a firmly nonexpansive operator defined
everywhere on H and the reflector R4 = 2J4 — Id is nonexpansive. We denote by
T'o(#H) the class of proper lower semicontinuous convex functions from H to |—oo, +o0].
Let f € To(H). For every z € H, f + ||z — +||?/2 possesses a unique minimizer, which
is denoted by prox,x. We have prox; = Jys, where

(4.7) 3f:H—>2H:x>—>{u€H ‘ My € H) <y—x|u>—|—f(x)<f(y)}

is the Moreau subdifferential of f. Our convergence results will rest on the following
asymptotic principle.

LEMMA 4.5. Let A and B be mazimally monotone operators from H to 27, let
(Tn, Un)nen be a sequence in gra A, let (yYn, Un)nen be a sequence in gra B, let x € H,
and let v € H. Suppose that ©,, — x, v, = v, Tn —Yn — 0, and u, +v, — 0. Then
the following hold:

(i) (xz,—v) € gra A and (z,v) € gra B.

(i) 0 € Az + Bx and 0 € —A~Y(—v) + B~ 0.

Proof. Apply [10, Proposition 26.5] with = H and L =1d. O

As discussed in [19], many splitting methods can be analyzed within the powerful
framework of fixed point methods for averaged operators. The analysis provided in
the present paper therefore makes it possible to develop new methods in this frame-
work, for instance, mean value or inertial versions of standard splitting methods. We
provide two such examples below. First, we consider the Peaceman—Rachford splitting
method, which typically does not converge unless strong requirements are imposed on
the underlying operators [20]. In the spirit of Mann’s work [34], we show that mean
iterations induce the convergence of this algorithm.

PROPOSITION 4.6. Let A: H — 2" and B: H — 2™ be mazimally monotone
operators such that zer (A + B) # @ and let v € 10, +00[. Let (an)nen and (bn)nen
be sequences in H such that ) . llan| < 400 and Y [|bn|l < 400, let zo € H,
and let (fn j)nen0<j<n be an array in [0,4o00[ that satisfies conditions (a)—(d) in
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Algorithm 1.2 with x, =1 and such that infpen pntinfintins1 > 0. Iterate
forn=0,1,...
n

Ty = E Hn,iT5,
=0

Yn = 'yBEn + bn7
Zn = JyA(2Yyn — Tn) + an,
Tn+1 = En + 2(25” - yn)

Then there exists x € Fix RyaR,p such that x, — x and T, — x. Now sety = J,pz.
Theny € zer (A+ B), zp, —yn — 0, yp — y, and z, — y.

Proof. Set T = R,aR,p and (Vn € N) e, = 2a, + R,a(R,BTn + 2b,) —
R, A(RVBE,Z). Then T is nonexpansive, Id —T' is therefore demiclosed, and, since
zer (A + B) # @, [10, Proposition 26.1(iii)(b)] yields FixT = Fix RyaR,p # @. In
addition, we derive from (4.8) that

(4.9) (Vn eN) z,11 =TT, + en,
where

D llenll <7 @llanll + 1Ry a(Ry5Tn + 2b0) — Rya(Ry57)|))
neN neN

<Y 2(llanll + [15nl)

neN
(4.10) < +o0.

Consequently, we deduce from Example 4.3 that (z,,)nen and (T, )nen converge weakly
to a point z € FixT = Fix RyaRyp, and that T%,, — %, — 0. In addition, [10,
Proposition 26.1(iii)(b)] asserts that y € zer (A + B). Next, we derive from (4.8) and
(4.9) that 2(z, — yn) = Tpt1 — T, = (TTp, — Tpn) + €, — 0. It remains to show
that y, — y. Since (T, )nen converges weakly, it is bounded. However, (Vn € N)
lyn = woll = I1Jy8%n — JyBxo + bull < |[Tn — @oll + [|bn]l.  Therefore (yn)nen is
bounded. Now let z be a weak sequential cluster point of (yn)nen, say yg, — 2.
In view of [10, Lemma 2.46], it is enough to show that z = y. To this end, set
(Vn € N) v, = v '(Zn — yn + bn) and w, = Y 2y — T — 2n + an). Then
(Vn € N) (2, — ap,wy) € grad and (y, — by,v,) € graB. In addition, we have
Tk, — T, 2, — Ak, — 2, Uk, — v Lz —2), (2, — ak,) — (Yk, — bk,) — 0, and
Vg, +wg, =y Yk, — 2k, + ag, + by,) — 0. Hence, we derive from Lemma 4.5(i)
that (z,7 '« — 2)) € graB, i.e., z = Jygz = y. 0

Remark 4.7. Let f and g be functions in I'g(H), and specialize Proposition 4.6
to A= 0f and B = dg. Then zer (A+ B) = Argmin(f + g). Moreover, (4.8) becomes

forn=0,1,...
n

Ty = E Pn,iTj,
=0

Yn = ProxX, Tn + by,
Zn = ProxX., 1(2yn — Tn) + an,
Tpyl = Ty + 2(Zn - yn)a

(4.11)

and we conclude that there exists a point y € Argmin(f 4 ¢) such that y, — y and
Zn — .
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We now propose a new forward-backward splitting framework which includes
existing instances as special cases. The following notion will be needed to establish
strong convergence properties (see [4, Proposition 2.4] for special cases).

DEFINITION 4.8 (see [4, Definition 2.3]). An operator A: H — 2% is demiregular
at x € dom A if, for every sequence (Tn,Un)nen in gra A and every u € Az such that
T, — x and u, — u, we have x, — x.

PROPOSITION 4.9. Let § € ]0,+00[, let € € ]0,min{1/2,8}[, let zy € H, let
A: H — 2™ be mazimally monotone, and let B: H — H be B-cocoercive, i.e.,

(4.12) (Ve € H)(Vy € H) (z—y|Bx— By)/8 > ||Bx - Byl*.

Furthermore, let (Vn)nen be a sequence in [e,28/(1+¢€)], let (n j)nen,0<j<n be a real
array that satisfies conditions (a)—(d) in Algorithm 1.2, and let (an)nen and (by)nen
be sequences in H such that ),y Xnllan| < 400 and 3, oy Xnllbn| < +00. Suppose
that zer (A + B) # & and that

(4.13) (VneN) A\, € {6,1+(1—5)<1—;—;}>} ,
and set (Vn € N) ¢, = 2/(4 — v, /B). For every n € N, iterate
(4.14)

Tpt1 =T + An (J%A(En — Yn(BTy + bn)) + an — En), where T, = Z 525
§=0

Suppose that one of the following is satisfied:
(a) infneN minogjgn Hn,j 2 0.
(b) an = by =0, (n,j)nen0<j<n Satisfies (3.37), and one of conditions (a)—(d)
in Corollary 3.3 is satisfied.
Then the following hold:
(i) Jy,a(@n — BTn) —Tp — 0.
(ii) Let z € zer (A + B). Then BT, — Bz.
(iii) There exists x € zer (A + B) such that z, — .
(iv) Suppose that A or B is demiregular at every point in zer (A+ B). Then there
exists x € zer (A+ B) such that z, — x.

Proof. We apply Corollary 3.2 in case (a) and from Corollary 3.3 in case (b).
We first note that (4.14) is an instance of Algorithm 1.2 with m = 2 and (Vn € N)
Tin=Jy,4, Topn =1d =y, B, e1,n = an, and ez, = —Ypby. Indeed, for every n € N,
Ty ,, is aq p-averaged with oy , = 1/2 [10, Remark 4.34(iii) and Corollary 23.9], T3 , is
ag p-averaged with as , = 7v,/(206) [10, Proposition 4.39], and the averaging constant
of Ty , Ty, is therefore given by (1.13) as

a1 n + a2n — 2a1,na2,n _ 2

4.15 = =
( ) 1-—- Ofl,nOQ,n 4 - ’Yn/ﬁ

P

On the other hand, we are in the setting of Problem 1.1(a) since [10, Proposi-
tion 26.1(iv)(a)] yields (Vn € N) Fix (T3 ,T%,,) = zer (A + B) # &. We also observe
that, in view of (4.13),

1—¢ 1l—ai, 1—as,

(4.16)  (¥neN) e< )l <e+

=1, and

) 2 €
d)n A1,n Q2 n
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which, by (1.13), yields

(4.17) sup ¢, <

In addition, it results from (4.15) that (Vn € N) A, < 1/¢p+e < 2—7,/(26)+¢ < 2+e.
Therefore,

(4 18) ZnGN Xn)\nHel,nH = (2 + E) EneN X"”an” < +OO,
ZnEN XnAnlle2nl <28(2+¢) EneN Xnl[On|| < o0,

which establishes (3.32) for case (a). Altogether, (4.16), Corollary 3.2(ii), and Corol-
lary 3.3(ii) imply that, for every z € zer (A + B),
(4.19)
(TLn — Id )Tgmfn + (Tg)n — Id )Z = (Tl,n — Id )Tg)nfn — (TLn — Id )Tgmz — 0,
(Ty. — 1d)Tp — (Thp — 1d )z — 0.

Now set
(4.20) ~
(VneN) y, =J,,4(Tn — BTpn), un= x",\/_ Yn _ Bz,, and v, = BT,,
and note that
(4.21) (VneN) wu, € Ays,.

(i): Let z € zer(A + B). Then (4.19) yields J, a(Tn — % BTn) — Tn =
(Tl,n —1Id )Tg)nfn + (sz —1Id )Z =+ (sz —1Id )En — (Tg)n — Id)Z — 0.
(ii): We derive from (4.19) that

(4.22)
|BZ, — Bz|| = 'y;lHTg,nEn —Tp —Tonz+ 2| < 6_1|\T2,nfn —Tp —Tonz+z|| = 0.

(iii): Let (kn)nen be a strictly increasing sequence in N and let y € H be such that
Tk, — y. In view of Corollary 3.2(iv) in case (a), and Corollary 3.3(iv) in case (b),
it remains to show that y € zer (A + B). We derive from (i) that y,, — Z, — 0. Hence
Yk, — Y. Now let z € zer (A + B). Then (ii) implies that BZ,, — Bz. Altogether,
Yk, — Y, Uk, — Bz, yr, =Tk, = 0, ug, +vi, — 0, and, for every n € N, uy,, € Ayy,,
and vg, € BTy, . It therefore follows from Lemma 4.5(ii) that y € zer (A + B).

(iv): By (iii), there exists © € zer (A + B) such that z, — . In addition, we
derive from Corollary 3.2(iv) or Corollary 3.3(iii) that

(4.23) Tp — Tpy1 — 0 or T, —ax, —0.

Hence it follows from (4.20) and (i) that y, — =, and, from (4.20) and (ii), that
Uup, — —Bz. In turn, if A is demiregular on zer (A + B), we derive from (4.21) that
Yn — 2. Since y, — T, — 0, (4.23) yields x,, — x. Now suppose that B is demiregular
on zer (A + B). Since T,, — z, (ii) implies that T, — x and it follows from (4.23)
that z,, — . 0

Remark 4.10. As noted in Remark 3.4, we can allow errors in inertial multi-
layer methods and, in particular, in the inertial forward-backward algorithm. Thus,
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suppose that, in Proposition 4.9, A\, = 1 and A has bounded domain. Then
UnenranTy, = U,eyran (Id +7,A)~! = dom A is bounded. Hence, it follows from
Remark 3.4 that, if Y7 xnllan| < +o0o and D,y Xnllbn|l < 400, the conclusions
of Proposition 4.9(b) under any of assumptions (a)—(c) of Corollary 3.3 remain true
for the inertial forward-backward algorithm

forn=0,1,...
(424) Tn = (]— + nn)xn — TmTn—1,
Tpil1 = J'ynA(En - 'Yn(BEn + bn)) + an.

Remark 4.11. Let f € T'o(H), let g: H — R be convex and differentiable with
a 1/(-Lipschitzian gradient, and suppose that Argmin(f 4+ g) # @. Then Vg is /-
cocoercive [10, Corollary 18.17]. Upon setting A = df and B = Vg in Proposition 4.9,
we see that, for every n € N, (4.14) becomes
(4.25)

n
Tpni1 = Tn+An (prox%f(En—vn(Vg(EnH—bn))+an—§n), where =, = Z,un,jﬂﬁj,
=0

and we conclude that there exists € Argmin(f+g) such that ,, — x and V¢(T,) —
Vy(z).

Remark 4.12. Various results on the convergence of the forward-backward split-
ting algorithm can be recovered from Proposition 4.9.

(i) Suppose that (Vn € N) A, < 1 and (V5 € {0,...,n}) pn; = ;. Then
conditions (a)—(d) in Algorithm 1.2 hold with x, = 1 by [10, Lemma 5.31].
In turn, Proposition 4.9(a)(iii) reduces to [19, Corollary 6.5]. In the con-
text of Remark 4.11, Proposition 4.9(a)(iii) captures [24, Theorem 3.4(i)].
In this setting, under suitable conditions on the errors, it is shown in [23,
Theorem 3(vi)] that (f + ¢)(z,,) — min(f + g)(H) = o(1/n).

(ii) In the context of Remark 4.11, let (9, )nen be a sequence in [0, 1] that satisfies
condition (b) in Corollary 3.3, and set x_1 = xzp and g = 0. If v, =90 < 8
and A, = 1, Proposition 4.9(b)(iii) covers the scheme
(4.26)

(VneN) z,41 = prox. ¢ (xn N (Tn — Tr—1) —'yOVg(xn + N (n —xn,l)))
studied in [17, Theorem 4.1], where it was established that

(4.27) Z nl|zn — xp_1]]* < +oo.
neN

In this case, it is shown in [6, Theorem 1] that (f + g)(z,) —min(f +g)(H) =
o(1/n?) .

(iii) If A, = 1, then Proposition 4.9(b)(iii) under hypothesis (c) of Corollary 3.3
establishes a statement made in [33, Theorem 1]. Let us note, however, that
the proof of [33] is not convincing as the authors appear to use the weak
continuity of some operators which are merely strongly continuous.

(iv) Suppose that (Vn € N) A\, < (1 —¢)(2+¢ —v,/(20)) and (Vj € {0,...,n})
tn; = 0n ;. Then items (a)(ili) and (a)(iv) of Proposition 4.9 capture, re-
spectively, items (iii) and (iv)(a)—(b) of [25, Proposition 4.4]. In addition,
in the context of Remark 4.11, Proposition 4.9(a)(iii) captures [25, Proposi-
tion 4.7(iii)].
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(v) Proposition 4.9 also applies to the proximal point algorithm. Indeed, when
B = 0, it suffices to allow 8 = +oo and ag, = 0, to set 1/400 = 0 and
1/0 = 400, and to take (vn)nen in [g, +00[. In this setting, the proof remains
valid and

(a) Items (i) and (iii) of Proposition 4.9(b) under hypothesis (c¢) of Corol-
lary 3.3 capture the error-free case of [2, Theorem 3.1], while Theorem 3.1
covers its general case.

(b) Letn €]0,1/3[, set 0 = (1—3n)/2 and ¥ = 2/3, and suppose that A, = 1.
Then Proposition 4.9(b) under hypothesis (d) of Corollary 3.3 yields [3,
Proposition 2.1].

Next, we derive from Corollary 3.2 a mean value extension of Polyak’s subgradient
projection method [40] (likewise, an inertial version can be derived from Corollary 3.3).

Example 4.13. Let C' be a nonempty closed convex subset of H with projector
Pc, let f: H — R be a continuous convex function such that Argmin,f # @ and
6 = min f(C) is known. Suppose that one of the following holds:

(i) f is bounded on every bounded subset of H.

(ii) The conjugate f* of f is supercoercive, i.e., limjjy(— o0 f*(u)/||ul| = +o0.

(iii) H is finite dimensional.
Let n € ]0,1[, let € € ]0,7/(2+n)[, let (tn j)nen,0<j<n be an array in [0, +oo[ that
satisfies conditions (a)—(d) in Algorithm 1.2, let (§,)nen be in 7,2 — 7], let (A )nen
be in [g, (1 — &)(2 — £, /2)], let s be a selection of Of, and let zy € C. Iterate
(4.28)

forn=0,1,...

Tn = ZMW‘%"
=0 3
Tn + An <Pc <5n + én%mﬁ%)) — En) if 5(Z,) #0,

Tnt+1 =

Then there exists x € Argming f such that z,, — z.

Proof. Let G be the subgradient projector onto D = {x € H | f(z) < 6} associ-
ated with s, that is,

60— f(x) .

— f >0,

(4.29) G:H-Hoaxm " + Is(z)|I? st) if fz)

z it f(a) <0.

Then G is firmly quasi-nonexpansive [10, Proposition 29.41(iii)]. Now set (Vn € N)
Tip=FPo, Top, =1d +&.(G—-1d), a1, = 1/2, and o, = &,/2. Then, for every
n € H, Th, is an oy ,-averaged nonexpansive operator [10, Proposition 4.16], 15, is
an g p-averaged quasi-nonexpansive operator, [10, Proposition 4.49(i)] yields

(4.30) FixTh n15 n = FixT1 , NFixTh , = C N D = Argming f,

and Remark 1.3(i) asserts that 11,75, is an averaged quasi-nonexpansive operator
with constant ¢, = 2/(4—¢,) and A, < (1 —¢€)/¢,. Thus, the problem of minimizing
f over C is a special case of Problem 1.1(b) with m = 2, and (4.28) is a special case
of Algorithm 1.2 with e; , =0 and es,, = 0. Now let (ky)nen be a strictly increasing
sequence in N and let € H be such that T, — x. Then, by Corollary 3.2(iii), it
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remains to show that x € C' N D. We derive from Corollary 3.2(ii) and (4.30) that
TQ,knEkn — PcTQ)knikn — 0 and Tk, — TZ,knikn — 0. Therefore C' > PCTZ,knikn =
(PcTs 5, Tk, —TonTk, ) + (T2 k, Tk, — Tk, ) + Tk, — @ and, since C' is weakly closed,
x € C. On the other hand, ||GZy, — Tp || = |T2,nTn — Tnll/&n < | T2nTn — Tnll/n — 0.
Since (iii)=-(ii)<(i) [10, Proposition 16.20] and (i) imply that Id —G is demiclosed at
0 [10, Proposition 29.41(vii)], we conclude that z € FixG = D. 0

Remark 4.14. Example 4.13 reverts to Polyak’s classical result [40, Theorem 1]
in the case when (Vn € N) A\, =1 and (V5 € {0,...,n}) ptn,; = dn;. The unrelaxed
pattern A, =1 is indeed achievable because (Vn € N) A, € [¢,(1 —¢)(2 — &,/2)] and

1-6)2-86/2)>2(1-2)2-12-1)/2) >0 =n/2+n)A+n/2) =1
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