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ABSTRACT

We introduce so-called single-index copulas. They are semi-parametric conditional copulas
whose parameter is an unknown link function of a univariate index only. We propose
estimates of this link function and of the finite-dimensional unknown parameter. The

AMS subject classifications: asymptotic properties of the latter estimates are stated. Thanks to some properties of

62F12 conditional Kendall’s tau, we illustrate our technical conditions with several usual copula
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1. Introduction

Since Sklar’s theorem [42], copula modeling has emerged as a very active field of theoretical and applied research.
Applications in finance, insurance, biology, medicine, hydrology, etc., are legions. The origin of this success is the ability to
split specification/inference/testing of a (complex) multivariate model into two separate simpler problems: the management
of marginal distributions on one hand, and the modeling of the dependence structure (copula) on the other. See, e.g., the
books of Joe [23] or Nelsen [29] for an introduction to the field.

In practice, multivariate models often involve explanatory variables (also called covariates), particularly in econometrics
and financial risk management. To study the effect of these covariates on the underlying copulas, we immediately need the
concept of conditional copula [32]. Conditional copulas are a natural way of linking conditional marginal distributions to
get a multivariate conditional law and they have been applied extensively [33,34]. Recently, the rise of vine models [1] has
extended the scope and the importance of conditional copulas.

Until now, most conditional copula models were parametric. They might specify, say, a functional link between the copula
parameters and an index 8z, z being the underlying vector of covariates; see, e.g., [5,24,32,37]. A fully nonparametric
approach has also been proposed in [15,17], which relies on kernel smoothing, local polynomials or other functional
estimation tools. As the number of covariates increases, however, such methods suffer from the well-known curse of
dimensionality, and they become unfeasible in practice.

In this paper, we propose an intermediate solution through a single-index assumption on the underlying copula
parameter. Therefore, only a finite-dimensional parameter and a univariate link function must be estimated, avoiding the
curse of dimensionality. Note that Acar et al. [3,4] and Abegaz et al. [2] have proposed another alternative through local
linear approximations of the link function between covariates and copula parameters. Nonetheless, the latter approach is
based on a linearization (thus approximative) procedure and the number of unknown parameters rises very quickly with
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the dimension of z. Moreover, Sabeti et al. [38] have recently introduced additive models for copula, and have adapted the
Bayesian-type estimation procedure proposed by Craiu and Sabeti [6]. Inference for single-index copula models has been
recently studied in [27] in a Bayesian framework.

1.1. The framework of single-index dependence functions

To fix ideas and notation, let us consider an iid sample of observations (X;, Z;), . .., (Xy, Z,) in R? x RP drawn from the
law of (X, Z). The vector X represents the endogenous vector, and Z is the vector of covariates. We are interested in the
evaluation of the law of X conditional on Z = z, for arbitrary vectors z. This conditional CDF is denoted F(-|z). For each
k € {1,...,d}, the (marginal) law of X, given Z = z is denoted F(-|z); these marginal distributions are assumed to be
continuous, for convenience. We introduce the unobserved random vector U, = (U1, ..., Uy ), where Uy, = Fy(Xk|z) for
eachk € {1, ..., d}. To simplify notation, and when there is no ambiguity, U, will often be denoted U. By definition, the law
of U, knowing Z = z is the conditional copula of X knowing Z = z, denoted C(-|z).

First, we consider a parametric framework. A natural model specification would be to assume that, for any u < [0, 1]¢ and
any z € RP, C(u|z) = Cyzy(u), where 6 : RP — R maps the vector of covariates to the (true) parameter of the conditional
copula knowing Z = z,and ¢ = {(y : 8 € ® C RY} denotes a parametric family of copulas. The copula density of Cy is
assumed to exist and is denoted cy. To simplify, this density is assumed to be continuous for every 6 € @, and @ is taken to
be a compact subset.

Second, since the single-index assumption is related to the dependence function among the components of X, given the
covariates, this means there exists an unknown function v such that

0(z) = ¥(Bo, By 2), (1)

where the true parameter 3y € B, a compact subset in R™. The single-index relation (1) is assumed to be fulfilled in the whole
paper. To identify the parameter S, let us assume that the first component of By, i.e., Bo,1, is equal to 1, and the estimate
of Bo 1 is always 1, obviously. Note that it is necessary to indicate the dependency of 6(z) on By explicitly in (1). Indeed,
given Z = z, we need to know the parameter value to be able to compute the index, and then to evaluate the underlying
conditional copula. Then, under Assumption (1), C(-|z) depends on (8, B z) if the underlying parameter is assumed to be f.
This function will equivalently be denoted Cg(:| BTz).

Example 1. Assume that the conditional copula of X given Z = z is a d-dimensional Gaussian copula Cyx. Knowing the true
parameter value is fy, its associated correlation matrix is

X =[1(i = j) + 1(i # Hh(Bo. By 2)l1<ij=d-
for some unknown function h : R™*! — (—1/(d — 1), 1).

We stress that Assumption (1) does not mean that C(-|z), the conditional copula of X knowing Z = z, is equal to the
conditional copula of X knowing ﬁOT Z = ﬂOT z, denoted C(+| /SOT z). Indeed, in the former case, the relevant margins are the
CDFs Fi(+|z), ..., F4(-|z) and in the latter case, we need to consider the CDFs ﬁk(-lﬂgz) C X > Pr(X, < xkl,BOTz). To avoid
any confusion, let us denote Ug = (Fi(X1|87Z), ..., Fa(X4|872)),and C(:|8TZ = y) is the copula of Ug knowing 87Z = y.
The conditional copulas C(-|z) and 6(~|/30Tz) are identical only when Z yields the same information as ﬂOTZ to explain every
margin X, i.e., when Fy(-|z) = I:",<(~|/30Tz) a.e. for every k [15].

Our single-index copula assumption (1) is relevant theoretically and empirically. Indeed, in general, covariates have
a different influence on the conditional margins and on the underlying conditional copula. See [4] for a discussion, and
empirical illustrations. Mainly for practical reasons, some authors assume that the conditional copula of X given Z = z does
not depend on z. This particular case is the so-called “simplifying assumption” (see, e.g., [9]), commonly used in vine models.

1.2. The M-estimate criterion

Single-index models are well-known in the world of semiparametric statistics. The theory of M-estimators was initiated
by the seminal papers of Klein and Spady [26] in the case of the so-called binary response model, and Ichimura [21] for
the general single-index regression model. Sherman [41] and Delecroix and Hristache [7] extended this approach. Hardle
etal.[18] and Delecroix et al. [8] discussed the choice of the bandwidth for the nonparametric estimation of the link function.
As an alternative, the so-called average derivative method was developed in parallel by Stoker [43], Powell et al. [35], Hardle
and Stoker [19], among others.

In this paper, we rely on M-estimators of single-index models, but related to the parameter of the underlying copula only.
If we were able to observe a sample of the random vector U, say Uy, ..., Uy, then our “naive” estimator of 8y could be

n
Braive = argmaxy " Incyy m, (U1,
i=1

for some function 1/7 that estimates v consistently.



Since we do not observe realizations of U, we have to replace the unknown vectors U; by some estimates U, given Z;,

providing a so-called pseudo-sample lfh, R ﬁn. Then, a natural idea is to define our estimator by
n
B =arg max WinIney g 57,4(Uh), (2)
i=1
for some sequence of trimming functions @;,. Typically, they are of the type ®;, = 1((7,- € &,Z; € Z2), for some
non decreasing sequence of subsets &, in [0, 119, and some £ C RP. Such trimming functions are usually necessary to
approximate U; by U;, uniformly for all i € {1, ..., n}. For technical reasons (see the remark below), we choose strictly

increasing trimmings on the U-side such that U,&, = (0, 1)¢. This choice makes it necessary to control explicitly the behavior
of U close to the boundary of [0, 1]¢. This pretty delicate task requires several regularity assumptions but the challenge has
already been met in the literature; see, e.g., [44]. Moreover, we set a fixed trimming for Z (i.e., Z C RP strictly), because we
need uniformity with respect to the Z;, too. This will not create any bias, because the law of the U knowing Z € Z is just
CW(ﬁo,ﬁJZ)(")uz € Z)/Pr(Z € 2Z). Thus, this law depends on the true parameter 8y. See Assumption 1.

Remark 1. Actually, fixed trimming functions for ﬁ,- could be chosen instead, i.e., & = £ C [a, 1 — a] for some a > 0 and
every n. They would induce consistent estimates without having to impose regularity conditions on the copula density close
to the frontier of [0, 1]¢. But the asymptotic behavior of 8 would be more complex. Typically, it would be asymptotically
normal, but after removing an annoying bias that cannot be evaluated easily. Moreover, apart from a small loss of efficiency,
this would preclude modeling the tail dependence behavior, a feature that is important in many applications. That is why
we have chosen 8, as defined by (2).

The consistency and the asymptotic normality of our estimate 3 are established in Sections 2 and 3, respectively. To be able
to check some of our technical assumptions, we provide some useful results about conditional Kendall’s tau in Appendix C.
The paper concludes with a short simulation study reported in Section 4.

2. Consistency of the estimators
2.1. The convergence of single-index estimators
The first assumption is related to the trimming functions.

Assumption 1. Letusset&, = [v,, 1— vy ]¢ for some positive sequence (vy,), v, € (0, 1/2), v, — 0. Moreover, Z is a compact
subset in RP. The trimming functions are w, : [0, 1] x R? — [0, 1], (u,2) — 1(u € &,z € 2).

We set @;, = wn(ﬁi, Z;). For the sake of completeness, we introduce w; , = w,(U;, Z;), the trimming function when U; is
known, and w; = w; = 1(Z; € Z). Typically, 2 is chosen so that the density of Z with respect to the Lebesgue measure
exists and is bounded away from zero, i.e., inf;c zfz(z) > fo > 0. This will be assumed hereafter, even if this is not mandatory
at this stage.

Assumption 2. The parameter S, is identifiable, i.e., two different parameters induce two different laws of Uz, knowing
Z € z.The function M : B — R, 8 — E{lncy4 577 (Uz) | Z € Z} is continuous and uniquely maximized at 8 = . There
exist a measurable function h and o > 1 such that, forevery z € =,

sup|Incyg 57,(Uz)l < h(U,, 2),  with E{h*(Uz, Z)1(Z € 2)} < oo. 3)
BenB

The latter assumption is usual for maximum likelihood estimation (MLE) purposes. In particular, the identifiability of 8
implies that the particular case of a constant ¥ function is not possible in our framework. In other words, 6(z) is varying
with z by assumption.

The limiting objective function (when n — o0) is here

M(B) = E{lncyg 572)(Ui) | Zi € Z},

which is maximized at 8 = fy. Obviously, all expectations E(-) have to be understood with respect to the true law of (X, Z)
that depends on Sy only. When the true parameter is 8, we denote expectations by Eg(-). Note that, due to our trimming
functions, we are dealing with a M-estimator of 8 instead of a usual MLE formally, at the cost of a (small) loss of efficiency.
The next assumption imposes the uniform weak (resp. strong) consistency of 1// (resp. U,) our chosen estimator of ¥ (resp.
U;).

Assumption 3.

supsup| (B, B7z) — w(B, B 2)| = op(1). (4)

zeZ BeB



Moreover, the pseudo-observation U,;k belongs to (0,1) forall k € {1,...,d} andi € {1,...,n}, and there exists a
deterministic sequence (&), 8, = o(vy), such that

lim sup max |U, U|1(Zi € 2)/6, <1 ae. (5)
11

n—ooi€f{l,...,

In particular, (5) implies that maxieyq, ..., n)|U, — Uil 1(Z; € 2) = 0p(8,). These assumptions have to be checked for any
particular single-index model and for any particular estimate of the marginal CDFs.

Now, we recall the definition of reproducing U-shaped functions, as introduced in Tsukahara [44]. This concept is usual
for the semi-parametric inference of copula models. Here, it will be necessary to obtain the consistency of 8 (Theorem 1).

Definition 1.

(a) Afunctionf : (0, 1) — (0, co) is called U-shaped if it is symmetric about 1/2 and decreasing on (0, 1/2].
(b) For 8 € (0, 1) and a U-shaped function r, define

_Jr(Bu) if0 <u=<1/2,
W)=\ = g —u) if1/2 <u <1,

If, for every 8 > 0 in a neighborhood of 0, there exists a constant Az such that rg < Agr on (0, 1), then r is called a
reproducing U-shaped function.

(c) We denote by R the set of univariate reproducing U-shaped functlons The set Ry is the set of functions r : (0, 1)¢ —
R*,r ]_[k re(ur), and ry € R for every k. Moreover, rg(u ]_[k 1Tk, (k).

Typically, the usual functions in R are of the type r(u) = Cru“’(l — u)™¢, for some positive constants a and C;.

Assumption 4. There exist functions r, 74, . . ., T4 in Rq such that, for every u € (0, 1),

sup |Vg Incg(u)| < r(u), E{r(Uz)1(Z € 2)} < oo,
6e®

Viel,...d) :UI; |8uk In Ce(")| < fi(w), kef{HaX E{U(1 — Ur(Uz)1(Z € 2)} < o0
€@

The latter conditions on moments are easily satisfied for most copula models. They are close to those of Assumption (A.1)
in [44]. The following result is proved in Appendix B.1.
Theorem 1. Under Assumptions 1-4, the estimator B given by (2) tends to By in probability when n — oo.

Until now, we have not specified how we estimate the link function v and the pseudo-observations ﬁi. This will be the
subject of the next two subsections.

2.2. Estimation of the link function v

For inference purposes, we need a relationship between the link function v and some quantities that can be estimated em-
pirically. Typically, there are two possibilities in practice: forany (8, z) € R™ x Z and for some known “explicit” functional ¥,

V(B, BT2) = W{Cs(-IB 2)}, (6)
V(B, B'2) = W{H(-IB 2)}, (7)

where Hg(-|y) denotes the CDF of (X, Z) conditional on BTZ = yand given 8. These relations define two classes of functions
Y. In this paper, we assume that ¢ belongs to one of the two latter classes of functions, called (A1) and (A2). Note that (A1) is
a subset of (A2), due to Sklar’s theorem. Both situations are distinguished for pedagogical reasons (see the discussion about
Kendall’s tau below).

In numerous practical situations, Assumptions (6) and (7) are simply moment-like conditions, as in the GMM methodol-
ogy: thereisamap g : R™ — RY, with m > m, such that

0(z) = g{m1(Bo. By 2), - - .. Maw(Bo, By 2)},

where my(8,y), ..., mxn(B,y) € R are “moment” relations based on the underlying distributions. In case (6), these moment
relations are directly linked to conditional copulas, viz.

m(B,y) = Eg{xx(Uz, B'Z)|B"Z = y} = Eg[Eg{x(Uz, YIZ}B'Z = y]
g, { / Xt y) C(duiZ)B7Z = y} _ / 1, y) Ca(dulfTZ = ), ()

for some known functions x1, ..., xm.



In case (7), there exist some “moments” m(8, y) € R based on the underlying distribution of (X, Z) given 8T Z =y, viz.
mi(B,y) = Eg{x(X, Z)|BTZ =y} = / Xk(X. z)Hp(dx, dz|B7Z = ).

During the estimation procedure, the latter moments my, or more generally the CDFs C,g(~|,8Tz) and Hﬂ('|ﬂTz) in (6)
and (7), will be replaced by some empirical counterparts. The formalism of (A2) behaves nicer than (A1), because it is simpler
to work with the observations (X;, Z;) directly rather than with vectors U; (i.e., some iid realizations of the random vector Uz).
Indeed, since Uz cannot be observed, the latter quantities U; have to be estimated too, adding another level of complexity.

Example 2 (Spearman’s Rho). A natural candidate for amoment is givenby my(8, 87z) = p(B, B'z), amultivariate extension
of the usual Spearman’s rho, defined by

d
p(ﬂ,y)=/ Cﬂ(u|5Tz=J’)_H”j du.
j=1

Through a d-dimensional integration by parts, this moment can be verified to be of the type (8). Therefore, we work in (A1).
Other definitions of Spearman’s rho are possible with an arbitrary dimension d: see, e.g., [39]. Note that when d = 2, p(8, ¥)
is simply the correlation between F;(X;|Z) and F»(X,|Z) given 8T Z. Therefore, it can be estimated relatively easily, at least
when the dimension of Z is “reasonable”.

Example 3 (Kendall’s Tau). To fix ideas, assume d = 2. The Kendall’s tau of X conditional on Z = z appears in several papers
in the literature; see, e.g., [47]. Under the single-index assumption, it is written here

(B, BT z)=—1 +4/C(u|z)C(du|z) =-1 +4/cﬁ(u|,37z)cﬁ(du| B'z). 9)
Then, managing Kendall’s tau, we work in (A1) usually. The parameter 8 and then ¥/(8, 87 z) can be estimated empirically,
replacing Cg(-| BT z) by an empirical counterpart in the previous integral.

If (X, Z) and (Y, Z) denote independent copies knowing Z, note that
Es{1(X1 > Y1, X2 > Y2)| B7Z =y} = E4[Es[1{Fi(X11Z) > Fi(Y1|Z), F2(X21Z) > Fo(Y»1Z)} 1Z1| BT Z = y]

&, { [ cwizycanzysz =y} = [ cocytany
This implies that the Kendall’s tau of X given 87Z = y is (8, y), under (1). Incidentally, we have proved that
(g, p72) = 144 [ Catuly)Cy(culy), (10)
where 5(-|y) is the conditional copula of X knowing /SOTZ = y. Moreover, since
Ep (10K > V1% > a)I57Z =) = [ Hylx. 01572 = ) Hyld. o012 =),
we identify a functional of Hg as in (A2), and then
(B, BTz)=—1 +4/Hﬁ(x, +00|Bz) Hg(dx, +00|p " 2). (11)

In other terms, Kendall's tau belongs to the two classes (A1) and (A2) simultaneously. Both relations (10) and (11) are
very useful in practice. Indeed, the estimation of Hg(:|y) or Cg(:|y) is less demanding than the nonparametric estimation of
Cp(- |87 z): an empirical counterpart of Hg(x|y) or 6,g(u|y) does not suffer from the curse of dimensionality because it requires
only conditioning subsets in R, contrary to Cg(u|y) that involves conditioning with respect to z € RP to manage its marginal
laws.

In dimension d, many Kendall’s tau can be built. Logically, these Kendall’s tau may be associated to any couple of variables
(Xi, X;) with i,j € {1,...,d} and i # j. Or they can be defined formally as in (9), with d-dimension integrals, or even
d’-dimension integrals, d’ < d if we focus on some sub-vectors of X. Globally, all such quantities are linear function of
f C(uy, 15|1z) C(duy, 1;|z), where I is a subset of {1, ..., d} and I is its complement. Obviously, u;, 1; denotes a d-dimensional
vector whose components are 1, when k € I, and are equal to 1 otherwise. These dependence measures are candidates
to yield convenient moments. Note the two usual generalizations of Kendall’s tau in dimension d: the first one has been
proposed by Joe [22] as

74(z) = ﬁ {—1 +2d/C(u|z)C(du|z)}, (12)



and the second one has been introduced by Kendall and Babington Smith [25] as the average value of Kendall’s tau over all
possible couples (Xi, X,) with k, £ € {1,...,d} and k # £. See Genest et al. [ 16] for details and complementary results. In
every case, the same arguments as above apply, providing straightforward d-dimensional extensions of (10) and (11). As a
consequence, such generalized Kendall’s tau belong to the two classes (A1) and (A2) simultaneously and can be written as
functionals of Cg itself.

Now, let us specify our estimator 1} The simplest solution we adopt is to invoke kernel-type regression functions. In (A1),
we can replace simply the conditional copula C,g(~|/3TZ = y) by a consistent estimator C(-|87Z = y). Several candidates exist
in the literature. Historically, Fermanian and Wegkamp [15] studied a nearest-neighbor estimator of conditional copulas.
Gijbels et al. [17] proposed other nonparametric estimates, including Nadaraya-Watson, GaRer-Miiller, etc.

In the class (A2), for every 8 € Band y € R, set ¥/(B,y) = ¥ {Hg(-|y)}, where

Hg(x, z|y) = Zwmn 1X; <x,Z <z), (13)

Wpaly) = 1<(ﬂz y)/ZK(ﬁ %= )

for some kernel function K : R — R and some bandwidth sequence (h,), h,, > 0. Hereafter, we remove the latter sub-index
n, i.e.,, h = h, simply for any bandwidth.

To satisfy Condition (4), we have to rely on the functional link between the parameter ¥ and the underlying distributions,
as evaluated in (6) and/or (7). This depends on the regularity of the corresponding functionals ¥ and on the uniform distance
between the conditional emplrlcal CDFs and true ones.

For instance, assume in (A2) that ¥ is Lipschitz, as in the case of Spearman’s rho and Kendall’s tau, with a Lipschitz
constant A (at least when 8 € Band z € 2, and then 8z belongs to a real compact subset). For such couples (8, z), we have

9B, B72)— (B, B2) < MlHp(1872) — Hy(-1B8"2)lloc.
Assuming 1:1,3 is given by (13) and applying Corollary 3 in Einmahl and Mason [14], we obtain
max V(B B1Z) = w(B. BT Z)lwin < i max IIHs(187Z) = Hy(-|B T Z)lxocwin — O,

,,,,,

a.e. and uniformly with respect to 8 € B. This is sufficient to satisfy (4). )
More generally, in (A2) and if ¥ is Hadamard differentiable, there exist continuous linear maps ¥; such that
VB, B'Z)—w(B, B'Z) = W{Hp(1BTZ)} — W {H,(-|B"Z))}
= Wi{(H — H)s(187Z)} + ollI(H — H)s(187 Z)I1}.
Under some additional conditions (particularly on the ¥;), we typically get the uniformity of the latter identity with respect
to Z; € Z. But, thanks to Theorem 3 in [ 14], there exists a sequence of positive numbers (a,), a, — 0, such that

ay supsup [|(H — H)g(- |87 2)]lcc — O
peB zeZ
a.e. when n — 0. The latter result is true uniformly with respect to bandwidth sequences (h,) such that nh,/Inn > 1 and
h, — 0. Therefore, (4) is usually satisfied when ¥ is Hadamard differentiable.
Note that the uniform consistency of the conditional copula function, simultaneously with respect to its argument and
the conditioning value, is not available in the literature. Therefore, checking Condition (4) with (A1) is more difficult than
with (A2).

2.3. The choice of the pseudo-observations U

By assumption, § is the index of the underlying dependence functions (copulas) only. Therefore, l}i does not depend on

B. Now, let us discuss the possible choices for Uy, ..., Uy, in particular to satisfy (5). Actually, in Section 3, we consider a
generic class of estimates such that, forall k € {1, ..., d},
Fi(xlz) — Fi(x|z) = Z Wen(X). Zj, X, 2) + 1(x, 2), (14)

j 1

for some sequence ry(x, z) that tends to zero sufficiently quickly uniformly in probability, and for some particular functions
ag.n- Then, we set U y = Fy(Xik|Z;) foralli e {1,...,n}andk € {1, ...,d}.

A lot of estimators of F;, may be built and satisfy (14). A first example of such estimates is given by parametric marginal
conditional distributions: for every x and z, Fi(x|z) = Gy, g,(z)(x), for some family of CDFs Gy = {Gyg, : 6k € O}. Since
this model is parametric, the function 6, depends on a vector of parameters n, € R™. With a slight abuse of notations, set



Ok(z) = Ok(z, nk), and 6k(, n) is known for every 5. Assume we have found a consistent and asymptotically normal estimate
7k, and set F(x|z) = qugk(z,;]k)(x) This implies U; = Gy, Gk(zx ﬂk)(X' k)-

Clearly, forevery i € {1, ..., n}, there exists 6;; and n; such that

Ui — Uigl < VoG gy (Xik)l X |326(Zi, Mol > 17 — el

where [0k(Zi, nk) — Ol < 10k(Zi, ) — Ok(Zi, mi)l and [me — ngl < i — mel. Typically, if supg, [VpGy,g,(Xi)l and
sup,,, |320k(Z;, ni)| are bounded in probability, the condition (5) is satisfied, even without trimming. Moreover, in a lot of usual
cases (M-estimates, for instance), it can be checked by a limited expansion that the functions ﬁk(xlz) satisfy (14). Typically,
for asymptotically normal estimators, we have nry(x, z) = Op(1), and this result may be uniform under some conditions of
regularity concerning G and 6. Such a choice of conditional margins induces the estimator we label 8V,

A second candidate is obtained by nonparametric estimates of conditional expectations. A usual kernel-based nonpara-
metric estimator of F(-|z) on R¢ is given by

xlz ijn 1(X; < x),

with the welghts
n
win(2) =K(Z ~2.0) | Y K@~z (15)
=1
where K is a multivariate kernel and h = (hy, ..., hp) is a p-vector of bandwidths h;y > 0. To simplify, we can restrict

ourselves to products of p univariate kernels Kj:

]_[1 (ZJ" ‘). (16)

”k1

K(Z—z,h

Therefore, some nonparametric estimators of every marginal conditional CDF Fy(x|z) are obtained by setting Fk(xlz) =
F(x 00(—1)|z). The marginal “unfeasible” observations are U; , = Fi(X; ¢|Z;), and their estimated versions are U,,k = Fk(x,,,<|zi).
In this case, it can be verified that (14) is satisfied, even if I:"(x|z) suffers from the curse of dimensionality along the z
dimension; see Lemma 4 in Appendix A. As a consequence of this lemma, Condition (5) is satisfied for the nonparametric
versions on U; and for a wide range of bandwidths. Let us denote the associated estimator by 82,

Alternatively, it could be assumed that some conditional distributions Fy(-|Z) are given by particular single-index models,
but with some parameter 8, € R™ that are different from g. If the latter index gy is estimated consistently by f, then we
can adapt easily the previous nonparametric kernel estimator: for any real number y,

Fi (1Y) = Zwﬂk;n 1Xjx =< %),

o222 112,

for some kernel function K : R — R and some bandwidth h > 0. Obviously, ﬁk. 3,((x|y) yields a nonparametric estimator
of the CDF Fk .(xy). In this case, Uy, = Fk(Xklﬂk z). To deal with pseudo-observations, we set Uy g, = Fi g, (X;, ,<|ﬂkTZ,)
and Ul = F,( ﬂk( ,k|,3k ;). For some conditions of regularity, (14) can be verified; see, e.g., Du and Akritas [12] for such a
representation in the more general case of censored data. When all margins are assumed single-index, let us denote by ;‘3

the corresponding S estimator.
Now, let us verify the conditions of Theorem 1, particularly Assumption 3, in some particular cases.

where

2.4. Examples
Let us illustrate the previous ideas with a few standard copula models.

Example 4 (The Gaussian Copula). For every u and z and with usual notations, given Sy, the underlying copula is
Coo(UIZ = 2) = Prn{® '(u1), ..., 2 '(ug)},

where the correlation matrix ¥(z) = [6¢(2)l1<k.e<¢ depends on the index ,BOT z only. With our previous notations,
X(z) = ¥(Bo, ﬂOT z). It is well-known that every component 6y ,(z) of X (z) is a function of the conditional Kendall's tau



that is associated to (X, X;), knowing ﬂOTZ = ﬂOTz, viz. 0y ¢(z) = sin{m 7y ¢(Bo, ﬂOTz)/Z}. The latter quantity can be estimated
by standard nonparametric techniques, and then

$@ =B p"2) = [sin| 5 tB. B2} |

Even if the latter estimated matrix f}(z) may not be positive definite, this is not required for proving the consistency of 3
At the opposite, it will be necessary to obtain its asymptotic normality and some estimates of its limiting law (see below).
To be specific, we can choose

f(Boy) = —1+4 f Ceelu, vIBTZ = ) Ceoldu, dvlBTZ = y),

for some estimator 6,<$g(-| BTZ = y) of the conditional copula of (X, X;) given TZ = y. Alternatively, we can invoke an
asymptotically equivalent estimator

n n
(B BT2)= =144 > win(B 2)win(B 2N Kei < Xij» Xii < Xij),

i=1 j=1

for some weights, for instance the standard Nadaraya-Watson kernel

wi,h(.V):K< )/ZK( ﬂTZ‘).

See [17] for alternative weights and estimators.

Once we have stated 1Zr it remains to set the marginal CDFs 01, o, 0d to be able to compute our estimator 3 To fix
ideas, we rely on the standard univariate kernel-based conditional distributions, as given in (15): U;x = F(Xj|Z;) and our
estimator is then 3

Concerning Assumption 2, the only thing to be checked is (3). This is guaranteed when the random matrix ¥~1(Z) is
staying “under control”, e.g., when all eigenvalues of X (Z) are uniformly bounded from below almost surely. It is sufficient
to assume that

sup Sup Amin{¥/ (B, f'2)} = 1 > 0, (17)
zeZ BeB
where Anin(2) denotes the smallest eigenvalue of any nonnegative matrix X. In this case, it is easy to bound the log-density
of X (conditional on Z) from above, and to satisfy (3).

Assumption 3 is the trickiest. In Lemma 12, some sufficient conditions are given to satisfy (4). It remains to verify (5).
We can apply our Lemma 4: under its conditions and if all the bandwidths we consider in U; behave as the same power of n,
say n~” (the usual case), there exists a constant C such that, with probability 1,

lim sup max|ﬁ,~ — U 1(Z € 2)/8, <C, wheres, = /In(n)n P72 4 p=7s,
n i<n
Note that, for consistency purposes, we can choose any 7 such that & < 1/p, and v, can be chosen arbitrarily as long as we
have v, > §,, and then the condition (5) is satisfied.
Assumption 4 is satisfied for the Gaussian copula, as in most usual copula families. In our case and under (17), we choose
d

d
r)oc Y (@ M)y and Fi(uw) o @) Y (@ (ue)}) x {po @ (w))

k=1 0=1,0#k

Therefore, the estimator B(Z) is consistent under the Gaussian copula framework.

Example 5 (The Clayton Copula). The Clayton copula is often useful in finance, because it induces left-tail dependence, a
common feature of asset returns. When the values of its parameter are strictly positive, the conditional Clayton copula is
written, for all u € (0, 1),

—1/6(z)
C(ulz) = (Z u " —d + l) ,

with 6(z) = ¥(B, B"z) under the single-index assumption. As with the Gaussian copula model, we can evaluate 1} with
conditional Kendall’s tau, because of their one-to-one mapping. Indeed, invoking Example 1in Genest et al.[ 16], the Kendall’s
tau for a Clayton model is equal to

1+ ko
— d
T i 1+2 H(2+ke>]'



It is easy to check that the latter mapping between t and 6 is one-to-one. The density of the Clayton copula with parameter
6 > 0is given by

d-1 d
Inco(ulz) =Y " In(1+kO) — (0 + 1)) In(uy) — ( + d) In (Z u? — 1)
k=1 k=1

Assume that there exist 6 and @ such that, for everyz € Z and every 8 € B,6 < (B8, B"z) < 6. Then Assumption 2 is
satisfied. Indeed, note that

d d d
0<In (Zu,j’ —d+ 1) <) in(du;’) < dln(d) -8 In(w).
k=1

k=1 k=1
Letting V denote a 2/(0, 1) random variable, we have

E[In{Fe(Xk|Z)}] = Ez [Ex,z[In{Fu(Xc|Z)}|Z]] = Ez {Ex,z[InV)} = (1),

and (3) follows.

Assumption 3 is satisfied with the same arguments as for the Gaussian copula. Assumption 4 can be verified relatively
easily. Concerning Vy Incy(u|z), the relevant reproducing U-shaped function is given by the product of the functions
r(u) o — In(ug)1(ug € (0, 1/2]) — In(1 — w)1(ug € (1/2, 1)) with k € {1, ..., d}. To see this, use the following inequality:
for every u € (0, 1)¢,

d —9 -0
|Zk In | < max U Zk 1|lnuk| Zlnuk
Yt —d+1 Yt —d+1

To manage V,, In cs(u|2), the relevant reproducing U-shaped function is obtained by replacing r, above by F,(u) o uk’l(l —
u,)~ 1. Assumption 4 follows by setting 7(u) = P Tt (un)-

Example 6 (The Gumbel Copula). The d-dimensional Gumbel copula is given by

d -1/
Cy(u) = exp —(Z In uk|") :
k=1

for some parameter 6 > 1. It exhibits right-tail dependence.
Its Kendall’s tau in dimension d, as defined by (12) has been calculated by Genest et al. [ 16] as
1 , N Ma
=g | —1+2 Zcm - (%> q]_! {H(k - 1/9)} ,

where m = (myq, ..., mg) withm = m; + --- 4+ my, and the summation is taken over all d-uplets of integers such that
my +2my + - - - + dmy = d. For every m, Cj, denotes a positive constant. Note that

N M R M
(9) H[H(k—l/e)] =<9) H{]‘[(ke—n} = xal0).

g=1 Le=1 =2 L=
and
4 km e
In xi)(6) o —(d — 1 g > -1 -
(In x7)(8) oc —( )+q2=2:k2=;k—1/0> ( )+q2=2:;mq

Therefore, every function x; above is invertible, and the mapping between 6 and t is one-to-one, as usual. We can use the
empirical (conditional) Kendall’s tau to evaluate the under parameter 6 (or 6(z) more generally).
The Gumbel copula density is a linear combination of the functions

d iro—d d |l |9—]
nug
u)(g |lnuk|9) | |7u
k
k=1

k=1

for some j € {1,...,d}. In the single-index model, € is a function of z. Assume that 6(z) belongs to a fixed interval
[6, 0] C (1, +00) almost everywhere. Therefore, the density cy(;) of a Gumbel copula satisfies

ifo-d 4 |
nu
Co) (1) < Ko x C(u) max (lenukl ) ]_[| "

ee{e 9}



for everyu € (0, 1)? and some constant Ky. By taking the logarithm of the previous right-hand side, it is easy to check that (3),
and then Assumption 2, are satisfied.

Assumption 3 is satisfied with the same arguments as above. After lengthy calculations, we can check Assumption 4 too,
by noticing that

sup |durco(u)| < Ky x hi(u)Cy(u)/uy = Fi(w),
0€lf.6]

for some constant K; and some slowly varying functions hy (deduced from the powers of the functions u, > Inu, with £ €
{1, ..., d}). The function 7, belongs to R4 since Cy(u) behaves as u, when uy, tends to zero. Therefore E{Uy(1— Uy )7 (U)} < oo.

3. Asymptotic normality of the estimators
3.1. Notations and assumptions
For convenience, set ; = (o, By Zi) and Vi = V(Bo, By Zi)-

Assumption 5. For every z € 2, assume that y, : B — @, 8 — (8, B'z) is three times continuously differentiable.
Moreover, set Inc : (0,1 x ® — R, (u,8) — Incy(u). Assume that v,,vg In cy(u) exists on (0, 1)¢ x ©. Assume that
B +— M(B) is twice continuously differentiable. Its Hessian matrix at point B is denoted X' = V%M(ﬂo), and is invertible.

Such conditions of regularity are standard and can be easily checked most often. Simple calculations yield

2= L B[V (UIVEU(B. B Z) + VEInco)omy (Ui} 11} 12 € 2)]
Pr(Z € z) LUV OV o=yl SOV VIR, P& Vol G o=y (BN ViV g Vif 14 .

Assumption 6. Assume that, for k € {0, 1, 2},

sup | V(B B72) = Viu(B. B72)| = op(1) (18)

BeB,zeZ

suzpmﬂo, Bo 2) — ¥(Bo, B 2)l = Op(n1n),

sup| VsV (B. B 2)p=po — Ve (B, B 2)p=p| = Op(112n):

zeZ
with 8}~ n;n = o(n=12), forj € {1, 2}, 2, = o(n~"/2),and npn2n = o(n=1/2).

The latter assumption requires that the rate of uniform weak consistency of 1/3 (and some of its derivatives) is sufficiently
quick. For the clarity of these developments, some additional technical assumptions have been postponed into Appendix B.2.
They are related to the regularity of the underlying model distributions/functions and some of their estimates. Broadly
speaking, the key point is to check Assumption 6 in practice.

3.2. Main results

Now, let us state the main theoretical result, that will be key to obtain the asymptotic normality of B

Theorem 2. Under Assumptions 1 to 12,

. 1 .
B=bo=—-—- Z @i Vo In Coo—y,(U)Vp 0 (B, BT Z1) p=py + 0p(n"7?).
i=1
The proof of Theorem 2 is given in Appendix B.2. Invoking a few additional assumptions (see Appendix B.3), we finally
obtain the asymptotic normality of S.

Corollary 3. Under Assumptions 1 to 16, we have n'/2{X (B — Bo) + ba} ~ N(0,S)asn — oo, where S = E(wiMiM]),
and
Vocy T T
Mi=—=  (WUOVs¥(B. B Zidip=po + VuVonColomy sy 2 (UD W21 XV ¥ (B, B Z0)ip=fi-
6=y

for some d-dimensional random vector W(Zy, X1) that is defined in Assumption 15 of Appendix B.3, and

by = E{(w1n — @i)M1} = E{1(U; € [0, 11" &, Z1 € 2)My).



Moreover, if

E[V"Ve(l“ o )o=y(po.pT 2 (U WI(Z1. X1) Vi (B, BTZ1) 5o
X {1Vt = val < 8) + 101 = Uer = val < &)} | = o(n"2), (19)

foreveryk € {1, ..., d}, then n'/?b, = o(1) and n"%(B — Bo) ~ N(0, E-1SE 1) asn — oco.

This result is proved in Appendix B.2. Note that the bias b, cannot be removed in general, even if E(a;;) = 0. Indeed,
the trimming part E{(w;., — w;)M;} is typically of order 8, and has no reason to be o(n~"/2). To remove the asymptotic bias,
we need (19). The latter condition is easily satisfied with purely parametric or nonparametric estimates, because W(Z, X) is
zero or most often negligible in such cases; see the discussion of Assumption 15 in Appendix B.3).

The asymptotic variance of 8 in Corollary 3 can be estimated easily in most cases. Indeed, set

Vieo,1.2) Ve VUi = ViU (B, BTZi) p_p-
We can consistently estimate X' by

n

1 N ~ L
Pz € 2) ; {Ve(ln o)y, (UDVEYi + Vi(Incy) gy (U Vi Vg lﬁi} 1(Z; € 2),

ﬁ‘ =
where Pr,(Z € 2)is the empirical probability of observing Z in Z. Note that S is not definite positive in general. Nonetheless,
several techniques exist to build definite positive approximations of any symmetric matrix; see, e.g., [20,36]. Moreover,
estimate S by the definite positive matrix § = n™! 2'7716),- ,,M-MT. where

Mz - Vg(ll’l CG)|9 Vi (Uz)vﬂwl +V Vﬁ(ln CQ)‘Q Vi (Ul) anz)vﬂl//ly

for some functions W that consistently estimate W, It is difficult to specify W because its analytic expression depends on
the selected definition of the pseudo-observations U, Nonetheless, note that we can set W = 0 when the U, are obtained
through kernel-based estimates; see Appendix B.3. )

It is possible to verify that the conditions above (1 to 16) apply to get the asymptotic normality of 8 in the case of the
copula families in Section 2.4; see Appendix B.4.

4. A short simulation study

To investigate the finite-sample behavior of our estimate 3, we consider the following simulation setting. Let Z € R* be a
random vector with independent margins that are /(0, 1). The conditional (marginal) distributions of X; and X, givenZ = z
are respectively taken as

XiZ=z~Na"2,1), XlZ=z~Na'z,1),

with ¢ = (0.2, —0.3,0.1,0.1)". Concerning the conditional copula model, the dependence structure of (X;, X») given
Z = z is a Clayton copula of parameter /SOT z. We recall that a Clayton copula with a parameter & > 0 is defined as
Co(u, v) = (W™ + v —1)719 Set Bo = (Bo.1, Bo.2» Bo.3» Bo.a) = (1,0.7,1.2,0.8)7. We then assume

By 2/3.7 .
1—By2/7.4

Therefore, the values of the random parameter 6(Z) belong to (0, 2). The corresponding values of the conditional Kendall’s tau
coefficient (which depends of Z) lies between 0 and 1/2. Under our simulation scheme (independent covariates Z uniformly
distributed over (0, 1)), this leads to an average value of 1/4 for z(B, ,BOTZ). The sample size is n = 1000. We consider
1000 replications of this simulation scheme. For each simulated sample, we compute our estimator B as defined in (2).
The conditional margins are estimated using a kernel estimator as in (A.1), with products of univariate Gaussian kernels
Ki = = K4 = &. The bandwidth used in the estimation of the margins is taken as h = 0.12 as per Scott’s rule in R?; s
[40], p. 164. In contrast, we consider different values of the bandwidth for computing the conditional Kendall’s estlmators,
to understand its impact on the performances. To measure the estimation errors, for each simulated sample and each value
of the bandwidth, we introduce

. i — Pol
o) = 37 1Bo.il

2

0(z) = ¥(Bo. By 2) =

The latter number measures the mean relative absolute distance between the true parameter Sy and its estimate. The mean
value of e($) over the 1000 replications is then calculated, providing e(8). For a grid of realistic bandwidths between 0.03
and 0.2, the obtained range of e(8) is [1.3%, 6.1%], with an average value of 3.5%. If we look at the results component by



component (i.e., if, for each sample, we compute ei(fi) = |B,~ —Bo.il |,80,i|‘1 fori € {2, 3, 4}), we obtain similar levels of errors:
ez(,B) lies between [2.0%, 7.8%] with an average value of 4.7%, eg,(f}) between [0.8%, 4.9%] with an average value of 2.8% and
e4(B) between [1.0%, 5.9%] with an average value of 3.8%. Regarding the standard deviations and defining si(B) = var(B,')”2
fori =2, 3,4, we haves, /o, € [0.9%, 4.8%] with an average value of 3.8%, s3/80 3 € [0.1%, 3.2%] with an average value of
2.5%, and s4/Bo.4 € [0.7%, 3.6%] with an average value of 2.9%.

As another error measurement criterion, we considered the empirical estimation of the quadratic error E{( B — Bo)?}. This
error goes from 0.0040 to 0.0049 for our range of bandwidths. A bias/variance decomposition of this error, i.e., E{( B —Bo)} =
var(B8) + {E(B) — ﬁo}z, may give us indications on the relative influence of the bias with respect to the error. The empirical
estimation of {E(8) — Bo}? goes from 24.7% of the global quadratic error to 36.3%. Such error levels are very reasonable.
However, the asymptotic normality of B may not be achieved for this sample size, since the null hypothesis of a Shapiro-
Wilk test is strongly rejected. A larger sample size may be required to obtain this asymptotic normality. As expected, there is
an impact of the bandwidth on the practical behavior. However, we focus here on estimating 8y, which is relatively weakly
sensitive to the choice of the bandwidth. Indeed, it is based on the maximization of a criterion where the nonparametric
kernel estimators are averaged.
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Appendix A. Technical lemmas

Lemma 4. Foreachk € {1, ..., d}, define I:'k as
n
Fixiz) = ) wial2)1(Xj4 < %), (A1)
j=1

with the weights given by (16). Assume that, for some s > 2, the following conditions hold:

(i) fz, the density of Z, exists and is strictly positive on Z. Moreover, it is s-times continuously differentiable.
(ii) For every real x and every k, the function hy(x, -) : z — Pr(Xy < x|Z = z)fz(z), defined on Z, is s-times continuously
differentiable. Moreover,

sup sup |d}h(x, z)| is bounded.

X€ER zeZ

(iii) The underlying kernel K(-, 1) is continuous, bounded, of bounded variation, fK(z, 1)dz = 1and it is compactly supported.
To be specific, this kernel has to be “regular” in the sense of Einmahl and Mason [14], i.e., it has to satisfy Assumptions
K .i-K.iv. Moreover, it is a multivariate s-order kernel, i.e.,

p
/]‘[zj’fx(z, 1)dz = 0,
j=1

for every p-uplet of integers (a1, .. ., ap) such that ; € {1, ..., s — 1} for some index j.
Then, forallk € {1, ..., d}, we have
. 1«
Filx|z) - Flxlz) = j; (X}, Zj, X, 2) + (X, 2),
akn(Xj, Zj, X, 2) = . [K(Z — z. h)1(Xj < x) — E{K(Z; — 2, h)1(X; < X)}
— Pr(X, < XZ =2)[K(Z —z,h) — E{K(Z; — z, h)}]] ,
where, by setting

1
maXee(1,...,p} hi’

1/2
Uy = nl_['2=1 he
" max{—In([T°_, k), Inlnn} | ~

and Uy 5 =



there exist positive constants Cy, C, such that

lim sup min(u? Up 1, Un2) sup |m(x,2)] <G (A.2)
xeR,zeZ

and

lim sup min(un, 1, un2) sup |F(x|z) — Fu(xIz)| < C; ae.
n XER,ZEZ

Proof. Eq. (A.2) is deduced directly from Theorem 2 in [ 14]. Moreover, by straightforward calculations, we get

1 2
rak(x,2) = (%, 2) + 12X, 2),

Dix.2) = Eh(x,2)(& —Eg)X(2)  (h—Eh)x, z)(§ — E)(2)
frk (E8)28(2) 5(2)E8(2)

Eh
rx.z) = Ef;zzj — F(x|2),

1
h(x, z) K(Z —z, M 1(Xjx <x), &z)=- K(Z —z, h),
ifwmo iz sa- s

that tends typically to g = fz and hy(x, z) = Pr(Xy < x|Z = z)g(z). By invoking Egs. (3.7)-(3.8) in the proof of Theorem 2
in [14], we get the uniform convergence of h (resp. g) towards Eh (resp. Eg) almost surely, at the same rate u,. Note their
Remark 8 justifies the choice of different bandwidths for every component of Z.

Moreover, by usual limited expansion of Eg — g and Eh — h, we can deal with the bias term. Due to our assumptions
concerning the order of the kernel K and the regularity conditions on the underlying laws, we obtain easily that r,g ,3(x, z)=
O(maxgeja,... pyh} ), providing the result. O

Lemma 5. Consider an integrable function x on (0, 1)¢ x Z. Assume that there exist two deterministic sequences (&,) and (8,),
&, — 0,8, = o(v,), such that

Pr( max |U, Uj| > 26,,Z; € Z) —0
ie{1,...,n}

when n — oo, and
E [IX(Ui,Zi)H(Zi € Z){1(|Uik — val < 28,) + 1(|1 — vy — Upi] < 28,)}] < &n.
forallk € {1,. }. Then Zl 1|X U, z). (wx n— Wig)l/n= Op(&n).

Proof. Let us fix ¢ > 0. For any constant A > 0, we have
{ Dx U, Z)| % |@in — winl >Asn} < { Z|x U, Z)| x |@in — 010 1(10; — Uj| < 25,) >Asn}

+ Pr [ max }|ﬁ,» —Uj| > 26,,Z € z} =P, +P,.
1e{l,....n

First, we have

Py < ZPI‘[ Z|X U, Z)1(Z; € Z, Ui — vyl < |Uzk —Uixl) >Aén/(2d)}
i=1
+2Pr[ le U, Z)1(Zi € 2, 11— vy — Uil < [Uii — Upil) >Asn/(2d>}
i=1
d

< o SOE[U 20N € 2)110Use = vo] = 280)+ 101 = vy Uie] = 26,)]
T k=1

< 2d/A,

which is less than ¢ > 0 for A large enough. This means P; = Op(&,). Second, by assumption, P, is less than ¢ when n is
sufficiently large, proving the result. O



Remark 2. In particular, it is tempting to define, with obvious notations,

&, = maxE |: sup | x(ug, Uik, Z)|1(Z; € Z):| + max E |: sup [x (ug, Ui —x, Z;)|1(Z; € Z)i| ,

k Uk |te—vn| <28 k U, g —1+vp | <265

or even, when this term tends to zero,

&, = max sup sup sup| x (ug, u_, z)|
Uk, [uk—=vn|<28n u_je[vy—28p,1—vp 428,191 262
+ mkax sup sup sup| x (ug, u—_g, z)|.

U, [ug—14vn| <280 u_j e[vy—28n,1—vp+28,19-1 262

Lemma 6. Under the assumptions of Theorem 2,

SUpIVAML(B) — VAMIB) = or(1).

Proof. We have

ni+ 1 1« AP .
= ViMA(B) = - Z} Vo(Incg) g_y, (U)V2P(B. BTZ) o
1=
1 n
= > Vi) (0)Vp V1 i bin = Bin(B) + Ban(B).
i=1
Furthermore,

n

L w2 A2 0B, BTZ )0
Bin(B) n; . ‘ezwi(u,)vﬂw(ﬁ,ﬂ Z)ovin

is equal to

n

1 ~ ~
=~ {Vaineo)g, () = Valiner)_y, (U) + Volln ca)_y, (U) = Vain ooy (U} 3B, B Z0) i

i=1

1

=~ Y { Vaane) g U0 = U) + V2 yIn co)yumy (W = 90} VDB, B 20 i
i=1

n

for some U;" and v such that |Uj — U;| < |ﬁi =Ul, ¥ =il < |1ﬁ — ;]. From Assumption 11, and using the same
arguments as in the proof of Theorem 1 (see the term T,(8)), we get

1w . .
sup |- Y V2 () g, (UF) (O; — U)VEP(B. BT Zi) don| = 0p(1).
i=1

From Assumptions 9 and the uniform consistency of 1/}(5, B7z) (see (18)), we have

1« . .
sup | Y V2 o0y (U (Fri = WIVEU(B, B Z) bin| = 0p(1),

i=1
and we deduce
1« . .
sup Bur(f) ~ > Vo In oy (U)V R (B, BT Zi)idin| = 0p(1),
B i=1
Invoking Assumption 6, Eq. (18), we get

_l n
sup |Bur(B) ~ D Vo In oy (U)V 3 (B, BT Zi)in| = 0p(1).
< i=1

Since the score function is uniformly integrable ( Assumption 4) and applying Lemma 5 (or the dominated convergence
theorem simply), we can replace @; , by w;. Therefore, supg|B1.n(B) — B1(B)| = op(1), with

_l n
Bi(B) = — D Vo In o=y (UDVEY (B, B Z)or.
i=1



Similarly, one can deduce from Assumptions 11 and 6 that supg|By n(8) — Ba(8)| = 0p(1), with

1 n
By(B) = - Z V5 o(InCo)o—y, (U Va1 (B, ,BTZ,-)V/;T v(B, B'Z)w:.
=1

From Assumption 10 and (B.2) and (B.3) in Assumption 9, we can apply Example 19.7 and Theorem 19.4 in [45] to deduce
that

sup|Bq(B) — E{B1(B)} + B2(B) — E{B2(B)}| = 0p(1).

peB

Since (n; + 1)/n tends to Pr(Z € 2)a.e.and X = [E{B{(8)} + E{B2(B)}]/Pr(Z € Z), we obtain the result. O

Lemma 7. Let co(u, v) denote the first order partial derivative of C% (u|w) with respect to w evaluated at point w = v, where
C’g”(u|w) denotes the conditional copula function of U given 87Z and || Z||o < M (i.e., Z € Z). We have

VeChl (ulB T Z)p—p, = co(u, By ZNZ — E(ZIBy Z, Z € 2)}.
Proof. The proof is similar to the proof of Lemma 5A in [11], and of Lemma 3.4 in [28]. Observe that
Ci'(ulp'Z) = E(ly<ulB'Z,Z € 2) = E(E(lu=ul2)|B"Z, Z € 2} = E{Ch (B Z2)IB'Z, Z € 2},
where we used the single-index assumption. Next, let
Tuz(Br. B2) = E{CY (ula(Z, 1)+ B 2)|B) 2. Z € 2},
where «(Z, 1) = By Z — B Z. Hence, C}/ (u| 87 Z) = I, z(B, B). As a consequence,

Vﬁcg/l(uLBTz)lﬁ:ﬁg = Viluz(B, Bo)ig=p, + Valu,z(Bo, B)ip=p,-

where V; represents the gradient vector with respect to §;. Observe that

ViTuz(B. Bo)is=p, = —ElZco(u, By Z)|8; Z}.
Moreover, Iy z(Bo, B) = C%(ulﬂTZ), which leads to V2T z(Bo, B)is=p, = Zco(u, By Z), and the result follows. O

Lemma 8. Assume that the transformation ¥ is Hadamard differentiable. Then, for all v,
/Vﬁlﬁ(ﬁ, ﬁTZ)ﬂzﬂodPrszZ(zW) =0.

Proof. Let ¥ {C(-)}[D(-)] denote the Hadamard derivative of ¥ at point C, applied to function D. Recall that ¥/(8, 8" z) =
w{C'(-|8"2)}. Hence, using Lemma 7,

Vv (B, B'2)p=p, = 12 — E(Z|By Z = By 2} {Chi (|85 2)}col-1 By 2)1.

This shows that Vg y/(B, B72) 55, = {z — E(Z|B, Z = B, 2)}A(B, 2), for some transform A, and the result of Lemma 8
follows. O

Finally, Lemma 14 invokes two propositions from [14], that we recall here.

Proposition 9. Let G denote a class of functions bounded by 1, and let oé = sup,cgvar{g(X, Z)}. Then, forall t > 0,

Pr { sup
geg

for some universal constants A, and A,, and

Zg(xi, Z)s; } ,

i=1
where (&;)1<i<n are iid Rademacher variables independent from (X1, Z1), ..., (Xn, Zy).

2

Ayt
> Ai(G, + t)} <2 {eXp (—ﬁ> + eXP(—Azt)} ,

g

D 8, Z) — E{g(X;, Z))

i=1

G, =E{sup
geg

Proposition 10. Assume that G is a class of functions satisfying the assumptions of Proposition 9 and such that N(e, G) < Ce™"
for C > 0and v > 0. Moreover, assume that there exists * < 1such that sup,;E{g(X, Z)*} < 0. Then, G, < An'/?c In(1/0).



Proposition 11. Foreachk € {1, ..., p}, let Fk(xlz) denote the kernel estimator of the conditional distribution function F(x|z)
as given in Eq. (A.1), i.e.,, Fy(x|z) = Nk(x|z)/f(z) with

. 1 =z
Ni(xlz) = lequ(z,—,  f@)=-> K@ -z, KZ-zh ]"[Kk(” )
i=1

pk1

Define
P(t) = Pr{ sup_[Fi(xiz) — Fulxiz)| = r} :
xeR,zeZ

and assume that
sup_[E(Ri(xi2))/E(f(2)) — Flxiz)| =

XeR,zeZ

for some sequence b, — 0. Then, for B large enough and t > max{2b,, Bn='/2 In(1/minghy)(h; - - - hy)~V/2}, there exist positive
constants («, B, y, 8) such that

P(t) < 4{exp(—anhy - -- hptz) + exp(—pnhy - - - hptt) + exp(—ynhy - - - hy) + exp(—dnhy - - - hy)}.

Proof. Let

P(t) = Pr {sup Fixjz) — ENX2) | t} , Pi(t)=Pr {suplﬁlk(XIZ) — E{Nk(x|2)}| > t} ,

xz E{f(z)} Xz

and

Py(t) = Pr {sumf(Z) —E{f(2)}l = r} .
We have

P(t) < B(t/2) + Pr | sup | DokXME) g ) = ep2 )

xz {f(z)}

where the last probability is zero for t /2 > b,. Hence, an upper bound for P(t) can be deduced from an upper bound on I3(t).
Define the classes of functions

G ={x2)eRxZr> 1y K(z—2 h):2 €2, h=(h,....hy) eR, X eR},

and ¢;={z€2—K(z-2 h):zZ ez h=(hy,....h,) eR} xR},

These two classes of functions satisfy the Assumption of Proposition 10 with o2 ]_[i:]hk. Hence, from Proposition 9, we
get, for eachj € {1, 2},

Pi(t) < 2[exp{—Cn(hy - - - hp)t?} + exp{—Cn(hy - - - by )t}],

for t > An~2In(1/minghy)/(h; - - - hy)'/2, with A large enough and C > 0 some constant. Decompose

B(t) < Pr L sup Nk(x|z)—AE{Nk(X|Z)} > t24 + prdsup Nk(xle)[f(Z)A— E{f(2)}] > )2 (A3)
xz E{f(2)} xz f(2)E{f(2)}
< Pi(t/2) + Py(t/2). (A4)

Next, recall that inf,ezf(z) > fo > 0. Moreover, the bias of the kernel estimator of the density tends to 0 uniformly on
Z, ie., supz€Z|E{f( )} —f(z)] > Oasn grows to infinity. This, combined with the bound obtained on P,(t), shows that
Sup,cz [f(z — f(z)| — 0. Hence, 1nfz€ZE{f( )} > fo/2 for n large enough, which leads to

Pi(t/2) < Pi(tfo/4), (AS5)
and

Pa(t/2) < Pr {sygﬁ(z) — Ef )M zfo/4} { up Nz (2) ~ Ef ()] Zfozf/ls} :
Since sup, . [E{N(x2)}| < [IK || < 00, we have

Py(t/2) < Py(fo/4) + P2ft/(161IK | )}- (A6)

Gathering (A.4), (A.5) and (A.6) leads to the result of the proposition. O



Appendix B. Proofs of the main results

Introduce the set of indicator functions
H= [g [0, 119 x R? — [0, 11, (u, 2) > 1(tt € By, z € Be.a),

d p
for some By p = H[ak, bl € [0, 119 and Be g4 = l_[[ck, de] C R”} )
k=1 k=1

Since all the subsets we consider in A are boxes, it is simple to verify that # is universally Donsker (for instance, see Example
2.6.1 and apply Lemma 2.6.17 in [46].

B.1. Proof of the consistency off} (Theorem 1)

For inference purposes and a given sample, the sample size that we use is actually n; = Z?:]d),-,n. This random number
is close ton; = Z?:]wi,n- the sample size if the U; were observable. Let us introduce

1T . .

Mn(B) = — ;wi,nlncz&(ﬂ-ﬂTzi)(Ui)’
_l n

Mi(B) = ;@i,nlnw,m(un,
1 n

My (B) = —— ;a)i Incyp 472U

Note that B is the optimizer of M; because neither n; nor f1; is a function of the underlying parameter 8. By assumption, By
maximizes M(8) over B. To prove the consistency of g, it is sufficient to show that supgcz|Ma(8) — M(B)| = 0p(1).
We first show that supgcs|Ma(8) — M;(B)| = 0p(1). Simple calculations yield

1 . . .
IMn(B) — M;i(B)] < > @insup| Vo Incy(Uy) | x [¥(B. BTZ:) — ¥(B. B Z)|
n+1 = )
1 n . Ve T, N
+ > i —EEE () (O - Up)| = Ti(B) + Ta(B).
ni+14— Cyp.p7z)
for some vectors U;* such that |U; — U| < |U; — fli| foralli e {1,...,n}.

Let us deal with T{(8). By (4), supgmaXic(1.....n) |1}(/3, B7Z) — (B, BT Z)| = op(1). Then, it suffices to prove that

1 <& .
i Sup| Ve Incy(U;)| = Op(1).
ni+1§ i SUP| Vi In co(U7)| = Op(1)

For every ¢ > 0and A > 0, we have

1. . .
Pr{ - Zw,;n sup|VoIncy(U;)| > Ap < Pr< max |U; — U;| > 26,,Z; € Z)
n ‘= NG ie{1

1<, . .
+Prq— E @i 1(|U; — Ui| < 28,) sup| Vg Ince(Ui)| > At .
n i=1 0€6

By (5), the first term on the right-hand side above is less than ¢ when n is large. To manage the last term on the right-hand
side, consider an arbitrary index i such that |U; — U;| < 268, and @i, = 1. Since §, = o(v,), we can assume that, for every
ke {1,...,d}, wehave

Ui/2 < Ui if U < 172, and (1= Upp)/2 < (1= 0 if Uy > 1/2.
For ry, the kth of the U-shaped functions that define r, we deduce

n(Uip) < i(Uin/2)if Ui < 172, and  r(Ui) < rid1 — (1 = Up)/2) if Uy > 1/2.



In other words, rk(fh k) < 1,1/2(Ui ) for such i and every k. Then, Assumption 4 implies

n
- Z:UgWe In ¢o(0)|@1, 1(|0; — U] < 28,) < — Zr(uf)a)i,nuwf — Uj| < 28,)
€0 i=1

d n

- Zﬁ/z Ujw; < ]/2 Zr(Ui)wi,

i=1

I /\

which is integrable. We get

< 2¢,

i Za),nsuplvg Inco(Uy)| > A .

M E{r(U;)w;
< 1/2 {( 1) 1}
i1 0e®

Pr{Ty(B8) > ¢} < Pr ( glax }|ﬁi —Ui| > 26,,Z; € Z)
ie{1,....,n

when A and n are sufficiently large. Since n;/n tends to a positive constant a.e., we deduce supgT;(8) = 0p(1).
By a slightly more subtle reasoning, we can obtain supgT, = op(1). For every ¢ > 0,
Vauc
VT (g (B, - 1) > e |
Cy(p.p72)

and the first term on the right-hand side is smaller than ¢ when n is large. Due to Assumption 4 and for every ¢ > 0, there
exists n € (0, 1/2) such that

remax ElFi 12Uz {UA(Ug < 0) + (1 = UI(Uk > 1=} U(Z € 2)] < &°.

|

1
<P {n ZZw,nl |0; — Ui| < 26)I7(U7)] % |Uik — Uil > e}

k=1 i=1
[1

n

k=1

1 < .
+ Pr wi n 1(|U; — U;| < 28,)su
{ni+1; in1(10; — U] < 25,) up

By applying Markov’s inequality, we deduce that

Tem. .,.»
Pr { > @in1(10; - Uj] < 28,) sup

n
i—1 B

Ve Ty A
uty (8.8 Zx)(Ui*)(Ui _ Ul) -

Cy(p.87z)

1|0, — U] < 280)k,12(Uy)

HM

28 t 262
<Pr [nn Zza)irk,l/z(ui)l{n SUr=<1-n}> 8/2:| + -

k=1 i=1

e = 001 2 U4 21— 11 U < 1)+ (1 U (Ui > 1= ) > ¢

26, -
<Pr { = Zzwlulk (1 = Ui i), 12(Uy) > 8/2} + 2,
k=1 i=1

and then

4d$ E{wiUi (1 — U; 1 )F U;
PH{T,(B) > £} < 3¢ + n Maxy E{w;Uj i( 11Tk, 1/2( z)}’

ne
that is less than 4e when n is sufficiently large, because of Assumption 4. Note that we have used 0”{ € (0, 1) for every
ie{l,...,njandk € {1,..., d} above. Since & may be arbitrarily small and n;/n tends to a constant a.e., we get supgT>(8)

= op(1), and we have proved that supgcz|Mn(8) — M7 (B)| = op(1).
Second, due to Assumption 2 and for every ¢ > 0, we have

8}
<P { 21 Ueé&nU génZe Z)suplincy g7y (U] > 5/2}
i=1

n

1 .
0 Z(wi,n —win)Incyg g7,(U)| >
i=1

Pr { sup
B

+ Pr{ 21 U ¢&.U ez e Z)supllncw(ﬁ 572Ul > g/z}
i=1



IA

%Em(ui € & U ¢ &)+ 1(U; ¢ £, U € £))1(Z € 2)h(U,, Z)]

IA

4 .
- E[1(|U; — Uj| > 28,, Z; € Z)h(U;, Z;)] (B.1)

2 N A~ N
+ - E[{1(U; € &, U; &€ &)+ 1(U; & &, U; € E)}(|U; — Uy| < 26, Z; € £)h(U;, Z;)).
But, we have for any i,

1(10; — Ui| < 28,)(1(U; & &, Uy € &)+ 1(U; € &, Ui ¢ &)
d
<2 {1Uik € v — 285, vo + 2841) + 1(1 = Ugi € [vn — 28, v + 28,1)}
k=1

that tends to zero a.e. when n — oo. Invoking the Dominated Convergence Theorem and (3), this proves that the second
term on the right-hand side of (B.1) is less than ¢ when n is large enough.
Moreover, due to Assumption 2 and Holder’s inequality,

E(1(|U; — Uil > 284, Z; € 2)h(U;, Z)} < E{h(U, Z)* U(Z € 2)}"/* Pr(|U; — U;| > 28,,Z; € 2)' 7V,

that is less than ¢ when n is large enough (Assumption (5)). This yields

n

1 N
sup | D (@in — @in) Incyp 572 (U] = 0p(1).
i=1

Similarly, we prove supg |Zf:](w,-,n — wi)Incyg g7, (Ui)l/n = 0p(1). We deduce easily that supg.|M;(8) — My*(B)| =
op(1) because n;/n tends to a constant a.e.

To conclude the proof, we can apply a usual Uniform Law of Large Numbers. For instance, Lemma 2.4 in [30] tells us
that (3) insures that supgc5|M;*(8) — M(B)| = op(1). Therefore, we get that 8 tends to o in probability. O

B.2. Proof of Theorem 2

First, we need to introduce some additional assumptions. They require that the functions we manipulate (or their
estimates) are “sufficiently regular”: to be Lipschitz, upper bounded by U-shaped functions, or a member of some Donsker
classes of functions, etc. Since we are managing several indices (6, u, z and ), the uniformity with respect to some of them
is most often imposed.

Assumption 7. Let the functions on (0, 1)? x 2 be defined by
f(u,z) = Vyln C9\9=w(ﬁo,ﬂgz)(") and f(u, z)=Vyiln C9|0=f#(ﬂo,ﬂgz)(")'

For almost every realization, the functions f and f belong to a Donsker class for the underlying law of (X, Z), that is denoted
Fi.

Assumption 8. Let the functions on Z be defined by

Pz pz)= Ve (B, B 2)p=p, and p:z > pz) = VU(B, B 2)p=p,-

For almost every realization, the functions p and p belong to a Donsker class for the underlying law of (X, Z), that is denoted
Fo.

Assumption 9. Assume that E{sup9€@|vg Incy(Uz)| 1(Z € 2)} < oo. Moreover, for every (u, w') € (0, 1)?¢, we have
Vo Incy(u) — Vg Incy (u)] < &(u) |6 — 6|, (B.2)
|V2Incy(u) — V2 Incy(u)| < &(w)|0 —6'), (B.3)
for some function @ such that E{£(U)} < oco. Moreover, there exists a function r3 in R4 such that, for every u € (0, 1)¢,

sup|V; Inco(u)| < r3(u),  E{rs(Uz)1(Z € 2)} < oo.
fec®

Assumption 10. Assume that, for every (81, f2) € B2 andj € {1, 2}, there exists a finite constant C such that

suzpwgwwl, Bl z) — V(B2 B3 2)l < CB1 — Bal.



Assumption 11. Forevery k € {1, ..., d}, there exists a function I, € R4 and some « € [0, 1) such that

Zuplaukve(ln o))l + guplaukVZ(ln co)u)| < Ni(u), E{UY(1 — U )* Ti(Uz)1(Z € 2)} < o0
€ee €@

The next assumption is less intuitive and highly technical. It is required to control for the behavior of (unobservable) U;
close to the boundary of [0, 1]%, i.e., when n is large and the trimming function “fills the hypercube”.

Assumption 12. For any u € R?, set

g(u,z) = sup sup |Vo Inca(v)l,
0€B(00(z),n1n) veB(u,28y)

where B(u, §) (resp. B(9, 1)) denotes the closed ball of center u (resp. 6) and radius § (resp. n). Assume
sup E{g(U;, Z)1(Z; € 2, [Uj — val < 28,)} = o(n™"?), (B.4)

and similarly after having replaced v, by 1 — v,,.

The latter assumption is usually satisfied with a lot of usual copula models. Broadly speaking and when ¢, is continuous
with respect to its arguments and 6 itself, it means that

n /|V0C9(1Lk, Vnl2)6=tyz)| 1(z € Z)du_y dPrz(z) = o(n~'/?),

and the same replacing v, by 1—v,. We have denoted by (u_y, v,) the d-dimensional vector whose components are u;, when
j # k, and whose kth component is v,.
Second, let us prove Theorem 2. By definition of B VM;( ,8) = 0. Next, afirst order Taylor expansion leads to —VgM,(Bo)
(B ,BO)V/SMn(B) where B Bo—+o0p(1), using the consistency ofﬁ From Lemma 6, we have VﬁMn(ﬂ) VéM(B)—i—op( 1).

Moreover, from Assumption 5 and the consistency of /3 (hence the consistency of B), we get VﬂM (B) = X + op(1). Next,
we have

vﬁM (,30 Z Vo In C9|,9 Vi (Un)VﬂW(ﬁ :3 Z)lﬂ ﬂ0w1 n-

A. From the trimming functions @; , to ; ,. Under Assumptions 3 and 12, we can apply Lemma 5 with the function

x(Ui, Z;) = sup sup [VgInce(v )Isupsuplvﬁw(ﬁ B'2)|

0€Bj g veBj g BeB zeZ

and Bip = B{6y(Z;), n1,} and B; 4 = B(U;, 26,). This implies

VgMn(fo) = ZVG Incy,_ \p(UI)VﬁW(ﬂ B Z) p—powin + 0p(n~?).
i=1

Now, decompose VgM;(Bo) = Ain + Azn + Rin + Ran + R3,, where

1 n
A = - X;Ve In iy, (U)V ¥ (B, BT Z1) p=py @ins
i=

1w .
Aon = — > AV I Copp=y () = Vo In Copomyy (NI V0 (B, BT Z0)p=po0in,
i=1

1< . .
Rin = o Z Vo In ooy, (UNVE U (B, B Zi)ip=py — Ve (B, BT Z) p=po }ins

i=1
1 n
Ryn = E Z{V{; In C(‘)le:l?/i(ui) — Vpln C9|9:1[/,-(Ui)}vf31/f(/3’ ﬂTZi)\ﬂ:ﬁowis”’
i=1
and

g '} '} 7 T T
R3p = - Z{Vo Incy . (Ui) — Vo InColo—y; (Ui} x (Ve (B, B Zi)ip=p, — Vp¥(B, B Zi) p=p;}®in-
i1



In this decomposition, we show that only the first two terms (A1, and A,,) matter, and that for eachj € {1, 2, 3}, the term
Rjn is 0p(n~1/2).

B. Study of Ry,. First observe that

1w R
Rin =~ Vo In Coppy,(UD{(Z1) — PZ}oin + Ry,

i=1

1 N N
Ry, = - Z{Ve In ¢j9—y,(U;) — Vo In cojo—y,(UDHD(Z;) — p(Zi)} wi n.
i=1

By a limited expansion, we have

n

1 - .
Rip = — D _(VaVolInco)p=y,(U7) (Ui = UDHP(Z) — p(Z)}oi,
i=1

for some U} such that |U} — Uj| < |ﬁ,~ — Uj|. Reasoning as in the proof of Theorem 1, we can write

Pr(n'?|R,,| > &) < Pr( max }|fli —Ui| > 28,,Z € Z)
ie{1,....,n

1 < . . .
o ! 75 2| Vao €0 )io—y(U7)] 10 = Uiloinlp(Zi) — p(Z)1(10; — U] < 26,) > s}
i=1

n d
7] A A
<e+Pr : 5 2 2 MUt i = Udoin1(10; — U] < 25,) > e} :

i=1 k=1

for n large enough and invoking Assumption 6. Note that

A A A 1-a
Uik — Uik 1(|U; = U] < 28p)win < GUR(1 = Upi)* Uik — Uikl ae.

for some constant C,, when n is sufficiently large,i € {1,...,n}and k € {1, ..., d}. This yields
12|, <o pr] Camdn 12U US(1 — U
Pr(n'/ 2R, | > &) < & +Pr = ot — ZZ k12U) U (1 = Ui )i > &
i=1 k=
dcin'2pp81—
<e+ % max E{I12(UDUR(T = Uig)* i}

for some constant C/,. Thanks to Assumption 11, Pr(n'/?|R,,| > &) < 2& when n is large enough, implying R, = op(n~"/2).
Moreover, with obvious notations, Ry, can be rewritten as

n

1 - -
Rip = - 21: {8:(Xi. Z)) — 8(X;, Z))} win + Ry,
i=

where g, and g both belong to 73 = F; F, H, which is a Donsker class of functions. Indeed, the fact that 73 is a Donsker
class follows from the permanence properties of Examples 2.10.10 and 2.10.7 in [46]. Moreover, from Assumption 6,

sup |gn(x, 2) — &(x, 2)| = op(1).
xcRd ze 2

Therefore, the asymptotic equicontinuity of Donsker classes (see Section 2.1.2 in [46]) yields,
Rin=| — (u){p(2) — p(2)}wn(u, 2)dPry z)(u, 2) + 0p(n~"7?).
Co 0=y (Bo.8y 2)
We can replace w,(u, z) above by 1(z € Z) if
2n /'VGCG(")w:w(ﬁO,ﬂJz)' X |wn(U, 2) — woo(U, 2)| dudPrz(z) = O(n_l/2)~

This is guaranteed under Assumption 12. Then, under our assumptions, we can apply Fubini’s theorem. This yields

[ 9010y g WIBE) ~ PN € 2P (0.2

/{p z)}dPrz(z )i/ Vo lncm:w(ﬂoyﬂorz)(u) 1(z € Z)dpl‘(u‘z:z)(u)} =0,



by definition of v(So, ,BOTz), which maximizes E{ln ¢y (U, )|Z = z} with respect to 6, for any z € Z. This shows that Ry, =
op(n~1/?), and is therefore negligible.

C. Study of R,,. Write, from Assumption 11 and with obvious notations,

1 [V \Y
Rznzz{“” () - (u,-)}vﬁw(ﬁ,ﬁTz,-),s=ﬁowf,n+R;n, (B5)

i U o ie=i o lo=vyi

=
=
S

I

1o . .
— D AV Incyyy,(03) = Vo InCoomyy (G)IV U (B. BT Z0) p=py 01

i=1

_l n
== D AV InCypoy, (U) = Vo In o=y (U (B, B Z0)ip=iy i
i=1

1< - .
- Z{Vﬁ(ln ¢o o=y (Us) — Va(In ca)o—y, (U} (¥i — ¥i) V¥ (B, BT Z1) p=po@in
i=1
1 < N .
+ = D AV Cy)o—y(0) V(N o)y, (U} (B — ¥i) 2V (B, BT Z) p—py in

2n 4
i=1

1w . .
- Z VuVa(In ooy, (UF) (Ui — Up) (i — 1)V ¥ (B, B Z) p—pywin
=1

A 2

+0p { max |y — il } ,
ie{1,...,n}

for some U}, ;" and 1},- such that |U* — Uj| < |fl,- = Ul, |¥ — il < h?f,' — ;] and |1Z,~ — Yl < |1/A/,» — 1;]. Note that we have

invoked Assumption 9 to bound the last term on the right-hand side in probability. The main term on the right-hand side is

Op(n1281~*) = 0p(n~1/?) from Assumptions 11 and 6 (mimic the treatment of R}, as above). We deduce R), = op(n~"/?).
Next, invoking Assumptions 6 and 11, the first term on the right-hand side of (B.5) can be rewritten as

_l n
— D _{ha(U;, Z) = h(Uy, Zp)eoi,
i=1

where sup, , |h,(u, z) — h(u, z)| = op(1), and h, and h both belong to 7, = p.#.F7, as a consequence of Assumption 7. This
is a Donsker class from Example 2.10.10 in [46]. The asymptotic equicontinuity of the Donsker class 7, allows to write

fon = /We In 190,57 1)) = Vo INCopo_y g0 472 (W) X V(B B 2) p—pyon(tt, 2)dPrw z) (11, 2) + 0p(n™"?).

Decompose wy(U, z) as w,(U)wy(z), where @, () = Ining, min(1—ug,up)=ve» A0d ©y(2) = 17<m . The function

V, V,
onlz) = f [ 0 (w) — 2% (u)}wu(u)dprwz_z)(u),

Co  10=y(Bo.B, 2) Co 10=y(Bo.By 2)

is a function of ﬂJ z only. This is due to the fact that the distribution of U given Z only depends on ﬂJ Z, because of the
single-index assumption. With a slight abuse in notations, denote ¢,(z) = ¢u( ﬂOT z). This leads to

Ron = f¢>n(v) {/VﬁW(ﬂ’,BTZ)W:,SOCUM(Z)CIPI'(ZWJZ)(Z|U)} dprﬂOTZ(v)+0p(n_1/2),
Next, as a consequence of Lemma 8, use that

f V¥ (B, ﬂTZ)m:,sme(z)dPr(ZIﬂOTZ:U)(z) =0.
This implies Ry, = 0p(n~1/2).

D. Study of R3,. By the same reasoning as for R,,, we get

1 ¢ .
Ran =~ Z {Vo In Cyo_g.(Ui) = Vo In Copo—y, (U} X (Va0 (B, B' Zi)ip=po — V¥ (B, B Zi)ip=py }win + 0p(n~"72).
i=1

Due to Assumptions 6 and 9 (see Eq. (B.2)), we obtain R, = op(n~1/2). O



B.3. Proof of the asymptotic normality of B (Corollary 3)

First, we need to introduce the way we estimate U; by pseudo-observations 0,-. Again, additional technical assumptions
are required.

Assumption 13. Forevery k € {1, ..., d}, there exists a function ¢, € R4 (see Definition 1) such that

sup [0 Va(Inco)(w)| < gi(w) and E{U}(1 - U) &(Uz) 1(Z € 2)} < oo,
0e®

for some y € [0, 1]. Moreover, 827 = o(n~1/2).

The latter assumption is of the same type as Assumption 11. Now, we impose that the estimated conditional margins can
be rewritten as i.i.d. expansions, a rather light requirement in general.

Assumption 14. Forevery k € {1, ...,d},x € Rand z € Z, we can write

R 1<
Flxlz) = Fixlz) = — 3 aen(X;. Z;, %, 2) + 1a(x, 2),
j=1
for some particular functions ai , and for some sequence (r,) such that
Sup sup|r(x, )| = rnoo = 0p(n~"/?).
XER zeZ

The latter assumption implies that, for everyi € {1,...,n}and k € {1, ...,d},

. 1<
Uk — U= — Zak.n(xj, Z, Xix, Zi) + tni, n'? max |ryl = op(1).
n i ie{1,...,n}
Denote a,(X;, Z;, X;, Z;), or a; ; even shorter, the d-vector whose components are ax n(X;, Zj, Xk, Z;) forallk € {1, ..., d}.
In the case of the kernel-based estimates Fj of Lemma 4, Assumption 14 is satisfied by using s-order kernels K such that

maxgh, = o(n=")) and n'/?[}_,hx > n® for some a > 0.1f h, = n~" forallk € {1, ..., d}, this necessitates s > p and

7 € (1/(2s), 1/(2p)).
Now, we require that the expectation of the previous terms a,(X;, Z;, X;, Z;) in the expansion tends towards a determin-

istic function sufficiently quickly and uniformly with respecttoi € {1, ..., n}.
Assumption 15. Define Aw(ﬂo.ﬁoTZJ = VuVe(In CQ)\9=¢(;‘30J30TZ)' and assume that
rn,ooE{|A¢(ﬂ0,ﬂOTzi)(Ui)|wn(Ui’ Z)} = 0(n_1/2)~ (B.6)

Assume that there exists a function W such that

sup  |E{an(X;, Zi, x,2)} — W(z,X)| = Wy oo = o(n”"/?),

xeRd zeZ

and such that

Wn,ooE { ‘A'//(ﬂo-ﬁoTZi)(Ui) W(Z,‘, Xi)~v/31p(,87 ,BTZI')MS=/30

a)i,n} < oo0. (B.7)

Choosing the kernel-based estimates I:"k of Lemma 4, we see that E{a,(Xj, Z;, %, z)} = W(z, ¥) = 0 and Assumption 15 is
automatically satisfied. This is most often the case with parametric marginal models, too.

Moreover, (B.6) and (B.7) are often easily satisfied when E{|A¢(ﬁ0.ﬁoTzi)(Ui)| 1(Z; € Z)} < oo. Note that the Gaussian
copula model does not fulfill the latter condition. Nonetheless, Assumption 15 will be satisfied with a convenient choice of
bandwidths, kernels and trimming sequences; see Appendix B.4.

When Assumption 15 was related to the bias of U;, the next one seeks to control its variance.

Assumption 16. Assume v = E[|a,(Xy, Z, X1, Z1) — E{ay(Xy, Z2, X1, Z1) | X1, Z1}|*] < oo and
Uﬁ E{|Aw(ﬁoyﬁgzi)(uinzwi,n}/n =o(1).

We are ready to prove Corollary 3. We use the same notations as in the proof of Theorem 2. Recall that

n

1 ~
Ayn = - Z{Ve In coio—y;(Us) — Vo In ooy, (U} V¥ (B, BT Zi)\p=po@in,
i—1



which can be rewritten as
1w .
Ao = n Z Ay (U) (U; — UV (B, BT Z:)p=poin + Op(827) = Ay, + 0p(n™V/?),
thanks to a limited expansion and invoking Assumptions 15 and 13. Next, under (B.6), we have

, 1 n n B
An=13 DO AU @i VY (B, BTZ) p—pyin + 0p(n” ).

j=1 i=1

The leading term in A} , can be decomposed into Aj; + A;,, where

, ,1 n n
A= DO Ay (U)E@i\Zi XV (B, BT Zi)ip—py0in

j=1 i=1

and

4 1 .
Ap=13 Z Z Ay, (U {aij; — E(aij|1Zi, X)) Vs (B, B Zi)ip=po@in-
=1 i=1,i#j
Due to Assumptlon 15, Eq. (B.7), we have

l n
Ay = o Z Ay (U)W(Zi, X)) VW (B, B Zi)p=pywin + 0p(n™?).

Next, observe that the main term of A, is of the form Z M(Z;, X;, Z;, X;), after symmetrization, where
E{Z;, Xi, Z;, X;)|Z;, X;} = E{(Z;, X;, Z;, X;)|Z;, Xi} = 0.

So, A}, is a degenerate U-process of order 2. It can be easily verified that its expectation is zero and

/ v2
var(Ay) = 0 {;’; / |A¢(,30,,30Tz)(u)|2 V5w (B BT2)5-p,| o, Z)dPF(u.Z)(U,Z)} .

Under Assumptions 16, we get A, = op(n~'/?). We have obtained

1 < .
A+ Ay = - Zwi,nve In ¢g19=y;(Ui) V¥ (B, B Zi)i5=p,
i=1

1 n
+ n Z Win Ay (U).W(Zi, X))V ¥ (B, BT Zi) p=p, + 0p(n~"/?) Z wiM; + By + op(n~"7?),
i=1 i=1
by introducing a bias term B, = Z?:l(wi,n — w;j)M;/n, due to the trimming procedure. Its expectation is denoted b, =
E{(w1.n — wi)M;}, and its variance is O(n~'8,). The asymptotic bias is negligible under (19), by recalling Assumption 12, and
then applying Lemma 5. In every case, the result follows from a standard Central Limit Theorem, recalling the expansion of
Theorem 2. O

B.4. Examples (continued)

Here, we analyze the conditions 1 to 16 to obtain the asymptotic normality of B in the case of the copula families in
Section 2.4. The reader will note that all such assumptions can be checked in practical terms, even if such a task may be
slightly boring.

Example 4 ((Continued): The Gaussian Copula). Obviously, Assumptions 5, 9 and 10 are satisfied. This is the case for
Assumption 7 too, because X +> In(|X'|) is Lipschitz under (17) and invoking Example 19.7 in [45].

To deal with Assumption 8, note that p and p are Lipschitz transforms of conditional Kendall’s tau (8, 8z) and
(B, B'z), respectively. From Example 19.20 in [45], it is sufficient to show that the functions z Vgt(Bo, ﬂOTz) and
z — Vgt(Bo, ﬂOTz) belong to a Donsker class a.e., assuming the underlying dimension d is two. It follows from Lemma 7 and
from the relation t(Bo, By z) = —1+ 4 [ Cg,(u|B, 2)Cs,(dul| B} z) that

Viez  Vpt(Bo. By 2) = fi(By 2) + 2f2(Bg 2).
with

filv) = —E(Zl,BOTZ =v,Z € Z2) {/co(u, v)Cg,(dulv) +/Cﬁ0(u|v)c0(du, v)},



hv) =z { f Co(u, v)Cy, (dulv) + / Gy, (ulv)co(du, v)} ,

using the notations of Lemma 7. In a Gaussian copula family, the maps z — fi( OTz) and z — jjf( OTz) are uniformly
bounded on Z. Therefore, V7(Bo, B, z) belongs to the class G = {z € 2 — f(B)z) + 2g8(B,2).f,& € c(M)} with
CM)=1{f : If loo+lf lloc < M}.The collectionc(M)is a Donsker class from Theorem 2.7.1 in van der Vaart and Wellner [46].
Moreover, G is Donsker from Examples 2.10.7-2.10.8 in [46].

It is also the case for V4 7. Indeed, with the notations of Appendix C, we can write

n
+———— ) X < X)K(B"Z - BT2)Ki(BTZ - B2).
n’f3(B"z) ,JX:;
A differentiation with respect to 8 easily shows that V7 (8o, B ) is of the form V7 (8o, B4 2) = fi(Bg 2) + zf(B, 2). The
results of Appendix C allow to show that, forj € {1, 2},

suplf(82) ~ (7 2)| = Opl[; + ()R >1)
ze

f(ﬂs ﬂTz) =-1

and

sug[fj’(ﬂoTz) — f/(Bg 2)| = Op{h2 + (Inn)'2n~"2, 5/},
zZe

Therefore, z € Z +— Vz1(fo, ,80T z) belongs to the Donsker class G when nflﬁ — 0.
Eq. (18) of Assumption 6 is coming from the results of Appendix C, and simple calculations prove that Assumption 11 is
satisfied for every o > 0. Recalling the notations of Appendix C, we have

sup|2(fo. Bo z) — ©(Bo. By 2)l = Op{h* + (Inn)"2n~2h="/2} = Op(11n)
ze
and

Suzplvﬁf(ﬂ, Bo 2) — Vi, (Bo, By 2) = Op{® + (Inn)"/>n="2h32) = Op(n2n).
ze

To fix the ideas, assume i ~ n~7, for some # > 0. Then, to satisfy 1,172, = o(n~2), it is sufficient to have 457 > 1,5 > 2
and 47 < 1. Recall that we had set 8, ~ n~™° + Inpn.n~1=P™)/2_To satisfy §1~*n;, = o(n~1/2) forj € {1, 2}, it is sufficient to
have 1 < (1 — a)min(2s7, 1 — pxr) + min(257, 1 — 37).

Concerning Assumption 12, it can be verified that the left-hand side of (B.4) is O[8,v,{® ~!(v,)}?]. Nonetheless, ® ~'(v,) ~
—/(=2)Inv,, when v, — 0; see [10]. A sufficient condition is then §,v, In(v,) = o(n~1/2).

Assumptions 14 and 15 are trivially satisfied because we have chosen nonparametric marginal CDFs and we apply
Lemma 4, for which we have seen that we set W(z, x) = 0.

Assumption 13 is the most demanding and cannot be obtained by the same reasoning as for Assumption 12. Actually, we
recall that the former one has been requested only in the proof of Corollary 3 to show that

1< .
n Z VuVa(Inco )y, (UF) (U; — U Ve (B, BT Zi)p—pywin = op(n™?),
i1

for some random vectors U/, |U* — Uj| < |l7, — U;|. Due to Assumption 3, it is sufficient to check that

S2E{|VuVa(In co)omy,(UDVa (B, BT Zi)p=pylwin} = o(n~"/?).

Due to the boundedness of ¢y, the latter expectation is less than a constant times

@~ 1(1-vn)
/ |t] exp(t?/2)dt.
@~ 1(vy)
The latter integral behaves as exp[{® ~(v,)}?/2]. Since @ ~1(v,) ~ —/(=2)In vy, it is sufficient to satisfy 62 /v, = o(n~1/2).
Usual variance calculations for kernel densities prove that Assumption 16 is true when nh? = n'"?* — oo,i.e., whenpr < 1.
Gathering all the previous constraints, we can exhibit explicit combinations of parameters. For instance, we can set

s=2p, §=4, w=1/2s+p), 7=1/9, hy~n V&P =pn 1% j ~n=49

for some o < 1/2, implying 8, ~ n~2/> and we choose v, = n~1/>. Note that we need high-order kernels in general, even in
the bivariate case (p = 2).

Similar reasonings allow to exhibit explicit tuning parameters to manage Clayton and/or Gumbel copula models. They
are left to the reader as an exercise.



Appendix C. Conditional Kendall’s tau

In this section, we show how to check Assumption 6 in general, when the conditional margins are estimated nonpara-
metrically. Incidentally, we prove some theoretical results related to the estimation of conditional Kendall’s tau, that are
valuable per se.

We consider the situation of a d-dimensional random vector X, whose conditional copula is parameterized by (8, 8" z),
the conditional Kendall’s tau coefficient of this vector as defined in (11) whend = 2, and (12) more generally. In other words,
we consider the case where (8, 87z) = g{t(8, B'z)} for some “sufficiently regular” function g. Indeed, Kendall’s tau are
commonly used for inference purposes of parametric copulas, particularly Archimedean and elliptical copulas. Moreover, as
explained in Section 2.2, (6) and (7) are satisfied in such cases. Finally, we do not suffer from the curse of dimensionality
because conditional Kendall's tau is that associated to the copula of X knowing ﬂTZ

Introducing a kernel estimator Fﬁ of Fg(x|y) = Pr(X < X|B7Z =y)as Fﬂ(xly) Hﬁ(x ooly) (recall (13)), define

B B2) = 57—

In Lemma 12, we show that the uniform consisAtency of the conditional Kendall’s tau coefficient is obtained, provided that
we have some convenient convergence rates for Fg.

{—1 +2d/ﬁﬂ(x|ﬁTz)ﬁﬁ(dx|,3Tz)}.

Lemma 12. Assume that

sup  |Fs(xI1872) — Fs(xI8"2)| = Op(eno)- (C.1)
xcR4 BeB,ze 2
Then
sup |2(B, B'2z) — t(B, B"2)| = Op(eno)-
pBeB,zeZ

Proof. Decompose
Q= 1){EB. B 2) — (B, BT2)} = 2¢ / {Fs(xIB"z) — Fs(x|B " 2)}F3(dx|B" 2)
o / Fa(al BT 2){F(dxlB2) — Fy(dx|fT2)).

The first term is Op(en o) due to (C.1). For the second, observe that
f Faxl B 2){F(dx1T2) — Fy(dxlfT2)) = (—1)" / By 218 2) — Fa(xl T2} F(dxlBT2),

which is less than supx,ﬁ’zlﬁﬁ(xlﬁTZ) — Fg(x|8"z)|, and we use again (C.1). O

Lemma 12 yields some tools to verify the first part of Assumption 6, if one assumes that the function g is regular enough
(i.e., Holder with some high enough Hoélder exponent). Similarly, we can derive the uniform consistency of V]ﬁf forj € {1, 2},
which allows to check the remaining conditions in Assumption 6.

Lemma 13. Assume that
sup  |VFs(xIB"2) — V};Fs(xIBT2)| = Op(en,). (€2)
xcR4 BeB,zeZ

for j € {1, 2}, and that

m1a>2</)vf Fs(dx|p z)’ ‘vf Ba(dx|pT2)| < Co,
jel

for some positive constant Cy. Then

, sBupZWﬂf(ﬂ, B'z) — Vst(B, B72)| = Op{max(ey 1, eno)}

and

sup [V32(B.B'z) — ViT(B. BT 2)| = Op{max(en2. en1. €no)}-
BeB.zeZ

Proof. This is a consequence of applying the V-operator to £(8, 8'z), and of the compactness of Z. O



The next step is to verify that, under reasonable conditions, (C.1) and (C.2) hold. To this aim, let us introduce some
assumptions.

Assumption 17. Let K denote a univariate symmetric kernel function of order 5,5 > 2.1t is twice continuously differentiable
with bounded derivatives up to order 2. Moreover, h; denotes a bandwidth sequence, where h, = O(n~%) for some a > 0
and nh, — oo.

Note that, in general, the latter triplet (I?, h, 5) is different from the similar quantities (K, h, s) that have been invoked to
define the pseudo-observations U;; see Lemma 4.

Assumption 18. Let fz(y) denote the density of BTZ evaluated at point y. Assume that infgep zezinfyfg(y) > ¢, for some
¢ > 0. Moreover, assume that fz is s-times continuously differentiable, with uniformly bounded derivatives.

The latter assumption is satisfied most of the time, because 8Tz belongs to a compact subset when 8 € Bandz € Z.
For instance, assume the arguments y above belong to a fixed interval [a, b] and that Z follows a Gaussian N(0, X'). Then
BTZ ~ N(0, BT XB) and fs(y) = exp{—y?/2(BT £ B)}/(~2m BT X B). Since BT X B belongs to a compact [c, d], ¢ > 0, the
latter density is larger than exp{—b?/(2d?)}/(~/27d) > 0.

In the single-index literature, some authors relaxed this assumption, by only assuming inf;inf,fg,(y) > c. Nevertheless,
Assumption 18 requires to introduce a trimming procedure, in order to avoid parts of the distribution for which some
f,g(,BTZ,-) are too close to zero. Such trimming procedures (generally working in two-steps), that can be extended straight-
forwardly in our case, have been investigated in detail for example in Lopez et al. [28].

Let A denote a generic set of functions with envelope F. For a probability measure Q, let A(¢, A, || - [l2.¢) denote the
number of [?(Q)-balls required to cover the set of functions A, and

N(e, A)= sup N(elFlza, A Il - lI20)
Q:[[F|l2,@ <00

Assumption 19. A is a class of functions bounded by 1 such that N(e, A) < Ce™". Moreover, for ¢ € A, let my(y) = E{¢(X,
Z)|BTZ = y}. Assume that the functions m, are twice continuously differentiable, and their derivatives up to order 2 are
upper bounded by some finite constant M that does not depend on ¢.

We first state Lemma 14, that yields consistency rates for kernel weighted sums.

Lemma 14. Let £ denote a class of functions satisfying Assumption 19. Under Assumption 17, we have

1 Tz _ Tz — BT .

—sup sup Zx(x,,z, K <H>—E{A(X;,Zi)l< (ﬂ’“)} = Op{(Inn)"/2n~"2p~1/2},

nh rec peB,zez h h
Proof. Let

- (B'Z —ﬁTZ> { ~ (ﬁTZi —ﬂTZ>}
B = su MXi, Z)K| ——— | —E{AMX, Z)K | ———— R
ﬂzli ; i Zi) ( i (Xi, Z;) P
and
B'Z — ﬂTZ>
B. =E{ su SAXI,ZI( —_— R
D

where (&;)1<i<n are iid Rademacher variables. Due to Proposition 9, we have

Pr{B > Ai(B; +t)} < 2[exp{—A,t*/(nh)} + exp(—A,t)], (C3)

where A) is a constant. Indeed, since the functions A are uniformly bounded by 1,

T T
sup var {A(X, Z)I? (%) } = O(fl).

B.z,A

Next, observe that the class of functions
d B'z—pu P +
Ly =18 RY x 2 > R, (x,2) > A(x, 2)K T ruezZ,BeB heR},

satisfies the assumptions of Proposition 10 with 2 = O(h) and that, for some C and v,

N(e, L) < Ce™". (C4)



The property (C.4) can be obtained from the following: Lemma 22 in Nolan and Pollard [31] shows that N(¢g, K) < Coe™"2,
where

T, T
K= {(xz)eRdeHK</“hﬂ>

:ueZ,ﬂeB,ﬁeR*}.

Using Assumption 19 and Lemma A.1 in Einmahl and Mason [13], we get that £; = £ K satisfies (C.4).
Therefore, we can apply Proposition 10 to deduce that

B, < An'?h'2(—Inh)"? = A’n'2h"?(Inn)'/2. (C5)
It follows from (C.5) that, for t; > 2A;A”,

Pr{B > t;n"/?h"?(Inn)"/?} < Pr{B > A8, + t;n"?h"/*(Inn)"/?/2}.
Applying (C.3) with t = t;n"/2h"2(In n)'/2/(2A;), we get

Pr{B > t;n'2h"2(Inn)"/2} < 2[exp{—A,t? Inn/(4A%)} + exp{—A,t;n'2h*(In n)"/2/(2A1)}1,
and the result follows. O

This lemma is the cornerstone of Lemma 15, which ensures consistency rates for ﬁﬁ and its derivatives.
Lemma 15. Let A denote a class of functions satisfying Assumption 19. Then, under Assumptions 17 and 18,

sup sup = Op{f® + (Inn)"*n~12h=172},

¢pc A BeB,zeZ

f o(x, 2)(F5(dx|82) — Fy(dxlfT2)

Proof. Write

. . 1 . BTz — BTz
mg(B'2) = / d(x, 2)Fg(dx|pT2) = ———— Y H(Xi, Z)K <7)
¢ 4 nhfs(872) ; i

where
Z (ﬂTZ: 5TZ>
i 4 v h ’
is an estimator of the density fz(8z) of 87Z evaluated at 8" z. Let
. 1 o . (B7Z— BTz . .
g (B12) = —= > X Z)K (%) = fg(B' 2)fp(B 2),
i=1

and my(B72) = my(B2)fs(B " 2). It follows from Lemma 14 that

A oaT A aT 2 aT 2 aT (Inn)'/2
ﬁSUlf;|m¢(/3 z) - E{my(B 2)}| + 5;1P|fﬂ(ﬂ z)—E{fs(B 2)}| = 0p { } .

nl/2h1/2
Moreover, using classical arguments on kernel estimators (and Assumptions 19 and 17), we have

sup |E{fg(B72)} — my(B2)| + s;mE{fﬂ(ﬂTz)} —f3(B2)| = o).

The result of the lemma follows from the fact that the density f3(8 " z) is bounded away from zero by Assumption 18. [

Lemma 15 allows to verify Condition (C.1) by considering ¢(x, z) = 1(x < xo), for some constant vectors Xo. This shows
that, in this case, &9 = h°+(Inn)'/2n~"/2h~'/2 It also permits to obtain the uniform consistency rates for V;F4 forj € {1, 2},
with

. Inn)/2 . Inn)/2
En1 = h* + %, En2 = B+ ( nfls)/z
Indeed,
A 1 < . (877, — BTz
Vihg(B'2) = — > X < %)z - 2k (ﬂlﬁﬂ) :
i=1

and the convergence of this term can be studied using Lemma 15, but replacing K by K’, and setting ¢(X,Z) = 1(X <
X)(Z — z). The latter function is indexed by (x, z) that lives into R? x 2, defining the convenient class A to apply Lemma 15.
The other terms obtained by differentiation can be studied in the same way.



Hence, the latter results allow to verify whether Assumption 6 holds. Indeed, under some (light) conditions of regularity,
we have obtained that

sup [2(B, B72) — t(B, B z)| = Op{° + (Inn)"/*n~"2p~ 112},
BeB,zeZ

sup |Vs2(B, B7z) — Vgt(B, B 2)| = Op{h° + (Inn)"2n~ Y232},

pBeB.zeZ
and
sup |V3E(B. B'2) — V(. B72)| = Op{l* + (Inn)'n 120572,
BeB,zeZ
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