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Chapter 1

Effective Coefficients and Local Fields of
Periodic Fibrous Piezocomposites with 622
Hexagonal Constituents

Ransés Alfonso-Rodriguez, Julidn Bravo-Castillero, Renald Brenner, Radl
Guinovart-Diaz, Leslie D. Pérez-Fernandez, Reinaldo Rodriguez-Ramos, and
Federico J. Sabina

Abstract The asymptotic homogenization method is applied to a family of boundary
value problems for linear piezoelectric heterogeneous media with periodic and
rapidly oscillating coefficients. We consider a two-phase fibrous composite consisting
of identical circular cylinders perfectly bonded in a matrix. Both constituents are
piezoelectric 622 hexagonal crystal and the periodic distribution of the fibers follows a
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2 Ransés Alfonso-Rodriguez et al.

rectangular array. Closed-form expressions are obtained for the effective coefficients,
based on the solution of local problems using potential methods of a complex variable.
An analytical procedure to study the spatial heterogeneity of the strain and electric
fields is described. Analytical expressions for the computation of these fields are
given for specific local problems. Examples are presented for fiber-reinforced and
porous matrix including comparisons with fast Fourier transform (FFT) numerical
results.

1.1 Introduction

At the beginning of the nineteen nineties, different homogenization techniques were
applied to investigate the macroscopic or effective properties of periodic piezoelectric
composites (Galka et al, [1992; Maugin and Turbé, |1991; Telega, [1991; Turbé and
Maugin, |1991). The initial studies of the effective dynamical properties of periodic
piezoelectric composites by considering Bloch expansions were reported in|Telega
(1991)); Turbé and Maugin (1991). The method of I"-convergence was used to study
the static effective properties without dispersive behavior. In|Galka et al (1992), the
two-scale asymptotic homogenization was applied for thermo-piezoelectric heteroge-
neous media.

In this framework, the computation of the effective properties depends on the
solution of the so-called local problems. Many works have been devoted to the
application of analytical and numerical techniques for solving the local problems,
see, for instance, Berger et al| (2003, |2006); [Bravo-Castillero et al (1997|1998 [2001);
Galka et al| (1996); |Otero et al|(2003); Rodriguez-Ramos et al (1996); |Sabina et al
(2001). In general, those efforts have been addressed to piezoelectric composites
whose constituents exhibit a 6mm symmetry class which are of interest in smart
materials applications.

The purpose of this work is essentially twofold. Firstly, to provide closed-form
expressions for the effective coefficients of fibrous composites with piezoelectric
components which belong to the 622 hexagonal symmetry (Nyel [1957) and with
a rectangular distribution of the fibers. These results generalize those published in
Lopez-Lopez et al| (2005); [Aguiar et al (2013) where the periodic cell is a square.
Secondly, to describe a procedure to obtain analytical expressions for the components
of both the local strain tensor and local electric field intensity vector.

These studies could be interesting for the modeling of biomaterials in bone me-
chanics applications (for instance, collagen is a natural substance which possesses
the 622 symmetry, see Fukada|1984). InTelega (1991), for the first time, the appli-
cation of homogenization methods for finding the effective piezoelectric properties
of compact bones was sketched. However, up to now, few papers on composites
with 622 symmetry have been reported (Aguiar et al| [2013} |Alfonso-Rodriguez et al,
2017; Lopez-Lopez et al, 20055 [Sevostianov et al, [2014).

The paper is organized as follows. In Sect. a family of boundary value prob-
lems for periodic piezoelectric media with rapidly oscillating coefficients is presented

Page: 2 job: editor macro: svmult.cls date/time: 25-Jan-2018/8:32



1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 3

in matrix notation. The main steps of the asymptotic homogenization procedure to
obtain the averaged problem, the local problems, the effective coefficients and the
components of the local fields, are summarized. In Sect.[T.4] the homogenization
model is applied to the case of unidirectional fibrous composites with 622 piezoelec-
tric phases and a rectangular periodic cell. The relevant local problems are solved
based on the theory of functions of a complex variable and closed-form expressions
are derived for the corresponding effective coefficients. Analytical expressions are
also explicitly given for the components of the strain and electric local fields asso-
ciated with particular local problems. In Sect.[I.6] some numerical examples are
presented and the accuracy of the results is assessed through comparisons with results
derived from the FFT numerical scheme (Brenner, 2009, 2010).

1.2 A Boundary Value Problem of the Linear Piezoelectricity
Theory

Let Q C R3 be a three-dimensional domain with infinitely smooth boundary 9.
The material properties of a piezoelectric body occupying €2 are described by elastic
(ciju), piezoelectric (e;j;), and dielectric (k;;) coefficients. These coefficients are
assumed to be differentiable, rapidly oscillating and €Y -periodic functions in the
local variable y = x/€, where x = (x],x2,x3) € Q is the global variable, € > 0 is the
usual small geometric parameter, and Y is the periodic cell.

The material functions are defined by

X X X ..
ijkz(x)=cz‘jkl<g)v efjk(X)Zeijk(g>a Kfj(x):,c,-j(g), i,j,k=1,2,3,

which are denoted in a unified fashion by A ;; = (a’;l’") it where
W)=

ik i4 4k 44
aji = Cijkt, @i = enj, Gy = ek, dj =~ K
The material functions satisfy the usual symmetry conditions
ik _ jk _ il _ ki i _j4 4k _ 4l 44 _ 44
ay=ay =dy=a, dy=ay, dj=dy, dj=d;, (1.1)

and we will assume that there exist a constant > > 0 such that, for any symmetric
matrix ¢ = (g;;) and any vector a = (a;)
aik(x) > a0 44() > (1.2)
Jjl qijqkl = 74ijqij, dj; \X)a;a; = xajd;. :

Note that the summation rule on the repeated indices will be used throughout the
paper.

A boundary value problem for the system of equations of linear piezoelectricity
can be written as
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4 Ransés Alfonso-Rodriguez et al.

a € a € _

Ut(x) = U(x), x€dQ, (1.4)

where U® (x) = (uf (x),u5 (x), u§(x), vg(x))T and U (x) = (& (x), 2 (x), @3 (x), ¥ (x))"
represent the unknown and the prescribed boundary conditions, respectively. The
superscript T stands for transposition. Equation (1.3) represent a system of partial
differential equations to find the mechanical displacement field u® = (u,f) and the
electric potential v&. The problem (1.3)-(1.4) describes the piezoelectric state of a
composite material that occupies the domain £2 and is free of external forces.

1.3 Homogenization, Local Problems and Effective Coefficients

In this section, the asymptotic homogenization method (AHM) (Bakhvalov and
Panasenkol, [1989) is applied to the family of problems (1.3)-(1.4). More specifically,
the methodology used in |Sixto-Camacho et al (2013) is followed.

The solution of (1.3)-(1.4) is sought in the form

U (x) =UO (x,y)+eUD(x,y) +---+€UD (x,y) +..., (1.5)

where ’

Ul = ( §’>,u§’),u§’)7v<">) o i=01.2,...,
being u,(co) (x,), u,(<]>(x7y),..., vO(x,y), v(U(x,y), ... infinitely differentiable and
Y —periodic functions with respect to y. Substituting into (L.3)—(L.4), applying
the differentiation chain rule and equating to zero the terms corresponding to equal
powers of & (from e 2,71, €%, ...), a recurrent family of partial differential equa-
tions is obtained. From the term corresponding to €2, it is possible to conclude
that the non-perturbed terms of the asymptotic are independent of y, that is
v = yo (x). From the term that corresponds to £~! the local problems are
obtained, which have a solution U!) (x,) in the class of ¥ —periodic functions with
respect to y. Such a solution can be expressed using the method of separable variables
as follows
oUW (x)

)
dx,

_(EO) )
¥ < >k,ql,2,3,

U (x,y) = NP (y) (1.6)
with
Ori(y) I17(y)

where the matrix N?(y) is a Y —periodic solution of

(;ij (Ajp ) +Aj () al\(g;f”) =0.

(1.7)
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 5

Based on the periodicity and ellipticity of the material coefficients it is possible to
apply the theorem of the Appendix of Sixto-Camacho et al (2013) to prove that
equations have a unique Y —periodic solution up to an additive constant. The
problems involving such equations are the so-called local problems. The solutions of
such problems play an important role for the calculation of the effective coefficients.
Usually, the condition of null average of the local functions (i.e., (N? (y)) = 0) on
the periodic cell is imposed for uniqueness. The angular brackets denote the average
per unit volume over the cell i.e.

o
500 = 171 / g(y)dy.

On the other hand, from the terms corresponding to £€°, we obtain the homogenized
problem

PR (%)
- Q 1.
U9 x) =0(k), xe0Q. (1.9)
and the effective coefficients A pg> which are defined by
JNP
Ay = <A,,q(y)+Apl(y) ayfy)>' (1.10)

The terms U (x,y) (i > 1) of (I.3) can be also expressed in separable variables by

U0 (x)

U (x,y) = NPPEPiot (y) o e
pPapy -+ OAp;y

(1.11)

where NPP1-Pi-1 are Y —periodic solutions of certain partial differential equations
which can be found in Eq. (4.13) of |Sixto-Camacho et al|(2013).

1.3.1 Explicit Form of the Homogenized Problem, Effective
Coefficients and Local Problems

From (1.8)—(1.10), it is possible to obtain the explicit form of the homogenized
problem

22" (x) 92v0) (x)
giﬂdW gmljm —O7 XE.Q, (1]2)
2,(0) 2,,(0)
du, ' (x) 2*v9(x) _0., xco, (1.13)

e ——t K, 2
SR 0xi0x; ™ 9x:0x,
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6 Ransés Alfonso-Rodriguez et al.

u () =i (x), VO (1) = ¥(x), x€dQ, (1.14)
and the effective coefficients
Cijpg = <Ciﬂ<1 [6kp51q+€kl,y (qu)} +€lija(;,®y[;q>, (1.15)
€jpg = <ejk1 [8kpig + €xy (EP)] — Kjlagy[;q>, (1.16)
Epij = <elij {3117‘*‘ 881;7’] + Cijki€kly (Tp)>, (1.17)
Kip = <Kil [51p+a£1p} — €iki€Lly (Tp)>7 (1.18)

where 0y, is the Kronecker’s delta and

1 8uk 8u1
€ (1) = 5 <8§1 + 9&() .
The local functions £/, @74, ;" and IT” are Y -periodic solutions of the following
problems on the cell Y:

e Problem L?7: Find the Y-periodic functions Z/'?, @7 such that:

P _ 0 .
= Cijkl [5/(,,5144-6/(1‘}, (:pq)] +eyj—— =0, inY,
dy; My
P Py (1.19)
Tyj {ej'k[ [51{1,5[,]4-61{[’},(51"])] - Kﬂayl} =0, nY.
e Problem L”: Find the Y-periodic functions Y;”, IT? such that:
0 oIr?
> {ezij [51,74- } +Cijki€kiy (Tp)} =0, inY,
Vj I '
j (1.20)
0 oIr? » .
Tyj K1 SIPJFT)’I — €jki€kly xrrys =0, inY.
1.3.2 Local Fields
Now boundary conditions (1.14) are given by linear functions of the type
ﬁk (x) = é]dxh \% (x) = —E[xl7 (121)

where &, and E; are the components of a constant strain tensor and a constant electric
field intensity vector, respectively on the boundary of the composite. Under these
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 7

conditions, the functions u](co) (x) = &yx; and v (x) = —Ejx; represent the solution

of the homogenized problem (I.12)-(1.14). So the linearity of U(% (x) implies that
U (x,y) =0 for i > 1. Consequently, the components of the asymptotic expansion

(1.5) take the form

uf (x) = 8ux; + € [8,gE () — E,XF] (1.22)
Ve (x) = —Epx; + € [£,,07 (y) — E,IT7] . (1.23)

Therefore, it is possible to obtain the components of the local strain field
&t () = Epg [SepOig + €ty (EP9)] — Eperay (Y7) (1.24)
and the components of the local electric field intensity

A

. orrr) . 9@
E/(v¢)=E, [51,1—1— o } — &y Sy (1.25)
where 5
€ VE
El (V ) = axl

Note that the fields defined by (1.24) and (I1.25) only depend on the local variable y.

1.4 Application to a Binary Fibrous Piezocomposite with Perfect
Contact Conditions at the Interfaces

In this section, we apply the previously described method to a particular composite.
We consider a two-phase fibrous composite consisting of identical circular cylinders
embedded in a matrix. Both components are homogeneous piezoelectric materials.
The axis of the fibers is parallel to the x3-axis. The periodic distribution of the fibers
follows a rectangular array as shown in Fig. Perfect contact conditions on the
interface X between the fibers and the matrix are assumed. The application of the
above described homogenization process leads to (1.12)—(1.20), with the addition of
contact conditions on the interfaces.

The local problems (1.19)—(1.20) on the periodic cell ¥ can be written as (Bravo-
Castillero et al, |2001}; [Sabina et al, [2001):

e Problem L": To find the Y-periodic functions Z/'? and ©”7 such that:

Os5s =0, in Y, (1.26a)
DY —o, in ¥, (1.26b)
EM] =0, on X, (1.26¢)
[6P] =0, on X, (1.26d)
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8 Ransés Alfonso-Rodriguez et al.
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Fig. 1.1: Description of the cross-section of a two-phase fibrous periodic medium
and the rectangular periodic cell

[[Gl%ql’ls]] =— [[c,-(;pq]] ng, on X, (1.26e)
[D%ns] = — [espg] n5, on  Z, (1.26f)
<E,fq> =0, (1.26g)
(®71) =0, (1.26h)
with
o = ey (290) + 00, a2
Dg’l(y) _ 6(5}21 €ay (EPQ(Y)) _ Ké?}?@li‘i(?’) (127b)

e Problem L?: Find the Y-periodic functions Y}Cp and IT? such that:

oh¥ =0, in ¥, (1.282)
Dy¥ =0, in ¥, (1.28b)
[x]=0, on Z, (1.28¢)
[[17]=0, on Z, (1.28d)
[[Gi]:s,ancs]] =—[epis] ns, on I, (1.28e)
[D4ns] = — [Ksp] ns, on I, (1.28f)
(¥ =0, (1.28¢)
(") =0, (1.28h)
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 9

with
o = aca (117) el (1200
ng _ e% . (Tpm) _ Kg Hfim» (1.29b)

where ng are the components of the outer unit normal vector to the interface X, and
[1= ()Y — (-)®?) denotes the contrast across £ taken from the matrix to the fiber.
0;s and D are the components of local stress tensor and electric displacement vector,
respectively. The Egs. and are the corresponding equilibrium relations
of solids bodies; (1.26b) and (1.28b) are the quasi-static approximation of Maxwell’s
equations in the absence of free charges. Perfect contact conditions on the interface
are represented by (1.26¢)—(1.26f]) and (1.28¢)—(1.281). Conditions for uniqueness
are given by (1.26g)—(1.26h) and (1.28g)—(1.28h). Formulae (1.27a)—(1.27b) and
(1.29a)—(1.29D) are the local constitutive relations. The Latin indices run from 1 to
3, and the Greek ones from 1 to 2. The comma denotes partial differentiation with
respect to the local variable y.

1.5 Local Problems for Fibrous Composites with Constituents of
622 Hexagonal Class

In this work, we solve the local problems for the case corresponding to matrix and
fibres made of piezoelectric materials with 622 hexagonal symmetry (Nyel [1957).
These materials are characterized by eight independent constants (k, m, [, n, p, s, t
and u), which are given by five elastic constants

2k =ci111 e, 2m=ciii1 — 1122 = C1212,
I=c1133 =233, Nn=03333, P =CI313 = C2323;

one piezoelectric constant
' = —e13 = €213 = ex31 = —e13
and two dielectric permittivity constants
I =K1 =K, U=K33.

Consequently, the local problems L!', L??, L*3 and L'? are exactly the same purely
elastic problems which were solved in|Nava-Gomez et al/(2012) to obtain the effective
coefficients ¢y, C2211- €3311- €222+ €3322+ €3333 ad €215 On the other hand, from
L? one obtains that k33 = (u). Therefore, only four local problems (L'3, L?, L' and
L2) are relevant to obtain the remaining nonzero effective coefficients, which are

C1313 €2323, €213> €123- K11 and Kp».
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10 Ransés Alfonso-Rodriguez et al.

In the local problems LB, 123 ! and I2, the relevant constitutive relations (1.27)
and (1.29) can be summarized as

031 = peizy — s En, (1.30)
o3 = —s'€x3y +1E), (1.31)
Dy = peyy+5'Ey, (1.32)
Dy = s'€13,+1E;. (1.33)

Thus, only three material properties are here involved: the longitudinal shear modulus
p, the shear stress piezoelectric coefficient s and the transverse permittivity constant
t. The next subsections will be dedicated to the solution of these local problems and
the further computation of the related effective coefficients.

1.5.1 Local Problems L** and L'

These two problems can be stated in a unified form as follows

AZY) =0inY,, (1.34a)

A0 =0inY,, (1.34b)

[E]=0o0onZX, (1.34c)

[6] =0onZ, (1.34d)

[[(pE}l — s'@,z) n+ (pEg +s’®71 ) ngﬂ =Anpon X, (1.34e)
[[(S’Eg —t@,l) ny — (S,E,l +t@72) ngﬂ =BnjonkX, (1.34f)
() =0, (1.34g)

(©) =0, (1.34h)

where A is the two-dimensional Laplacian. Therefore, the solutions Z(?) (= 332 3(7))
and O (= @23(7)) are doubly periodic harmonic functions of the complex variable
7 =1y1 + iy, defined in the rectangular cell Y with periods w; = 1 and @, = ai. The
values of A and B in the right hand side of equations and for L*3 are
— [p] and — [s] respectively. However, for the local problem L!, these values are
A= —[s'] and B = [1], whereas £ (= 7'31(7/)) and @) (= IT')).

The solution of is sought as follows

(=gl % 0 w

= (1)3{ alerkE:l ag =1 ([ (1.35a)

oW(z) =R oy, + f”b SaiC] (1.35b)
9= o = k- [ '
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 11

ED()=3 { i ckzk} : (1.35¢)

0¥(z) =R { i diZ* } , (1.35d)
k=1

where ay, by, ¢ and dj, are real and undetermined coefficients, R{z} and 3{z} are,
respectively, the real and imaginary part of the complex number z, and {(z) is the
quasi-periodic Weierstrass Zeta function; whereas ¢*) (z) denotes the k-th derivative
of periods @, and . The superscript “o” indicates that the summation is carried out
only over the odd indices. & (") is an even function of 0, with z = Re'®, and oW is
an odd function of 6.

The expressions for the undetermined constants 8, can be obtained from the
quasi-periodicity of §(z)

C(z+ o) — &(z) = Ous (1.36)
where
-2 (%)

and Legendre’s relation is fulfilled (see, for instance |Lang, [1993).
The Laurent expansion about the origin for Z(!) and @1 can be written as

W) =3 {Zoazzl Y a)’ knkzzl}, (1.37a)
k=1 I}

I= =1

—_

W) =R Y bz~ Y b Y kmjd p (1.37b)
=1 =1 =1
with
5 4l (k+1-1)!
nn:@, TIhZa, nkzzn,Q:TSkH for k,l#1,

(1.38)

and the lattices sum Sy, is defined by
Sesr =Y (moy +nan) ™ k41>3, (1.39)

m,n

where the prime on the summation means that it excludes the term m = n = 0. Now

we use contact conditions (1.34c)—(1.34f) to derive the following relations between
the undetermined coefficients

Rle)=— (Rlal +Y7 knk,Rlak> , (1.40a)
k=1
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12 Ransés Alfonso-Rodriguez et al.

Rldy =R "b,— Y " kmjR by, (1.40b)
k=1

ARGy = (p)+p®) R e - [[p]](Z knk,R’ak>+[[s’}]< ’b,—Z”kn,ilR’bk)
k=1

(1.40¢)

BRSy = [s] (R’al+20knk1R’ak> - (t(l)“( ) R™'b 1] (Zokanlbk)
k=1 k=1

(1.40d)

for [ =1,3,5,... Note that the coefficients a; and b, from (1.40c) and (1.40d) are
solutions of an infinite system of linear algebraic equations.

In order to solve the system (1.40), it is convenient to introduce the following
change of variables

a =VIR—la, b =vIR—Ib;,, &=+VIRlc;, dy=+VIRld;. (1.41)

Thus, now we can write (1.40) as

(I+W)T, = Ts, (1.422)
(I — W0, = B, (1.42b)
o0, + oM, + 0P W, + P W'y, =1, (1.42¢)
oV, + o0, + 0w, + B W', =, (1.42d)

where [ is the identity matrix, and the components W and W’ for k = [ =1 are
)
Wi = QRZ, wh = ‘R2 (1.43)
(0))

and, otherwise,
, (k+1—1)! R

Wkl = Wy = Sk1-
T k=D D)! VaVE
So, both W and W’ are real, symmetric and bounded; then we can use classical results
from the theory of infinite systems (Kantorovich and Krylov, |1964). Furthermore,

(1.44)

U = (a1,ds,ds,...)" m2=(51753,55,---)T7 (1.45)
Q]3=(5],53,55,...)T, %4=(d~|,d~3,a75,...)T. (1.46)

and all components of Vi and V; are zero except the first ones, which are equal to
Ry, and Ry;, respectively, in L>, and to —RY,, and —RY/ in L'

[P] N L (147)

X =501 o %= @)
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 13

!/
I __ I
Xp = 0 1y %= (148)
Moreover, matrices ®(®), of components (pl(;?, are non-symmetric matrices and can
be defined as

(p(l):{ ;/ fﬂp] o® — { X;/ };ﬂ (1.49)
—X — At t

Note that the knowledge of 2 and U, is enough to solve the system (1.42). Equations
(1.42¢) and (1.42d) can be transformed into

01101 + 0 Ur + WG =V, (1.50a)

02101 + 00y +W'By =V, (1.50b)
or, in matrix form

0, W O | |W

where the O denotes the null matrix and, in L>, only the first component of V; is
nonzero, and equal to R; and in L, only the first component of V; is nonzero, and
equal to —R. Besides, we have

v !
= [gb(z)} ¢<1>:Al Xt Xpxe —2p (14 21)

)

X (L) Xp =22 (1.52)
A= XpXe + Xp 205
In order to solve the infinite system it must be truncated as follows
HY =V, (1.53)

where U = (U1;,02)7 and V = (V1;,V,)7, for i = 1,3,...,2n9 — 1. The natural
number ngy denotes the truncation order.

The general form of the components of the principal matrix H = (h;;) of
can be defined as follows:

hii = Q11 +wi;,
foriodd< hij =w;;, if jodd,
hiiv1 = @12,
hij = his = O +W;71571, . (1.54)

/
i—1j—1s

hii—1 = @21,

forievenq hjj =w if j even,
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14 Ransés Alfonso-Rodriguez et al.

From system (1.53) the values of d; and b; can be obtained using the inverse matrix
method to solve systems; and then the values of a; and b; by reversing the change of
variables described in (1.41), resulting in the following formulae

a; = RAU, bi =RHi\U, (1.55)

where %7 is the i-th row of H~!, which is the inverse matrix of H.

1.5.2 Effective Coefficients Related with the Local Problems L*
and L'

The nonzero effective coefficients which can be computed from the local problems
L?3 and L' are

oy = pv+(pEH —5'07), (1.56)
—e1p3 = 5, + (S EFy+107) =5, + (phy, + ST}, (1.57)
ki = t+ (I} —5'1,), (1.58)

where p, = clp(l) —|—6‘2p(2), withc; +co=1and ¢y = 7rR2/a.

After that, the application of Green’s theorem, the doubly periodicity of the local
functions and the conditions on X leads to the following expressions (see, for instance,
Sabina et al, 2001} |Aguiar et al, 2013)

2
303 = pV <1 + a“?) ; (1.59)
2D 2npt)
—e1y3 = s/ (1 + PO b?) =5 (1 era{ , (1.60)
iy =1 (1 - Zfbi) , (1.61)

where only the residues a; and by, of Z(1) and @), are relevant for computing such
effective coefficients. The superindices on a; and b; indicate the local problem which
is solved in order to use the formulas (1.53) fori = 1.

1.5.3 Local Problems L'> and L? and Related Effective Coefficients

The study of the local problems L'3 and L? and the related effective coefficients
is very similar as above. Then only the main results will be summarized in this
subsection.
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 15

The simultaneous formulation of these problems consists in to find the doubly
periodic functions Z(") and @) such that:

AEW =0inY, (1.62a)

A0 =0inY,, (1.62b)

[E]=0o0nZX, (1.62¢)

[] =00n X, (1.62d)

[[(pEyl — s/Qz) ny+ (pE}g +s’®’1) I’lz]] =Cnjonk, (1.62¢)
[(sZ2—101)n1 — (SE1 +102)ny] =Dnyon X, (1.62f)
(Ey=0, (1.629)

() =0. (1.62h)

The solutions Z () (= 5313(7)) and @) (= ©@'3()) are Y -periodic harmonic func-

tions depending on z = y; + iy, with periods @; = 1 and @, = ai. The values of C
and D in the right hand side of equations and for L'3 are — [p] and
[s'], respectively. For the local problem L', these values are C = [s'] and D = [¢],
whereas (1) (= 1-32(7)) and @) (= I12).

According to the interface conditions and (1.62f), the solution of is

sought as

gt <k71>(z)
2 (z) :9{{_62(1 2+ Y a C}, (1.63a)
" ,;1 =)
@(1)( )_S —ﬁb _|_i“b M (1.63b)
Z)= o 1< = k (k*l)' ) .

Yy’ Ckzk} , (1.63¢c)

0W() =3 {i dkzk} . (1.63d)
k=1

Furthermore, using similar ideas to those discussed previously, the following
formulae for the related effective coefficients can be obtained

2
ciziy = p (1 - aaP) ; (1.64)
2m() 2np)
€13 = *S/(l) (1 + a_s‘/(l)bP) = S,(l) (l + ma% ) (165)
(1) 2r ,
Ky =t 1+7b1 N (166)
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16 Ransés Alfonso-Rodriguez et al.

where a; and b are also the residues of ZW and @),
Now, by using the change of variable (1.41) it is possible to arrive to the infinite
system to compute @; and by:

(I—M)T) =T, (1.67a)
(I+M')0, = —Vy, (1.67b)

(1) () @ @ v, — O
y, +yDw, +yPms, +yPmrg, = v, (1.67c)
i, + vV, + v mw, + v, =, (1.67d)

where the only difference to system (1.42) is that

S
my = R, ) :§R27 (1.68)
(0]] (07}
and, otherwise,
, (k+1—1)! R
= = Skai- 1.69
Besides,
m_[ 1 ~2 @ _ [% —%
P = , , v = , (1.70)
—X -1 X X

and, as above, we find the matrix ¥, which is given by

1
A

Xt —Xl/;lt/ _7(1/; (1+x)

—1
yw_ (w@| @) _
[ } =2 (L+2p) —Xp+ 202

. (1.71)

Therefore, we can write the system in the following way

RIS MO ||| _ |V
vlo] (o] ] =) a2
where only the first components of V| and V; can be different from zero, and equal to
R. In the case of problem L'3, the first component of V; is the one that is nonzero; in
the case of problem L2, only the first component of V5 is equal to R.

System (1.72) can be written in the form (1.53) with the particularity that the
components of the principal matrix H = (h;;) are defined by

hii = Y1 + my;,
foriodd{ h;j =m;;, if jodd,
hiiv1 = Y12,

1.73
hij =W +m_y;_;, (1.73)
forievenq hijj=m_y; ;, if jeven,

hii—1 = Va1,
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1 Effective Coefficients and Local Fields of Periodic Fibrous Piezocomposites 17

Finally, the corresponding values of a; and b; can be computed by using Eqs.
(1.55), respectively.

1.5.4 On the Computation of the Local Fields from the Solutions of
the Local Problem L'

As we can note, the analytical solutions of the local problems are expressed in terms
of the local coordinates p and 6. However, to study the behavior of the local fields
(1.24) and it is necessary to compute their derivatives with respect to the
Cartesian coordinates yg, and then the chain’s rule must be used

:Cosei_smO(? 0 :Sin0i+cos08

o p  p 26 o aptp ae Y

For instance, the solutions Z () (= 531 3(7)) and OV (= @'3), of the local problem
L3, can be written as

2np—1 2np—1 2np—1

E(U(p, 0) = Za a;p ' cos(10) — Zo ax Zo knup' cos(16), (1.75a)
=1 k=1 =l
2}1()71 2}’1071 211071
0W(p,0)=—Y"bp 'sin(16) — Y." b Y. knj,p'sin(16), (1.75b)
=1 k=1 =1
2}'10—1
ED(p,0) =Y’ cxpFcos(k0), (1.75¢)
k=1
2np—1
0% (p,0) = Y’ dip*sin(k6), (1.75d)
k=1
where the constants a;, b;,c; and d; (I =1,3,...,2n9 — 1) can be obtained from the

solution of (1.67a)—(1.67d) for a truncation order ny.

As an example, we consider the following homogeneous boundary conditions:
&3=1and é‘pq = 0, for the strain tensor components, and E » = 0 for the components
of electric field intensity vector. Then, Egs. (1.24) and (1.23) take the form

9o

e (y) = 8183+ 8381 +2eu, (E1), E(y)=-2 v

(1.76)

Finally, it is possible to compute the components of the local fields from the
solutions of the local problem L!3 as follows
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18 Ransés Alfonso-Rodriguez et al.

08} 05}
e3() =1+ 237 en(y) = : 1.77
13(y) s 23 () 2 (1.77)
8()13 a()13
Ei(y) =2 . By =2 . 1.78
1(») 7, 2 () 72 (1.78)

which can be computed by using the expressions (1.75) and the chain rule. A similar
procedure allows to obtain analytical expressions for the local fields related with the
solutions of the local problems L?3, L! and L.

1.6 Numerical Examples

Some examples are presented, which include comparisons between the analytical
results derived from the present model (PM) and those obtained with the fast Fourier
transform (FFT) numerical method (Moulinec and Suquet, [1998; Michel et al, [2001}
Brenner, [2009, 2010). For the case of a fiber-reinforced matrix, we have considered
the data previously used in [Lopez-Lopez et al| (2005). They correspond to a collagen
matrix with collagen-hydroxyapatite (HA) fibers. For the case of a porous piezoelec-
tric matrix, we have considered the data used in|Aguiar et al (2013) corresponding to
bone material (Table[L.1).

In Figs. the evolution of the effective coefficients with the fiber volume
fraction c¢; is shown. The range of variation of ¢, goes from zero up to the percolation
limit when two neighboring fibers or holes get in contact. The results are normalized
by the properties of the matrix. In Fig.[I.2} a square periodic cell (a = 1) is considered
and the results from [Ldpez-Ldpez et al (2003) are reproduced. In Figs.[I.4 and[T.5] a
rectangular periodic cell (for a = 2) is discussed. Finally, in Figs. [I.6]and [I.7} the
spatial distribution of the local fields is illustrated.

Table 1.1: Piezoelectric properties used for the computations (Lépez-Lopez et al,
2005 |Aguiar et al, 2013). €9 denotes the permittivity of free-space.

Collagen HA

Longitudinal shear modulus p (GPa) 1.400 2.697

Shear strain piezoelectric coefficient d = s’ /p (pC/N) 0.062 0.041

Transverse permittivity constant z/ep (no units) 2.825 2.509
Bone

Longitudinal shear modulus p (GPa) 8.2

Shear stress piezoelectric coefficient s (N/Vm) 2.214 %1073

Transverse permittivity constant 7/eg (no units) 6.85
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Fig. 1.2: The elastic, piezoelectric and dielectric effective coefficients for a two-
phase fibrous piezocomposite with a square (a = 1) periodic distribution of fibres.
Comparisons of the results obtained with the present model (PM) with those de-
rived by the FFT

1.6.1 Square Array Distribution

In Fig.[I.2] numerical results are shown for a fiber reinforced material with square
periodic cell (@ = 1). In this case the following equalities were numerically verified:
C1313 = C2323» K11 = Koy and €513 = —e;,3. Then, for simplicity, p, t and s’ are used
to denote the effective elastic, dielectric permittivity and piezoelectric coefficients,
respectively. Also, d = 5’/ p denotes the effective shear strain piezoelectric coefficient.
A truncation order ny = 2 is used for the computations with the present model.

A good agreement can be observed between the semi-analytical (PM) and the
numerical results (FFT). The curves corresponding to the present model reproduce
those published in |[Lopez-Lopez et al|(2005).

The results shown in Fig. [I.3] correspond to a porous material and, as in Fig.
the periodic cell is square. Here, the equalities ¢33 = €303 = K| = Ky, and
€513 = —e]o3 stand and were numerically verified. A good agreement between the
PM results and those from the numerical FFT method can be observed whatever the
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Fig. 1.3: The normalized elastic, piezoelectric and dielectric effective coefficients
for a piezocomposite with a square (@ = 1) periodic distribution of cylindrical holes.
Comparisons between the results derived from the present model (PM) with those
derived from the Fast Fourier Transform numerical method (FFT)

fiber volume fraction. The results shown for the present model were obtained using a
truncation order ny = 5.

1.6.2 Rectangular Array Distribution

In Figs.[T.4 and[I.5, piezoelectric composites with a rectangular periodic distribution
of the fibers are examined for a = 2. In Fig. [I.4] a two-phase composite with an
orthotropic effective behavior is studied. In Fig.[I.5, a porous piezocomposite which
preserves the symmetry properties of the matrix is considered. In both figures, an
excellent agreement can be observed, for all the range of fiber area fractions, among
the analytical (PM) and numerical (FFT) results and for all the normalized effective
coefficients. Note that both models capture the expected global behavior for each
type of composite. The truncation order used for the computations with the present
model was ng = 4.
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Fig. 1.4: The normalized elastic, piezoelectric and dielectric effective coefficients
for a two-phase fibrous piezocomposite with a rectangular (a = 2) periodic distri-
bution of fibres. Comparisons of the results derived from the present model (PM)
with those derived by the Fast Fourier Transform numerical method (FFT)

1.6.3 Spatial Distribution of Local Fields

The local fields defined by and depend on the solution of all local
problems. However, for specific homogeneous boundary conditions only one local
problem needs to be solved in order to compute the local fields. For instance, as
was shown above, the solutions of the local problem L'® are enough to compute
the local fields given by (1.77)—(1.78). In Figs.|[T.6]and [T.7] the distribution of the
components €3 and Ej, for a truncation order ny = 7 is plotted. In both cases the
radius of the fiber is R = 0.35. A significant variation is predicted in the matrix at the
fiber-matrix interface normal to the x| and x, axis respectively, and almost uniform
fields are predicted within the fibers. The latter is an expected result. Let us consider,

for example, the Eq. (1.77): using Egs. (I.75¢) and (1.74) it yields

8513 2n0701
S ey =1+ Y kep T eos(k—1)6. (1.79)
Iy =1

€13 (y) =14+
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Fig. 1.5: The normalized elastic, piezoelectric and dielectric effective coefficients
for a piezocomposite with a rectangular (a = 2) periodic distribution of cylindrical
holes. The results derived from the present model (PM) and those derived from the
Fast Fourier Transform numerical method (FFT) are compared

The sum in the right hand side of Eq. (1.79)5 can be easily majored by the sum
2np—1 1 k—1
o
lei] ) k() . (1.80)
k=1 2

Hence, the aforementioned sum should have little to nil influence in the final value
of the field inside the fiber, since the value of ¢ for the given data set is very small.

The results shown in Fig.[I.6 were obtained using the formula (1.77) correspond-
ing to the solutions of the local problem L'3, for homogeneous boundary conditions
of the type é,, = 81,83, and E,, = 0. This field is similar to that predicted via FFT,
as can be seen in Fig. where the relative error between the computation using
Eq. and the one using FFT is plotted, i.e. [PM — FFT| /PM. It can be seen that
in the matrix both methods coincide, while in the fiber they predict behaviors with
about a 20% difference. This difference can be explained by the little influence of the
sum in the right hand side of Eq. in the actual value of the field inside the fiber.
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(a)

(b)

Fig. 1.6: (a) Component €3 of the local strain field within the fiber composite
with square arrangement for an axial shear strain load é;3 = é31 = 1; (b) Absolute
error between the computation in (a) using the present model and the FFT
numerical scheme
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The variation shown in Fig.[I.7 was computed for homogeneous boundary conditions
of the type é,, = 0 and E » = 01, Such conditions transform (1.24) and (1.25) into

oyl a7}
€ =_-3 ¢ == 1.81
13 () I 23 (v) 7, (1.81)
oIT! oIT!
E(y)=14+—=—, E(y)=—. 1.82
1(y) 7, 2 () 72 (1.82)

Consequently, only the solutions of the problem L' are involved in (L.81). Notice that
again in Fig. [I.7]the relative error of the computations through the present method
and FFT was plotted and they show coincidence in the matrix, while the differences
inside the fiber are not greater than a 6%.

1.7 Concluding Remarks

Analytical formulae for the effective coefficients were obtained for binary fibrous
composites with 622 hexagonal piezoelectric components and a rectangular distri-
bution of the unidirectional circular fibers. These results contain as particular cases
those reported in|Lopez-Lopez et al (2005) and |Aguiar et al|(2013) where only the
square periodic cell was considered. Analytical expressions to study the fluctua-
tions of the components of the local strain and the local electric field intensity are
explicitly given. For the binary and the porous piezoelectric materials, the present
model has been successfully compared to the results obtained with the FFT numerical
homogenization method (Brenner, [2009} 2010).
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