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We study a membrane tube with unidirectional ion pumps driving an osmotic pressure difference. A
pressure-driven peristaltic instability is identified, qualitatively distinct from similar tension-driven
Rayleigh-type instabilities on membrane tubes. We discuss how this instability could be related to the
function and biogenesis of membrane bound organelles, in particular, the contractile vacuole complex. The
unusually long natural wavelength of this instability is in agreement with that observed in cells.
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The “blueprint” for internal structures in living cells is
genetically encoded but their spatiotemporal organization
ultimately relies on physical mechanisms.
A key contemporary challenge in cellular biophysics is

to understand the physical self-organization and regulation
of organelles [1,2]. Eukaryotic organelles bound by lipid
membranes perform a variety of mechanical and chemical
functions inside the cell and range in size, construction, and
complexity [3]. A quantitative understanding of how such
membrane bound organelles function have applications in
bioengineering, synthetic biology, and medicine. Most
models of the shape regulation of membrane bound
organelles invoke local driving forces, e.g., membrane
proteins that alter the morphology (often curvature)
[4–6]. However, other mechanisms, such as osmotic
pressure, could play an important role [7].
Membrane tubes are ubiquitous in cells, being found in

organelles such as the Golgi and endoplasmic reticulum [3]
and elsewhere. Models for their formation typically involve
the spontaneous curvature of membrane proteins [5] or
forces arising from molecular motors, attached to the
membrane, that pull tubular tethers as they move along
microtubules [8]. Many of these tubules may contain
transmembrane proteins that can alter the osmotic pressure
by active transport of ions. Most work on the biogenesis of
cellular organelles has focused on their static morphology
and generally not on their nonequilibrium dynamics. In
what follows, we consider an example in which the out-of-

equilibrium dynamics drives the morphology (Fig. 1). Our
study is inspired by the biophysics of an organelle called
the contractile vacuole complex but additionally reveals a
new class of instabilities not previously studied that are of
broad, perhaps even universal, physiological relevance.
The contractile vacuole complex (CVC) is an organelle

found in most freshwater protists and algae that regulates
osmotic pressure by expelling excess water [10–14]. Its
primary features is a main vesicle (CV) that is inflated by
osmosis and periodically expels its contents through the
opening of a large pore—probably in response to membrane
tension—connecting it to the extracellular environment,
thereby regulating cell volume [9,14]. Water influx into

(a) (b)

FIG. 1. (a) Diagram of the contractile vacuole complex. The
tube is shown connected to the main body of the CV (left). As
ions are pumped in, increasing the osmotic pressure, the tube
undergoes a swelling instability and undulations develop with
some wavelength λ. This phenomena is observed in the con-
tractile vacuoles of, e.g., Paramecium multimicronucleatum
[9,10]. (b) Schematic of a membrane tube with ion pumps and
surface undulations. An illustration of a representative ion pump
is shown in the top right.
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the CVC is due to an osmotic gradient generated by
adenosine-triphosphate–hydrolyzing proton pumps in the
membrane that move protons into the CVC [12,15–17]. In
many organisms, such as Paramecium multimicronuclea-
tum, the CVC includes several membrane tubular arms
connected to the main vesicles, which are thought to be
associated with the primary sites of proton pumping and
water influx activity [18]. The tubular arms do not swell
homogeneously in response to water influx, but rather show
large undulatory bulges with a size comparable to the size of
themainCV, leading us to speculate that thismight even play
a role in CV formation de novo. These tubular arms appear to
be undergoing a process similar to the Pearling or Rayleigh
instability of a membrane tube under high tension [19–26] or
an axon under osmotic shock [27], but with a much longer
natural wavelength: Rayleigh instabilities have a natural
wave length λ ∼ RwhereR is the tube radius. Herewe derive
the dynamical evolution of a membrane tube driven out of
equilibrium by osmotic pumping.
In the CVC, the tubular arms are surrounded by a

membrane structure resembling a bicontinuous phase made
up of a labyrinth tubular network called the smooth
spongiome. We assume this to represent a reservoir of
membrane keeping membrane tension constant and uni-
form during tube inflation. It is possible to implement more
realistic area-tension relations [26]; however, this is beyond
the scope of the present work.
The CVC is comprised of a phospholipid bilayer

membrane. This bilayer behaves in an elastic manner
[28,29]. At physiological temperatures these lipids are in
the fluid phase [3,29]. For simplicity, we will treat the
bilayer as a purely elastic, fluid membrane in the constant
tension regime, neglecting the separate dynamics of each
leaflet. The membrane free energy involves the mean
curvature H and surface tension γ [28,30,31]

F ¼
Z
S
dA
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κ

2
ð2HÞ2 þ γ

�
−
Z

ΔPdV; ð1Þ

where dA and dV are the area and volume elements on S, κ
is the bending rigidity, and ΔP is the pressure difference
between the fluid inside and outside the tube. Assuming
radial symmetry and integrating over the volume of the
tube, we obtain
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where rðz; tÞ is the radial distance of the axisymmetric
membrane from the cylindrical symmetry axis and z
measures the coordinate along that axis (see
Supplemental Material [32] for details).

We use Eq. (2) as a model for the free energy of a radial
arm of the CVC. Ion pumps create an osmotic pressure
difference that drive a flux of water to permeate through the
membrane. We calculate the dominant mode of the hydro-
osmotic instability resulting from the volume increase of
the tube lumen. We write the radius of the tube as
rðz; tÞ ¼ Rþ uðz; tÞ, with u assumed small, and make
use of the Fourier representation uðz; tÞ ¼ P

qūqe
{qz.

Absorbing the q ¼ 0 mode into R ¼ RðtÞ allows us to
write

R
udz ¼ 0. The free energy per unit length can be

written at leading order as

F ¼ F ð0Þ þ π

R

X
q

αðqÞjūqj2; ð3Þ

where
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Identifying the static pressure difference ΔP with the
Laplace pressure PL ¼ −κ/ð2R3Þ þ γ/R, the point at which
the q ¼ 0 mode goes unstable can be identified: the
membrane tube is unstable for tube radii R >

ffiffiffi
3

p
Req where

Req ¼
ffiffiffiffiffiffiffiffiffi
κ/2γ

p
is the equilibrium radius of a tube with

ΔP ¼ 0. This criterion for the onset of the instability is
the same as the Rayleigh instability on a membrane tube
[24]; however, the instability is now driven by pressure not
surface tension. This is a crucial difference. It leads to a
qualitatively different evolution of the instability, as we
now show. In what follows we are interested in the
dynamics of the growth of unstable modes after the cylinder
has reached radius

ffiffiffi
3

p
Req. Our initial condition is a tube

under zero net pressure, although the choice of initial
condition is not crucial. We assume that the number of
proton pumps moving ions from the cytosol into the tubular
arm depends only on the initial surface area; i.e., it is fixed
as the tube volume (and surface) varies.
We denote the number of ions per unit length in the tube

as n and write an equation for the growth of n as

dn
dt

¼
�
0; t ∈ ð−∞; 0Þ
2πβReq; t ∈ ½0;∞Þ; ð6Þ

where β is a constant equal to the pumping rate of a single
pump multiplied by the initial area density of pumps.
The density of ions ρI can be obtained by solving Eq. (6)

and dividing by volume per unit length vðtÞ,
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ρI ¼
nðtÞ
vðtÞ ¼

n0
vðtÞ þ

2πβReqt

vðtÞ : ð7Þ

The growth of the tube radius is driven by a difference
between osmotic and Laplace pressure [33]. This means the
rate equation for the increase in volume can be written in
terms of the membrane permeability to water. Assuming
that the water permeability (number of water-permeable
pores) is constant during tube inflation, we write the
volume permeability per unit tube length μ0 ¼ 2πReqμ,
where μ is the (initial) permeability of the membrane. Thus,

dv
dt

¼ μ0fkBT½ρI − ρIðt ¼ 0Þ� − Pg; ð8Þ

where the osmotic pressure is approximated by an ideal gas
law. This can be transformed into an equation for RðtÞ on
the time interval t ∈ ½0;∞Þ. We identify P with the Laplace
pressure. This leads to

dR̃
dt̃

¼ τpump

τμ

1

R̃

�
t̃

R̃2
þ
�
1þ γ̃

R̃

��
1

R̃2
− 1

��
; ð9Þ

where γ̃¼fγ/½kBTReqρIðt¼0Þ�g, τpump¼f½ReqρIðt¼0Þ�/
2βg, t̃ ¼ ðt/τpumpÞ, R̃ ¼ ðR/ReqÞ, and τμ ¼ fReq/
½μ0kBTρIðt ¼ 0Þ�g. τpump and τμ represent the time scales
of pumping and permeation of water, respectively. The
experimental time scale for radial arm inflation is consistent
with a value of τpump ∼ 1–10−1 s. These dynamics assume
our ensemble conserves surface tension, not volume (as in the
usual Rayleigh instability). This proves to be a crucial
difference.
Values of Req ¼ 25 nm, γ ¼ 10−4 Nm−1, and hence κ

are estimated using experimentally measured values from
[34,35]. We take a typical ionic concentration in the cytosol
of a protist for ρIðt ¼ 0Þ ¼ 3.0 × 108 μm−3 (around
10 mMol) [12,29,36]. Making an order of magnitude
estimate of β from the literature on the CVC [12,37,38]
leads to estimates of β ∼ 106–109 μm−2 s−1. Temperature is
taken as T ¼ 310 K. The permeability of polyunsaturated
lipid membranes is thought to be around μ ¼
10−4 μmPa−1 s−1 [39]. This permeability could be much
larger in the presence of water channels, but we find that
our results are rather insensitive to increasing the value of μ
because, for physiological parameter values, our model
remains in the rapid permeation regime, i.e., τμ/τpump ≪ 1.
This permits a multiple time scales expansion [40] of
Eq. (9). With γ̃ ∼ 10−3 ≪ 1, we find the approximate
asymptotic solution

R̃ðtÞ ¼
�

t
τpump

þ 1

�
1/2

þO
�

τμ
τpump

�
: ð10Þ

This solution agrees well with numerical solutions to
Eq. (9). Using Eqs. (10) and (4), we can compute the time

at which each q mode goes unstable (see Supplemental
Material [32]).
We now proceed to derive the dynamical equations for

the Fourier modes. The equations governing the solvent
flow are just the standard inertia free fluid equations for
velocity field v⃗. These are the continuity and Stokes
equations for incompressible flow

∇⃗ · v⃗ ¼ 0; ∇⃗P ¼ η∇2v⃗; ð11Þ

where P is the hydrodynamic pressure and η ¼ 10−3 Pa s is
the viscosity. The linearized boundary conditions are
vrjr¼R ¼ ̇uþ vp, where vp is the permeation velocity
(proportional to the hydrodynamic pressure jump across
the membrane: vp ¼ μΔPjr¼R), and vzjr¼R ¼ 0. The sec-
ond condition is justified by invoking the membrane
reservoir as a mechanism for area exchange.
Solving these equations and substituting into the mem-

brane force balance equation gives (in the small qR limit)

̇ūq ¼ −αLðqÞ
�
q2RðtÞ
8η

þ 2μRðtÞ
R3
eq

�
ūq; ð12Þ

where ūq is the Fourier representation of u in the z direction
(see Supplemental Material [32] for details). The response
function αL is obtained by replacing the static pressure
difference by the Laplace pressure PL in Eq. (4). Note that
the term involving μ, capturing mode growth due to
permeation, is only relevant for wavelengths λ > 100Req;
hence, we will discard it in our analysis for simplicity (but
retain it in the numerics, for completeness). The growth rate
for a given mode is now time dependent; hence, the mode
amplitude cannot be obtained from the maximum of the
growth rate, but depends on the growth history and must be
obtained by solving the full time-dependent problem. We
identify the instability as being fully developed when our
linearized theory breaks down. We defined the dominant
mode of the instability, called q̂, as the first mode with an

amplitude reaching
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hjūq̂j2i

q
¼ Req (a choice that does not

influence our results; see Supplemental Material [32]). This
occurs at t ¼ tfinal.
The fluctuations of modes with wave number q about the

radius RðtÞ follow the dynamics of the Langevin equation
based on Eq. (12)

ηðqÞ̇ūq ¼ −αLðqÞūq þ ζq; ð13Þ

where ηðqÞ ¼ ð8η/Rq2Þ and ζq, the thermal noise, has the
following statistical properties

hζqi ¼ 0 ð14Þ

hζqðt1Þζq0 ðt2Þi ¼ δqq0δðt1 − t2Þ
kBTR
πηðqÞ : ð15Þ

PHYSICAL REVIEW LETTERS 120, 138102 (2018)

138102-3



Here the thermal noise is found using the equipartition
theorem and is thus integrated around the tube radius.
Solving this Langevin equation for hjūqj2i, using an

initial condition of an equilibrium tube and the approximate
form of R̃ðtÞ [Eq. (10)] we find an integral equation for the
mode growth

hjūqj2i
R2
eq

¼ kBT
2κπð1þ q̃4Þ e

½Fð0Þ−Fðt̃Þ�

þ e−Fðt̃Þ
Z

t̃

0

kBTq̃2ðt̃0 þ 1Þ
κπ

τpump

τη
eFðt̃0Þdt̃0; ð16Þ

where t0 is a time variable integrating over the noise kernel
(in units of τpump), τη ¼ 8R3

eqη/κ, q̃ ¼ qReq, and

FðtÞ ¼ 2τpumpq̃2R̃ðtÞ
15τη

× f40 − 5t̃þ q̃2R̃ðtÞ2½3t̃ − 2þ 6q̃2R̃ðtÞ2�g: ð17Þ

Integrating this numerically, together with Eq. (10), we
can find the dynamics of the modes. The distribution of
mode amplitude against q is shown in Fig. 2. Although the
smallest q modes go unstable first, they have very slow
growth, and so the mode that dominates the instability
arises from the balance between going unstable early
(favoring low q) and growing fast (favoring higher values
of q).
We can compute numerically the natural wavelength

associated with the dominant mode q̂, the first to reachffiffiffiffiffiffiffiffiffiffiffiffiffi
hjūqj2i

q
¼ Req (see Fig. 3). This gives a dominant

wavelength λ ∼ 100Req ∼ 2 μm for parameters consistent
with the CVC, much larger than that found in the Rayleigh
instability, but consistent with observations of the CVC
[10]. Understanding why this is the case is not straightfor-
ward by inspection of the growth equation (16), but is more
easily done by considering the time-dependent growth rate
in Eq. (12) (graphically presented in the Supplemental
Material [32], Fig. S2). Indeed, at the time t ¼ tfinal, the

dominant mode q̂ whose amplitude reaches
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hjūq̂j2i

q
¼

Req is very close in value to the fastest growing mode (the
peak of the instantaneous growth rate) at that particular
time, written q�, which can be derived analytically as a
function of the tube radius from Eq. (12). As a result of the
quasistatic driving of the instability by the ion pumps, the
final radius is always only marginally above the critical
radius

ffiffiffi
3

p
Req (see Supplemental Material [32]). This is the

main factor contributing to the long wavelength, small q
instability. In this regime, the fastest growing mode is given
by q̃� ≡ Reqq� ¼ f1/½ ffiffiffi

2
p ð3Þ1/4�g½R̃ðtfinalÞ −

ffiffiffi
3

p �1/2 to lead-
ing order (see Supplemental Material [32]). While a
qualitatively similar regime exists for tension-driven insta-
bilities, it is only valid very close to the instability threshold
and its observation would require a very precise tuning of
the tension. Far from threshold, the Rayleigh or Pearling
instability shows a universal relationship q̃� ∼ 0.6Req

[21–23,26].
A related instability is that of a membrane tube under

osmotic shock (see Supplemental Material [32]), for which
one finds the most unstable mode to be q̃� ∼ 0.2. The
difference between the Rayleigh and osmotic shock insta-
bilities is due to the growth rate having a different response
when driven by a volume change compared to surface
tension (see Supplemental Material [32] for details). The

FIG. 2. Plot of the distribution of mode amplitude
ffiffiffiffiffiffiffiffiffi
hū2qi

q
against scaled wave number q̃ ¼ qReq for t̃ ¼ 2.0 (solid), 2.04
(dashed), and 2.08 (dash dotted, the time when the first

mode reaches
ffiffiffiffiffiffiffiffiffi
hū2qi

q
¼ Req), τη/τpump ∼ 10−6. Req ¼ 25 nm,

γ ¼ 10−4 Nm−1, and ρIðt ¼ 0Þ ¼ 3.0 × 108 μm−3.

FIG. 3. Plot of dominant wave number q̂ ¼ q�Req of the
instability against ratio of viscous to pumping time scales
τη/τpump and ratio of viscous to permeable time scales τη/τμ.
All other parameters are the same as in Fig. 2. The blue rectangle
indicates typical physiological parameters.
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constant volume (Rayleigh) instability might be of limited
relevance for the morphological changes of cellular mem-
brane tubes, as cellular membranes typically contain a host
of membrane channels, including water channels, which
allow fairly rapid water transport across the membrane. The
osmotic instability that we analyze here recognizes the
presence of active pumps in the organelle membrane, which
can drive osmotic changes in the organelle lumen [10].
There is some correspondence between the fast pumping
limit in Fig. 3 (τη/τpump large) and the osmotic shock
situation. The instantaneous growth rates have the same
dependence in the tube radius, but have different time
dependences, as the dynamics of tube inflation is different
in both cases. The osmotic shock limit is most likely not
physiologically accessible to ion pumps. Crucially, one can
see in Fig. 3 that the instability length scale is set by
dynamical parameters, most importantly, the ratio of the
viscosity and pumping time scales. Varying τη/τpump has the
effect of changing the time scale over which the modes go
unstable. It is fortuitous that the dominant wavelength does
not depend strongly on the pumping rate (see Supplemental
Material [32], Fig. S7), the parameter we can estimate least
accurately. This suggests a robustness to the wavelength
selection that may have important implications for the
CVC’s biological function. In the physiologically acces-
sible range of parameters for pumping and permeation, this
length scale is much larger than the asymptotic limit for
either the Rayleigh instability or the osmotic shock
instability.
We have developed a model for a water-permeable

membrane containing unidirectional ion pumps. Hydro-
osmotic instabilities realized in cells may be expected to
usually lie in this class. Deriving dynamical equations for a
membrane tube, we identify an instability driven by this
osmotic imbalance. This has a natural wavelength that is set
by dynamical parameters and is significantly longer than a
Rayleigh or Pearling instability, but is of the same order as
seen in the CVC radial arm. We speculate that this
instability may provide a mechanism for biogenesis of
the CV from a featureless active tube: bulges in the radial
arm are similar in size to the main CV. We will further
address the question of this organellogenesis in
future work.
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