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NEAREST NEIGHBOR BALANCED BLOCK DESIGNS FOR
AUTOREGRESSIVE ERRORS AR(m)

MAMADOU KONE AND ANNICK VALIBOUZE

ABSTRACT. The problem of finding neighbor optimal designs for a general correlation
structure is studied. This paper gives optimality universal conditions for incomplete block
designs when observations on the same block are modeled by an autoregressive process
AR(m) of an arbitrary order m. It extends and generalizes existing results for models
AR(1) and AR(2) as in such as those of Grondona and Cressie (1993) for AR(2) and those
of Gill and Shukla (1985) and Kunert (1987) for AR(1).

Keywords: block design, autoregressive model, nearest-neighbor balanced, generalized
least squares estimation, universally optimal.

1. INTRODUCTION

We owe the systematic introduction of statistical methods in the planning of experiments to
the British Statistician R. A. Fisher. During the years 1925-1937, in the Rothamsted (GB)
Agricultural Research Station, he intiated taking account in the results of experiments of
the heterogenity of parcels (testing grounds) by comparing the output of different cropped
varieties; he then introduced complete block designs, incomplete block designs and Latin
squares.

The construction and use of these designs rely on three principles, namely, repetition, ran-
domisation and local control. The objective of repetition is to enable an estimation of the
residual variability and to increase the experiment precision. The randomisation allows to
obtain unbiased estimations of the residual variability and of the influence of varieties on
the performance. Like repetition, the aim of the local control is to increase the experiment
precision.

Over the decades that followed this initial works, the principles developed by Fisher in
agronomy have been transposed into various other sectors of activity such as industry
and services sector Among the new concepts that have been introduced, we mention the
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concept of optimal design due to J. Kieffer (1958-1981). At the same time, the use of sta-
tistical methods in pharmacy and medicine has considerably developed to the point where
it is today one of the main fields of application of experimental designs.

Recently, there has been considerable interest in the use of certain methods of local con-
trol called spatial or mth order nearest-neighbor, abbreviated by (NN or NNm) where the
integer m > 0 is the distance among neighbours in the model. Kiefer and Wynn| (1981))
studied the optimality of block designs under a first order (NN1) neighbor correlation
model, using the ordinary least squares (OLS) estimator. In this context, they have given
sufficient conditions weak universally optimality for the estimation of treatment contrasts.
Morgan and Chakravarti| (1988) extend these conditions to the model NN2 and later Koné
and Valibouze (2011)) generalized this results to any correlation structure NNm, m > 0.

When the covariance structure is known, it is natural to construct the optimal experimental
designs by making use of the generalized least squares (GLS) estimator. Among other
authors, Kunert (1985],[1987), Azzalin1 and Giovagnoli (1987),|Gill and Shukla (1985a,b),
Martin and Eccleston| (1991), Grondona and Cressie (1993) and Satpati and al.| (2007)
have used this approach for the correlation structures AR(1) and AR(2), the autoregres-
sive processes of first and second order (see Definition in Section [2.2)). [Kiefer and Wynn
(1981) justified the choice of the OLS estimator, rather than the GLS estimator, in showing
that the loss of accuracy relative resulting from the use of this estimator (OLS instead of
the GLS) is quite low for the NN1 correlation models they consider.

The goal of this paper, is to find, for any integer m > 1, conditions of universal optimality
block designs when errors correlation are modeled by an autoregressive AR(m) process
for the estimation of treatment contrasts when generalized least squares estimation is used.

Section[2]presents the experimental context: the design and the correlation structure AR(m).
Section |3|is devoted to the presentation of the model describing the correlation structure.
Section [] presents a known result about universally optimal designs due to Kiefer (1975al)
and Section [5| contains the main theorem, the Optimality Theorem [5.1} which gives suf-
ficient conditions for universal optimality. In Section [6] our Optimality Theorem is illus-
trated with the particular designs called semi balanced arrays. Section [/|is devoted to
proofs.

2. EXPERIMENTAL CONTEXT

2.1. Designs for the considered experimental situation. We consider experimental sit-
uations in which v > 1 treatments are applied to b > 1 patients during £ > 1 distinct
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periods. The generic term of period means the distinct unities of times where the treat-
ments are applied. The following figure illustrates a such designs d:

treatments periods

1 2 .. 4 ek
patients

i e dG 0 =3

b
where d(i,¢) = j is one of the v treatments applied to the ith patient in the /th period.

The goal is to construct the best experimental structure, the effectiveness being measured
by optimality criteria evaluating the precision with which one considers the average value
of the effects. The precision is measured by the information matrix of the estimates.

We denote by (2, the set of the block designs of this type. More precisely, we will
reason within the framework of an experimental structure in incomplete blocks where a
given patient, represented by a block, receives exactly & distinct treatments distributed
during the various periods. In each one of these periods, the patient receives only one of
the v treatments. This gives a single scalar experimental measurement.

Following the nomenclature of Morgan and Chakravarti (1988) and Grondona and Cressie
(1993), we qualify by NNm-balanced the experimental designs in incomplete block, when
they are balanced for distinct periods in time at most 7 units (see lower exact Definition/[I)).
In medical domain, the temporal balancing procedure can eliminate experimental results
through the resulting effects interactions caused by the proximity in time of the adminis-
tration of certain treatments on the same patient.

Definition 1. For an integer m (m > 1) fixed, a design will by said NNm-balanced (or
a balanced design for nearest-neighbor at distance m) if for any integer § € [1,m], the
number of times that two distinct treatments administered to the same patient are neighbors
at distance 9 is independent of the choice of these two treatments; that is to say, this value
depends only on ¢ and on the design.

Example 2. The design of Table bellow is NN2-balanced. Indeed, here m = 2 and each
pair of distinct treatments appears exactly three times at distance 6 = 1 and 2 times at
distance § = 2.
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TABLE 1. NN2-balanced design

i e N )

B o= W= W =
WA NN Wk W
N W R NN

2.2. Autoregressive correlation structure AR(m). Now we describe the correlation struc-
ture considered in this paper. We suppose that the correlation between observations carried
out on distinct patients is null.

Lete = (11, -,E1ky---1Eids---rEiky---1Eb1,---,Epk) be the bk-vector of random er-
rors where ¢, ¢ is the process of error obtained at the ¢th period (¢ € [1,k]) on the ith
patient (i € [1,b]) (see the model () that we consider). We suppose that ¢; ; is a partial
realization from a mth order autoregressive process AR(m) characterized by the relations

(1) o= Opgigp=wiy for £=0,4+1,42,. .. +oo,
r=1

where the 0, are the parameters of the model and the w; , are independently and identi-
cally distributed, null mean random variables with constant variance o2. The covariance

function ~y of a process AR(m) satisfies the difference equation below (see, for example,
Weli (1990)):

- 0 fors>0
2) v(s) — E_;WS —7r) = { 02 fors—0.
where for ¢ fixed in [1, 0] and for all £ € [1, k]
(3) v(s) = Cov(eir, €ipss) -
In this paper, we will consider the variance-covariance matrix V' = Var(e;) where ¢; =
(€i1,--.,€ix) is the error vector from the ith patient. The matrix V' does not depend

on the patient (it is the same for all the patients). The total variance-covariance matrix
V* = Var(e) is given by:
V=LV
where ® is the Kronecker product and I, is the b x b identity matrix.
3. DESCRIPTION OF THE MODEL

A design d € €, ;, will be defined as a function
d:(i,0) € [1,b] x [1,k] — d(i,¢) € [1,v]
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where d(i, ¢) is the treatment applied to the ith (1 < ¢ < b) patient in the (th (1 < ¢ < k)
period. This design d is presented by a b x k table of indices of the treatment taken among
the v possible values and applied to the different patients. In this table, the indices of the
lines correspond to the b patients, those columns to the k periods of application and the
treatment d(7, £) is line 4, column /.

We adopt the following notations: for a design d, ng ;;, is the number of times that the
treatment 7 is applied to the ith patient, r4 ; is the number of times the treatment j is repli-
cated in all of the experiment, kg, is the total number of treatments received by the ith
patient and A, ; i is the number of patients for whom the distinct treatments j and ;' are
both applied. For a fixed design d, the designation of d in those notations would be omit.

If the design d is such that ng;; € {0,1}, rg; = ra;y = ror kg; = kg = k itis
respectively called binary, equireplicated and proper. For such designs the following
identity holds

€)) rv = kb

because each member of this equality counts the cardinality of the design d.

Throughout this paper, we restrict €2, ;, to the set of binary, proper and equireplicated
block designs. In such designs, each treatment is replicated exactly r = % times in the
whole design and the ith patient receives k distinct treatments d(i, 1), ..., d(i, k) succes-
sively applied in the periods 1, ..., k. Moreover we have:

b
%) Adjj = E Mg i N g
=1

For optimality criteria we will consider the particular cases of BIBD and CBD defined as
follows:

Definition 3. A binary proper equireplicated block design d such that for each pair of
distinct treatments 7, j' the number )\, ; ;+ is a constant \ is called a balanced incomplete
block design, denoted by BIBD(v, b, r, k, ). If moreover £k = v and A\ = r, the design is
called a complete block design, denoted by CBD(v, b).

The BIBD have been introduced and studied by Yates during the years 1936 to 1940.

In our study, we consider the following classical linear model:
(6) Yd = Mlbk + (Ib ® lk)a + Tdﬂ +e

where 1, and 1, are respectively the a-vector and the (a X a)-matrix composed entirely
of one (for zero, we will adopt the same such notation with 0,)
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- ¢ is the bk-vector of random errors which follows the AR(m) process, zero mean:
E(e) = 0 and of variance-covariance matrix Var() = V* (see Section [2.2);

-inYy= Y1, Yk Yin oo Yo oo Yk, oo Yo, ., Yy i)', the element

Y, ¢ is the response of the ith patient in the (th period;

1 represents the overall mean;

- a = (aq,...,a3)" is the vector of patient effects;

[ is the v-vector of (uncorrected) treatment effects;

the matrix I, ® 1;, is interpreted as the bk X b incidence matrix;

the bk X v incidence matrix T, of periods-treatments is determined as follows:

T

(7 Ty=|: where T; = (t;;(7)) 1<e<k, 1<j<o  and  t,;(2) = ;40.0)
T

(64, 1s the Kronecker symbol).

Example 4. : For v = k = 3 treatments and b = 2 patients, we have:

10 100
0 1 100
10 010
(Ib X lk) = 0 1 and Td = 01 0
10 0 01
0 1 0 01
I\
INJ1 2 3
when the design d is: ! .
1 |1 1 2
212 3 3

Let M be the (k x k)-matrix o2V ~! whose general form was given by Wise, (1955) and
Siddiqui (1958)). |Passi|(1976) gave another formulation of their result. In the following, we
give a similar formulation that will prove convenient to calculate the information matrix
when estimating a set of treatment contrasts defined in Section 4}

Lemma 5. Let be an integer m > 1 and assume that k > 2m. Put 6y = —1 and 6, = 0
for all w > m. Then the matrix Ml = (yp0)1<0.00<. = 02V "4 is given by:

/—1
(8) Yeor = Ouburw—ey for 0 € [1k—m]and (' € [(,K]
u=0
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More precisely and considering the zero values of the 6; = 0, we have:

/ /-1
(i) Yeu = Y _ 02 for € € [1,m]
u=0
(17) 75732293 forl e [m+1k—m]
u=0
-1
Ve s (id0) Yopys = 0u0urs forl e l,m—1]ands € [1,m —{]

i
=)

(1v) Yoo = Z 0.0urs forl e [l,k—m]ands € [max(l,m — €+ 1),m]
u=0

(V) Y045 =0 fort e [l,k—m]ands e [m+1k—1].

\

The other elements not concerned by the formula (8)) are determined by:
) Voo =Yoo = Ve-tr1 o1 ¥V 00 € [1,K]
which means that the matrix is symmetrical with respect to its two diagonals.

Example 6. For m = 3 and k > 6 = 2m, the matrix M of lemma/[5]is given by

02 —61 —0s —03 0 0 0

—601 9% +4 0% —01 + 6102 —0 + 0103 —03 0 0

—02 —01+ 60162 0% + 07 + 63 —01 + 60162 + 6203 —02 + 0163 0 0

M = —03 —02+4 0103 —01+ 0102+ 0203 9(2) + 9% + 9% + 9% —01 + 0102 + 0203 0 0
0 0 0 0 0 03 + 07 —6
0 0 0 0 0 —6; —6o

Now we present an essential lemma about the sum of elements of each line of the matrix
M:

k
Lemma 7. Suppose k > 2m and let { € |1, k]. Put p, = Z Yoo, the sum of the elements
=1

of the line { of the matrix M, a, = Z 0, for{ < manday =0 for{ > m. Then:

u=~
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(10) pe=ap(ag—ag) =(1—0,—-—0,)(L—0; —--- —0,_1)

for ¢ € [1,k —m] and, as M is symmetric with respect to its second diagonal, p, =
Pe_er1 for b € [k —m, k]. In particular, py = ppy1 = a2 forl € [m + 1,k —m].

Recall that Section[/|is devoted to the proofs.

The expression of p, given in Lemma [/| will be introduce in the proof of expressions
of diagonal and extra-diagonal elements of the information matrix C, that are given in
Lemma [I2} moreover, in this lemma, the coefficient ¢ appearing in the expressions is the
sum of all elements of the matrix M given by:

m—1
(11) c=1M1=2ay ) (m—06, + (k—2m)a
£=0
because
k k m k—m m k—m
co= DD we=23 it 3 o = 2w (a0—a)t Y, pm
(=1 0'=1 /=1 l=m+1 /=1 f=m—+1
m m—1
= 200 (Op+ 61+ +0,1) + (k—2m)ag=2a9 Y (m—0b, + (k—2m)a
/=1 (=0

4. ESTIMATION OF THE TREATMENT EFFECTS

In this section, we give the information matrix of a set of contrasts of effects related to the
treatments.

Consider the ith patient, i € [1,b], and put Y; = (Yi1,...,Yis, ..., Yis)', the vector of
the £ responses of the ¢th patient. In the model @, the GLS estimator 3 of the v-vector

B of treatment effects satisfies the following reduced normal equations (see |Benchekroun
(1993))):

(12) T/WT,A=T/WY; where W=V"'—(1V 1)V 1,1V}

As said before Lemma [5| concerning the matrix M, we are interested in the estimation of
a set of treatment contrasts. Let v € R". A linear combination ' - # = >°7_, 7;/3;, where
[ is a treatment effects, is called a treatment contrast if ' - 1, = 0. A block design d is
said to connected if all treatment contrasts are estimable under d. We refer to | Dey| (2010)
(pages 11 and 12) for the details of connected designs.
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In the following, we restrict €2, ; 5, at block designs which are binary, equireplicate, proper

and connected.
v

As, the vector vy = (3; — * Z B;)1<;<v Of corrected treatment effects satisfies the identi-

j=1
fiability constraint 4" - 1,, = 0, the optimality results of a design d € €, ;. will be based
on the set of contrasts

lvxv
(13) 7= - . )B

Observe that a such choice is suitable since v’ - v = ' - § for any u € RY such that
!/

u' -1, = 0. Denote by A’ the Moore-Penrose inverse of a matrix A and by 7 the GLS
estimator of a contrast 7. Then from and (see|Grondona and Cressie| (1993)):

1’!) v
(14) 3 =1, — =) (T)WT,)'T/WY; = (T/WT,)'T}Y;
v

From equation (14), for the ith patient, the variance-covariance matrix of 7 is given by:
Var(y) = (T/WT;)'. Then, for the ith patient, the information matrix C; 4(V') = Var(3)T
of 7 satisfies:

C.a(V)=T/WT;
It follows this lemma stated by Kunert (1987) (see detailed proof in|Benchekroun| (1993)):

Lemma 8. In the covariance structure Bl), the information matrix of the estimator 5
of treatment contrasts is given by

b
(15) Ca(V") =) T/WT,
=1

where V* =1, ® V and W = (w47gl)1357g/§k =Vl ( ;Vﬁllk)ilvillkl;{‘/il.

5. UNIVERSAL OPTIMALITY

The study of the information matrix associated with the estimator 7 of treatment contrasts
can build strong optimality criteria.

5.1. Preliminary.

Let V={C;:d € Q,p} be the set of information matrices for the estimators 7 of treat-
ment contrasts associated with the design in question. For each design d, the information
matrix C, is positive semi-definite of dimension v X v and satisfies Identities (see Kiefer
(1975b))):
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(16) Cs,=C,1,=0,
which says that C; has row- and column-zero for all d € 2,4 .

Definition 9. (Kiefer| (1975a)) A block design d belonging to €2, is said universally
optimal if its information matrix C; minimizes simultaneously all fonctions ¢/ : V
| — 00, 400, called criterions, satisfying the three following conditions:

(i) for each C € V, ¢(C) is invariant under all permutations applied to the rows and
columns of C;
(ii) ¢ is convex, i.e. Y{aCi+(1—a)Cy} < ayp(Cy)+(1—a)y(Cy) forall C,Cy € V
and 0 < a < 1;
(iii) ¥ (aC) > ¥(C) forall C € Vonce 0 < a < 1.

Proposition 10. (Kiefer|(/975b)) Suppose that there exists d* € 1, such that its infor-
mation matrix C g« has row- and column-zero and verifies: (i) Cy is completely symmetric,
ie. Cy« = al, — /vl where ais a scalar and (i1) the trace of Cy« is maximum on the
set V. Then the design d* is universally optimal in €2, .

By Identity (16]), we just have to find a design whose information matrix meets conditions
() and (7i) of Kiefer’s Theorem |10, We will seek them among the optimal designs.

5.2. Optimality conditions for the correlation structure AR(m).

Let d be a block design in €, ; ;, and the integer m > 0 such that £ > 2m. We adopt the
following notation which generalize those of |Gill and Shuklal (1985a) and |Grondona and
Cressie| (1993)) for the respective cases m = 1 and m = 2:

1

4,5 18 the number of times that the treatment j is applied to the patient ¢ at the period

Cor (k—(+1)with ¢ € [1,m];
é, ; is the number of patients for which the treatment j is applied to the (th or to the (k—
¢+ 1)th period when ¢ € [1,m] and to the ¢th period when ¢ € [m + 1,k — m];
is the number of times that the treatments j and j’ occur together and j or j’ are
applied to the ¢th period or the (k — ¢ + 1)th period for ¢ € [1, m]; (counted twice
if j and j" are applied to both these periods);
is the number of times that the treatments j and j" are applied to the patient ¢ with

£
d7j7jl

d7j7j/7i
adistance s € [1,k — 1]; with Nj, ;= 0;
Ng ;. 1s the number of patients in which treatments j and j" occur as sth nearest neigh-

bours (i.e. separate by s — 1 period); with Nj , . = 0.

Remark 11. When the design d is binary, we have: ¢fl,j,i = 0j,d(i,0) + 0j.d(ik—e+1) and
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S

N - { 1 if j and j’ are applied with a distance s to the ith patient
d,j,j' i

0 otherwise

When the design d is equireplicated, for each treatment j € [1,v], we have:

k—m
(17) rag =3 ol =r
/=1

In Example some of this previous quantities are counted in a concrete design.
The following lemma generalizes to any m the results (4.8) and (4.9) of (Grondona and
Cressiel (1993) for m = 2:

Lemma 12. Let be a design d € (), x, for an integer k which verifies k > 2m. Then,
for the AR(m) model, the diagonal entries of the matrix C, is given as follows for each
treatment j € [1,v]:

(18) O’QCdJ‘J(V*) = Sor — slqbcll’j — Sngij — = smgbgfj
and taking j' # j in [1,v], the off-diagonal entries are given by:

m m—s

2 * s

o Cd,j,j’(v) = § Nd,j,j’§ O0ubuts
m—1m—sm-—s

_ZZZG 0u+SZNdJJ { ¢d]1¢fl—’;sz+¢dj z¢il—;,sz)

s=1 t=1 wu=t

b
(19) —c lag {aﬁkd,m ag Z aggzﬁd”, —l-zzazaf' Z% 1¢ }

=1 ¢'=1
where

ay = ieu, be—iei,
u=>~¢

u=+{

m—1
c = I'MI = 2q Z(m — 00 + (k — 2m)ag and
=0

se = by+c tada(ag — 2ap) ; in particular, so = by — ¢ tay

Remark 13. Consequence of lemma [12]
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The trace tr(Cq) = 7, Ca;;(V) of the information matrix C4 of 7 is independent of
choice of the design in d € (2, ;5 and is given by the identity

(20) O'Qt’l"(cd) = SoUT — 2b(31 + So + e + Sm)
Indeed, following Lemma[12]and identity (2I)), we have:

O'QtT(Cd) = Sour — S$1 Z ¢(1j7] — S9 Z ¢3,j — s — S5, Z ¢Z,Lj
j=1 Jj=1 Jj=1
= Sour —2b(sy + S+ -+ Sp)

since we have this identity (Koné and Valibouze, [2011):

(21) > ¢, =2b for k>2m and £ € [1,m]
j=1

So all the designs which are potentially optimal in €2, ;, ;. have the same trace. It remains to
identify the designs of €, ; ;, with an information matrix which is completely symmetric,
i.e., the designs which are universally optimal in €2, .

Before the main Theorem, we establish three lemmas concerning terms of expression of
the terms Cy; ;» given in Lemma([I2] The first one in follows concerns the BIBD designs.

Lemma 14. Assume k < v. For a BIBD(v,b,r, k, \) design d, the number of times that
two distinct treatments j, j' are administered to the same patient is a constant \ given by

bk(k — 1)

(4) A= Adjj = v(v—1)

Vi, i e L], j# 5

The second lemma concerns the NNm-balanced designs:

Lemma 15. For a design d NNm-balanced and an integer s € [1,m], there exists a
constant Nj counting the number of times that two distinct treatments are applied to a
same patient at a distance s and this constant is given by:
2b(k — s)
.. N‘S:NS/:— \v/.7 ./E 1’ ’. 4/

(”) d d,j,j U(’U _ 1) 2y [[ Uﬂ J 7&]
The third lemma concerning the square NNm-balanced designs will be use for establishing
Theorem 3.2}

Lemma 16. Assume that the designs are square, i.e. the number k of periods equals the
number v of treatments. Then a design d which is NNm-balanced satisfies not only identity
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(17) of Lemma 15| but also the following:

) 4b
(22) 27]‘7]‘/ - ? al’ld
2b
L
(23) i =

foreach j, 7' € [1,v] (j # j') and for each ¢ € [1,m].

‘We can now establish our main Theorem:

Theorem 5.1 (Optimality Theorem). Assume 2m < k < v.

If a NNm-balanced BIBD (v, b, 1, k, \) d € S, for the model AR(m) exists, which also
fulfills the conditions (iii), (iv) and (v) below, for all distinct treatments j and j' in [1,v]
and for 0. 0" € [1,m], then d is universally optimal over S, 1,

... O _ 4b(k-1)
(ZZZ) djj m 5
. 2b(276,7 /)
(ZU) Z ¢dj 7 dj i v(v—fi; y
b
=0 VA4
(U> Z Nc|lj i |z( d,j,i dj i ¢dj z¢d,j,i) - v(:i%l) when { 7é 4

=1

where 0y is the Kronecker symbol.

When d is an NNm-balanced universally optimal BIBD(v, b, r, k, \), Optimality Theorem
implies that the off-diagonal entries of the matrix C; are given by:

m m—s m—1m—sm—s
0°Cayy (V') = v_l =SSN s Z Do Ol
s=1 u=0 s=1 t=1 u=t
betad ) e n m
(24) _m aok(k - 1) - (104(1{5 — 1) Z Qy +2 Z CLZ + 2@4 Z(l@/
(=1 =1 ‘i,/,#}
where j' # j in [1, ],
m m—1
ap = 29“ and c¢= 1Ml = 2q, Z(m — 00 + (k — 2m)a
£=0

In the case of a complete block design, we obtain the optimality following result:

Theorem 5.2. Suppose k > 2m and the designs are square: the number k of periods
equals the number v of treatments. If a NNm-balanced CBD(v, b) d € Q4 1. for the AR(m)
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model exists then d is universaly optimal over i, if it fulfills the conditions (iv) and (v)
of Theorem 5.1

Remark 17. A necessary condition for the existence of the designs satisfying the condition
conditions (4ii) — (v) of Theorem [5.1] and Theorem [5.2]is then v(v — 1)|2b. A minimal
design corresponds to the minimal value of b for £ and v fixed satisfying the associated
optimality conditions. Morgan and Chakravarti (1988) and Koné and Valibouze| (2011])
showed that the minimal value of b for wich the existe a NN2-balanced CBD is b =
v(v—1)/2.

In Lemma [12] Theorem [5.1] and Theorem [5.2] for the value m = 1 we find the results of
Kunert (1987) and for value m = 2 we find the results of (Grondona and Cressie| (1993)

In the section below, the Optimality Theorem is illustrated with well-known designs called
semi balanced arrays.

6. OPTIMALITY THEOREM AND SEMI BALANCED ARRAYS

Rao| (1946, 1947) introduced the concept of orthogonal arrays denoted by OA. Two vari-
ants of them are defined by |[Rao| (1961): the OA of Type I and the OA of Type II which
are renamed respectively fransitive arrays, denoted by TA, and semi balanced arrays, de-
noted by SB. For more details, see Rao (1961, 1973), Morgan and Chakravarti| (1988]) and
Hedayat, Sloane et Stufken| (1999).

Definition 18. A b x k array of v symbols is an SB(b, k, v, t), where ¢ is called its strength,
if in every set of ¢ columns each unordered ¢-tuples have distinct symbols among v and
appears exactly w times, where w € N is called the index of the SB.

To define a TA, it suffices to replace “unordered ¢-tuples” by ‘“ordered ¢-tuples” in the
definition of a SB. Clearly, a TA(b, k, v, t) of index w is an SB(b, k, v, t) of index ¢! w.

Remark 19. As the number of unordered ¢-tuples of symbols is (}) = the index

v!
tl(v—t)!”
of an SB(b, k, v, t) verifies w = b/(}). By consequence, the existence of an SB(b, k, v, t)
implies that b is the multiple w (}) of (}).

Note that in the context of our paper, b is the number of patients, k£ is the number of
treatments received by patient, and the v symbols represent the indices of the distinct
treatments. We have chosen this context to simplify our explanations.

Iwithout one error of their paper in one element of the summation (4.9) giving 02¢; ,,, with [ # m :

according to their notations the factor 2 in 2(1 — ¢1 — ¢2)¢2 f;,,, must be removed and, moreover, their

I * * : . % e 1% * e 2%
definitions of f*,, and e}, must be modified as follows: e}, = ¢, and /', = ¢37 ..
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Many methods for constructing SB and TA exist in the literature (Morgan and Chakravarti
(1988)), Mukhopadhyay| (1972), Ramanujacharyulu| (1966), Stutken (1991), ...). In con-
text of this section, we will be interested only in the strength ¢ = 2. Rao| (1961} [1973)
showed that if a TA(v(v — 1), k, v, 2) exists, then it can be constructed from (k£ — 1) mu-
tually orthogonal Latin squares of order v, and that if v is an odd prime power or an odd
prime, an SB(v(v — 1)/2, v, v,2) can be constructed from GF(v), the Galois field with v
elements.

Example 20. Below, the designs have been constructed by [Deheuvels and Derzko| (1991).

3 45 2|1 4 3 25
2 4 5 1 3(|2 5 4 3 1
30501 2 43105 4 2| e e
41 2 3 5|la 21 5 3

2 4 5 1 3231 4 5
523 4 153 21 4

35 1 2 4(/3 4 2 5 1
1 25 3 4|1 5 2 4 3

41 2 3 5|[4 5 3 1 2
23 1 4 520035 4|t 2202
3425 10|32 41 5 :
45 31 2([4 35 2 1 © d
5 1.4 2 3|5 41 3 2

—~
o
=

(b)

The design (a), obtained by superposition of the two quasi-complete Latin squares (c) and
(d), is an SB(10,5,5,2) of index 1. The design (b) is superposition of mirror image of
designs (c) and (d). The design (e) resulting to the superposition of designs (a) and (b)
yields a TA(20, 5, 5,2) of index 1 or a SB(20, 5, 5, 2) of index 2.

Martin and Eccleston| (1991) have introduced SDEN designs (SDEN for strongly direc-
tionally equineighboured)ﬂ They remark that for £ > 3 a SDEN(b, k, v) is equivalent to a
SB(b, k, v, 2) and construct these designs from w(v — 1) latin squares of order v. The part
(a) of they Theorem 2 implies that for & > 3 if an SB(b, k, v, 2) exists then it is universally
optimal within €2, ; , for any variance-covariance matrix V', under GLS.

We have interested to SB’s of strength ¢ = 2 since if an SB(b, k, v, 2) exists then it can
be interpreted as a BIBD(v, b, r, k, \) (it is well kwown and easily provable). The follow-
ing proposition applies Theorem 2 in Martin and Eccleston| (1991). These authors use a
broader correlation model than AR(m), but that applies only (for optimality) to a subset
of designs among those we study in this article. Not that this theorem also applied to
non-binary designs that we do not consider.

ZDeheuvels and Derzko (1991)) used the terms fotally balanced for SDEN and SB, and universally bal-
anced for TA.
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Proposition 21. Suppose that there exists an SB(b,k,v,2) and call it d. Then d is a
BIBD(v, b, r, k, \) with

k(k—1 k(v—1 2
(25) )\:%w and rz%u where w:bm
is the index of d and it is NNm-balanced universally optimal for the AR(m) correlation
structure. In particular, for j,j’ € [1,v], j # j' and £, ', s € [1,m], d verifies:

(26) Ng=Ng;; = w(k — s)

27) ¢d]] = 2w(k—1)

(28) Z (bd] i d] i W(2 - 6575/)

(29) ZNtlizjf‘z d]z d] i+¢d] Zgbdﬂ) = 2w Whenﬁ#ﬂ'

Morgan and Chakravarti| (1988) (Theorems 4.1) and Koné and Valibouze| (2011) gave a
similar result in the case of the weakly universally optimal BIBD for respectively the NN2
and NNm (for all m > 1) correlation structure.

Remark 22. Let j,j' € [1,v], j # j' and m < 2k. Recall that a BIBD(v, b, , k, )\) is
NNm-balanced for the AR(m) model if the quantity N, 4. 1s independent to j and j' (see
Lemma|I3) and it is universally optimal if moreover the three quantities at left of equalities
(#44), (v) and (v) of Optimality Theorem [5.1]are independent to j and j’ and it this case
the three equalities hold.

Proof. As it is known that an SB(b, k, v, 2) can be interpreted as a BIBD(v, b, 7, k, ), the
identities in (25]) come from Remark (19) and Identities rv = bk in (@) and A\(v — 1) =
r(k — 1) in Lemma|[14] Now consider an unordered pair (j, ;') of two distinct treatments.

Forall m € [1,k — 1], the design d is NNm-balanced because N ; i/, the number of times
that (7, ;') are applied to a same patient at distance s € [1,m], 1s a constant Nj. More
precisely, considering the k — s pairs of periods ¢ and {+ s where £ runs in [1, k — s]], as the
strength of d is two, we obtain Identity 27): Nj = N3, » = w(k—s). As 2b = wo(v — 1),
Nj is obviously the same constant as that given in Lemma(T5]

To prove the rest of Proposition we apply (a) of Theorem 2 in Martin and Eccleston
(1991)) which implies that d is universally optimal and replace 2b by w v(v—1) in Identities
(¢41), (iv) and (v) of Optimality Theorem [5.1] (see Remark 22).

O
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We illustrate both our Optimality Theorem [5.1]and Proposition [21] by the following exam-
ple.

Example 23. Verify identities of Proposition 21] on design (a) of Example 20| This de-
sign is an SB(b = 10,k = 5,0 = 5,t = 2) of index w = 1. We consider (a) as a
BIBD(v = 5,b = 10,7 = 10,k = 5, A = 10). On this BIBD, we will consider AR(m)
correlation structures with necessarily 2m < k = 5 (see Section [2.2)). We chose m = 2.
Let be two distinct treatments j and j" in [1,5] = [1,v] and ¢, ¢ € [1,2] = [1,m].

To verify Identity (26), we have to consider s € [1,2]. For s = 1, we count in (a) that
Ni . G =4= w(k — s), the number of times that j and j" are applied consecutively to the
same patient. For s = 2, we count Nij’j, = 3 = w(k — s), the number of time that j and j
are applied to the same patient at distance s = 2. Hence, as in our proposition, the BIBD

(a) is a NN2-balanced with Nj; ;, = w(k — s) for each s € [1,m].

To verify (27)), we have to count the value ¢4 ;i which is the number of times that the treat-
ments j and 5’ occur together and j or j" are applied to the (th period or the (k — ¢ + 1)th
period. For example, for ¢ = 1, we have &k — ¢ + 1 = 5; the treatment j = 2 appears 2
times in the first period (patients ¢ = 2 and ¢ = 7) and also 2 times in the last period. We
find that j appears 4 = w(k — 1) times in the first or the last period. In the same way, any
treatment j’ appears 4 times in the first or the last period. Then ¢%* Sy =8= 2w(k —1) as
in (27). We count also that gbd7 " = 8 and Identity (iii) of Optimality Theorem holds.

Now, for Equality (28), consider the value qﬁf;’ i i.e. the number of times that the treat-
ment J is applied to the patient ¢ at the period ¢ or (k: — ¢+ 1). When ¢ = /', the value
Z 4 i g i 1s the number of times that j and j' appear together at the periods ¢ and
k — ﬁ + 1. By definition of SB of strength 2, this value is the index w = 1 of (a) (that
we can verify on the design itself). When ¢ £ ¢/, by symmetry, we can chose { =

and ¢/ = 2. For example, j = 1 and j' = 5 appear together 2 times in the same line
of (a) with 7 in period ¢ = 1 or 5 and j' is in period ¢ = 2 or 4 (patients 7 = 1 and
i = 9). It is the same for any j, 7' with 7 # j’. Then Z d”gzﬁgyj ; = 2 = 2w and as
in our proposition 37, ¢ 405 =w(2—04p). Then (zv) of Optimality Theorem holds.

Two finish with Equality (29)), suppose that ¢ # ¢'. Then necessarily | { — ¢/ |= 1 and we

can chose ¢ = 1 and ¢’ = 2. The value N ijf ‘z = 1 if the treatments j and j’ are applied

consecutively to the patient ¢ and else N, y f "= 0. For example, j = 1 and j' = 5 appear
w = 1 times together in periods ¢ = 1 and ¢ = 2 (patient i = 10) and w = 1 times in
periods k —(+1 =5and k — ' + 1 = 4 (patient i = 8). It is the same for any j, j/, j # 7'



18 MAMADOU KONE AND ANNICK VALIBOUZE

Then, as in our proposition 21 we obtain

ZN{H (D0 + O =2=2w (0,0 €[1,2],s =] £~ |=1)
and Identity (v) of Optimality Theorem holds.

In consequence, by applying Optimality Theorem [5.1| or Proposition we can conclude
that the design (a) is universally optimal.

7. PROOFS
7.1. Proof of Lemma

We consider the matrix M = (7y,¢)1<s0r<x and we search to express the sum p, =

Z’;,:l 7e,e Of the elements of the line ¢ in the form given in the Lemma what we search to
prove. By symmetry of matrix M we can suppose that ¢ € [1, k — m].

We will proceed in two steps. Let us first calculate the portion oy, of this sum for ¢/ > ¢
and then we calculate the rest 5,. With the sum p, = oy + S, we will find the appropriate
formula.

First compute oy = Z?,:Z Yo
From Formula (8) of Lemma [5| we have the following expression of each ~,, for ¢ €

[¢, k]:

-1

(30) Veors = 3 Ouburs  fors [0,k — (]
u=0
Then
k—0 0—1 -1 /—1 k+u—~¢ {—1 m
GDar=) Y Oubuss = Ze Zew =D 00 ) =) 6.) 6 .
s=0 u=0 u=0 b=u u=0 b=u

Because ), = 0 for each b > m and for each u € [0,{ — 1] wehave k +u — € > k — (>
k—(k—m)=m.
Now Compute [, = Zﬁ;ll Ve = Z§;11 Ve 0, by symmetry. We have:

(-1 0-1 -1 a—1

(32) Br=> " Oubusi-ey = 0> 0 -

=1 u=0 a=1  b=0
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To see this last identity, the reader can follow this method: write by column each element
040~y forming the sum Zf:;& 0ubut(e—ey = o4 the first column for ¢ = 1, the
second for ¢ = 2 and so on; the elements under the diagonal are all zero; then by the
summation of the elements in each same parallel line over the diagonal we find 6,, Zg;é 0y
if the parallel is at distance ¢ — 1 — a of the diagonal. There are ¢ — 2 parallels. By example,
the sum of the elements of the diagonal is 0y_1(6p + 61 +- - -+ 0y_2) (i.e. a = ¢ —1 and the
distance is 0), the sum of the parallel just over the diagonal is 6y_2(0y + 01 + - - - + 0,_3)
(i.e. v = ¢ — 2 and the distance is 0); the last parallel is reduced to the only one element
0,0y (i.e. a = 1 and the distance is ¢ — 2).

We have finished because from and (32)), we obtain the announced identity in Lemma
s

/—1 m
pe=0op+ = Zeuzeb = ap(ap — ay)
u=0  b=0

with ap = > -, 0, for ¢ € [1,m] and a, = 0 for £ > m. In particular, for { €
[m + 1,k — m], the identity becomes p; = ppi1 = a2 = (1 — 0y — -+ — 0,,,)°.

For the last lines, as M is symmetric with respect to its second diagonal, p; = pj_¢,1 for
ek —m+1,k].

7.2. Proof of Lemma [12L

We introduce some tools before addressing the proof of Lemma[12] For r € [1,k], e, =
(er.s)1<s<k means the r-th canonical vector of R*, i.e. e, s = 0,5 (Where ¢ is the Kronecker
symbol). Note that each element of a £ x k-matrix A is expressed in the form A, ; =
e Ae;.

For each treatment j € [1, v], the jth column vector t;(7) of the matrix 7; defined in (7)) is
expressed as follows: for each patient i € [1, ], we set

33 b=
Hence, by general notation, for each period ¢ € [1, k — m], we have
#{i:t;(i) € {es, €x—ps1}} if ¢ € [1,m]

#{i:t;(i) = e} if ¢ € [m+1,k—m].

e, if jis applied to ¢ at the ¢-th period where ¢ € [1, k]
0, otherwise.

(34) ¢y, =

Remark 24. Exactly r vectors t;(i) are nonzero because exactly r patients receive the
treatment j.

Remark 25. As the considered designs are proper, each patient ¢ receives at most one time
the same treatment j; by consequence, for each ¢ € [1,m] and because ¢ # k — { + 1
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when k£ > 2m, we have:

{i:40) =e} n{i:4(0) = e} = ¢

We fix two distinct treatments 7, 5" in [1, v] and we seek identities on the elements 02Cly ; ;
and 02Cy ; j of the matrix

b b
(35) o’Cqy=Y T/MT,— Y T/ (1,M1;) M1, MT,
=1 =1

where Ml = 02V ! (see Identity (T3))), by considering independently the two terms in the
right side of identity respectively in Sections [7.2.1] and [7.2.2] We will conclude in
Section Also in the following the reference to the design d in index will be omit.

7.2.1. The term Zle T!MT; where T; = (t,(i), ... ,t,(i)).

The contribution of 3_°_, T/ M T} to the diagonal element 0>C ; is the value 7 = S0_, 7;
where 7; = t;(i) ML t;(). From definition (33)) of vectors t;(i), we have for each patient i:

k m k—m
(36) =Y Y  eMe=)Y ¢eMe+ » ¢ie,Me,.
/=1

€=1 {i : tj(i)=ee} f=m+1

Combining the above identity and Lemma [5|applied to elements ., = e, M e, of the
matrix M defined in Lemma 5] we obtain (recall that 6, = —1):

m k—m
o= SR )+ S R0 02)

l=m+1
37) = 0+ 3 (05 +07)+ -+ (05 +07+--+0,,))
k—m
+ ) PO+ +02)
f=m+1
k—m k—m k—m k—m
= ) 0Ty 0> 02 >
(=1 (=2 (=3 t=m+1

As ST ¢h = 1 (see Identity (T7)), we get:
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T o= Oor +0i(r—¢5) +03(r — (¢ +67) + O (r — (85 + 0]+ +0]))
= ) O D =Y O = gf Y O =y,
u=0 u=1 u=2 u=/{

Finally, the contribution 7 of the term Zi’:l T! M T; to the element 0°C} ; is
(38) T = by — diby — $iby — - — ¢]'by

with b, = Z 62 for ¢ € [1,m], as defined in Lemma

u=¢
In the same manner of the contribution of the term Zle T! M T; to the diagonal elements,
we now focus us on its contribution 4 to the extra-diagonal element o2C} j where p =
Zi’:l pi with p; = t(i)Mt; (i). For this purpose, we need to introduce the following new
notation: for ¢,¢" € [1,k], we denote by gbffi the number of patients which receive the
distinct treatments j and ;' at the periods /¢, ¢/, i.e.

(39) 680 = (i € [1,0] ¢ 4(0) + t:(3) = e + en}.

Note that if ¢/ = ¢ then t;(i) + t;(i) # e, + e, for each patient ¢ because the distinct
treatments j and j' can not be applied simultaneously to the same patient 7 at the same
period ¢. Hence we can write for s € |1,k — 1]:

s 0.0
(40) Ny = oy

where the sum concerns all the distinct periods ¢, ¢' in [1, k] and s = [¢ — ¢'| # 0.

By definition of vectors t;(i), the value y; can be not equals zero only if t;(i) + t; (i) =
e, + ey for some periods ¢, ¢ which are necessary distinct. Moreover, as the matrix M is
symmetric, when the identity t;(i) +t; (i) = e;+ e, holds, we can suppose that t;(i) = e,
and tj/(i) =ep with ¢ < /',

Hence, by putting u;; = t;(i) + t;/(i), uw = e, + e, and considering the element v, » =
e; M e, of the matrix M, we obtain:

k -1

p= Y ). eMer= 3 qwedi=> > wed

1<0<t/<k {i : uiy=upy} 1<e<t'<k =2 (=1



22 MAMADOU KONE AND ANNICK VALIBOUZE

For sake of clarity in the rest of this proof, we put ¢** = qﬁ” . We introduce in the
expression of . the values of the elements ~y, » of the matrix M given in Lemma [5| By
summing the identical factors of each of the respective values 6, and 6,6,/, we obtain:

P <¢1,2+_”+¢k—1,k> - <¢€,€+s 4 st +__‘+¢k—s,k:> _

0. <¢1 mtl _|_¢kfm,k> I

m—1 m—2
41) Z 010145 <¢2’2+8 +--- 4 Cbk_s_l’k_l) + Z 0202 <¢3’3+8 +- 4 qbk_s_Q’k_Q)
s=1 s=1

4+ Z 6u9u+s <¢u+1,u+1+s + ¢u+2,u+2+s N (bkfsfu,kfu) 4.
s=1

2
+ Z 0m—20m—2+5 <¢m—1,m—l+s NI ¢k—s—(m—2),k—(m—2)>
s=1

+ 9m—19m <¢m,m+1 et ¢k—m,k—m+1> ‘

Recall that identity says that N?., = @U1F% 4§21 .o ghmombhml g ghmsk,
Putting

Ut,s — ¢t’t+s + ¢k—t—s+1,k—t+1

)

fors € [I,m — 1] and ¢t € [1,m — s], the expression (1)) of  becomes:

/,l, = Z QoesNﬁj/ _'_ Z 0191+S J] (Ul,s))
s=1 s=1

—+ 9292+S(Nj,j’ - (Ul,s + UQ,S)) +

s=1

(42) + Z uu+s (U15+U2s +Uu,s>>+
2
+ Z m— 20m 2+s - (Ul,s + UQ,S + -+ Um—Q,s))
=1

—I'_ Qm_lgm(NJ’]/ - (Ul’l + U271 + A + Um_Ll))
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Collecting the factors of each N S and the factors of each U, 5, we obtain:

m m—s m—1m—s
H= ZN]’S,]" Zeueu-i-s - Z ZUts ZQ Qu—l—s
s=1 u=0 s=1 t=1

Indeed, foreach s € [1,m — 1] and ¢ € [1, m — s], the component j3; ; of ;x which collects
the terms U, 0, is the following:

Bis = —Us(01014s + 011011145 + - + Om—sOm).

m—1m—s

In addition, the double summation Z Z s collects all the terms of the form U, 40, in

s=1 t=1
the right side of Identity (42). In order to complete the determination of 1, note that:

Remark 26. Considering Identity (39) about ¢ffi and Remark about the quantities N, ;
and ¢! ., we find:

t,t+s k—t—s+1,k—t+1
Ut,s = (b]j +¢

= #{Z (1) +ty (i) € {er + erys, €t + ekf(t+s)+1}}

= Z sl adifi + i)

Ji

Finally, the contribution x of the term Z?Zl T! M T; to the element oC} ; is:

Z Ze Outs =

m—1m—s

@3 > (0irs+ 1 Orsrs + -+ O Z (B0 + ¢l gt

s=1 t=1
7.2.2. Term S0 T! (I, M 1) ' M 1,1}, MLT, on the right side of Identity (33).

Note that the constant value ¢ = 1), M 1;, in this summation is the sum of all elements of
M given in Equation (TT). So in the sequel we consider the term ¢~ S0 7/ M 1,1}, ML T;.

Introduce the following notation for each treatment 7, and each patient ¢ :
ki i = t}l (1) M1,

As k; j, is a scalar and Ml = M’ (i.e. M is symmetric), we also have:
ki, =1, I\\/JIt;1 (1)
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Then the contribution of ¢~ 320 T/ M 1,1, M T} to the element ¢C};
ments ji, jo not necessary distincts is

1.j» for two treat-

b
(44) Wi ,ja = C_l Z kj1,ikj2,i

=1

Still with the aim of finding identities on the elements Cy ; ; and Cyj j» of the matrix C,
we must determine the quantity k;,; = t;(i) M 1.

When the treatment j is not applied to the ith patient, k;; = 0 because t;(i) = 04. Other-
k

wise, it is applied only once, at some /th period and we have k;; = t}(z’)Ml = Z Ve

=1

Recall that the sum of elements of the line ¢ in matrix M is given in Lemma [7} for each
k m

¢ € [1,k — m], the value p, = Z’Y&g/ = ap(ag — ay) (with a; = 29“ for ¢ € [1,m]
=1 =t

and a; = 0 for £ > m) and py = py_¢41 for £ € [k —m, k]. Remark that Do = Dmy1 = G2
forall ¢ > m. ThusV ¢ € [1,m] U [k —m + 1,k]:

(45) Pt — Pm+1 = —QpQy

Now, let’s determine the values of n;; and ¢§Z for all ¢ € [1,m] that we have defined
above. Recall that t; (i) = e if the treatment j is applied to the patient ¢ at the /-th period
and t;(i) = 0, otherwise.

Case t;(i) = 02 nj; = ¢, = --- = ¢}, = 0 because the patient 7 does not receive the
treatment j.
Caset;(i) = e, where ( € [1,m] U [k —m+1,k]: n;; = ¢, =1 and

]:4 /= e e e T 671 = ¢£.+1 T/ e e e T m = O
g J5? J5? It :
Caset;(i) = e, where (€ [m + 1,k —m]: nj; =1 and ¢;, =--- = ¢, = 0.

If the treatment j is applied to the patient ¢ at one (th period for ¢ € [1, k] then k;,; = py.
Otherwise, if the treatment j is not applied to the patient ¢ then k;; = 0. By consequence,
we can express the quantity £;; in the following form

kjii = Pmsingi+ %12(]91 — Pmy1) + ¢§z(p2 — Pmt1) + oo
(46) +07i(Pm — Pmt1)-

By Formulas (10) and (#5]), we deduce that:
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kj,i = ao(aonj,i - a1¢;,i - @2%2',2* — T Gy ;nz)

(47) = ag | aony; — Y _ ardh,
/=1

Recall that the contribution Y7, 77 (1), M 1)~ M 1,1}, M. T} to element ¢2C} ; is w;; =
¢! Y0, k3, (see (@4)). By Identity (47), we have:

m m
2 _ 92) 2 9 2,0 ¢
kj’l- = ag 4 agnj,; + E aegbj’i — 2ag E amj,@j’i
/=1 /=1

because ( ?i)z = ¢!,V (€ [1,m], and when  # (', ¢ ;¢", = 0. By the facts

b b b
¢ _ ¢ _ ¢ _ 2
¢; = E ¢ = E njl(b]z and 1= E s

we finally obtain:
b m m
_ 2 _ o 2) 2 2,0 ¢
cw;; = E kj,i = agq agr + 5 aegzﬁj — 2ag E ag(bj
i=1 =1 =1

(48) = —a2 < ag(ag — 2ap)r — Z ¢§ag(ag — 2ag)

(=1

Now we search to determine the contribution w; ; = ¢3S0 k;kj; j # 7', to the
element 62C} ;.. By Identity (46), we have:

m

m
2 {4 A4
kjikyi = ag | aonj: — E :a€¢j,z‘ oMy i — E :af’ﬁbj',i

(=1 =1

m m
. 2 2 4 4
= Qg ANd,jiNj i — ao agnj i@y, + E :GZ”J’7i¢j,i
(= /=1

1

m m
4 VA
DD wand i,

=1 0'=1
By the facts \; j = Zi’:l n;n; ; and
b
(49) ﬁ"], = Z(n]‘/7i¢§7i + nj,iqzﬁﬁ,ﬂ-) forall ¢ € [1,m]

=1
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we finally obtain:

b
cwig = > ik
=1
m

m m b
4 3 12 2 VA
/=1 i=1

(=1 0'=1

7.2.3. Conclusion of the proof of Lemma

From (33),we have:
Cij=7—wj; and  Cjj=p—uwjj

where 7 and ;1 come from the term Zle T; M T; studied in Section|7.2.1|and w; ; and wj j:
come from the term Y0, 77 (1}, M 1) " M 1,1}, M T} studied in Section|7.2.2
It suffice to collect the values of 7, y, w;; and w; ; from Identities (38), (43), (48) and (50)
to conclude that our Lemma [12]is true.

7.3. Proof of Lemma [14.

Firstly, as d is a BIBD, we have 3 = >0 > . Aajjr = D iy 2oz A = v(v — 1A
Secondly, we count £ in this different manner:

B=>"3 Najy =bk(k—1)

=1 3j'#j

because there are b patients and exactly k(k — 1) distinct pairs of treatments by patient
(recall that £ < wv) The identification of the two expressions of 3 prove the searched
identity satisfied by A:

bk(k — 1)

(7/) A - Ad7j7jl = m

vy, g €L v],j# 7

7.4. Proof of Lemma [15

We suppose that the design d is NNm-balanced. Then Nj, . is a constant N; that we
intend to establish.

We fix s € Hl,’ m]. We compute with to manner the sum a = > 7, Z 12 N j o+ Firstly,
as the design is NNm-balanced, each N ; ., equals a constant N; which does not depend
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on the choice 7, /. Then we have:

a:ZZNj:v(v—l)Nj

=1 j'#j

Secondly, we fixe one treatment j and suppose that a patient ¢ receives this treatment.
Recall that j is administered no more than once to a same patient. For the patient 7, there
exist 2 = >, Ny, ., treatments at distance s to j if j is not applied in the first s or

the last s periods (i.e.when Zz oy i = 0), otherwise o i = 1for (only) one period

(€ [1,s] (.e.when Y, = 1) and there existsonly 1 = >, . treatment at
distance s to j . Then

(51) Z Nj’j’j,ai = 2 - Z ¢§’j’i
§'#i (=1
Moreover j appears exactly r times in d. Then by considering firstly all patients 7,

(52) Z Njjo=2r—=>Y ok,
=1

and secondly Identity (21]), we obtam the second expression of «a:

:ZZNdSJJ’:Z QT—Zgbd] ) = 2rv — 2bs

J=1j5'#j Jj=1
As rv = kb (see (@), the identification of our two expressions of v implies the searched
identity satisfied by Vj:

d]z J#J ]

y s s 20(k — s) . o
(i2)  Ng=Ng;;= P Vi, 5 € [Lv], i #7'
7.5. Proof of Lemma

Let be an NNm-balanced design d with £ = v (i.e. the number of periods equals the
number treatments). We have also » = b because rv = kb.

We search to prove that for each ¢ € [1,m] the quantities (;5 and ¢4 ;i are independent
of distinct treatments 7, ' and to express them without 7 and j

Let be s € [1,m]. As d is an NNm-balanced design, from (i7) of Lemma the quantity
Ng ;o is the constant Nj = 2b(k — s)/v(v — 1) = 2b(v — s) /v(v — 1) since k = v.
From (52) and since Nj;  is the constant N for all s € [1,m], we have:

(53) Z oy (v—1)N3
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As r = b, the previus equality becomes ) ,_, fl’j = 2765 Then we conclude that for each
s € [1,m]:

s s—1

. 2b

(54) Pq; = E Paj — E Gy = M
(=1 (=1

which is the identity expected by Lemma [16]

Now since £ = v and each treatment is administered at most once for each patient, each
patient ¢ receives each of the v distinct treatments once and only once. That means ng ;; =
1 forall j € [1,v]. Then Identity (49) becomes

4b
(55) Wiy = g+ Oy = — V (e [1,m]

d,3,3'

and the Lemma is proved.

7.6. Proof of Theorem 5.1l

By the consequence of Lemma [I2] (see remark [I3), all the competitor designs have the
same trace. Hence, by Proposition |10} the universal optimality of a design d for the model
AR(m) is satisfied when the information matrix C;; of 7 is completely symmetric; that is to
say that its extra-diagonal elements Cy ; ;- are all independent of j, j* (j # j') because the
sum by line (and by column) of Cy is null (see (16)). According to hypothesis of Theorem
5.1, we will prove that each of the five terms of Cy; ;  in Lemma |12|is independent to j, 5.

As the design is NNm-balanced BIBD(v, b, 7, k, A), Identities (7) and (i7) of Lemmas
and [15]imply that two of the terms of Cy ; ; are independent to j, ;. If Identities (i), (iv)
and (v) of Theorem [5.1]hold then the three others terms of Cy; ;» are independent to j and

7.

Remark 27. Note that, for a better presentation of Identity (v) in Theorem we have
replace the values s, t appearing in C, ; ;» by the values ¢, . This is possible as explained
below. Suppose that Identity (v) holds for each £ and ¢’ such that ¢ # ¢’ € [1,m]. Then, by

. / . _ =T e ¢
the symmetry in ¢, ¢’ of the expression Qg = Nm-,,i ( jﬂ-qﬁjl,i + gzﬁj,ﬂ- j,i)’ W€ can suppose

ol e e e
that ¢ < ¢" and we have oy = Nj (95,05, + @6 ). Then
_ it £t
(56) age = Ny (05,057 + 50,4055°)
withs = |[¢ — 0| € [I,m —1] and £ = t € [1,m — s] as expected in the summation

in the expression of Cy ;. Conversely, let s € [1,m — 1] and ¢t € [1,m — s] as in the
summation in Cy ; . Then the two distinct periods ¢ = ¢ and ¢’ = ¢ + s in [1,m] verify

Identity (56).
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In the following, we will prove that Identities (iii), (7v) and (v) of Theorem [5.1| are co-
herent. More precisely, for each identity, we will suppose that the term in the left side is a
constant and we prove that it equals to the right side.

7.6.1. Identity (iii). For each treatment j, we first need to establish the following identity:

(57) > Py = (k= 2)0, +2r
J'#7
Proof. We develop >_ >
b b b
14 ? ¢ ¢ .
D05 =D (il + it ) = 65D g+ Y i)
J'# J'#5 i=1 =1 A =1 J#

The first term of the right hand of the previous identity is

b b
a:Zgb?ian',i:ZCb Znyz Z¢ n”—qzﬁ;k—qbﬁ
i=1

=1 A

by definition of qbg and since each patient ¢ receive k treatments. The second term is

b b v b
DN SIS SN WAL SO ESERY
i=1 315 i=1 j'=1 i=1
because d is equireplicated (i.e. j appears r times in d) and only 2 treatments j' can be
applied to a same patient ¢ at the /th and the (k — ¢ + 1)th periods (i.e. ¢§,7i = land not 0
for this two treatments). By the sum of « and /3, Identity is proved. U

From Formulas and (21]), we obtain finally:

(58) ZZ%”,—% —2) 4+ 2rv = 2b(k — 2) + 2bk = 4b(k — 1)

J=1j'#3

because rv = bk. Suppose that each ¢4, *; i is independent to j, j'. Then > i1 Z djj =

J'#J

v(v —1)¢%, . Thus from (58), we obtain Identity

dJU

e Ab(k—1)
(ZZZ> d7j7j/ - ’U(’U—l)
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7.6.2. Identity (iv). Consider two distinct periods ¢ and ¢’ and set a patient i. Four distinct
treatments 7y, . . ., j, are applied to this patient at the respective periods ¢, k —(+ 1,0 k —
(' + 1. Then ¢%, ; = ¢4, = ¢‘J3’ oY j,i = 1 and the other values are zero; by
consequence:

Zz¢d,jz d,j’ i = ¢§,j1,i< d]31+¢£,]42)+¢dj21,( d]31+¢d]4,)_

J=1j'#j5
and

v
0 A 4 A 4 4
DO i = gy Bl + BBl =2

J=1j'#j

If the quantity Z gbd i d i 1s independent of j, j’ then, by the same reasoning as for
=1

(#ii), we find:

b(2+2(1— 5&4/))
(iv) Z‘;ﬁdw dji = oo~ 1) forall ¢,¢ € [1,m]

where ;¢ is the Kronecker symbol.

7.6.3. Identity (v). We fix s € [I,m — 1] and ¢t € [1,m — s]. By the same reasoning
as above, for a patient ¢, four distinct treatments jq, ..., j4 are applied at the respective
distinct periods ¢,k —t + 1,¢t + s,k — (t + s) + 1. Then

v v
— t t+ t+ — t t+ t+ t
= D (@ + ) = Zasd,j,ingdf@+Z¢d,ji~2¢d,jf,i

J=1j'#j Jj=1 J'#7 J'#7
_ t+ t+
- 2( d,j1,t + ¢d,jg, )(¢d]§, ,Ji )
= 8
But, in this sum, we have count 4 situations in which two treatments among j, . . ., j, are
applied at distance s and 4 situations in which two treatments among ji, . . ., j4 are applied
at distance > m > s because k > 2m. For the firsts 4 situations, we have N jyjyj,yi =1 for
the 4 others we have N ; ., ; = 0. Then
v v
t ot s\ _ t ot t+
Z Z Nijjri( 0250050 + Pagidass) = Z Z Najji(a;zi%as: + PayriPals)
J=1j'#j J=15'#j

1
= —_ s :4
3
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Hence, if each quantity 2?21 N3
7", the following identity holds:

t+ ¢ t4s ) s (s
50 @aji®ar + @ajri®ay) is independent to j, j* (j 7

4b

b
(v) ; Ng il fi,j,i fi—,;f,i + bei,j',wb?,;‘,si) = —v(v 1)

7.7. Proof of Theorem

From Theorem [5.1]and Lemma [[6| our Theorem is proved
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