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Abstract. An attempt is made to understand the underscreening effect, observed in
concentrated electrolyte solutions or melts, on the basis of simple, admittedly crude
models involving charged (for the ions) and neutral (for the solvent molecules) hard
spheres. The thermodynamic and structural properties of these ”primitive” and ”semi-
primitive” models are calculated within the mean spherical approximation (MSA),
which provides the basic input required to determine the partial density response
functions. The screening length λS , which is unambiguously defined in terms of the
wave-number-dependent response functions, exhibits a cross-over from a low density,
Debye-like regime, to a regime where λS increases with density beyond a critical density
at which the Debye length λD becomes comparable to the ion diameter. In this high
density regime the ratio λS/λD increases according to a power law, in qualitative
agreement with experimental measurements, albeit at a much slower rate.
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1. Introduction

The theoretical understanding of the microscopic structure and dynamics of ionic

solutions and melts, both in the bulk and at interfaces, has made enormous progress since

the pioneering work of Gouy [1], Chapman [2], Debye and Hückel [3, 4], Onsager (see [5])

and many others. The “Coulomb singularity”, due to the infinite range of Coulombic

forces, entails a very specific behaviour, in particular the “screening” mechanism, first

examined, under bulk conditions, by Debye and Hückel [3, 4] within a mean-field

framework. Rigorous statistical mechanics investigation have led to a wealth of “exact

results”, including sum rules which provide useful guides for systematic approximation

schemes (for an exhaustive review see [6]). The adsorption of ions near a charged

surface, first suggested by Stern [7] leads to layering of ions of alternative charge; at

high concentration, this layering can entail an “overscreening” phenomenon, whereby

successive layers can overshoot local charge neutrality, and can lead to an effective

attraction between equally charged parallel surfaces for short separations (for a review,

see [8]).

Recently, a number of surface force measurements have revealed a new and

unexpected behaviour, namely “underscreening” in ionic melts and concentrated

electrolyte solutions. [9, 10, 11] Careful measurements of the force acting between

charged mica sheets plunged into an electrolyte show that it decays exponentially with

the separation D between sheets, beyond a short-range layering regime. The variation

of the screening length λS (characterizing the exponential decay) with ion concentration

crosses over from a Debye regime, where λS ∼ λD, the Debye length which decreases

with concentration, to a regime where λS increases with concentration to reach values

much larger than λD. The cross-over occurs when λD becomes comparable to the mean

ion diameter σ. Moreover, this behaviour is found to be “universal”, i.e. the ratio

λS/λD obeys a simple scaling, viz:

λS/λD = 1 , λD > σ

= (σ/λD)3 , λD < σ (1)

which holds for a wide range of pure (solvent-free) ionic liquids and of ionic solutions. [11]

A number of ingenious phenomenological interpretations of the scaling relations (1)

have been put forward [11, 12, 13], but in the present paper we adopt a “first principles”

approach. We consider primitive and semi-primitive models of ionic solutions, whereby

ions are taken to be charged hard spheres, while the solvent is either implicit, providing

a dielectric permittivity ε (primitive model), or taken to be neutral hard spheres in

addition to providing a given ε (semi-primitive model). The primitive model with

ε = 1 naturally applies to the solvent-free case. These models are admittedly very

crude since they neglect, inter alia, the dipole and higher order moments carried by

the solvent molecules, as well as the polarizability of the solvent and ions. They

have however the advantage that their thermodynamic and structural properties can

be readily calculated using standard tools of liquid state theory, in particular the mean-
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spherical approximation (MSA) and its extensions [14], giving unambiguous access to

the concentration dependence of the screening length λS.

The outline of the paper is the following: In section 2, Landau fluctuation

theory is applied to calculate the partial structure factors of the primitive and semi-

primitive models as functions of concentration; the required thermodynamic properties

are calculated within MSA. In section 3, the Landau approach is reformulated and

generalized in terms of wavenumber-dependent response functions. The asymptotic

behaviour of the partial structure factors is determined by the poles in the plane of

complex wavenumbers k = k′ + ik′′, along the lines of Ref. [15]. Section 4 presents the

MSA-based numerical results for the screening length λS of both primitive and semi-

primitive models. Conclusions are drawn in Section 5, together with plans for future

work.

2. Landau fluctuation theory

The semi-primitive model is a three component hard-sphere system of cations (charge

q1 = z1e, diameter σ1), anions (charge q2 = z2e, diameter σ2) and solvent molecules

(charge q3 = 0, diameter σ3). The number densities are ρα = Nα/V (α = 1, 2, 3), while

global charge neutrality implies: z1ρ1 + z2ρ2 = 0. Let:

f(ρ1, ρ2, ρ3, T ) =
F (N1, N2, N3, V, T )

V
(2)

be the Helmholtz free energy per unit volume. Similarly one defines the internal energy

per unit volume, u, and the entropy per unit volume, s. The chemical potentials are

defined by:

µα =

(
∂f

∂ρα

)

ρᾱ,T

(3)

while:

δs =
1

T
δu− 1

T

∑

α

µαδρα . (4)

Consider local fluctuations of the variables T and ρα around their equilibrium

values, and expand the entropy fluctuation δs(r) to second order in δT (r) and δρα(r),

along the lines of Landau fluctuation theory [16]:

δs(r) =
1

T
δu(r)− 1

T

∑

α

µαδρα(r)

− 1

2

{
cV
T 2

[δT (r)]2 +
1

T

∑

α

∑

β

(
∂µα
∂ρβ

)
δρα(r)δρβ(r)

}
(5)

where cV =
(
∂u
∂T

)
{ρα}

is the specific heat per unit volume.

We temporarily restrict the discussion to the solvent-free case (ρ3 = 0) and

generalize the calculation of Ref. [17], valid for the one-component plasma (OCP: point

ions in a uniform neutralizing background of opposite charge), to the primitive model.
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The local fluctuation in internal energy is the sum of the kinetic energy and electrostatic

contributions:

δu(r) = u(r)− u0 = −1

2
ρm|v(r)|2 − ε

8π
|E(r)|2 (6)

where v(r) is the local fluid velocity, ρm = m1ρ1 +m2ρ2 is the global mass density, ε is

the dielectric permittivity and E(r) is the local electric field, which satisfies Poisson’s

equation:

∇ · E(r) =
4πe

ε
[z1δρ1(r) + z2δρ2(r)] . (7)

Switching to Fourier space representation, e.g.:

δρα(r) =
1

V

∑

k

ρkαe
−ik·r (8)

and integrating both sides of Eq. (5) over the volume V , one arrives at:

S

kB
=

1

kB

∫
s(r)dr =

S0

kB
+

1

kB

∫
δs(r)dr

=
S0

kB
− ρm

2kBT0V

∑

k

′
vk · v−k −

c0V
2kBT 2

0 V

∑

k

′
TkT−k

− 1

2kBT0V

∑

k

′ 4πe2

εk2

[
z2
1 |ρk1|2 + z2

2 |ρk2|2 + 2z1z2<(ρk1ρ−k2)
]

− 1

2kBT0V

∑

k

′ [
χ−1

11 |ρk1|2 + χ−1
22 |ρk2|2 + 2χ−1

12 <(ρk1ρ−k2)
]

(9)

where the subscript 0 refers to equilibrium quantities, < refers to the real part of a

complex argument, kB is Boltzmann’s constant and:

χ−1
αβ =

(
∂µα
∂ρβ

)

0

=

(
∂2f

∂ρα∂ρβ

)

0

(10)

The probability of a fluctuation is:

P ({vk, Tk, ρk1, ρk2}) ∼ exp

[
∆S

kB

]
∼
∏

k

P (vk, Tk, ρk1, ρk2) (11)

with ∆S = S − S0 the associated change in entropy. Eq. (9) shows that the velocity

and temperature fluctuations are decoupled from the density fluctuation.

The key objective is the calculation of the charge-charge structure factor:

SZZ(k) =
1

V

〈
ρZkρ

Z
−k

〉
=

∫
P(ρk1, ρk2)ρ

Z
kρ

Z
−k dρk1dρk2∫

P(ρk1, ρk2) dρk1dρk2

(12)

A lengthy but straightforward calculation leads to the required expression for the

dimensionless charge-charge structure factor:

SZZ(k)∑
α ραz

2
α

=
λ2
Dk

2

1 + λ2
Sk

2
(13)
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which is valid for all k at this level of theory (Gaussian fluctuations), but is also a good

approximation of more accurate ones in the small k limit, and where the Debye length

is given by:

λD =
[
4πlB(ρ1z

2
1 + ρ2z

2
2)
]−1/2

(14)

with lB = e2/εkBT the Bjerrum length, while the screening length λS is defined by:

λS =

[
1

4πlB

(
χ−1

11 χ
−1
22 − χ−2

12

)

(Z1 + Z2)2

ρ2
0χT
kBT0

]1/2

(15)

where Zα = |zα| and χT is the isothermal compressibility χT = − 1
V

(
∂V
∂P

)
T

, i.e.:

χ−1
T = ρ2

0

(
∂2f

∂ρ2
0

)

T

=
ρ2

0

(Z1 + Z2)2

[
Z2

2χ
−1
11 + Z2

1χ
−1
22 + 2Z1Z2χ

−1
12

]
. (16)

Note that λ2
S can be expressed as the ratio −I4/I2 where I2 and I4 are the coefficients of

k2 and k4 terms in the small k expansion of SZZ(k); these coefficients have been derived

from second and fourth moment sum rules within linear response theory [18] and lead

back to the result (15).

λS can now be estimated by calculating χT and the χ−1
αβ , defined by Eq. (10), using

the MSA expression for the free energy of the primitive model both for the symmetric

case (σ1 = σ2, z1 = −z2) [19] and for asymmetric cases [20, 21]. Results for the

symmetric case will be presented in Section 4. The main conclusion is that fluctuation

theory, using the thermodynamic functions χ−1
αβ corresponding to the MSA free energy,

predicts a screening length λS which is systematically smaller than the Debye length

λD, and hence cannot account for underscreening.

For the sake of completeness, we also quote the fluctuation theory results for the

number-charge and number-number structure factors SNZ(k) and SNN(k):

SNZ(k) =
1

V
〈ρkNρ−kZ〉 = ρ0

λ2
NZk

2

1 + λ2
Sk

2
(17)

where ρ0 = ρ1 + ρ2 = N
V

and:

λ2
NZ =

ρ0χT
4πlB

z2χ
−1
11 + z1χ

−1
22 − (z1 + z2)χ

−1
12

(Z1 + Z2)2
. (18)

As expected SNZ(k) = 0 in the fully symmetric case (z1 = −z2 and χ−1
11 = χ−1

22 , i.e.

charge and number densities are uncorrelated). Note also that limk→0 SNZ(k) = 0, as is

the case for SZZ(k). Finally:

SNN(k) =
1

V
〈ρkNρ−kN〉 =

ρ2
0kBT0χT [1 + λ2

Nk
2]

1 + λ2
Sk

2
(19)

where:

λ2
N =

1

4πlBkBT0

χ−1
11 + χ−1

22 − 2χ−1
12

(Z1 + Z2)2
. (20)

As expected, limk→0 SNN(k) = ρ2
0kBT0χT = ρ0

χT
χidT

. Note that the expressions (13), (17)

and (19) of the structure factors imply that the corresponding correlation functions

hZZ(r), hNZ(r) and hNN(r) ultimately decay on the same length scale, as expected [15].
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3. Screening in terms of partial density response functions

The failure of fluctuation theory, which is only adapted to the k → 0 limit, suggests that

finite wavevectors k must be included in a realistic description of screening incorporating

excluded volume effects, as suggested by the expreimental evidence of a cross-over in

screening behaviour when kσ ≈ 1. [11] We hence reformulate the theory in terms of

k-dependent partial response functions χ̂αβ, defined by:

χ̂−1
αβ(k) =

δαβ
ρα
− ĉαβ(k) (21)

which occur naturallly in the description of the linear response to an external field [14];

the ĉαβ(k) are the Fourier transforms of the direct correlation functions cαβ(r). The

relations between the χ̂−1
αβ(k) and the partial structure factors:

Sαβ(k) =
1

V
〈ρkαρ−kβ〉 = ραδαβ + ραρβĥαβ(k) (22)

where ĥαβ(k) are the Fourier transforms of the pair correlation functions, are easily

established via the Ornstein-Zernike (OZ) relations between the ĉαβ(k) and the

ĥαβ(k). [14]

Restricting once more the subsequent calculations to the primitive (i.e. solvent-

free) model, the coupled Orstein-Zernike equations lead directly to the following matrix

relation between the Sαβ(k) and the χ̂−1
αβ(k):

(
S11 S12

S21 S22

)
=

1

χ̂−1
11 χ̂

−1
22 − χ̂−1

12 χ̂
−1
21

(
χ̂−1

22 −χ̂−1
21

−χ̂−1
12 χ̂−1

11

)
(23)

and hence:

SZZ(k) =
∑

α

∑

β

zαzβSαβ(k) =
z2
1χ̂
−1
22 (k) + z2

2χ̂
−1
11 (k)− 2z1z2χ̂

−1
12 (k)

χ̂−1
11 (k)χ̂−1

22 (k)− χ̂−1
12 (k)χ̂−1

21 (k)
(24)

Note that the k → 0 limit of χ̂−1
αβ(k) is related to the thermodynamic derivatives defined

in Eq. (10), thus pointing to the link between the fluctuation theory of Section 2 and

the present extension to finite k. In charged systems, the ĉαβ(k) split into a Coulombic

and short-range contribution:

ĉαβ(k) = −4πlB
k2

zαzβ + ĉSαβ(k) (25)

Using the definition (21) and substituting into (24), one arrives at the final expression

for SZZ(k):

SZZ(k) =
k2A(k)

k2 + 4πlBA(k)
(26a)

A(k) =
ρ1z

2
1 [1− ρ2ĉ

S
22(k)] + ρ2z

2
2 [1− ρ1ĉ

S
11(k)] + 2ρ1ρ2z1z2ĉ

S
12(k)

[1− ρ1ĉS11(k)][1− ρ2ĉS22(k)]− ρ1ρ2[ĉS12(k)]2
(26b)
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Since the cSαβ(r) are short-ranged functions, one may expand their Fourier transforms,

as well as the resulting A(k), into even powers of k [22]:

ĉSαβ(k) = c
(0)
αβ + c

(2)
αβk

2 +O(k4) (27a)

A(k) = A(0) + A(2)k2 +O(k4) (27b)

where:

A(0) =
ρ1z

2
1 [1− ρ2c

(0)
22 ] + ρ2z

2
2 [1− ρ1c

(0)
11 ] + 2ρ1ρ2z1z2c

(0)
12

[1− ρ1c
(0)
11 ][1− ρ2c

(0)
22 ]− ρ1ρ2[c

(0)
12 ]2

(28)

The corresponding small k expansion of the charge-charge structure factor is:

SZZ(k)∑
α ραz

2
α

= k2λ2
D −

k4λ2
D

4πlBA(0)
(29)

Minus the ratio of the coefficients of k4 and k2 leads back to an expression of λ2
S

identical to that provided by Eq. (15), as expected. The thermodynamic derivatives

χ−1
αβ = kBT χ̂

−1
αβ(k = 0) = kBT

[
δαβ
ρα
− c(0)

αβ

]
can be calculated analytically in the

symmetric case within the MSA, with the result for the screening length:

(
λMSA
S

)2
=

[
1− 2Γ2σ2

(
1 +

2

3
Γσ +

1

6
Γ2σ2

)]
λ2
D (30)

where Γ−1 = λD

[
1 +

√
1 + 2σ/λD

]
. The result (30) is similar, although not identical

to an expression derived by Attard [23] based on second moment considerations. As

pointed out in Section 2, the resulting λMSA
S are always less than λD. To make further

progress we must return to the exact expression (26) for SZZ(k), and exploit the full

k-dependence of the response function χ̂−1
αβ(k), or equivalently of the ĉSαβ(k).

The long-range behaviour of the charge density correlation function:

hZZ(r) =
∑

α

∑

β

zαzβ [ραδαβ + ραρβhαβ(r)] (31)

is determined by the poles of its Fourier transform SZZ(k) in the complex wavenumbers

k = k′+ik′′, i.e. by the zeros of the denominator: D(k) = k2+4πlBA(k) in Eq. (26). [15]

The dominant (longest) decay length is controlled by the pole of SZZ(k) closest to the

real axis in the complex wavenumber plane. If this pole lies on the imaginary axis k′′, as

occurs at low enough concentrations, the decay of hZZ(r) is purely exponential, while for

poles with a non-zero real part k′, the charge density correlations exhibit an oscillatory

behaviour, at least at short distances r between ions, due to layering (for details, see

Ref. [15]). The complex roots of D(k) are determined numerically and the key results

of this numerical analysis are summarized in Section 4.

Before discussing our results for the bulk correlation function hZZ(r), it is important

to recall why these results are relevant for the interpretation of the experimental data

which apply to a liquid film confined between two surfaces. The key reason is that the

asymptotic decay of the density profile of such an inhomogeneous fluid is governed by

a correlation (in this case screening) length which is identical to that characterizing the

static correlations in a bulk fluid at a given density and temperature [24, 25].
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4. MSA results for underscreening at high concentrations

Some of the numerical results based on the expressions derived in Sections 2 and 3

for the solvent-free primitive model and for the three-component semi-primitive model

are summarized in Figures 1 to 3. In all cases examined so far, the ion and solvent

diameters are equal (σ1 = σ2 = σ3 = σ), while cations and anions carry opposite

charges (z1 = −z2). The diameter and valencies are chosen with the case of sodium

chloride (NaCl) in mind, namely σ = 0.3 nm and z1,2 = ±1.

0.00 0.05 0.10 0.15 0.20 0.25 0.30
ρσ3

0.0

0.5

1.0

1.5

2.0

2.5

3.0

λ
S
/σ

From Eq. (26)

Debye

Eq. (30)

Figure 1. Reduced screening length λS/σ as a function of the reduced density ρσ3, for
two values of the reduced Bjerrum length lB/σ = e2/εkBTσ. The solid lines correspond
to the Debye prediction λS = λD, while the dashed lines are the Landau fluctuation
theory results (30) using the MSA predictions for the thermodynamic quantities χ−1

αβ .
The symbols are calculated from the complex poles of the structure factor SZZ(k),
Eq. (26), using once more the MSA for the calculation of the k-depedent ĉSαβ(k).
Calculations correspond to ion diameter σ = 3 Å and charges ±e, in water at room
temperature (ε = 78, T = 300 K) for lB/σ = 2.3 (black symbols), while the value 4.6
corresponds to ε = 39 (red symbols).

Figure 1 shows the variation of the reduced screening length λS/σ vs the reduced

density ρσ3, for two values of the reduced Bjerrum length lB/σ = e2/εkBTσ. For the

above-mentioned case of NaCl, the value lB/σ = 2.3 corresponds to room temperature

water conditions (ε = 78, T = 300 K), while the value 4.6 corresponds to ε = 39.

The continuous curves correspond to the Debye prediction λS = λD, while the dashed

curves are the Landau fluctuation theory results (30) using the MSA predictions for the

thermodynamic quantities χ−1
αβ . The symbols are calculated from the complex poles of

the structure factor SZZ(k), Eq. (26), using once more the MSA for the calculation of
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the k-depedent ĉSαβ(k).

While λD decreases steadily like 1/
√
ρσ3, the Landau fluctuation theory, which

applies only to small k, predicts that λS decreases much faster and goes to zero when

ρσ3 ≈ 0.03 (corresponding approximately to 2 mol/L with the above parameters) under

water at room temperature conditions, and at ρσ3 ≈ 0.06 for the lower ε. On the other

hand, the MSA predictions within the density response formalism of Section 3 point

to a clear-cut cross-over behaviour from a rapid drop of λS with density, close to the

predictions of Landau fluctuation theory, up to ρσ3 ≈ 0.02 (lB/σ = 2.3) or ρσ3 ≈ 0.03

(lB/σ = 4.6), followed by an increase of λS beyond those cross-over densities. This

cross-over corresponds precisely to the underscreening observed experimentally at high

densities or concentrations [11], even though the order of magnitude of λS remains here

comparable to the ion diameter in this concentration regime. Note that the minimum of

λS vs ρσ3 is in fact a cusp, due to the cross-over from a pure exponential to a damped

oscillatory decay of the correlations [15]. In the vicinity of the cusp (which occurs at

σ/λD ≈ 1.228 within the MSA [15]), the wavelength of the oscillations becomes very

long and hence practically unobservable, which explains why no oscillations are observed

in the force measured in that range [11].

0.1 0.3 1.0 3.0 10.0
σ/λD

0.3

1.0

3.0

10.0

λ
S
/λ

D

∝
(
σ

λD

)3/2

Debye

Eq. (30)

From Eq. (26)

Figure 2. Ratio of the screening length over the Debye length as a function of the ratio
of the ion diameter over the Debye length. The horizontal line corresponds to the Debye
prediction λS = λD, while the dashed line is the Landau fluctuation theory prediction
(30) using the MSA results for the thermodynamic quantities χ−1

αβ . The symbols are
calculated from the complex poles of the structure factor SZZ(k), Eq. (26), using once
more the MSA for the calculation of the k-depedent ĉSαβ(k). The results correspond to
the same parameters as in Figure 1 (•,�) as well as upon changing the permittivity
of the solvent according to the experimental values (N) reported in Ref. [10, 11, 12].
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To make contact with the experimental scaling relation (1) [10, 11, 12], we plot

the ratio λS/λD vs σ/λD on a log-log scale in Figure 2, for the solvent-free (primitive

model) case, once again for the two values of lB/σ, namely 2.3 and 4.6. We also indicate

on this plot the predictions of the same theory when changing the permittivity of the

medium upon increasing concentration according to the experimental values reported in

Ref. [10, 11, 12]. The Landau fluctuation theory results drop rapidly below the Debye

prediction λS/λD = 1 when σ/λD approaches 1. The predictions based on the density

response formalism, Eq. (26), using MSA results for ĉSαβ(k), again clearly indicate a sharp

cross-over from the Landau fluctuation prediction, at σ/λD close to (and slightly above)

1 towards a rapid increase for σ/λD > 1 , in qualitative agreement with experimental

data. As emphasized in Ref. [15], the MSA necessarily leads to a “universal” scaling

relation (at least for fixed permittivity ε), as illustrated in Fig. 2 where the black and red

dots fall on the same straight line. More unexpectedly, even when ε is allowed to vary

with concentration (triangles in Fig. 2), the results obey the same scaling. The slope of

the log-log plot in Figure 2 suggests a scaling λS/λD ∝ (σ/λD)ν with ν = 3/2 which is

well below the value ν = 3 suggested by the experimental data [12], i.e. the theoretical

screening length increases much less rapidly with density than observed experimentally.

In other words, underscreening is indeed predicted by our theory, but is less dramatic

than suggested by the experimental data. Note also the dip in λS/λD = 1 predicted just

before the cross-over density, which is not observed in the experimental measurements.

Finally, Figure 3 shows a similar λS/λD vs σ/λD plot, comparing results for the

two-component primitive model and the three-component semi-primitive model with a

hard sphere solvent of diameter equal to that of the ions. For the latter, the total

volume fraction η = π
6
(ρ1 + ρ2 + ρ3)σ

3 is held fixed at a value η = 0.47, which

corresponds approximately to that of liquid water for a diameter σ = 0.3 nm, meaning

that the ion concentration increases, while the solvent concentration decreases, as σ/λD
increases. In the latter case the screening length is computed as the imaginary part of

the pole of SZZ(k) closest to the real axis, determined numerically from the roots of the

denominator:

D3(k) = k2
[(

[1− ρ1ĉ11(k)] [1− ρ2ĉ22(k)]− ρ1ρ2[ĉ12(k)]2
)

[1− ρ3ĉ33(k)]

−ρ1ρ3[ĉ13(k)]2 [1− ρ2ĉ22(k)]− ρ2ρ3[ĉ23(k)]2 [1− ρ1ĉ11(k)]

−2ρ1ρ2ρ3ĉ12(k)ĉ23(k)ĉ31(k)] (32)

In both cases, the cross-over occurs as already shown in Figure 2 for the primitive model,

but the scaling exponent ν is smaller, close to ν = 1, in the case of the semi-primitive

model. Even though this exponent is further from the experimental one compared

to the primitive model case, the present calculations based on simple models of ionic

solutions confirm that the cross-over behaviour and subsequent underscreening regime

are driven by excluded volume effects which become predominant for λD / σ. However

improvements of the microscopic model are required to explain the scaling law and large

screening length observed experimentally.
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From Eq. (26)

Figure 3. Ratio between the screening length and the Debye screening length as a
function of the ratio between the ion diameter and the Debye screening length, for
lB/σ = 2.3. The solid lines correspond to the Debye prediction λS = λD, while the
dashed lines are the Landau fluctuation theory results (30) using the MSA predictions
for the thermodynamic quantities χ−1

αβ . The symbols are calculated from the complex
poles of the structure factor SZZ(k) for the two-component primitive model (•) and
the three component semi-primitive model (�).

5. Conclusion

We have examined the recently discovered underscreening phenomenon in concentrated

ionic solutions and melts [11] by considering simple models involving charged and/or

neutral hard spheres, namely the so-called primitive and semi-primitive models.

The charge-charge structure factor SZZ(k) was calculated within Landau’s gaussian

fluctuation theory, appropriate for small wavenumbers k, and within the density response

function formalism which extends the validity of the Landau fluctuation theory to

arbitrary k. The required thermodynamic quantities and structural properties of the

models were evaluated over a range of concentrations, using the MSA approximation,

which is reasonably accurate over a wide range of hard sphere packing fractions. The

hard sphere diameter used in the MSA calculations is an effective diameter taking into

account the “softness” of the true ion-ion interactions; this effective diameter is (weakly)

density-dependent [14], so that the packing fraction itself should be regarded as state-

dependent in more realistic calculations.

Our calculations are capable of reproducing, at least qualitatively, the cross-over

from a low concentration regime, where the screening length λS remains close to the
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Debye length λD, to a high concentration regime, where λS increases with concentration,

contrary to λD, thus confirming the underscreening phenomenon. In that regime the

growth of λS/λD obeys a simple scaling relation similar to that observed experimentally

(see Eq. (1)), but with an exponent ν which is considerably smaller (ν ≈ 3/2 compared

to ν = 3); in other words underscreening is underestimated.

This situation is most likely due to the crude representation of the solvent, which

is either implicit (primitive model) or reduced to neutral hard spheres (semi-primitive

model). Clearly a “civilized” model of the solvent is required, whereby the solvent hard

spheres carry an electric dipole and higher multipoles. Analytic solutions of the MSA for

dipolar hard spheres are available [26, 27], although the dielectric properties calculated

from the MSA approximation become highly unreliable for high dipole moments. The

polarizability of solvent molecules and ions also play an important role in realistic

descriptions of ionic solutions [28], which is totally absent in the oversimplified models

considered in the present work. In future work we plan to generalize the present

analysis of underscreening to asymmetric cases, involving unequal particle diameters

σ1 6= σ2 6= σ3 and ion valences (Z1 6= Z2) to investigate the effect of these asymmetries

on the scaling relations discussed in Section 4 and illustrated in Figures 2 and 3. It

is finally worth stressing that the present calculation is for bulk electrolytes. In the

experimental set-up, the electrolyte is confined between parallel charged planes. It is

conceivable that the charge fluctuations are affected by the confinement and could lead

to a classical Casimir effect, well known in the theory of critical fluctuations (for a

review, see [29]).
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